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Abstract

In this thesis, we develop algorithms in computational topology for working with reg-
ular CW-complexes and calculating associated homological invariants. We adapt the
classical notion of broken surface diagrams for describing embeddings of surfaces in
4-dimensional space, and describe algorithms for constructing regular CW-complex
structures on the complements of these embedded surfaces. In particular, we develop
an algorithm for inputting a virtual knot/link diagram and returning a regular CW-
structure on the complement in S4 of Satoh’s Tube map of the virtual knot/link.
We also develop algorithms that input classical knot/link diagrams and return reg-
ular CW-structures on the complements of the knot/link in S3 as well as algorithms
that perform Dehn surgery on these complements to produce any closed, orientable
3-manifold. We use homological algebra to design isotopy invariants of codimen-
sion two embeddings and describe algorithms for computing these invariants. Key
illustrations of the algorithms include:

• A new method for distinguishing between the granny knot and the reef knot;
these knot complements have isomorphic fundamental groups and homology
groups.

• Recovering a calculation of Faria Martins and Kauffman that distinguishes
between the spun Hopf link and the Tube of the welded Hopf link.

All algorithms in this thesis are implemented in the GAP computer algebra system
and are publicly available as part of the GAP package HAP.
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Chapter 1

Introduction

1.1 Thesis synopsis

In this thesis, we show how the classical notions of CW-complex, cohomology with

local coe�cients, covering space, homeomorphism equivalence, simple homotopy

equivalence, tubular neighbourhood, and Artin spinning can be encoded on a com-

puter and used to calculate ambient isotopy invariants of continuous embeddings

N ,! M of one topological manifold into another. Of particular interest are con-

tinuous cellular embeddingsSn ,! Sn+2 of the n-sphere into the (n + 2)-sphere for

n 2 f 1; 2g. We describe an algorithm for computing the homologyHn (X; A ) and

cohomologyH n (X; A ) of a �nite connected CW-complexX with local coe�cients

in a Z� 1X -module A when A is �nitely generated over Z. This algorithm can be

used to compute the integral cohomologyH n ( fX H ; Z) and induced homomorphism

H n (X; Z) ! H n ( fX H ; Z) for the covering mapp : fX H ! X associated to a �nite

index subgroupH < � 1X , as well as the corresponding homology homomorphism.

Our implementation of this algorithm is used to show that: (i) the degree 2 homol-

ogy groupH2( fX H ; Z) distinguishes between the homotopy types of the complements

X � R4 of the spun Hopf link and Satoh's Tube map of the welded Hopf link (whose

complements have isomorphic fundamental groups and integral homology); (ii) the

degree 1 homology homomorphismH1(p� 1(B ); Z) ! H1( fX H ; Z) distinguishes be-

tween the homeomorphism types of the complementsX � R3 of the granny knot and

the reef knot, whereB � X is the knot boundary (again, whose complements have

isomorphic fundamental groups and integral homology). We conclude by showing

how our algorithms for computing regular CW-decompositions of link complements

1
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allow us to obtain regular CW-decompositions of all closed, orientable, connected

3-manifolds by way of Dehn surgery.

Our main goals with this thesis are as follows: (i) to develop algorithms which are

capable of proving some classical knot theory results; (ii) to show how one can obtain

e�cient regular CW-decompositions of codimension two embeddings of spaces; (iii)

to provide an open-source implementation of all of these associated algorithms so

that the user can experiment further.

1.2 General motivation and goals

From the very beginnings of topology a central theme has been to �nd invariants and

determine properties captured by them, often with the ultimate goal of completely

classifying certain categories of topological spaces. For example, in 1921 Brahana

[1] proved that the Euler characteristic and orientability completely classify closed

surfaces (proofs with varying degrees of rigour had previously been given by M•obius

in 1861, Jordan in 1866, von Dyck in 1888, Dehn and Heegaard in 1907). A second

example is the ongoing classi�cation of knots inR3 up to ambient isotopy. Inspired

by the now defunct vortex theory of the atom, in which chemical elements were

to be represented by knotted tubes in the aether, Scottish physicists W. Thomson

and P. G. Tait began a classi�cation of knots with low crossing number. They were

encouraged in their endeavour by James Clerk Maxwell and enlisted the help of

mathematicians T. P. Kirkman and C. N. Little. The development and study of

knot invariants is an ongoing and active branch of topology and very much related

to the considerable ongoing e�orts of mathematicians and physicists to understand

more about invariants and classi�cation of low-dimensional manifolds. Furthermore,

invariants of manifolds (such as Hecke Operators on their cohomology with local co-

e�cients) are in turn intimately connected with current number-theoretic questions

concerning automorphic forms [2]. This thesis aims to provide computational tools

for calculating certain invariants of manifolds.

Two desirable properties of an invariant are that it should be powerful enough to

distinguish between a good range of manifolds and also be simple enough to calculate.

Despite the discovery by F. Waldhausen [3] of acompleteknot invariant capable

of distinguishing between any two non-isotopic knots, the search for more easily

computable invariants still continues. On the other hand, the ease of computation
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gap> trefoil:=PureCubicalKnot(3,1);;
gap> granny:=ArcPresentation(KnotSum(trefoil,trefoil));;
gap> granny:=KnotComplementWithBoundary(granny);;
gap> reef:=ArcPresentation(KnotSum(
> trefoil,
> ReflectedCubicalKnot(trefoil)
> );;
gap> reef:=KnotComplementWithBoundary(reef);;
gap> inv_granny:=Set(FirstHomologyCoveringCokernels(granny,6));;
gap> inv_reef:=Set(FirstHomologyCoveringCokernels(reef,6));;
gap> inv_granny=inv_reef;
false

GAPSession 1.2.1: Showing that the granny and reef knots are not ambient
isotopic.

Runtime: 1min 7s 760ms.

of the Euler characteristic has lead to its widespread use as a computational tool,

even in some quite unexpected settings. For instance, G. Carlsson et al. [4] have

used the Euler characteristic (in the form of persistent homology) to identify the

Klein Bottle surface with a space generated by many samples of 3� 3 pixel arrays

sampled from many digital photographs of natural images collected in Holland. In

subsequent work their Klein Bottle representation of data has been used to develop

novel techniques for image compression. Knot invariants have also found uses outside

of mathematics. For example, the Alexander polynomial seems to be the default tool

used by biologists when attempting to identify a knot in a protein molecule [5]. A

goal of this thesis is to implement tools for calculating invariants of topological

spaces as software that lends itself both to the computations of interest in pure

mathematics and also to computations arising in an applied setting. The topological

spaces we consider arecell spaces|spaces obtained by gluing togethercellsof various

dimensions.

We have opted to implement our algorithms in theGAPsystem for computational

algebra [6]. An illustration of our software is given inGAPSession 1.2.1.

This illustration computes a certain invariant I c(K ) of the knot complementS3 n

K for the granny and reef knots of Figure 1.2.1 and proves that these two knots

aren't ambient isotopic. The two knots have complementsS3 n K with isomorphic

fundamental group� 1(S3nK ) known as theknot group. Thus, the knot group fails to

distinguish between the two knots, as does the classical Alexander polynomial which

is derived from the knot group. Though more sophisticated polynomial invariants
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Figure 1.2.1: The granny and reef knots.

such as the HOMFLY polynomial or Kau�man polynomial are able to distinguish

between the granny and reef knots. Restricting attention to prime knots, it is

known (see for instance [7]) that neither the HOMFLY nor Kau�man polynomial

distinguishes all 249 prime knots on� 10 crossings. In contrast, it is shown in

[8] that a weaker invariant than I c(K ), depending only on the knot group, does

distinguish between all prime knots on� 12 crossings. Consequently, the invariant

I c(K ) is a useful complement to the HOMFLY and Kau�man polynomials. It is

shown in [7] that the Links-Gould polynomial invariant [9] distinguishes between all

249 prime knots on� 10 crossings. We do not have access to an implementation of

the algorithm in [7] to evaluate the Links-Gould invariant on prime knots with 11

and 12 crossings.

Our implemented invariants are based on standard topological constructions such as

fundamental groups, covering spaces, cohomology with local coe�cients, boundaries

of compact manifolds, tubular neighbourhoods of compact manifolds, complements

of open tubular neighbourhoods, spun manifolds and so forth. These constructions

apply to general cell complexesX and our implementation re
ects this fact. For the

most part we illustrate our invariants on complements of knots inS3 and knotted

surfaces inS4 since codimension two embeddings are of particular interest to topol-

ogists (cf. Introduction to Chapter 2), but our implementation can be applied to

other very di�erent topological settings. To achieve the desired level of generality

of input we intentionally avoid working directly with combinatorial notions such as

knot diagrams and broken surface diagrams except to the extent that algorithms

for converting such combinatorial descriptors into cell complexes are implemented.

Readers who wish to use the implementation in other topological settings need only

provide algorithms for converting descriptors from those settings into cell complexes.

The topological/geometric interpretation of our invariants is immediate from their
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Figure 1.2.2: A regular CW-complex S and a non-regular CW-complexS .

de�nitions, in contrast to invariants de�ned using skein relations. In the case of

polynomial invariants that have a topological interpretation it should be possible

to implement them using the approach of cell complexes. Indeed, the Alexander

Polynomial is implemented this way inHAP[10].

One example where our software could �nd use in the future is in relation to the

Berge Conjecture and variants of this conjecture. Quoting from J. Greene [11] who

made progress on this conjecture:

What are all the ways to produce the simplest closed 3-manifolds by the

simplest 3-dimensional topological operation? From the cut-and-paste

point of view, the simplest 3-manifolds are the lens spacesL(p; q), these

being the spaces (besidesS3 and S1 � S2) that result from identifying

two solid tori along their boundaries, and the simplest operation is Dehn

surgery along a knotK � S3. With these meanings in place, the opening

question goes back forty years to Moser, and its de�nitive answer remains

unknown.

Algorithms implemented as part of this thesis form part of a pipeline that can be

used to determine the topological type of a Lens space formed from Dehn surgery

along a knot K � S3. See theHAPmanual [10] for details of the entire pipeline.

The pipeline could potentially be used to generate examples related to the Berge

conjecture, and to variants of the question concerning knotted surfacesK � S4.

A �rst issue to address in any machine computation of topological invariants of a cell

spaceX is the machine representation ofX . Let us brie
y consider four possible

representations, and then opt for a �fth which seems better suited to our needs.

Consider the torusT = S1 � S1 with CW-structure involving a single 0-cell, two
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1-cells, and a single 2-cell obtained by taking the product of two copies of the CW-

complexS00shown in Figure 1.2.2 (right). One possibility is to representT as a free

presentation of its fundamental group, involving 2 generators and 1 relator. This

representation is readily adapted to 2-dimensional CW-complexes with more than

one 0-cell, and is used by [12] in their algorithm for computing fundamental groups

and �nite covers of 2-dimensional cell complexes. However, the notion of a group

presentation does not readily adapt to higher dimensional CW-complexes such as

the product S1 � S1 � S1 � S1 of four copies of the CW-complexS . The di�culty

with implementing higher dimensional CW-complexes is the question of representing

how cells are attached. Consider for instance the complex projective planeP2(C)

which admits a CW-structureP2(C) = e0 [ e2 [ e4 with just three cells of dimensions

0, 2 and 4 respectively. How should we record the manner in whiche4 is attached

to e0 [ e2? A second possibility is to subdivide the CW-structure onT = S1 � S1

in a way that produces a simplicial complex. It is possible to triangulateT using

7 vertices, 21 edges and 14 triangular faces; the resulting simplicial complex can be

stored as a collection of subsets of the vertex set. The approach readily generalises

to CW-complexes of arbitrary dimension, but the number of simplices can become

prohibitively large. For instance, then-sphereSn admits a CW-structure with just 2

cells, whereas any homotopy equivalent simplicial complex requires at least 2n+2 � 2

simplices. A third possibility is to obtain smaller simplicial cell structures by relaxing

the requirements of a simplicial complex to those of a simplicial set. Then-sphere

can be represented as a simplicial set with just two non-degenerate cells. Simplicial

sets, their fundamental groups, and their (co)homology with trivial coe�cients have

been implemented by John Palmieri inSAGE[13]. We opt against using simplicial

sets as the setting for our algorithms because it seems to be a non-trivial task to

�nd small simplicial set representations of some of the CW-complexes of interest

to us, such as CW-complexes arising as the complements of knotted surfaces inS4.

An alternative simplicial approach, and the one used in theSnapPysoftware system

[14] for studying 3-manifolds, is to represent a spaceX as a simplicial complex

corresponding to a fundamental domain for the action of its fundamental group

on its universal cover fX . This is a standard method for representing 3-manifolds,

but it does not readily lend itself to more general spaces. In this thesis we opt to

represent a CW-complexX as aregular CW-complex Y (i.e. one whose attaching

maps restrict to homeomorphisms on cell boundaries) together with a homotopy

equivalenceY ' X . More speci�cally, we work with a regular CW-complexY,

rather than a simplicial complex, and endow it with anadmissible discrete vector �eld
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whosecritical cells are in one-one correspondence with the cells ofX . De�nitions

of italicised terms are given in the thesis. Thearrows in a discrete vector �eld

represent elementary simple homotopies, and can be viewed as analogues of the

degeneracy maps of a simplicial set. Regular CW-complexes have the advantage

that they are determined up to homeomorphism by their face lattice and can thus

be stored by listing the (n � 1)-cells incident with each cell of dimensionn. The

homotopy equivalenceh: Y '! X is represented as anadmissible discrete vector �eld

on Y. For instance, inHAPwe can representX = P2(C) = e0 [ e2 [ e4 as a regular

CW-complex Y with 111 cells together with the homotopy equivalenceh: Y '! X

to the non-regular spaceX with 3 cells.

This representation of spaces as a homotopy equivalenceh: Y '! X with Y a �nite

regular CW-complex is used extensively in [8]. One contribution of this thesis is to

adapt the representation to the case of the universal covering spacefX which will

have in�nitely many cells if the fundamental group� 1X is in�nite. Using the group

action of � 1X on the universal cover we implement a representation as a homotopy

equivalenceh: eY '! fX . The group � 1X is stored as a �nitely presented group and

the spaceeY is stored as an equivariant regular CW-complex with just �nitely many

orbits of cells.

The typically non-regular CW-complexX is used to make computations e�cient.

For instance, we might be faced with some topological construction that can be

implemented as a cellular mapf : Y ! Y 0 of regular CW-complexes. In many in-

stances the construction off will not be functorial but will be `functorial up to

homotopy' and induce for example a functorial mapH � (f ) : H � (Y 0; A) ! H � (Y; A)

in cohomology with local coe�cients in a � 1Y 0-module A. It might be that the

regular CW-complexesY and Y 0 are extremely large and computing their cohomol-

ogy is prohibitively expensive. In this scenario we would aim to use the homotopy

equivalencesY '! X and Y 0 '! X 0 to provide a lazy implementation of the diagram

of chain complexes

C�
eY

C� (f ) //C�
eY 0

C�
fX

'

OO

C�
fX 0
��

'

in which the images of elements in the chain groups are computed only when re-

quired. Here the chain groups are free abelian of possibly in�nite rank, but they are

�nitely generated free � 1-modules assumingX; X 0 have only �nitely many cells. On
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passing to cohomology we would then get a lazy implementation of the diagram

H � (Y; A) H � (Y 0; A)
H � (f )oo

H � (X; A )
��
'

H � (X 0; A):

'

OO

Assuming that the non-regular CW-complexesX and X 0 are small enough for

their cohomology to be computed using the Smith Normal Form algorithm then

we can attempt to evaluate the homomorphismH � (f ) : H � (Y 0; A) = H � (X 0; A) !

H � (X; A ) = H � (X 0; A) on each of the �nitely many generators ofH � (X 0; A). Note

that this strategy requires having explicit homotopy equivalencesY ! X , Y 0 ! X 0

to hand. It does not su�ce to have just an e�cient (sparse) implementation of the

Smith Normal Form to hand. See Section 2.3 for a speci�c illustration.

A second issue to address in machine computations of topological invariants is the

credibility of the computed results. How can we be con�dent that they are cor-

rect? As with any mathematical work, our con�dence is in part based on a careful

mathematical explanation/proof of the mathematical method. But computer im-

plementations of correct methods may have bugs that even a careful reading of the

code will not discover. The situation is comparable to long and complicated math-

ematical proofs in highly cited mathematical publications that may contain some

subtle error at some step which has remained undetected by the many citing mathe-

maticians. Indeed, such a subtle error in one of his highly cited papers led Vladimir

Voevodsky to work on Univalent Foundations[15] with the aim of getting computers

to spot the subtle errors in mathematical proofs. It is easier to gain con�dence in

computer implementations of correct methods. There are two standard approaches,

both of which have been used in this thesis work; in particular, they have been used

to check our computer proofs of Theorems 3.3.1 and 4.2.1. Firstly, one can apply

the implementation to substantially di�erent input data that theoretically should

yield the same output. Secondly, one can feed some input data to two substantially

di�erent implementations of methods for computing the task to hand.

Consider the above computation of the invariantI c(K ) for the granny knot K . The

input is any arc presentation of the granny knot. For instance, we could input both

of the arc presentations of Figure 1.2.3 and observe that we get the same value for

the invariant in each case.
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Figure 1.2.3: Two arc presentations for the granny knot.

Figure 1.2.4: A polyhedral complex representation of the granny knot.

In each case the computer uses an algorithm described in the thesis to construct

a regular CW-complex structure on the spaceX = S3 n K . The two inputs will

yield substantially di�erent (though homeomorphic) CW-complexesX . The com-

puter then constructs many 6-fold covering spaces ofX and outputs abelian groups

derived from these covers. A bug in the implementation would most likely cause

the computer to crash, and if not crash then cause the computer to return distinct

values of the invariant. We gain signi�cant con�dence in the implementation from

the observation that the invariant I c(K ) is the same in both cases.

A second approach to gaining con�dence in the implementation is to represent the

granny knot as a polyhedral complex such as the one in Figure 1.2.4. TheHAP

package has two types of polyhedral complex implemented|one in which each top-

dimensional cell is ann-dimensional cube, and one in which each top-dimensional

cell is ann-dimensional permutahedron. Figure 1.2.4 shows a 3-dimensional permu-

tahedral complex. Euclidean spaceR3 has a tessellation by permutahedra and the

knot K is represented as a subspace ofR3 consisting of �nitely many permutahedra.
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Let S be any contractible union of �nitely many of the tessellating permutahedra

such that K lies in the interior of S. The spaceX = S n �K is again a �nite per-

mutahedral complex and, as such, can be converted to the datatype of a regular

CW-complex. The CW-complexX has 13228 cells of dimensions� 3. The corre-

sponding CW-complexX in GAPSession 1.2.1 has just 759 cells and illustrates an

advantage to working with CW-complexes rather than polyhedral complexes (there

are also advantages to working with permutahedral complexes when constructing cell

complexes for topological data analysis since the Euclidean metric can be used to

compute �ltrations needed for persistent homology techniques). The regular CW-

complex X with 13228 cells can now be used to recalculate the invariantI c(K ),

lending further con�dence to the original computation inGAPSession 1.2.1.

1.3 Chapter summaries

ˆ For the remainder of Chapter 1, we establish standard notation and recall

fundamental de�nitions that will be used throughout.

ˆ In Chapter 2 we introduce algorithms to construct the chain complex of the

universal coverC�
fX of a �nite connected regular CW-complexX and use

this to obtain the homology and cohomology ofX with local coe�cients in a

�nitely generated Z� 1X -module.

ˆ In Chapter 3 we introduce an ambient isotopy invariant of knotted surfaces

capable of proving the inequivalence between two surfaces with isomorphic

integral homology and fundamental groups. This invariant is computed in

the context of pure cubical complexes, highlighting the need for smaller cell

structures.

ˆ In Chapter 4 we describe a procedure for obtaining small regular CW-

decompositions of knot complements. We introduce an ambient isotopy in-

variant of knots which is capable of exposing a classical knot inequivalence

between the granny and reef knots.

ˆ Chapter 5 concerns a variety of classical topological notions that necessitate

computer implementation in order to extend our embeddings of knots intoS3

to embeddings of knotted surfaces intoS4.
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ˆ In Chapter 6 we describe our computer implementation of Satoh's Tube map

that obtains regular CW-decompositions of ribbon torus-knots inB 4 from

virtual knot diagrams.

ˆ In Chapter 7 we illustrate an algorithmic implementation of Dehn surgery.

This modi�es our existing regular CW-decomposition of link complements in

S3 in order to obtain an arbitrary closed, orientable, connected 3-manifold.

We illustrate Dehn surgery on the trivial knot in S3 and produce some Lens

spaces.

1.4 Background material review

1.4.1 Homological algebra

De�nition 1.4.1.1. [16] Let R denote a unital ring. A left R-moduleM consists of

an abelian group (M; +) together with an operation � : R � M ! M such that for

all r; s in R and all x; y in M , we have

(i) r � (x + y) = r � x + r � y

(ii) ( r + s) � x = r � x + s � x

(iii) ( rs) � x = r � (s � x)

(iv) 1 � x = x.

De�nition 1.4.1.2. [16] Let R denote a unital ring. A right R-moduleM consists

of an abelian group (M; +) together with an operation � : M � R ! M such that

for all r; s in R and all x; y in M , we have

(i) ( x + y) � r = x � r + y � r

(ii) x � (r + s) = x � r + x � s

(iii) x � (rs) = ( x � r ) � s

(iv) x � 1 = x.
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De�nition 1.4.1.3. [16] Let A denote a right R-module and let B denote a left

R-module. Thetensor productA 
 R B of A and B is an R-module with generators

a 
 b for a 2 A and b 2 B such that the following distributivity and associativity

relations hold:

(i) ( a1 + a2) 
 b= a1 
 b+ a2 
 b and a 
 (b1 + b2) = a 
 b1 + a 
 b2.

(ii) ar 
 b= a 
 rb for r 2 R.

De�nition 1.4.1.4. [16] A chain complex(C� ; @� ) is a sequence ofR-modules and

R-module homomorphisms (called boundary homomorphisms)

� � � Cn+1 Cn Cn� 1 � � �
@n +2 @n +1 @n @n � 1

such that @n@n+1 = 0 for all n. A chain complex is of lengthn if Cm = 0 for m > n

and Cn 6= 0. Chain complexes of freeR-modules are referred to as afree chain

complexes.

De�nition 1.4.1.5. [16] The nth homology moduleof the chain complex (C� ; @� ) is

the quotient module

Hn (Cn ) = ker @n=im @n+1 :

De�nition 1.4.1.6. [16] A cochain complex(C � ; @� ) is a sequence ofR-modules

and R-module homomorphisms (called coboundary homomorphisms)

� � � Cn+1 Cn Cn� 1 � � �@n +1 @n @n � 1 @n � 2

such that @n+1 @n = 0 for all n.

De�nition 1.4.1.7. [16] Thenth cohomology moduleof the cochain complex (C � ; @� )

is the quotient module

H n (Cn ) = ker @n=im @n� 1:

De�nition 1.4.1.8. [16] Let (C� ; @� ) and (C0
� ; @0

� ) be chain complexes ofR-modules.

A chain mapf � : C� ! C0
� is a sequence ofR-module homomorphisms such that

� � � Cn+1 Cn Cn� 1 � � �

� � � C0
n+1 C0

n C0
n� 1 � � �

@n +2

f n +1

@n +1

f n

@n

f n � 1

@n � 1

@0
n +2 @0

n +1 @0
n

@0
n � 1

is a commutative diagram.
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De�nition 1.4.1.9. [8] Two chain mapsf � ; g� : C� ! C0
� are chain homotopic if

there exists a sequence ofR-linear homomorphismshn : Cn ! C0
n+1

� � � Cn+1 Cn Cn� 1 � � �

� � � C0
n+1 C0

n C0
n� 1 � � �

@n +2

hn +1 f n +1 gn +1

@n +1

hn f n gn

@n

hn � 1 f n � 1 gn � 1

@n � 1

hn � 2

@0
n +2 @0

n +1 @0
n

@0
n � 1

satisfying

@0
n+1 hn + hn� 1@n = f n � gn :

We write f � ' g� to denote chain homotopic chain maps and call the collection of

homomorphismsf hng a chain homotopy.

De�nition 1.4.1.10. [8] Two chain complexes (C� ; @� ) and (C0
� ; @0

� ) are chain equiv-

alent if there are chain mapsf : C� ! C0
� and g : C0

� ! C� such that fg ' 1C0
�

and

gf ' 1C� .

1.4.2 Cell complexes

De�nition 1.4.2.1. [16] A CW-complexX can be constructed as follows:

ˆ Begin with a discrete set of pointsX 0 whose elements are referred to as 0-cells.

ˆ Obtain the spaceX n from X n� 1 by attaching n-cellsen
� by way of continuous

maps � : Dn ! X n which restrict to � jSn � 1 : Sn� 1 ! X n� 1. Thus, X n =

X n� 1 `
� en

� , where each of theen
� are n-dimensional open balls (referred to as

the cells of X ).

ˆ After �nitely many steps, one can setX = X n for some �nite n, or one can

continue inde�nitely, setting X =
S

n2 N X n . The topology inherited in the

latter case is the weak topology.

A CW-complex is calledregular if each attaching map� as described above is a

homeomorphism onto the closure of the cellen
� .
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Figure 1.4.2.1: A non-regular CW-complex (left) and a regular CW-complex
(right) of a contractible space.

Proposition 1.4.2.1. [8] Let X be a regular CW-complex with some ordering on

its cells and letCn be the free abelian group with free basis consisting of one gen-

erator for each n-cell of X . There are unique integers� n
i;j and a unique series of

homomorphisms@n : Cn ! Cn� 1 satisfying

(i) @n@n+1 = 0 for n � 1;

(ii) @n (en
� ) =

P
en � 1

� � X � n
�;� en� 1

� whereen� 1
� ranges over all(n � 1)-cells ofX and

� n
�;� =

8
><

>:

� 1 if en� 1
� lies in the boundary ofen

� ;

0 otherwise;

(iii) � 1
�;� � 1

�;� 0 = � 1 whenever two verticese0
� , e0

� 0 are incident with a common 1-cell

e1
� .

We refer to the chain complex(C� ; @� ) as the cellular chain complex ofX .

De�nition 1.4.2.2. [8] A discrete vector �eld on a CW-complexX is a collection

of arrow symbolss �! t where

ˆ s; t are cells ofX with dim( t) = dim( s) + 1 and with s lying in the boundary

of t. We say that s and t are involved in the arrow, that s is the source of the

arrow and that t is the target.

ˆ Any cell is involved in at most one arrow.

A chain in a discrete vector �eld is a sequence of arrows

: : : ; s1 �! t1; s2 �! t2; s3 �! t3; : : :
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where si +1 lies in the boundary oft i for all i . A chain is a circuit if it is of �nite

length and sources1 of the initial arrow lies in the boundary of the targettn of the

�nal arrow. An admissiblediscrete vector �eld contains no circuits nor any chains

which extend in�nitely to the right. A cell in a discrete vector �eld is said to be

critical if it is not involved in any arrow.

Figure 1.4.2.2: A regular CW-complex homotopy equivalent to the circle and
an admissible discrete vector �eld on it with one critical 0-cell and one critical

1-cell (shown in green).

Theorem 1.4.2.2. [8] If X is a regular CW-complex with admissible discrete vector

�eld then there is a homotopy equivalence

X ' Y

where Y is a CW-complex whose cells are in one-to-one correspondence with the

critical cells of X.

De�nition 1.4.2.3. [8] A discrete vector �eld on a chain complex(C� ; @� ) of free

R-modules consists of a choice of basisbn for eachR-module Cn , n � 0, together

with a collection of formal arrowss ! t where

ˆ s 2 bn , t 2 bn+1 for somen � 0 and

@n+1 t = � ss +
X

e2 bn nf sg

� ee

with � s; � e 2 R and with � s invertible. We say that s and t are involved in the

arrow, that s is the sourceof the arrow, and that t is the target of the arrow.

ˆ any basis elemente 2 bn , n � 0, is involved in at most one arrow.

A discrete vector �eld is said to be�nite if it contains only �nitely many arrows.

For w 2 Cn and e 2 bn we de�ne we 2 R by the expressionw =
P

e2 bn
wee and say
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that we is the coe�cient of e in w. A chain in a discrete vector �eld is a sequence

of arrows

: : : ; s1 ! t1; s2 ! t2; s3 ! t3; : : :

wheresi +1 has an invertible coe�cient in the boundary of t i for eachi . A chain is

said to be acircuit if it is of �nite length with source s1 of the initial arrow s1 ! t1

having an invertible coe�cient in the boundary of the target tn of the �nal arrow

sn ! tn . A discrete vector �eld is said to beadmissibleif it contains no circuits and

no chains that extend inde�nitely to the right. A basis elemente 2 bn is said to be

critical if it is not involved in any arrow.

Theorem 1.4.2.3. [8] Let C� be a free chain complex of a regular CW-complex

endowed with a discrete vector �eld. There exists a homotopy equivalence

C� ' D �

with D � a chain complex in whichDn is the free module generated by critical elements

of the basisbn � Cn , n � 0.

De�nition 1.4.2.4. [16] A covering spaceof a spaceX is a spacefX together with

a map p : fX ! X satisfying the following condition: each pointx 2 X has an open

neighbourhoodU in X such that p� 1(U) is a union of disjoint open sets infX , each

of which is mapped homeomorphically ontoU by p.

De�nition 1.4.2.5. [16] The universal cover of a spaceX is a path-connected

covering space ofX with trivial fundamental group.

We assume that the reader is familiar with the notion of the fundamental group

� 1(X; x 0) of a topological spaceX . When X is a regular CW-complex, we assume

some 0-cellx0 has been chosen as its base point. We assume that the reader knows

that the elements of� 1X can be represented as paths in the 1-skeletonX 1 and, in

turn, that these paths can be represented as sequences of oriented edges. Lastly, we

assume familiarity with the free and cellular action of the fundamental group of a

space on its universal coverfX .

1.4.3 Knot theory

De�nition 1.4.3.1. [17] A knot � : S1 ! R3 is an embedding of the circle into

three-dimensional Euclidean space.
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Figure 1.4.3.1: A wild knot with in�nitely many crossings.

De�nition 1.4.3.2. [17] A link � :
F

� S1 ! R3 is an embedding of a union of

disjoint circles into three-dimensional Euclidean space. A link is�nite if it is an

embedding of �nitely many copies of the circle. We uselink to refer to �nite links

as well as knots.

De�nition 1.4.3.3. [8] Two links �; � 0 are said to beambient isotopic if there

exists a continuous mapH : R3 � [0; 1] ! R3 such that H t (x) = H (x; t ) is a

homeomorphism fromR3 to itself for each t 2 [0; 1], H0(x) is the identity, and

� 0(y) = H1(� (y)) for y 2 S1.

De�nition 1.4.3.4. [8] A link is tame if it is ambient isotopic to a piecewise linear

embedding� : S1 ! R3 involving only �nitely many linear pieces. We will only

consider tame links in this thesis as the alternative,wild links, likely do not yield

�nite CW-decompositions.

De�nition 1.4.3.5. [8] For any tame link � we can choose an a�ne projection

� : R3 ! R2 onto some hyperplaneR2 � R3 not containing any point in the link

image, such that the composite�� is one-one at all but �nitely many points x 2 S1

called crossing points; this can always be done such that�� : S1 ! R2 is two-one

on the set of crossing points. For any pair of crossing points with identical image

in the hyperplane R2, one of the points will be nearer to the hyperplane than the

other. The nearer point is called anundercrossing point, and the other is called an

overcrossing point. The image inR2 of a crossing point is called acrossing. When

sketching the planar image of�� , we instead sketch the restriction�� : S1
� ! R2

to a subsetS1
� of S1 obtained by removing small neighbourhoods of undercrossing

points. We refer to the collection of non-intersecting simple arcs in the plane�� (S1
� )

as alink diagram.
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Figure 1.4.3.2: A link diagram of the Hopf link.

De�nition 1.4.3.6. [17] A welded link is an immersion of a union of circles into

three-dimensional Euclidean space. It di�ers from a traditional link in that there

is the potential for self-intersections. The points at which these self-intersections

occur are referred to aswelded crossings. The corresponding notion of awelded

link diagram is similarly de�ned. In sketching a welded link diagram, we illustrate

welded crossings by a shaded circle. Alternatively, the welded crossings can be drawn

as intersecting arcs in contrast to undercrossing and overcrossing points which are

represented via the omission of a neighbourhood of points.

Figure 1.4.3.3: A welded link diagram of the welded Hopf link.

De�nition 1.4.3.7. [8] An arc presentation is a link diagram such that:

(i) it is piecewise linear, consisting only of vertical and horizontal segments

(ii) no two vertical segments share a commonx-coordinate nor do any two hori-

zontal segments share a commony-coordinate

(ii) all overcrossing points belong to vertical segments and all undercrossing points

belong to horizontal line segments.
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Figure 1.4.3.4: An arc presentation of the Hopf link.

De�nition 1.4.3.8. [17] Let � 1 and � 2 denote two knots. We form their knot

sum � 1# � 2 by removing an open ball from each of them and gluing the resulting

manifolds with boundary together along the new spherical boundary components.

Knots that do not arise as the knot sum of two other knots are referred to asprime

knots.

Figure 1.4.3.5: Forming the knot sum 41#4 1.

De�nition 1.4.3.9. [16] An n-manifold is a topological spaceX such that for each

point x 2 X there exists an open setU that contains x and is homeomorphic toRn .

A 2-manifold is known as asurface.

De�nition 1.4.3.10. [16] In an n-dimensional topological spaceX , a point x 2 X

is singular if there are no open setsU with x 2 U and U homeomorphic toRn .

De�nition 1.4.3.11. A self-intersecting surfaceis a 2-dimensional topological space

that is otherwise a manifold but for some set of singular points that is either empty

or a disjoint union of 1-spheresS1.



Chapter 2

Computing local cohomology

Let � : N ! M be a continuous cellular embedding of a �nite CW-complexN into

a �nite CW-complex M . We are concerned with computing ambient invariants of

such embeddings so that we may distinguish between their isotopy types. These

invariants are of most interest in the case whereN and M are manifolds. For

embeddings of spheresSn ! Sn+ k we focus on the casek = 2 thanks to a result of

[18] stating that any two embeddings are ambient isotopic (in the piecewise linear

setting) for k � 3, and a result of [19] implying that there is just one isotopy class

of embeddings fork = 1. However, Zeeman also shows for instance that there is

more than one embeddingSn ! S2n , up to ambient isotopy, for n � 1 (again in the

piecewise linear setting).

The invariants that we wish to calculate are the integral homology groupsHn ( fX H ; Z)

of �nite covers of the complementX = M n N , where H denotes the �nite index

subgroup of� 1X arising as the image of the induced homomorphism of fundamental

groupspH : � 1
fX H ! � 1X . By considering an open tubular neighbourhoodN � � N

with boundary @N� , we obtain the inclusion map@N� ,! X . Letting B = p� 1
H (@N� )

denote the preimage infX H of the boundary, we wish to calculate the induced homol-

ogy homomorphismsHn (B; Z) ! Hn ( fX H ; Z) so that we may distinguish between

embeddings of manifolds.

It is worth noting that this use of homology of �nite covers as an ambient isotopy

invariant is well-documented in the literature. One of the earliest invariants in the

study of knot embeddingsS1 ,! S3 was the �rst integral homologyH1((Ŝ3 n S1)H ; Z)

of �nite coverings of knot complements. Methods for computing these �rst homology

groups directly from planar knot diagrams can be found in [20], [21], [22], and [23].

20
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The usefulness of �rst homology of �nite coverings in knot theory hints at an analo-

gous role for higher homology of coverings in the study of higher dimensional embed-

dings, especially for those of codimension two. We will describe computer processes

that aid in investigating the potential of this analogous role.

Let C�
fX denote the cellular chain complex of the universal cover of a connected

CW-complex X . This is a chain complex of freeZG-modules andZG-equivariant

module homomorphisms withG = � 1X , the fundamental group ofX . Given a ZG-

moduleA, the homologyand cohomologyof X with local coe�cients in A is de�ned

as

Hn (X; A ) = Hn (C�
fX 
 ZG A) and H n (X; A ) = H n (HomZG(C�

fX; A )): (2.1)

Note that Hn ( fX H ; Z) = Hn (X; A ) when A = ZG 
 ZH Z. We present an algorithm

for computing (2.1) in the case whereA is a �nitely generated ZG-module. This

algorithm takes as its input a CW-complexX and details ofA. In order to apply

this algorithm to embeddings of manifolds, we are required to provide algorithms for

converting descriptions of such embeddings to embeddings of CW-complexes. More

speci�cally, we present algorithms for constructing an embeddingN ,! Sn+2 of an

n-dimensional manifoldN into an (n + 2)-sphere for n 2 f 1; 2g, namely whereN is

a link or knotted surface.

2.1 Representation of CW-complexes

Before tackling the computation of (co)homology with local coe�cients it is neces-

sary to establish how we will obtain a computer representation of the CW-complex

X . As justi�cation for our chosen implementation of CW-complexes, let us �rst

consider three alternative methods. For example, consider the Klein bottleK with

CW-structure involving one 0-cell, two 1-cells and one 2-cell. One could represent

K as a free presentation of its fundamental group, involving two generators and one

relator. This representation is readily adapted to 2-dimensional CW-complexes with

more than one 0-cell, and is used by [24] in their algorithm for computing fundamen-

tal groups and �nite covers of 2-dimensional cell complexes. However, this group

presentation does not readily adapt to higher dimensional CW-complexes such as

K � K . A second potential representation arises from subdividing the CW-structure

on K as to obtain a simplicial complex. We can triangulateK using 8 vertices, 24
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edges, and 16 faces; the resulting simplicial complex can be stored as a collection

of subsets of the vertex set. This method does not have the restriction of the prior

Figure 2.1.1: Simplicial complex homotopy equivalent to the Klein bottle K .

method and can easily be extended to CW-complexes of arbitrary dimension, but

the number of simplices can become prohibitively large. For example, then-sphere

Sn admits CW-structure with two cells whereas any homotopy equivalent simplicial

complex will have at least 2n+2 � 2 simplices. Another possibility is to reduce the

size of the simplicial cell structure by relaxing the requirements of a simplicial com-

plex to those of a simplicial set. Then-sphere can be represented as a simplicial

set with just two non-degenerate cells. A computer implementation of simplicial

sets, their fundamental groups, and their (co)homology with trivial coe�cients is

available in theSAGE[25] language. Our reasoning for opting against using simplicial

sets in our algorithms is that it seems to be a nontrivial task to �nd small simplicial

set representations of the CW-complexes of interest to us,i.e., CW-complexes aris-

ing as the complements of knotted surfaces inS3. This leads us to our choice of a

representation for CW-complexes: regular CW-complexes. We choose to represent

a CW-complex X as a regular CW-complexY together with a simple homotopy

equivalenceY ' X . More speci�cally, we work with a regular CW-complexY en-

dowed with an admissible discrete vector �eld whose critical cells are in one-to-one

correspondence with the cells ofX . The arrows in a discrete vector �eld are elemen-

tary simple homotopies and can be viewed analogously to the degeneracy maps of a

simplicial set. We will now exhibit how regular CW-complexes and discrete vector

�elds can be encoded on a computer.

Datatype 2.1.1. [8] A regular CW-complex can be represented as a component

object X with the following components:
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ˆ X!.boundaries[n+1][k] is a list of integers [t; a1; a2; : : : ; at ] recording that

the ai
th cell of dimensionn � 1 lies in the boundary of thekth cell of dimension

n.

ˆ X!.coboundaries[n][k] is a list of integers [t; a1; a2; : : : ; at ] recording that

the kth cell of dimensionn lies in the boundary of theai
th cell of dimension

n + 1.

ˆ X!.nrCells(n) is a function returning the number of cells of dimensionn.

ˆ X!.properties is a list of properties of the complex, each property stored as

a pair such as["dimension",4] .

Datatype 2.1.2. [8] A discrete vector �eld on a regular CW-complex is represented

as a regular CW-complexXwith the following additional components, each of which

is a 2-dimensional array:

ˆ X!.vectorField[n][k] is equal to the integerj if there is an arrow from the

kth cell of dimensionn � 1 to the j th cell of dimensionn. Otherwise, it is

unbound.

ˆ X!.inverseVectorField[n][j] is equal to the integerk if there is an arrow

from the kth cell of dimensionn � 1 to the j th cell of dimensionn. Otherwise,

it is unbound.

GAPSession 2.2.1 will endow a 2-dimensional regular CW-complexY (Figure 2.1.2

(left)) with a discrete vector �eld. The critical cells of Y are shown to be one-to-one

with the CW-complex X = S1 _ S1 (Figure 2.1.2 (right)) consisting of one 0-cell

and two 1-cells.

Figure 2.1.2: Regular CW-complex Y (left) and the homotopy equivalent CW-
complex X (right).
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gap> Y:=[[1,1,1],[1,0,1],[1,1,1],[1,0,1],[1,1,1]];;
gap> Y:=RegularCWComplex(PureCubicalComplex(Y));
Regular CW-complex of dimension 2

gap> pi1:=FundamentalGroupOfRegularCWComplex(Y);
<fp group of size infinity on the generators [ f1, f2 ]>
gap> RelatorsOfFpGroup(pi1);
[ ]
gap> CriticalCellsOfRegularCWComplex(Y);
[ [ 1, 13 ], [ 1, 15 ], [ 0, 17 ] ]

GAPSession 2.1.1: Computing the critical cells of a regular CW-complex homo-
topy equivalent to S1 _ S1.

Runtime: 6ms.

2.2 The practical need for smaller cell structures

Now that we have established a representation for CW-complexes, we can begin to

address the size of the computations involved in a naive implementation of cellular

chain complexes of CW-complexes. Consider the CW-complexS (see Figure 2.2.1)

consisting of 8 vertices, 12 edges, and 4 faces. It might be of interest to investigate the

direct product Y = S� S� S� S� S which naturally inherits regular CW-structure

involving a total of 245 = 7962624 cells. Its fundamental group� 1Y = Z5 is free

abelian on 5 generatorsa; b; c; d; eand has an index 14 subgroupH = ha7; b; c2; d; ei .

There exists a corresponding 14-fold covering mapp : eYH ! Y . The integral

homology groupsHn ( eYH ; Z) might be of interest to calculate. General theory tells

us that eYH is homeomorphic toY, but if we were ignorant to this fact we might try

to compute the integral homologyHn ( eYH ; Z) = Hn (C�
eYH ) directly from the chain

complex of eYH . We can express the chain complexC�
eYH of the 14-fold cover in

terms of the cellular chain complexC�
eY of the universal cover:

C�
eYH = C�

eY 
 ZG A (2.2.1)

with G = � 1Y; A = ZG 
 ZH Z. The desired homologyHn ( eYH ; Z) can be viewed

as the homologyHn (Y; A) of Y with local coe�cients in the module A. The chain

complex C�
eYH is a sequence of free abelian groups and group homomorphisms of
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the following form:

0 Z32768 Z245760 Z819200 Z1597440 Z2017280

Z1723392 Z1008640 Z399360 Z102400 Z15360 Z1024:

(2.2.2)

It is not practical to compute Hn ( eYH ; Z) by applying the Smith Normal Form algo-

rithm directly to 2.2.2. We aim to show how simple homotopy equivalences by way

of discrete vector �elds can be used to produce a smaller homotopy equivalent chain

complex from which we can compute the homology. These techniques are imple-

mented in the HAP[10] package for theGAP[6] language and can be seen working in

GAPSession 2.2.1 which computesH0( eYH ; Z) = Z, H1( eYH ; Z) = Z5, H2( eYH ; Z) = Z10,

H3( eYH ; Z) = Z10, H4( eYH ; Z) = Z5, H5( eYH ; Z) = Z from the regular CW-complex

Y = S� S� S� S� S. This computation involves a signi�cantly smaller non-regular

CW-complex fX H which is homotopy equivalent to eYH . More speci�cally, fX H is a

�nite cover of X = S � S � S � S � S with S the non-regular CW-complex seen

in Figure 2.2.1 (right).

Figure 2.2.1: A regular CW-complex S with 24 cells (left), a regular CW-
complex S �= S with simpli�ed CW-structure and 12 cells (centre), and a non-

regular CW-complex S ' S with just 2 cells (right).

In some cases, one may wish to work with a smaller regular CW-complex that is

not just homotopy equivalent but homeomorphic to eYH . In the above example

the number of cells in eYH is quite prohibitive, placing its construction outside of

the reach for computers with modest speci�cations. One can attempt to simplify

the cell structure on eYH so that it contains fewer cells, which we can approach

by �rst simplifying the cell structure of S. In the above example, we haveY =

S � S � S � S � S with S the regular CW-complex of Figure 2.2.1 (left). This could

be replaced by the homeomorphic regular CW-complexS of Figure 2.2.1 (centre).

We could then work with the spaceY = S� S� S� S� Swhich again is homeomorphic

to Y. Using an algorithm for simplifying the CW-structure on a regular CW-complex
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gap> 0cells:=List([1..8],x->[1,0]);;
gap> 1cells:=[
[2,1,2],[2,1,5],[2,1,4],[2,2,3],[2,2,6],[2,3,4],
[2,3,7],[2,4,8],[2,5,6],[2,5,8],[2,6,7],[2,7,8]
];;
gap> 2cells:=[[4,1,2,5,9],[4,4,5,7,11],[4,6,7,8,12],[4,2,3,8,10]];;
gap> S:=RegularCWComplex([0cells,1cells,2cells,[]]);
Regular CW-complex of dimension 2

gap> Y:=DirectProduct(S,S,S,S,S);
Regular CW-complex of dimension 10

gap> Size(Y);
7962624
gap> C:=ChainComplexOfUniversalCover(Y);
Equivariant chain complex of dimension 5

gap> G:=C!.group;
<fp group on the generators [ f1, f2, f3, f4, f5 ]>
gap> H:=Group(G.1^7,G.2,G.3^2,G.4,G.5);;
gap> D:=TensorWithIntegersOverSubgroup(C,H);
Chain complex of length 5 in characteristic 0 .

gap> Homology(D,0);
[ 0 ]
gap> Homology(D,1);
[ 0, 0, 0, 0, 0 ]
gap> Homology(D,2);
[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 ]
gap> Homology(D,3);
[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 ]
gap> Homology(D,4);
[ 0, 0, 0, 0, 0 ]
gap> Homology(D,5);
[ 0 ]

GAPSession 2.2.1: Computing the homology of a 14-fold cover of a regular
CW-complex Y with 7962624 cells.

Runtime: 4min 31s 938ms.

on a regular CW-complex, the code ofGAPSession 2.2.2 computes the covering map

p : eYH ! Y, mapping each cell ofeYH homeomorphically to a cell ofY.

The theory, algorithms and datatypes behind the above examples is explained in the

next section.
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gap> 0cells:=List([1..8],x->[1,0]);;
gap> 1cells:=[
[2,1,2],[2,1,5],[2,1,4],[2,2,3],[2,2,6],[2,3,4],
[2,3,7],[2,4,8],[2,5,6],[2,5,8],[2,6,7],[2,7,8]
];;
gap> 2cells:=[[4,1,2,5,9],[4,4,5,7,11],[4,6,7,8,12],[4,2,3,8,10]];;
gap> S:=RegularCWComplex([0cells,1cells,2cells,[]]);;
gap> S:=SimplifiedComplex(S);
Regular CW-complex of dimension 2

gap> Size(S);
12
gap> Y:=DirectProduct(S,S,S,S,S);;
gap> U:=UniversalCover(Y);
Equivariant CW-complex of dimension 10

gap> G:=U!.group;;
gap> H:=Group(G.1^7,G.2,G.3^2,G.4,G.5);;
gap> p:=EquivariantCWComplexToRegularCWMap(U,H);
Map of regular CW-complexes

gap> U_H:=Source(p);
Regular CW-complex of dimension 10

gap> Size(U_H);
3483648

GAPSession 2.2.2: Computing a 14-fold covering map p : eYH ! Y with Y
homeomorphic to a regular CW-complex with 7962624 cells.

Runtime: 16min 45s 755ms.

2.3 Computing chains on the universal cover

The goal of this section is as follows. Given a �nite regular CW-complexX , how can

we storeC� ( fX ), the chain complex of the universal cover ofX , on a computer. The

chain groups are free� 1X -modules, and the boundary homomorphisms@n : Cn
fX !

Cn� 1
fX can be represented as matrices with entries from the group ringZ� 1X . We

represent the group� 1X = F=R as a �nitely presented group (using the algorithm

from [8] and [26]). Elements ofZ� 1X are represented as lists [� 1f 1; � 2f 2; : : : ; � n f n ]

with f i 2 F and � i = � 1. We will use this implementation to access �nite regular

CW-covering spacesfX H ! X corresponding to �nite index subgroupsH < � 1X .

We will now recall the details of this algorithm from [8] and [26]. As a disclaimer, the
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well-known unsolvability of the word problem for �nitely presented groupsG (i.e.

given two wordss; t in the generators ofG, can we determine whether or nots = t?)

does not obstruct our calculations for this algorithm as will be demonstrated later

on (see in particular equation 2.3.4 and the subsequent paragraph). LetfX denote

the universal cover ofX which inherits a canonical CW-structure fromX . The

cellular chain groupCn
fX is a freeZG-module whose free generators correspond to

the n-cells ofX . The moduleCn
fX can be represented on a computer by specifying

the number rankZG(Cn
fX ) of free generators and specifying the free presentation for

G. Given an n-cell en
i which lifts to some een

i in fX , denote bygeen
i the cell obtained

by the action of g 2 G on een
i . The boundary homomorphisms@n : Cn

fX ! Cn� 1
fX

of the chain complex are equivariant under the action ofG and can be expressed

by considering the computation of@n (een
i ) for each of the free generators. We now

describe an explicit expression for@n (een
i ) by induction on n.

Let T denote some choice of maximal subtree of the graph given by the 1-skeleton

X 1 of X . Each edgee in this graph can be oriented in one of two ways, which is

done arbitrarily. Every edge inX 1 n T lies in the boundary of some facef in the

2-skeletonX 2. The boundary of this face can be viewed as a circuit of oriented

edges denoted by! (e). By mapping every edge inX 1 n T to this circuit, we induce

a function ! : f edges inX 1 n T g ! G which can be extended to! : f edges inX 1

g ! G by mapping all oriented edges inT to the trivial element.

Let F denote the free group generated by the symbols! (e) where e loops through

all edges ofX 1 nT. The 2-cellse2 of X can be arbitrarily oriented in one of two ways

similarly to the edge case; we �x an orientation for each 2-cell. Thus, the boundary

of each 2-cell|when read from some point in a clockwise direction|will spell out

a word in F corresponding to the trivial word in the fundamental groupG. It is

well-known (see,e.g., Chapter 3, Section 7, Corollary 5 of [27]) thatG admits a free

presentation with one generator! (e) for each edgee � X 1 n T and one relator for

every 2-cell ofX .

We now can consider the calculation of an expression for the boundary of the free

generators@n (een
i ) of G by an inductive procedure beginning with the casen = 1.

The 1-cellee1
i maps toe1

i by the covering mapp : fX ! X . Let e0
i 1

; e0
i 2

be the 0-cells in

the boundary ofe1
i which are ordered according to its orientation which, say, starts

at e0
i 1

and ends ate0
i 2

. Suppose that in the chain complex ofX , with the previous
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choices of orientation, the boundary homomorphism satis�es

@1(e1
i ) = e0

i 1
� e0

i 2
: (2.3.1)

We then set

@1(ee1
i ) = ! (ee1

i )ee0
i 1

� ee0
i 2

: (2.3.2)

Computing @n+1 (een+1
i ) requires already having computed@1(ee1

i ); @2(ee2
i ); : : : ; @n (een

i )

for all free generators in degrees at mostn. Once this has been done, begin by

reading o�

@n+1 (en+1
i ) = � 1en

i 1
+ � 2en

i 2
+ : : : + � men

i m
(2.3.3)

where � i = � 1 and dimX n = m. What remains is to determine group element

representativesgi 1 ; : : : ; gi m in the �nitely presented group G such that

@n+1 (een+1
i ) = � 1gi 1

een
i 1

+ � 2gi 2
een

i 2
+ : : : + � mgi m

een
i m

(2.3.4)

satis�es @n (@n+1 een+1
i ) = 0. We set gi 1 = 1G and suppose that@n (gi 1

een
i 1

) contains

� heen� 1
j as a summand for someh 2 G. Then for somei j 6= i 1 the boundary

@n (een
i j

) must contain � h0een� 1
j as a summand for someh0 2 G. In equation 2.3.4,

we set gi j = hh0� 1 and continue with this method of matching summands in the

boundaries@n (een
i k

) in order to determine all gi k .

Suppose given a �nitely generated groupA and group homomorphism� : G !

Aut( A) speci�ed on generators ofG. This data comprises aZG-module A. Be-

ginning with our computer representation of the chain complexC�
fX , it is routine

to implement the cochain complex HomZG(C�
fX; A ) of �nitely generated abelian

groups, and also the chain complexC�
fX 
 ZG A. In particular, given a �nite set

of elements inG that generate a �nite index subgroupH < G , we can use coset

enumeration to construct theZG-module A = ZG 
 ZH Z. In this case, the chain

complex C�
fX 
 ZG A can be viewed as the chain complexC�

fX H of the �nite cov-

ering spacep : fX H � X with p inducing an isomorphism� 1
fX H

�= H . Since fX H

is a regular CW-complex, its CW-structure is completely determined by the chain

complex C�
fX H . Therefore, in principle, we have an algorithm for computing the

�nite cover fX H . Furthermore, in principle, the Smith Normal Form algorithm can

be used to compute the local homologyHn (X; A ) and cohomologyH n (X; A ) for any

ZG-module A which is �nitely generated overZ.

For practical computations, such as those inGAPSessions 2.2.1 and 2.2.2, the above
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Algorithm 2.3.1 Computing chains on the universal cover of a regular
CW-complex.

Input:
A �nite connected regular CW-complexX .

Output:
An equivariant chain complexC�

fX corresponding to the chain complex of the
universal cover ofX .

1: Arbitrarily �x an orientation for all 1-cells and all 2-cells of X .
2: Choose some maximal subtreeT of the graph given by the 1-skeletonX 1.
3: Assign to each edge inT the trivial element of � 1X , and to each edgee1

i in
X 1 n T a generator! (ei ) of � 1X .

4: Express the boundary of each orbit of 1-cells as

@1(ee1
i ) = ! (e1

i )ee0
i 1

� ee0
i 2

:

5: for n = 1 to dimX do
6: Express the boundary of each orbit of (n + 1)-cells as

@n+1 (een+1
i ) = � 1gi 1

een
i 1

+ � 2gi 2
een

i 2
+ : : : + � mgi m

een
i m

:

7: Using the fact that @n (@n+1 een+1
i ) = 0, express the above boundary as

0 = @n (� 1gi 1
een

i 1
) + @n (� 2gi 2

een
i 2

) + : : : + @n (� mgi m
een

i m
):

8: Set gi 1 = 1 � 1X .
9: The previously computed@n (gi 1

een
i 1

) will contain � heen� 1
j as a summand for

someh 2 � 1X , meaning that for somei j 6= i 1, the boundary@n (een
i j

) must contain
� h0een� 1

j for someh0 2 � 1X . Set gi j = hh0� 1.
10: Repeat the methodology of the previous step in order to determine allgi k .
11: end for
12: Return C� ( fX ).

theoretical algorithm (Algorithm 2.3.1) presents two issues. Firstly, if we apply

it directly then the �nitely presented fundamental group G = � 1X will generally

have excessive numbers of generators and relators. It is necessary to reduce these

numbers in a way that retains the relationship between the �nite presentation and

the cellular structure ofX if, for example, one wants to apply coset enumeration and

the Reidemeister-Schreier algorithm to list free presentations of subgroupsH < G

of given indexk in order to enumerate allk-fold covers ofX . Secondly, the number

of cells ofX will typically be large and as a result, so too will be the number of

generators of chain groupsCn
fX 
 ZG A. This makes it impractical to apply the Smith

Normal Form algorithm directly to the chain complexC�
fX 
 ZG A or the cochain

complex HomZG(C�
fX; A ). We need a method for reducing the number of cells in

X and fX in such a way that retains their homotopy types or, in some cases, their
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homeomorphism types. The code inGAPSession 2.2.1 reduces the number of cells

while retaining just the homotopy type of X while the code inGAPSession 2.2.2

retains the homeomorphism type ofX . Our approach to addressing these issues will

be described in Section 5.3.

Regarding a method for reducing the number of cells inX in such a way that retains

only the homotopy type, we turn to admissible discrete vector �elds. There are a

variety of algorithms for constructing an admissible discrete vector �eld on a �nite

regular CW-complexX . The implementation found in HAPis shown in Algorithm

2.3.2 which we recall from [28], [8]. In the second line of the algorithm, the cells

of X could be partially ordered in such a way that ensures any cell of dimensionn

is less than all cells of dimensionn + 1. This partial ordering guarantees that the

resulting discrete vector �eld on a path-connected regular CW-complexX will have

a unique critical 0-cell.

Algorithm 2.3.2 Discrete vector �eld on a regular CW-complex.
Input:

A �nite regular CW-complex X .
Output:

A maximal admissible discrete vector �eld onX .

1: Partially order the cells ofX in any fashion.
2: At every stage of the algorithm, each cell will have precisely one of the following

three states: (i) critical, (ii) potentially critical, (iii) non-critical.
3: Initially deem all cells of X to be potentially critical.
4: while there exists a potentially critical celldo
5: while there exists a pair of potentially critical cellss; t such that: dim(t) =

dim(s) + 1; s lies in the boundary of t; no other potentially critical cell of
dimension dim(s) lies in the boundary oft do

6: Choose such a pair (s; t) with s minimal in the given partial ordering.
7: Add the arrow s ! t and deems and t to be non-critical.
8: end while
9: if there exists a potentially critical cell then

10: Choose a minimally potentially critical cell and deem it to be critical.
11: end if
12: end while

A reducedCW-complex has only one cell in dimension 0. There is a standard corre-

spondence between the 2-skeleton of a reduced CW-complex and a presentation of

its fundamental groupG = � 1X . This correspondence, Theorem 1.4.2.2 and Algo-

rithm 2.3.2 constitute our algorithm for �nding a presentation for the fundamental

group of any connected CW-complexX . This presentation has one generator for
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each critical 1-cell ofX and one relator for each critical 2-cell. Each oriented critical

2-cell e � X determines an oriented circuit! (e) in X 1. The discrete vector �eld

provides a deformation of this circuit! (e) into a circuit ! 0(e) each of whose oriented

edgest is either critical or else the target of some arrows ! t with s a 0-cell. The

subsequence of! 0(e) consisting of the oriented critical edges spell a word in the free

group on the generators of the presentation. For illustrations and further details of

this algorithm see [26], [8].

We are now equipped to address the reduction of the number of cells in the universal

cover fX of a connected regular CW-complex while preserving its homotopy type. It

is su�cient to note that, any discrete vector �eld on X induces a discrete vector �eld

on fX : there is an arrowes ! et on fX if and only if s ! t is an arrow onX where es; et

are cells in the universal cover that map tos; t, and wherees lies in the boundary of
et. It also follows that if the discrete vector �eld onX is admissible then so too is the

induced vector �eld. Let X ' Y be the homotopy equivalence of Theorem 1.4.2.2.

This equivalence induces a homotopy equivalence of the respective universal covers
fX ' eY and a chain homotopy equivalence of cellular chain complexesC�

fX ' C�
eY,

i.e., the cells in eY are one-one with the critical cells in the induced discrete vector

�eld on fX . The cellular chain complexC�
eY on the (typically non-regular) CW-

complex Y is readily constructed directly from the cell structure and admissible

discrete vector �eld of X . This construction has been implemented inHAPas the

function ChainComplexOfUniversalCover(X) (A.2) which inputs a regular CW-

complex X , constructs a maximal discrete vector �eld onX , uses this vector �eld

to compute a presentation for� 1X �= � 1Y, and returns the � 1X -equivariant chain

complexC� ( fX ).



Chapter 3

Invariants of knotted manifolds

The machinery we have developed to calculate ambient isotopy invariants of em-

beddings of manifolds� : N ! M necessitates procedures for endowingN and M

with regular CW-structure. This need is addressed in Chapters 4 and 6 by provid-

ing some algorithms for obtaining CW-decompositions of links inR3 and knotted

surfaces inR4. However, in this chapter, we opt not to represent these embeddings

as embeddings of regular CW-complexes, but instead as embeddings ofpure cubical

complexes.

De�nition 3.1. [8] Let Rn be endowed with CW-structure wherein eachn-cell has

closure equal to a unit cube with standard CW-structure and with centre an integer

vector c 2 Zn . A �nite CW-subcomplex of Rn is said to be ann-dimensionalcubical

complex. Such a complex is said to bepure if each cell lies in the closure of some

n-cell.

Figure 3.1: A 3-dimensional pure cubical complex with 933 cells.

33
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Working with pure cubical complexes can be convenient in forming cell complexes

given that all that is needed is to specify the coordinates of each top-dimensional cell.

The downside however, is that the resulting complexes tend to have a large number

of cells and so computing with them can be quite taxing. We momentarily forego

more e�cient cell structures to demonstrate that our algorithms can be practical

even when working with large cell complexes.

De�nition 3.2. Let N denote a compact submanifold ofRn+2 with n 2 f 1; 2g and

suppose thatp : Rn+2 ! Rn+1 is a projection onto a hyperplane. LetM � Rn+2 be

a submanifold homeomorphic to the closed unit ball whose interior�M contains N .

Set D n+1 = p(M ). We refer to the pair p(N ) � D n+1 as adiagram for N .

It is possible to embellish a diagram with additional information on the preimages

p� 1(y) of certain points y 2 N so that the ambient isotopy type of the embedding

N ,! Rn+1 can be recovered. We use this embellished diagram to construct a regular

CW-structure on M containing a subspace ambient isotopic toN .

3.1 A 3-manifold in 3-space and the complement

of its interior

There are various representations for links inR3. Our chosen representation is

that of an arc presentation. We represent an arc presentation on a computer as

a list l of ordered pairs of positive integers. Thei th pair in the list speci�es the

starting and ending columns of thei th horizontal line, where the bottom line is the

1st horizontal line and the leftmost column is the 1st column. For example, the list

l = [[2; 4]; [1; 3]; [2; 4]; [1; 3]] speci�es an arc presentation of the Hopf link (see Figure

3.1.2 (left)). Note that a choice must be made when using arc presentations: at each

crossing, all horizontal lines will lie above all vertical lines or vice versa. This does

not restrict the scope of knots and links that can be represented in this way.

Arc presentations lead to a very intuitive, albeit somewhat ine�cient, represen-

tation of the corresponding link as a 3-dimensional CW-manifold with boundary.

Consider the diagram (D 2; p(N )) with D 2 a 2-dimensional pure cubical complex

homeomorphic to a disk. Let the real interval [0; 5] be given a CW-structure with

integers the 0-cells. The desired 3-dimensional pure cubical complexN is realised

as a CW-subcomplex of the direct productD 2 � [0; 5].
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Figure 3.1.1: Reconstructing a link diagram from an arc presentation.

Figure 3.1.2: An arc presentation of the Hopf link (left) and the associated pure
cubical complex (right).

The 3-dimensional pure cubical complexN l corresponding to the example list for the

Hopf link is shown in Figure 3.1.2 (right). LetM denote a contractible pure cubical

complex in R3 whose interior containsN l . Then the complementX = M n �N l

is a pure cubical complex homotopy equivalent to the complementR3 n N l . The

construction of the CW-complexX is implemented in HAP, with M the minimal

solid rectangular pure cubical complex whose interior containsN l . In the case of the

Hopf link of Figure 3.1.2 (right), the implemented CW-complexX contains 9123

cells.

3.2 A closed 2-manifold in 4-space

In order to begin specifying an embeddingN ,! R4 of a closed surfaceN we start by

considering a diagram (D 3; p(N )) with D 3 a regular CW-complex homeomorphic to

a closed 3-ball, and withp(N ) � D 3 a CW-subcomplex lying in the interior ofD 3.

We do not require the CW-subcomplexp(N ) to be a surface. We allow there to be
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singular pointsy 2 p(N ) for which there exists no open set ofp(N ) containing y that

is homeomorphic to a 2-ball. We do require that the collection of singular points is

either empty or forms a closed 1-manifold. As an example, in the usual projection

of the Klein bottle into R3, the singular points form a circle (see Figure 3.2.1). We

say that the CW-complexp(N ) is a self-intersecting surface. In order to �nish our

speci�cation of the embedding of the surfaceN we setM = D 3 � [0; k] wherek is

some positive integer and the interval is given a CW-structure with the 0-cells the

integers. Letp : M ! D 3 be the projection. To specify a CW-manifoldN � M , we

just need to specify the cells in the preimagep� 1(e) for each celle � p(N ).

Figure 3.2.1: Klein bottle.

In Chapter 6, we describe a procedure for embedding self-intersecting tori intoR3

by way of an embellished arc presentation. These embedded tori can be lifted in

order to obtain an embedding of a closed surfaceN in R4. We then construct a

small open tubular neighbourhoodN � of N and extend the CW-structure onM nN

to a CW-structure on M n N � .

3.3 The spun Hopf link and the Tube of the welded

Hopf link

We now provide a computer proof of a variant of Theorem 10 from [29]. This

theorem uncovers the ambient isotopy inequivalence between twoknotted surface

complements. These surfaces are the Tube of the welded Hopf link and the spun

Hopf link, they each represent two methods of obtaining embeddings of knotted tori

in R4. Our implementation of the Tube map in full generality comprises most of

the content of Chapter 6, while our implementation of knot spinning is discussed in

Section 5.4. For now, we begin by describing the construction of the Tube of the
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welded Hopf link as a pure cubical complex. Figure 3.3.1 shows a 3-dimensional

pure cubical complexY formed from the union of two intersecting pure cubical

subcomplexes each of which is homotopy equivalent to a torus. The spaceY is a

union of 1632 3-cubes. The four horizontal rectangular tubes ofY have a 3� 3 cross

section. The four vertical tubes ofY have a 7� 7 cross section. The central axes

of the horizontal tubes and vertical tubes lie in a common plane. We will useY to

construct two 4-dimensional pure cubical complexesS and T as follows.

Figure 3.3.1: Union of two 3-dimensional pure cubical complexes, each of which
is homotopy equivalent to a torus.

To construct S we �rst assign integerst, called temperature, to each 3-cube ofY.

Most 3-cubes are assigned a single temperaturet, but a few 3-cells are assigned three

temperatures. All 3-cubes in the top and bottom horizontal rectangular tubes are

assigned one temperaturet = 0. All 3-cubes in the four vertical rectangular tubes

are also assigned one temperaturet = 0. The middle two horizontal rectangular

tubes each have length 25. In these two tubes, thex-coordinate of a cube's centre

determines its temperature(s) according to the pro�les shown in Figure 3.3.2. Pro�le

1 is the cross sectional temperature pro�le of the upper-middle horizontal tube of

Y while the lower-middle horizontal tube ofY is assigned Pro�le 2. The spaceS

is the 4-dimensional pure cubical complex whose 4-cubes are centred on the integer

vectors (x; y; z; t) where (x; y; z) is the centre of a 3-cube ofY with temperature t.

The spaceS is homotopy equivalent to a disjoint union of two tori.

The spaceT is a 4-dimensional pure cubical complex constructed similarly toS

but whose temperatures pro�les are those of Figure 3.3.3. Again, the spaceT is

homotopy equivalent to a disjoint union of two tori.

Let �S and �T denote the interiors ofS andT respectively. The complementsR4n�S and

R4 n �T are subcomplexes ofR4, both with in�nitely many cells. It is straightforward
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Pro�le 1:

0 0 0 0
0 0 0 0 0 0 -1 -2 -2 -2 -2 -1 0 1 2 2 2 2 1 0 0 0 0 0 0

-2 -2 2 2

Pro�le 2:

0 0 0 0
0 0 0 0 0 0 1 2 2 2 2 1 0 -1 -2 -2 -2 -2 -1 0 0 0 0 0 0

2 2 -2 -2

Figure 3.3.2: Pro�les of cube temperatures for S.

Pro�le 1:
0 0

0 0 0 0 0 0 1 2 2 2 2 2 2 2 2 2 2 2 1 0 0 0 0 0 0
2 2

Pro�le 2:
0 0 0 0

0 0 0 0 0 0 -1 -2 -2 -2 -2 -1 0 1 2 2 2 2 1 0 0 0 0 0 0
-2 -2 2 2

Figure 3.3.3: Pro�les of cube temperatures for T.

to construct �nite deformation retracts X S � R4 n �S and X T � R4 n �T where X S

and X T are 4-dimensional pure cubical complexes. The code inGAPSession 3.3.1

computes a regular CW-complexX T involving 4508573 cells, together with a list

Inv(X T ) of all possible abelian invariants of the second homology groupsH2( fX H ; Z)

of 5-fold covering spacesX H for X T . The list Inv( X T ) is an invariant of the homotopy

type of X T , establishing that there exist 5-fold covers withH2( fX H ; Z) = Z12 and

5-fold covers withH2( fX H ; Z) = Z16. We can apply similar commands toX S to �nd

that all 5-fold coversX H have H2( fX H ; Z) = Z12, thus establishing that X T and X S

are homotopy inequivalent. For the sake of e�ciency, the construction ofX S that is

employed inGAPSession 3.3.2 uses techniques that will be explained in Chapter 5.

The additional GAPcommands ofGAPSession 3.3.3 establish thatH0(X T ; Z) = Z,

H1(X T ; Z) = Z2, H2(X T ; Z) = Z4, H3(X T ; Z) = Z2, Hn (X T ; Z) = 0 for n � 4,

and that � 1X T
�= � 1X S

�= Z � Z, Hn (X S; Z) = Hn (X T ; Z) for n � 0. This tells

us that this is an example where the fundamental group and homology with trivial

coe�cients fail to distinguish between two homotopy inequivalent spaces, while the

second homology with twisted coe�cients succeeds in doing so.

Figure 3.3.4 shows an example of a classical planar diagram of a link (the Hopf link)

and an example of a welded diagram (the welded Hopf link). Such a classical or

welded link diagramL gives rise to an embedding of a closed surface Tube(L) into
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gap> X_T:=PureComplexComplement(HopfSatohSurface());;
gap> X_T:=RegularCWComplex(X_T);;
gap> C:=ChainComplexOfUniversalCover(X_T);;
gap> Inv_X_T:=LowIndexSubgroupsFpGroup(C!.group,5);;
gap> Inv_X_T:=Filtered(Inv_X_T,g->Index(C!.group,g)=5);;
gap> Inv_X_T:=Set(
> Inv_X_T,
> g->Homology(
> TensorWithIntegersOverSubgroup(C,g),2
> )
> );
[ [ 0,0,0,0,0,0,0,0,0,0,0,0 ], [ 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 ] ]

GAPSession 3.3.1: Computing the regular CW-complex X T and an invariant of
its homotopy type.

Runtime: 17min 17s 803ms.

gap> X_S:=SpunLinkComplement([[2,4],[1,3],[2,4],[1,3]]);;
gap> C:=ChainComplexOfUniversalCover(X_S);;
gap> L:=LowIndexSubgroupsFpGroup(C!.group,5);;
gap> L:=Filtered(L,g->Index(C!.group,g)=5);;
gap> Set(
> L,
> g->Homology(
> TensorWithIntegersOverSubgroup(C,g),2
> )
> );
[ [ 0,0,0,0,0,0,0,0,0,0,0,0 ] ]

GAPSession 3.3.2: Computing a CW-structure on the complement of the Hopf
link and a homotopy invariant of the spun link.

Runtime: 2s 650ms.

R4 via the Tube mapof Satoh[30]. The surface Tube(L) contains one knotted torus

Tube(K ) for each componentK of L. In Chapter 6, we will go into detail regarding

the direct construction of the Tube map. Additionally, a good explanation and

visualisation of the Tube map is given in [31]. Satoh showed that for a classical link

diagram L, the knotted surface Tube(L) � R4 is the same as the surface obtained

by spinning the link about a plane that does not intersect it. This spin construction

is elaborated upon in Chapter 5. An algebraic invariant of the homotopy type of

the complementX L = R4 n Tube(L) is introduced in [32, 33] and used in [29] to

show, for instance, that the classical Hopf link diagramL1 and the welded Hopf link

diagram L2 (see Figure 3.3.4) yield spacesX L 1 and X L 2 with di�erent homotopy
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types. As a consequence of this, the knotted surfaces Tube(L1) and Tube(L2) are

homotopy inequivalent.

Figure 3.3.4: Classical and welded link diagrams.

The spaceT can be viewed as a thickening of two knotted tori inR4. The complement

R4 n T is homeomorphic to the spaceX L 2 associated to the welded Hopf diagram.

The complementR4 nS is homeomorphic to the spaceX L 1 associated it the classical

Hopf link diagram. Hence the computations ofGAPSessions 3.3.1 and 3.3.2 illustrate

how the homotopy inequivalence ofX L 1 and X L 2 can be recovered using aGAP

computation of second homology with local coe�cients. This computation yields an

analogue of Theorem 10 of [29]. We de�ne the invariantI c(�) of a knotted surface

� � R4 to be:

I c(�) = Set of isomorphism types of abelian groups

arising asH2( fX H ; Z) for somec-fold cover

fX H ! X of X = R4 n � :

Theorem 3.3.1. The invariant I c is powerful enough to distinguish between knot-

ted surfaces� ; � 0 � R4, with � di�eomorphic to � 0 and whose complements have

isomorphic fundamental groups and isomorphic integral homology, at least in one

speci�c case.

Proof. SeeGAPSessions 3.3.1 and 3.3.2.
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gap> X_T:=PureComplexComplement(HopfSatohSurface());;
gap> X_T:=RegularCWComplex(X_T);;
gap> X_T:=ContractedComplex(X_T);;
gap> CriticalCells(X_T);;
gap> H0:=Homology(X_T,0);
[ 0 ]
gap> H1:=Homology(X_T,1);
[ 0, 0 ]
gap> H2:=Homology(X_T,2);
[ 0, 0, 0, 0 ]
gap> H3:=Homology(X_T,3);
[ 0, 0 ]
gap> H4:=Homology(X_T,4);
[ ]
gap> F:=FundamentalGroup(X_T);
#I there are 2 generators and 1 relator of total length 4
<fp group of size infinity on the generators [ f1, f2 ]>
gap> RelatorsOfFpGroup(F);
[ f1^-1*f2^-1*f1*f2 ]
gap> X_S:=SpunLinkComplement([[2,4],[1,3],[2,4],[1,3]]);;
gap> X_S:=ContractedComplex(X_S);;
gap> CriticalCells(X_S);;
gap> h0:=Homology(X_S,0);
[ 0 ]
gap> h1:=Homology(X_S,1);
[ 0, 0 ]
gap> h2:=Homology(X_S,2);
[ 0, 0, 0, 0 ]
gap> h3:=Homology(X_S,3);
[ 0, 0 ]
gap> h4:=Homology(X_S,4);
[ ]
gap> f:=FundamentalGroup(X_S);
#I there are 2 generators and 1 relator of total length 4
<fp group of size infinity on the generators [ f2, f3 ]>
gap> RelatorsOfFpGroup(f);
[ f3^-1*f2^-1*f3*f2 ]

GAPSession 3.3.3: Verifying that X S and X T have isomorphic integral homology
and fundamental groups.

Runtime: 2min 33s 599ms.



Chapter 4

Small CW-structures for link

complements

Pure cubical complexes are particularly useful as a tool for converting a range of

experimental data into regular CW-complexes so that the underlying topological

features can be analysed (see for example [8]). The resulting CW-complexes tend

to be large and cumbersome to work with on a computer. From the viewpoint of

theoretical knot theory, it is desirable to have algorithms which convert a symbolic

representation of a link or knotted surface complement into a regular CW-complex

with as few cells as possible so that computations of fundamental groups and local

cohomology run e�ciently. We now explain (in four steps) how to construct a smaller

CW-structure on the complementX = M n �N l of a link N l arising from an arc

presentation l where M denotes a contractible 3-dimensional regular CW-complex

homeomorphic to the 3-ballB 3.

4.1 A more e�cient complement of a link in 3-

space

Step 1. Let us suppose that the arc presentation for the listl involves preciselyh

horizontal lines (note that an arc presentation must be of even length and will have

the same number of horizontal and vertical lines) and preciselyk crossings. LetD 2
l

denote the unit 2-disk with 2h non-overlapping subdisks removed. This is illustrated

for the Hopf link in Figure 4.1.1. The CW-structure is made canonical by insisting

42
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that the two 0-cells on the boundary of the disk are connected to the top left-most

and bottom right-most vertices of the inner diagram. In general, the CW-structure

has V = 4h + 4k + 2 vertices, E = 8h + 8k + 4 edges, andE � V � 2h + 1 cells

of dimension 2. The formula for the number of 2-cells is derived from the Euler

characteristic � (D 2
l ) = 1 � 2h. The spaceD 2

l has 14h + 16k + 9 cells.

Figure 4.1.1: CW-structure on a 2-dimensional diskD 2
l for h = 4 and k = 2.

A practical problem that arises in automating the construction of the spaceD 2
l

lies in determining the boundaries of each of the 2-cells. Recall that in Datatype

2.1.1, a regular CW-complex is encoded on a computer by ordering each of its cells

and specifying which (n � 1)-cells lie in the boundary of eachn-cell en . It is not

immediately obvious how one can keep track of the boundaries of all 2-cellse2 of

D 2
l in a manner robust enough to work with any valid choice of arc presentation

l. Note that as D 2
l is a surface, all of its 1-cells have at most two 2-cells in their

coboundaries. The 1-cells that have just one 2-cell in their coboundaries are those

which bound the holes of the disk and those which bound the disk itself. Using this

fact, we can work towards a solution to track the boundaries of all 2-cells. Firstly,

for each 0-cell inD 2
l , we assign to all of the 1-cells in its coboundary an integer

t 2 [1; 12] which we refer to as atime. These times relate the angles formed by each

coboundary 1-cell in the CW-structure of Figure 4.1.1 to time on a 12-hour clock.

In this way every 1-cell inD 2
l has two times, one for each 0-cell in its boundary.

We will use these times to compute a clockwise walk along the 1-skeleton of the disk.

This edge walk will systematically travel along the boundaries of each 2-cell ofD 2
l .

By recording the indexing of these edges, and ensuring that no edge is visited more

than twice, we have a procedure for determining the boundaries of all 2-cells as lists



44

Figure 4.1.2: Orienting the 1-cells of D 2
l .

of integers [t; a1; a2; : : : ; at ] whereai records that theai
th 1-cell lies in the boundary

of a given 2-cell.

Figure 4.1.3: A clockwise walk along the 1-skeleton ofD 2
l .

Step 2. LetI denote the unit interval with CW-structure involving two vertices and

one edge. Now form the direct productD 2
l � I . This is a CW-complex which we

view as a solid cylinder from which 2h vertical tubes, running from the bottom to

the top, have been removed. This 3-dimensional CW-complex involves a total of

3(14h + 16k + 9) cells.

Step 3. Corresponding to each horizontal line in the arc diagram glue one 2-cell to

the bottom of D 2
l , and corresponding to each vertical line in the arc diagram glue one

2-cell to the top ofD 2
l . In particular, these 2h 2-cells are glued so that the resulting

CW-complexWl = D 2
l � I [

S 2h
i � 1 e2 is homeomorphic to the link complementR3 nN l .

Step 4. Glue one 3-cell and one 2-cell to the bottom ofWl , and glue one 3-cell

and one 2-cell to the top ofWl in such a way that the resulting CW-complexYl =
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Figure 4.1.4: A cross-section of the complexYl for l the standard arc presenta-
tion of the trefoil.

Wl [
S 2

i =1 e2 [
S 2

i =1 e3 is homeomorphic toM n �N l . The total number of cells in the

CW-complex Yl is 3(14h + 16k + 9) + 2 h + 4.

Two implementations of this four-step procedure are illustrated inGAPSession 4.1.1.

The �rst implementation returns the regular CW-complex Yl corresponding to link

complement as speci�ed by the arc presentationl. The second implementation

computes the complexYl , identi�es the subcomplex homeomorphic to the boundary

of some small open tubular neighbourhood (see 5.1 for details) of the linkN l (which

we denote byB 0
l ), then returns the inclusion of regular CW-complexesf 0

l : B 0
l ,! Yl .

4.2 The granny and reef knots

The granny knot � 1 = 3 1#3 �
1 occurs as the knot sum of the trefoil with its mirror

image, while the reef knot� 2 = 3 1#3 1 occurs as the knot sum of two trefoils. Arc

presentations for these knots are displayed in Figure 4.2.1. Regarding a knot as a

1-dimensional subspace ofR3, we de�ne X 1 = R3 n � 1 and X 2 = R3 n � 2. Using

the method of Section 4.1, we can construct �nite CW-complexesYi whose interiors

are homeomorphic toX i , i = 1; 2. The FundamentalGroup(Y) function in HAP

can be used to compute presentations for� 1Yi , i = 1; 2. From these presentations,

Tietze moves can be used to establish an isomorphism� 1Y1
�= � 1Y2. Therefore knot

invariants, such as the Alexander polynomial, which are based entirely on the knot

group are unable to distinguish between the granny and reef knots. More precisely,

such invariants fail to distinguish between the homeomorphism types ofY1 and Y2.
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gap> N_l:=PureCubicalKnot(10,5);;
gap> l:=ArcPresentation(N_l);
[ [ 8, 12 ], [ 1, 10 ], [ 9, 11 ], [ 10, 12 ], [ 7, 11 ], [ 6, 8 ],

[ 5, 7 ], [ 4, 6 ], [ 3, 5 ], [ 2, 4 ], [ 1, 3 ], [ 2, 9 ] ]
gap> Size(PureComplexComplement(N_l));
6926
gap> Y_l:=KnotComplement(l);
Regular CW-complex of dimension 3

gap> Size(Y_l);
1087
gap> pi_1:=FundamentalGroup(Y_l);
#I there are 2 generators and 1 relator of total length 73
<fp group of size infinity on the generators [ f1, f2 ]>
gap> RelatorsOfFpGroup(pi_1);
[ f1*f2^-1*f1^-1*f2*f1*f2^-1*(f2^-1*f1*f2*f1^-1*f2*f1*f2^-1*f1^-1*\
f2^2*f1^-1)^3*f2^-1*f1*f2*(f1^-1*f2*f1*f2^-2*f1*f2*f1^-1*f2^-1*f1*\
f2^-1)^2*f1^-1*f2*f1*f2^-2*f1*f2*f1^-1*f2^-1 ]
gap> f_l:=KnotComplementWithBoundary(l);
Map of regular CW-complexes

gap> FundamentalGroup(f_l);
[ f1, f2 ] ->
[

f2*(f2*f1^-1*f2^-1*f1*f2^-1*f1^-1*f2*f1*f2^-2*f1)^3*f2*f1^-1*f2^2*\
(f1^-1*f2*f1*f2^-2*f1*f2*f1^-1*f2^-1*f1*f2^-1)^3*f1^-1*f2*f1*f2^-1\
,f2*f1^-1 ]

GAPSession 4.1.1: Computing the induced homomorphism of fundamental
groups given byf 0

l where l is an arc presentation corresponding to the �fth prime
knot on ten crossings 105.

Runtime: 205ms.

In GAPSession 4.2.1, we see that the granny and reef knots have the same Alexander

polynomial.

In GAPSession 4.2.2, the integral homology groups ofY1 and Y2 are computed which

turn out to be the same.

Let us viewX i as the interior ofYi and let B 0
i denote the boundary of a 3-dimensional

small open tubular neighbourhood of the knot� i . Then B 0
i is a 2-dimensional CW-

subspace ofYi homeomorphic to a torus. TheBoundaryMap(Y)function in HAP

can be used to construct an inclusionf i : B i ,! Yi of CW-subspaces whereB i is

the smallest CW-subspace containing those 2-cells ofYi that lie in the boundary of

exactly one 3-cell. ThusB i is a disjoint union of B 0
i with the 2-sphereS2. We are
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Figure 4.2.1: The granny knot (right) and the reef knot (left).

gap> trefoil:=PureCubicalKnot(3,1);;
gap> granny:=KnotSum(trefoil,KnotReflection(trefoil));;
gap> reef:=KnotSum(trefoil,trefoil);;
gap> AlexanderPolynomial(granny);
#I there are 3 generators and 2 relators of total length 12
x_1^4-2*x_1^3+3*x_1^2-2*x_1+1
gap> AlexanderPolynomial(reef);
#I there are 3 generators and 2 relators of total length 14
x_1^4-2*x_1^3+3*x_1^2-2*x_1+1

GAPSession 4.2.1: Calculating the Alexander polynomials of the granny and
reef knots, both of which arex4 � 2x3 + 3x2 � 2x + 1.

Runtime: 7s 419ms.

interested only in the �rst integral homology group H1(B i ; Z) = H1(B 0
i ; Z) and so

there is no di�erence in working with eitherB i or with B 0
i , apart from the fact that

B i is a bit easier to construct.

For any �nite index subgroup H � � 1Yi , the HAPfunctions U:=UniversalCover(Y)

(A.1) and p:=EquivariantCWComplexToRegularCWMap(U,H)(A.4) can be used to

construct the covering mappi : eYi;H ! Yi which maps � 1
eYi;H isomorphically onto

the subgroupH . We can then use the functionLiftedRegularCWMap(f,p) (A.5)

to construct the subspacep� 1
i (B i ) � eYi;H that maps onto B i , together with the
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gap> trefoil:=PureCubicalKnot(3,1);;
gap> granny:=KnotSum(trefoil,KnotReflection(trefoil));
prime knot 1 with 3 crossings + Reflected( prime knot 1 with 3 cros\
sings )

gap> reef:=KnotSum(trefoil,trefoil);
prime knot 1 with 3 crossings + prime knot 1 with 3 crossings

gap> l_1:=ArcPresentation(granny);;
gap> l_2:=ArcPresentation(reef);;
gap> Y_1:=KnotComplement(l_1);
Regular CW-complex of dimension 3

gap> Homology(Y_1,0);
[ 0 ]
gap> Homology(Y_1,1);
[ 0 ]
gap> Homology(Y_1,2);
[ 0 ]
gap> Homology(Y_1,3);
[ ]
gap> Y_2:=KnotComplement(l_2);
Regular CW-complex of dimension 3

gap> Homology(Y_2,0);
[ 0 ]
gap> Homology(Y_2,1);
[ 0 ]
gap> Homology(Y_2,2);
[ 0 ]
gap> Homology(Y_2,3);
[ ]

GAPSession 4.2.2: Computing the integral homology groups of the granny and
square knots.

Runtime: 57ms.

inclusion mapping ef i : p� 1
i (B i ) ,! eYi;H . The induced homology homomorphism

�f i : H1(p� 1
i (B i ); Z) ! H1( eYi;H ; Z)

is readily computed. The homomorphism�f i is a homeomorphism invariant ofYi .

However, in general, the spacep� 1
i (B i ) is a disjoint union p� 1

i (B i ) = B i; 1 t B i; 2 t

� � � t B i;t of path-connected CW-subspacesB i;j . Therefore the homomorphism�f i is
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a sum of homomorphisms

�f i;j : H1(B i;j ; Z) ! H1( eYi;H ; Z):

The set of all abelian groups coker(�f i;j ) arising as the cokernel of�f i;j is a homeo-

morphism invariant of Yi .

For the reef knot � 2 with some choice of subgroupH < � 1Y2 of index 6 and some

choice of path componentP2;j , we �nd that coker( �f 2;j ) = Z � Z2 � Z2 � Z8. However,

for the granny knot � 1 we �nd that for all subgroups H < � 1Y1 of index 6 and all

path componentsP1;j , coker(�f 1;j ) 6�= Z � Z2 � Z2 � Z8. We conclude thatY1 is not

homeomorphic toY2. The sequence of computations exposing this homeomorphism

inequivalence is shown inGAPSession 4.2.3.

These computations motivate the de�nition of the ambient isotopy invariantJc(� )

of a link � � R3:

Jc(� ) = Set of isomorphism types of abelian groups arising

as coker(hj : H1(B j ; Z) ! H1( fX H ; Z)) for some

c-fold coverp : fX H ! X of X = R3 n � , and for B j

some path component ofp� 1(B ), where B is the

boundary of a small tubular neighbourhood of�:

This de�nition allows us to to formalise the computations ofGAPSession 4.2.3 in

the following theorem.

Theorem 4.2.1. The invariant Jc(� ) is powerful enough to distinguish between

knots �; � 0 � R3 whose complements have isomorphic fundamental groups and iso-

morphic integral homology, at least in one particular case.

Proof. SeeGAPSession 4.2.3.
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gap> K:=PureCubicalKnot(3,1);
prime knot 1 with 3 crossings

gap> granny:=ArcPresentation(KnotSum(K,ReflectedCubicalKnot(K)));;
gap> reef:=ArcPresentation(KnotSum(K,K));;
gap> f_1:=KnotComplementWithBoundary(granny);
Map of regular CW-complexes

gap> f_2:=KnotComplementWithBoundary(reef);
Map of regular CW-complexes

gap> J6granny:=Set(FirstHomologyCoveringCokernels(f_1,6));
[ [ 0, 0, 0, 0 ], [ 0, 0, 0, 2 ], [ 0, 0, 2, 2 ], [ 0, 0, 2, 2, 2 ],

[ 0, 0, 2, 3 ], [ 0, 0, 3, 3 ], [ 0, 2 ], [ 0, 2, 2, 2, 3 ],
[ 0, 2, 2, 3 ], [ 0, 2, 2, 3, 3 ], [ 0, 3 ], [ 0, 3, 3, 3 ],
[ 0, 8 ], [ 2, 2 ], [ 2, 2, 2, 2, 2, 2 ], [ 2, 2, 2, 2, 2, 4 ],
[ 2, 2, 2, 3, 3 ], [ 2, 2, 3, 3 ], [ 2, 2, 3, 5 ], [ 2, 2, 3, 8 ],
[ 3, 3, 3, 9 ] ]

gap> J6reef:=Set(FirstHomologyCoveringCokernels(f_2,6));
[ [ 0, 0, 0, 0 ], [ 0, 0, 0, 2 ], [ 0, 0, 2, 2, 2 ], [ 0, 0, 2, 3 ],

[ 0, 0, 3, 3 ], [ 0, 2 ], [ 0, 2, 2, 2, 3 ], [ 0, 2, 2, 3 ],
[ 0, 2, 2, 3, 3 ], [ 0, 2, 2, 8 ], [ 0, 3 ], [ 0, 3, 3, 3 ],
[ 0, 8 ], [ 2, 2 ], [ 2, 2, 2, 2, 2, 2 ], [ 2, 2, 2, 2, 2, 4 ],
[ 2, 2, 2, 3, 3 ], [ 2, 2, 3, 3 ], [ 2, 2, 3, 5 ], [ 2, 2, 3, 8 ],
[ 3, 3, 3, 9 ] ]

gap> Difference(J6granny,J6reef);
[ [ 0, 0, 2, 2 ] ]
gap> Difference(J6reef,J6granny);
[ [ 0, 2, 2, 8 ] ]

GAPSession 4.2.3: Computing the invariants J6(� 1) and J6(� 2).
Runtime: 1min 9s 9ms.

4.3 Alternative approaches to small CW-structures

for link complements

4.3.1 Thickening a knotted 1-manifold in 3-space

Consider the trefoil knot � : S1 ,! R3 whose embedding is illustrated in Figure

4.3.1.1 (left). We setN equal to the image of� . A diagram (D 2; p(N )) for the

trefoil knot is shown in Figure 4.3.1.1 (centre). A CW-structure onD 2 is shown in

Figure 4.3.1.1 (right). This CW-structure is designed to re
ect the undercrossing

and overcrossing information of the knot. Consider the unit intervalI = [0; 1] given
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Figure 4.3.1.1: The trefoil knot 3 1.

CW-structure consisting of two 0-cells and one 1-cell. The CW-complex obtained

from adjoining one 2-cell and one 3-cell to either end of the cylinderD 2 � I is

homeomorphic to the 3-ballM and it contains, in its interior, a CW-subcomplexN

ambient isotopic to the trefoil knot as shown in Figure 4.3.1.2.

Figure 4.3.1.2: A CW-subcomplex of M ambient isotopic to the trefoil knot.

This procedure readily extends to an algorithm which inputs some symbolic repre-

sentation of a knot or link and returns a regular CW-decomposition of the 3-ballM

containing the speci�ed knot or link N as a subcomplex of the 1-skeleton. This is

implemented inHAPas the functionArcPresentationToKnottedOneComplex (A.9).

However, we are interested in the complementM n N , and the di�erence of CW-

complexes is not a CW-complex. This barrier can be overcome by constructing a

small open tubular neighbourhoodN � of N and extending the cell structure ofM nN

to a CW-structure on M nN � . The exact details of this tubular neighbourhood con-

struction are addressed in Section 5.1. The code ofGAPSession 4.3.1.1 constructs a

regular CW-complex homeomorphic toM n N � for N the �gure-eight knot.

4.3.2 Link complements in the 3-sphere

Often in theoretical knot theory, when one wants to investigate the complement of

some link� it is usually in reference toS3 n� . The reason for this is typically to avail



52

gap> fig_eight:=ArcPresentation(PureCubicalKnot(4,1));
[ [ 3, 5 ], [ 4, 6 ], [ 2, 5 ], [ 1, 3 ], [ 2, 6 ], [ 1, 4 ] ]
gap> K:=ArcPresentationToKnottedOneComplex(fig_eight);
Map of regular CW-complexes

gap> K:=RegularCWComplexComplement(K);
Testing contractibility...
247 out of 247 cells tested.
The input is compatible with this algorithm.
Regular CW-complex of dimension 3

gap> Size(K);
355

GAPSession 4.3.1.1: Thickening the �gure-eight knot.
Runtime: 272ms.

of the compactness of theS3. While our choice to consider link complements inB 3

has not a�ected our calculations thus far, for consistency we have included inHAP

the algorithm SphericalKnotComplement (A.10) for computing link complements in

the 3-sphere. Furthermore, this function makes use of an algorithm for simplifying a

given regular CW-complex in order to reduce the number of cells. This simpli�cation

process is detailed in Section 5.3.

The S:=SphericalKnotComplement(arc) function inputs an arc presentation

and computes the complement of the tubular neighbourhood of a knotted 1-

complex in the 3-ball exactly as detailed in the previous section. We then use

f:=BoundaryMap(S) to obtain an inclusion map from the subspace ofB 3 consisting

of the closure of all of those 2-cells which have exactly one 3-cell in their cobound-

ary into B 3. By employing the PathComponentsCWSubcomplex(A.20) function, we

can identify the path component of this subcomplex corresponding to the boundary

sphere ofB 3. By adding to our subcomplex an additional 3-cell whose boundary is

all of those 2-cells in this boundary sphere, we obtain our link complement in the

3-sphere as desired.

4.3.3 Relative e�ciency of di�erent link complement algo-

rithms

This section compares various implementations of link complements on the basis of

number of cells and computation time. We present a total of four di�erent methods,
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one of which returns a pure cubical complex while the rest return regular CW-

complexes. As can be seen in Table 4.3.3.1, even in the simplest case, the method

involving cubical complexes yields drastically larger cell complexes while taking the

most time. For this reason, in our more extensive testing on all prime knots on fewer

than twelve crossings, we opt to consider only those methods producing regular CW-

complexes. Note that the arc presentations for these knots are pre-stored inHAP.

Number of Number of Time to
cells cells after compute

simpli�cation (ms)
PureComplexComplement(
PureCubicalKnot 13291 1837 26349

)
KnotComplement 395 141 85
RegularCWComplexComplement(
ArcPresentationToKnottedOneComplex 255 107 197

)
SphericalKnotComplement 256 128 108

Table 4.3.3.1: Constructing the trefoil with arc presentation
[[2; 5]; [1; 3]; [2; 4]; [3; 5]; [1; 4]] for each algorithm.

GAPSession 4.3.3.2 employs the remaining three methods in order to:

(i) obtain regular CW-decompositions of all 801 prime knots on at most eleven

crossings,

(ii) record the size of each complex before and after we simplify the CW-structure

using Algorithm 5.3.1, and

(iii) record the time taken to both construct and simplify each complex.

The mean complex sizes and computation times are presented in Figure

4.3.3.1. We can see that, almost without exception, successively applying

ArcPresentationToKnottedOneComplex and RegularCWComplexComplementyields

the smallest complexes whileKnotComplementis the fastest to compute.
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gap> fn:=function(x,y,alg)
> local
> t, arc, comp, size, ssize;
> t:=Runtime();
> arc:=ArcPresentation(
> PureCubicalKnot(x,y)
> );
> if alg=1 then
> comp:=KnotComplement(arc);
> elif alg=2 then
> comp:=RegularCWComplexComplement(
> ArcPresentationToKnottedOneComplex(
> arc
> )
> );
> else
> comp:=SphericalKnotComplement(arc);
> fi;
> size:=Size(comp);
> ssize:=Size(SimplifiedComplex(comp));
> return [size,ssize,Runtime()-t];
> end;
gap> prime:=[0,0,1,1,2,3,7,21,49,165,552];
gap> p:=[1..3];
gap> for i in [1..3] do
> p[i]:=List([3..11],x->List([1..prime[x]],y->fn(x,y,i)));
> od;
gap> for i in [1..9] do # accounting for the simplification already
> for j in [1..prime[i+2]] do # done in SphericalKnotComplement
> p[3][i][j][1]:=p[2][i][j][1]+1;
> od;
> od;
gap> data:=List(p,x->List(x,Average));

GAPSession 4.3.3.2: Computing the data for Figure 4.3.3.1.
Runtime: 36min 3s 178ms.
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Figure 4.3.3.1: A comparison of link complement algorithms.



Chapter 5

Constructions on regular

CW-complexes

There are a number of topological constructions that we have called upon thus far

without mention of how they might be implemented on a computer. This chap-

ter addresses implementations of these constructions in the case of regular CW-

complexes. Of particular focus is the tubular neighbourhood which is pivotal in our

goal of encoding knotted surfaces as regular CW-complexes (see Chapter 6). Our

implementation of the tubular neighbourhood touches on the need for subdividing

subcomplexes of regular CW-complexes which drastically increases the size of the

resulting spaces. A procedure for reducing the number of cells of a regular CW-

complex while preserving homeomorphism type is illustrated in Section 5.3 which

can help combat the excess of cells in some way. Lastly, we need a procedure for

performing Artin spinning on regular CW-complexes to give us access to a class of

knotted surfaces. Theorem 3.3.1 requires a CW-decomposition of the spun Hopf

link, for example.

5.1 Tubular neighbourhoods

Let X denote a �nite regular CW-complex containing a CW-subspaceY � X . In

this section we describe the construction of a �nite CW-complexW that models the

complement ofX n N � (Y) of a small open tubular neighbourhood ofY. Note that

the di�erence of two regular CW-complexes is not a regular CW-complex, and that

N � (Y) is not a regular CW-complex due to its openness. We opt not to give the

56
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Figure 5.1.1: A CW-complex X with open neighbourhood of a subcomplexY
(left) and the CW-complex W for this choice of X and Y (right).

precise de�nition of the open subspaceN � (Y) � X (which is routinely formulated

under the additional assumption thatX is piecewise Euclidean), and instead decide

to focus on an exact description of the spaceW. The examples we have in mind are

whereX is some contractible region ofRn for n = 3; 4 and Y is an embedded circle

in the casen = 3 (see Section 4.3.1) or an embedded surface in the casen = 4 (see

Chapter 6).

To describe a procedure for constructing the spaceW we �rst introduce some termi-

nology and notation for enumerating the cells ofW and for describing their homo-

logical boundaries. The CW-complexW will consist of all of the cellsX nY together

with some extra cells. We say that a cell ofW is internal if it lies in X n Y, and

that it is external otherwise. The complementX n Y is a cell complex|a union of

open cells|but it is not in general a CW-complex. The external cells ensure that

W is a CW-complex.

Figure 5.1.1 (left) shows a contractible regionX in the plane R2 endowed with

a CW-structure involving 10 2-cells, 30 1-cells, and 21 0-cells. A 1-dimensional

subcomplexY � X , involving 1 1-cell and 2 0-cells, is shown in bold. An open

tubular neighbourhoodN � (Y) � X is shown enclosed by dotted lines. Figure 5.1.1

(right) shows the CW-complexW corresponding to this particular choice ofX and

Y.

The closureen of any n-cell en � X is a �nite CW-subcomplex ofX . For an internal

n-cell en � X n Y the intersection en \ Y is also a CW-subcomplex ofX , which we
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can express as a union

en \ Y = Aen

1 [ Aen

2 [ � � � [ Aen

k

of its path componentsAen

i . Each Aen

i is a CW-subcomplex ofY.

We will make the following simplifying assumption: let us suppose that eachAen

i is

contractible. We will refer to this assumption as the contractible closure assumption.

When a space fails to meet the contractible closure assumption it is sometimes

possible to apply barycentric subdivision (or some less costly subdivision) to the

o�ending top-dimensional cells in order to modify the CW-structure so that it does

satisfy the contractible closure assumption.

Under the contractible closure assumption the CW-complexW has precisely one

internal n-cell en for each cellen � X n Y, and precisely one external (n � 1)-cell

f en

A i
for each path componentA i of en \ Y .

The homological boundary of an internal cellen in W is a sum of all the internal

(n � 1)-cells lying in en together with all external (n � 1)-cellsf en

A i
. The homological

boundary of an external (n � 1)-cell f en

A i
is a sum of all those external (n � 1)-cells

f en � 1

B with en� 1 an (n � 1)-cell of en and path componentB of en \ Y with B � A i .

This procedure is formalised in Algorithm 5.1.1.

Algorithm 5.1.1 Excise an open tubular neighbourhood from a regular
CW-complex.

Input:
A �nite regular CW-complex X and pure subcomplexY � X satisfying the
above contractible closure assumption.

Output:
A �nite regular CW-complex W.

1: For each internal cellen � X n Y compute the CW-complexen \ Y and express
it as a union en \ Y = Aen

1 [ Aen

2 [ � � � [ Aen

k of its path componentsAen

i . This
determines the number of cells of each dimension inW.

2: Create a list of empty listsB = [[] ; []; : : : ; []] of length 1 + dim X .
3: For 0 � n � dim X set B [n + 1] = [ b1; b2; : : : ; b� n ] where� n denotes the number

of n-cells in W and b1 is a list of integers determining the (n � 1)-cells with
non-zero coe�cient in the homological boundary of thei th n-cell of W. In the
ordering of n-cells it is convenient to order all internal cells before any external
cell.

4: Represent the data inB as a regular CW-complexW and return W.
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This procedure is implemented inHAPas the RegularCWComplexComplement(f)

(A.25) function, which inputs an inclusion of regular CW-complexesf : Y ,! X

and returns the regular CW-complexW, modelling the spaceX n N � (Y). The code

of GAPSession 5.1.1 showcases this algorithm when applied to two di�erent knots,

one of which satis�es the contractible closure assumption and the other which does

not and hence requires some subdivision.

gap> K:=SphericalKnotComplement([[1,2],[1,2]]);;
gap> Size(K);
28
gap> K:=BoundaryMap(K);;
gap> K:=RegularCWComplexComplement(K,"all","basic",true);
Testing contractibility...
28 out of 28 cells tested.
Subdividing 4 cell(s):
100% complete.
Testing contractibility...
100 out of 100 cells tested.
The input is compatible with this algorithm.
Regular CW-complex of dimension 3

gap> Size(K);
144
gap> K:=SphericalKnotComplement(
> ArcPresentation(PureCubicalKnot(3,1))
>);;
gap> Size(K);
128
gap> K:=BoundaryMap(K);;
gap> K:=RegularCWComplexComplement(K);
Regular CW-complex of dimension 3

gap> Size(K);
90

GAPSession 5.1.1: Computing tubular neighbourhoods of the unknot and the
trefoil knot in S3. The former requires subdivision before it is compatible with

Algorithm 5.1.1.
Runtime: 208ms.

5.1.1 Cell-by-cell construction of tubular neighbourhoods

A necessity of our implementation of the tubular neighbourhood is that the con-

tractible closure assumption holds. We will see in Section 5.2 that our solution of
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subdividing the top-dimensional cells that cause the contractible closure assumption

to fail can result in immensely large cell complexes. To this end, it is desirable to

implement a tubular neighbourhood algorithm that bypasses any potential need for

subdivision.

As before, let X denote a �nite n-dimensional regular CW-complex with m-

dimensional subcomplexY � X for m � n. We begin by considering the top-

dimensional cells ofY. Let em
i 1

be such a top-dimensional cell. We construct the

regular CW-complexWi 1 which models the complementX nN � (em
i 1

) as per Algorithm

5.1.1. By restricting our scope to a subcomplex which arises as the closure of just

one cell, we sometimes satisfy the contractible closure assumption.

For the next top dimensional cell,em
i 2

, we construct the spaceWi 2 which is homotopy

equivalent to X n N � (em
i 1

[ em
i 2

). We repeat the application of Algorithm 5.1.1 for

all k top-dimensional cells resulting in the spaceWi k , homotopy equivalent toX n

N � (
S k

j =1 em
i j

). Thus, a necessary condition of our cell-by-cell formation of the tubular

neighbourhood of a subcomplexY is that Y must arise as the closure of the union of

its top-dimensional cells,i.e., Y =
S k

j =1 em
i j

. In other words,Y must be apure regular

CW-complex. For our purposes|in constructing link complements and knotted

surface complements|the condition of Y being a pure regular CW-complex does not

pose any problems as it is something that is automatically satis�ed by algorithms

A.7, A.8 and A.10 by design.

In Figure 5.1.1.1, we illustrate the advantages of this procedure by applying it to a

1-dimensional subcomplex homotopy equivalent to a circle (highlighted in bold) of a

contractible 2-dimensional regular CW-complex. Note that Algorithm 5.1.1 applied

to this example would require some subdivision. We formalise this sequential cell-

by-cell excision of a tubular neighbourhood in Algorithm 5.1.1.1.

The cell-by-cell method is also implemented inHAPand can be accessed via the

function SequentialRegularCWComplexComplement(A.26). It can be seen in use in

GAPSession 5.1.1.1, being applied to the knot which previously required subdivision

in GAPSession 5.1.1.
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Figure 5.1.1.1: Cell-by-cell excision of a tubular neighbourhood.

gap> K:=SphericalKnotComplement([[1,2],[1,2]]);;
gap> Size(K);
28
gap> K:=BoundaryMap(K);;
gap> K:=SequentialRegularCWComplexComplement(K);
Regular CW-complex of dimension 3

gap> Size(K);
39

GAPSession 5.1.1.1: Computing a tubular neighbourhood of the unknot using
the cell-by-cell method. Note that the use of this method bypasses the need for
subdivision which was needed inGAPSession 5.1.1. Also of note is that the cell-by-
cell method produces a complex of size 39 versus the subdivision method which

produces a complex of size 144.
Runtime: 50ms.

5.2 Subdivision

5.2.1 Barycentric subdivision

Our implementation of the tubular neighbourhood construction requires us to con-

sider procedures for subdividing cells of a regular CW-complex. There are many such
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Algorithm 5.1.1.1 Sequentially excise an open tubular neighbourhood
from a regular CW-complex.

Input:
A �nite regular CW-complex X and pure subcomplexY � X .

Output:
A �nite regular CW-complex W.

1: Set j = 1.
2: Let m denote the dimension ofY. Compute the complexYj = em

j .
3: For each internal cellen � X nYj compute the CW-complexen \ Yj and express

it as a union en \ Yj = Aen

1 [ Aen

2 [ � � � [ Aen

k of its path componentsAen

i . This
determines the number of cells of each dimension inW.

4: Create a list of empty listsB = [[] ; []; : : : ; []] of length 1 + dim X .
5: For 0 � n � dim X set B [n + 1] = [ b1; b2; : : : ; b� n ] where� n denotes the number

of n-cells in W and b1 is a list of integers determining the (n � 1)-cells with
non-zero coe�cient in the homological boundary of thei th n-cell of W. In the
ordering of n-cells it is convenient to order all internal cells before any external
cell.

6: Represent the data inB as a regular CW-complexW.
7: Increase the value ofj by 1.
8: Repeat steps 2 to 7 replacingX with W. Do this until j exceeds the number of

top-dimensional cells ofY.
9: Return W.

subdivision procedures, the most well-known being the barycentric subdivision. Let

B(en ) denote the regular CW-complex obtained from barycentrically subdividing

somen-cell en where n � 1. In B(en ) there exists onek-cell for every sequence of

length k + 1 of cells e0 � e1 � : : : � ek , where ei � ej denotes that ei lies in the

boundary of ej . The boundaries of thesek-cells are uniquely determined by their

associated sequences. Our computer implementation ofB(en ) applies to the closure

of a given n-cell of some regular CW-complex. For this reason it is necessary to

sequentially rewrite the boundaries and coboundaries of all cells which intersecten .

The construction of B(en ) begins by letting B(en ) = en , the regular CW-complex

arising as the closure ofen .

Step 1. For each 1-celle1
� of B(en ), we add a 0-cell toB(en ) denoted byb� .

Step 2. Unbind each 1-celle1
� of B(en ). Let @e1� denote the boundary ofe1

� . For

each 0-cell in@e1� , we add a 1-cell toB(en ) whose boundaries consist of a cell from

@e1� and the cell b� from the previous step. Should there have been any 2-cells in

the coboundary ofe1
� , glue the 1-cells added by this step to the boundary of these

coboundary 2-cells in place ofe1
� .
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Figure 5.2.1.1: Barycentrically subdividing a 2-cell consisting of six 0-cells and
six 1-cells.

Step 3. For each 2-celle2
� of B(en ), we add a 0-cell toB(en ) denoted byb� .

Step 4. Unbind each 2-celle2
� of B(en ). Let @e2� denote the boundary ofe2

� . For

each 0-cell in@e2� , we add a 1-cell toB(en ) whose boundaries consist of a cell from

@e2� and the cellb� from the previous step. For each 1-cell in@e2� , we add a 2-cell to

B(en ) whose boundaries consist of a cell from@e2� , saye1
� i

, and the two 1-cells added

earlier in this step associated to the 0-cells in@e1� i
. Should there have been any 3-

cells in the coboundary ofe2
� , glue the 2-cells added by this step to the boundary of

these coboundary 3-cells in place ofe2
� .

...

This procedure will continue for 2n steps. An example of this implementation of

barycentric subdivision is illustrated in Figure 5.2.1.1. Furthermore, barycentric

subdivision is implemented inHAPas the functionBarycentricallySubdivideCell

(A.23). The code in GAPSession 5.2.1.1 shows this algorithm running in a higher

dimensional context.

Barycentric subdivision will drastically increase the number of cells in a regular

CW-complex. In the case of simplicial complexes for example, the barycentric sub-

division of an n-simplex will consist of (n + 1)! n-simplices. For this reason, our

implementation subdivides only a single cell at a time as opposed to subdividing



64

gap> S1:=[[1,1,1],[1,0,1],[1,1,1]];;
gap> S1:=PureCubicalComplex(S1);;
gap> T:=DirectProduct(S1,S1);;
gap> T:=RegularCWComplex(T);
Regular CW-complex of dimension 4

gap> e3:=ClosureCWCell(T,3,200);;
gap> e3:=CWSubcomplexToRegularCWMap(e3);
Map of regular CW-complexes

gap> Be3:=BarycentricallySubdivideCell(e3,3,200);
Map of regular CW-complexes

gap> Size(Target(e3));
2304
gap> Size(Target(Be3));
2570

GAPSession 5.2.1.1: Barycentrically subdividing a 3-cell of the Cli�ord torus
arising as the direct product of two 2-dimensional regular CW-complexes, each

homeomorphic to S1.
Runtime: 434ms.

an entire regular CW-complex. A downside to this individual cell approach can be

seen, for example, if there were two cells with non-empty intersection that needed

to be subdivided. In Figure 5.2.1.2, we can see an example of an ideal approach to

barycentric subdivision that does not subdivide the intersection of any two cells more

than once. However in Figure 5.2.1.3, we can see our implementation of barycentric

subdivision applied to the same context which results in comparatively more cells.

Of course, it is possible to implement the approach of Figure 5.2.1.2 but for our

purposes, it is best to focus on methods that do not rely on barycentric subdivision

whatsoever.

5.2.2 A basic subdivision

Our justi�cation for implementing the barycentric subdivision arose from the issues

posed by failing the contractible closure condition in Section 5.1. However, it is often

the case that barycentric subdivision excessively subdivides cells where a much more

basic subdivision would have been su�cient in helping us satisfy the contractible

closure condition. In Figure 5.2.2.1, we can see a 1-dimensional subcomplexY of

a 2-dimensional regular CW-complexX containing a 2-cell that intersectsY in a
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Figure 5.2.1.2: Barycentrically subdividing two 2-cells simultaneously in such
a way that does not subdivide their intersection twice.

Figure 5.2.1.3: Barycentrically subdividing two 2-cells one after the other as
per the function BarycentricallySubdivideCell .

non-contractible way. We can barycentrically subdivide this o�ending 2-cell yielding

four 2-cells in its place, but for the purposes of satisfying the contractible closure

condition it is su�cient to divide the 2-cell in two.

To this end we have implementedSubdivideCell (A.24), which divides an n-cell

into as many n cells as there are (n � 1)-cells in its boundary. It is essentially the

procedure described in Section 5.2.1 without any of the odd-numbered steps. Let

B � (en ) denote the basic subdivision ofen . Begin by letting B � (en ) equal the interior

of en , i.e., en nen . Add to B � (en ) a single 0-cell denoted byb. Each 0-cell ofB � (en )

yields a 1-cell whose boundaries consist ofb and another 0-cell. For eachm-cell of

B � (en ), m 2 [1; n � 1], we add toB � (en ) an (m + 1)-cell whose boundary consists of

said m-cell and them-cells that arise from the (m � 1)-cells of its boundary.
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Figure 5.2.2.1: Two di�erent subdivisions of a 2-cell with two 1-cells in its
boundary.

gap> arc:=ArcPresentation(PureCubicalKnot(11,12));;
gap> K:=SphericalKnotComplement(arc);;
gap> K:=BoundaryMap(K);;
gap> Be3:=BarycentricallySubdivideCell(K,3,5);
Map of regular CW-complexes

gap> B_e3:=SubdivideCell(K,3,5);
Map of regular CW-complexes

gap> Size(Target(Be3));
1072
gap> Size(Target(B_e3));
512

GAPSession 5.2.2.1: Comparing the size of a complex after having (i) barycen-
trically subdivided one of its 3-cells and (ii) subdivided the same 3-cell using A.24.

Runtime: 4s 95ms.

5.3 Simpli�cation of regular CW-structure

Recall from [8] a simple method for reducing the number of cells in a regular CW-

complex X . This simpli�cation procedure is based on the observation that if a

regular CW-complexX contains n-cell en lying in the boundary of precisely two

(n + 1)-cells en+1
1 ; en+1

2 with identical coboundaries then these three cells can be

removed and replaced by a single cell of dimensionn +1. The topological spaceX is

unchanged; only its CW-structure is altered. In general, the resulting CW-complex

after this simpli�cation will not be regular. The condition for it being regular is if
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Figure 5.3.1: Illustration of Algorithm 5.3.1 on a regular CW-complex.

the setsV0; V1; V2 of cells lying in the boundaries ofen ; en+1
1 ; en+1

2 respectively are

such that V1 \ V2 = V0 [ f eng. We formalise this procedure as Algorithm 5.3.1.

Algorithm 5.3.1 Simpli�cation of a regular CW-complex.
Input:

A regular CW-complexY.
Output:

A regular CW-complexX with Size(X ) � Size(Y) and with X homeomorphic
to Y.

1: Let X be a copy ofY.
2: while there exists a cellen in X with precisely two cellsen+1

1 ; en+1
2 in its cobound-

ary which have identical coboundariesdo
3: Compute the setsV0; V1; V2 of cells in the boundaries ofen ; en+1

1 ; en+1
2 .

4: if jV1 \ V2j = 1 + jV0j then
5: Remove the cellsen ; en+1

1 ; en+2
2 from X and add a new (n + 1)-cell f n+1

to X whose boundary is the union of the boundaries ofen+1
1 and en+1

2 minus the
cell en . Adjust coboundaries accordingly.

6: end if
7: end while
8: Return X .

5.4 Artin spinning

We recall details on a spinning construction for links, the origins of which go back

to Artin[34]. Artin used spinning to construct 4-dimensional knots from classical

knots, but we shall give a more general topological description.

Let X be a topological space with subspaceB. We de�ne the space obtained by

spinning X about B to be

SB (X ) = X � [0; 1]=f (x; t ) = ( x; 0) if x 2 B or t = 1g:
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Figure 5.4.1: Spinning the trefoil about a hyperplane.

An alternative spaceŜB (X ) can be formed fromX using the closed 2-diskD 2 and

its boundary circle S1. We set

ŜB (X ) = ( B � D 2) [ (X � S1) � X � D 2:

Theorem 5.4.1. The spaceŜB (X ) is homotopy equivalent toSB (X ).

The proof of this theorem is left to the reader. The spacêSB (X ) rather than SB (X )

is implemented in HAP. More precisely, suppose thatX is a regular CW-complex

with subcomplex B � X . Let D 2 be given a regular CW-structure involving two

0-cells, two 1-cells and one 2-cell. The direct productX � D 2 is naturally a regular

CW-complex, andŜB (X ) is a subcomplex.

Artin was interested in the case whereX = f (x; y; z) 2 R3 : z � 0g and B =

f (x; y; z) 2 R3 : z = 0g. In this caseSB (X ) is homeomorphic toR4, and any knot

� embedded in the interior ofX gives rise to a knotted torusS; (� ) in R4. More

generally, a link � gives rise to an embedded surfaceS; (� ) � R4. The complement

R4 n S; (� ) is homeomorphic toSB (X n � ).

The Artin spin construction is implemented in HAPas the function Spin(f)

(A.13). which inputs an inclusion of regular CW-complexesf : X ,!

Y and returns a regular CW-complex obtained by spinning Y about

X . The functions SpunAboutHyperplane (A.14), SpunKnotComplement

(A.15), and SpunkLinkComplement(A.16) also employ this spin construction.
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gap> arc:=ArcPresentation(PureCubicalKnot(7,3));;
gap> f:=SphericalKnotComplement(arc);
Regular CW-complex of dimension 3

gap> f:=Spin(BoundaryMap(f));
Regular CW-complex of dimension 4
gap> S1:=[[0],[1],[0]];;
gap> S1:=PureCubicalComplex(S1);
Pure cubical complex of dimension 2.

gap> Homology(S1,0);
[ 0 ]
gap> Homology(S1,1);
[ ]
gap> S1:=SpunAboutHyperplane(S1);
Regular CW-complex of dimension 1

gap> Homology(S1,0);
[ 0 ]
gap> Homology(S1,1);
[ 0 ]
gap> SpunKnotComplement([3,1]);
Regular CW-complex of dimension 5

gap> SpunLinkComplement([[2,4],[1,3],[2,4],[1,3]]);
Regular CW-complex of dimension 3

GAPSession 5.4.1: (i) Spinning the complement of 73 about its boundary, (ii)
spinning a cube about a hyperplane to form a complex homeomorphic toS1, (iii)
removing an unknotted segment of the trefoil knot 31 and spinning it about a

hyperplane, and (iv) spinning the Hopf link about a hyperplane.
Runtime: 2s 877ms.

SpunAboutHyperplane(K) inputs a pure cubical complexK and returns a reg-

ular CW-complex S(K ) obtained from spinning K about a hyperplane. The

SpunKnotComplement([N,M]) inputs a list of two integers N and M correspond-

ing to MN (the N th prime knot on M crossings) and returns a 5-dimensional regular

CW-complex K � obtained by removing an unknotted segment from the knotMN

and spinning it about a hyperplane. Lastly, the functionSpunkLinkComplement(l)

simply inputs an arc presentation corresponding to some link and spins it about

a hyperplane, returning a regular CW-complex. InGAPSession 5.4.1, these four

functions are shown in use.



Chapter 6

Small CW-structures for knotted

surface complements

In this chapter we seek to describe our computational implementation of knotted

surfaces, which we recall are surfaces that are embedded inR4. Our �rst course of

action is to establish a method of representing knotted surfaces. We do this by way

of colourings which generalise the notion of temperatures from Section 3.3.

De�nition 6.1. Let M be some surface embedded inR4 and let p : M ! H

denote a projection ofM onto a hyperplaneH disjoint from M such that p(M ) is

a self-intersecting surface. Acolouring is a pair (p(M ); c) where c : M ! R; m 7!

d(m; p(m)) is a map that sends a pointm 2 M to the distance from that point to

its image in the hyperplane.

By associating the range of values given byc to some colour gradient, we can il-

lustrate a colouring by sketchingp(M ) and assigning colours to eachs 2 p(M )

according tod(p� 1(s); s). Should s be a singular point,i.e. should jp� 1(s)j = 2; we

colour it according to a value ofp� 1(s) that maximises the distance froms.

For the class of knotted surfaces we consider in this chapter|the ribbon surface-

links|it is unnecessary to allow for each point in our self-intersecting surface to

be assigned a colour from a continuum of colours. We can instead limit our range

to only �nitely many colours (moreover just three colours) in order to have enough

information to recover the homeomorphism type ofM from a colouring ofM (see

Section 6.3 for details).

70
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Figure 6.1: A colouring corresponding to an unknotted 2-sphere inR4 with a
colour gradient indicating the height in the fourth spatial dimension.

De�nition 6.2. Let M be some surface embedded inR4 and let p : M ! H denote

a projection of M onto a hyperplaneH disjoint from M such that p(M ) is a self-

intersecting surface. Adiscrete colouring is a pair (p(M ); C) where C is a �nite

partition of the range of values given byc : M ! R; m 7! d(m; p(m)), a map that

sends a pointm 2 M to the distance from that point to its image in the hyperplane.

We refer to the setsU 2 C as temperatures.

The convention we adopt in sketching discrete colourings is to colour those points

of p(M ) lying in the temperature of points furthest away from their preimage inM

red; those closest, blue; and those halfway between, green. Our reasoning for using

just these three temperatures comes from an existing and widely used method of

illustrating knotted surfaces,broken surface diagrams. In a broken surface diagram,

we represent a knotted surface as a self-intersecting surfacep(M ) with singular

points s and illustrate it by excising open tubular neighbourhoods of points about

eachs from p(M ) such that only points closer toM are removed (see Figure 6.2).

This procedure requires that we are able to capture, for two pointsx; y 2 p(M ), any

of the following:

(i) d(p� 1(x); x) < d (p� 1(y); y)

(ii) d(p� 1(x); x) > d (p� 1(y); y)

(iii) d(p� 1(x); x) = d(p� 1(y); y).

Hence, we need only use three temperatures in our discrete colourings in order to

have an analogous method of representing knotted surfaces.
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Figure 6.2: A broken surface diagram depicting the Tube of the Hopf link with
one welded crossing.

6.1 Satoh's Tube map

In Section 3.3, we brie
y mentioned theTube mapof Satoh[30] which we employed

to gain access to a class of knotted surfaces referred to as theribbon torus-links, a

speci�c type of ribbon surface-link. Each of the italicised terms will now be de�ned.

De�nition 6.1.1. [30] Let S =
F r

i =1 S2
i denote a disjoint union of 2-spheres embed-

ded in R3. Let hj : D 2 � I ,! R3 (1 � j � s) denote a family of embeddings of solid

cylinders into R3. These embedded cylindershj (D 2 � I ) obey the following criteria:

ˆ hj (D 2 � I ) \ hk(D 2 � I ) = ; if j 6= k,

ˆ hj (D 2 � I ) \ S is a disjoint union of 2-disks includinghj (D 2 � @I), and

ˆ eachhj (D 2 � I ) is attached to the exterior ofS.

A self-intersecting ribbon surface-linkis de�ned as:

S =

 

Sn
s[

j =1

hj (D 2 � @I)

!

[
s[

j =1

hj (@D2 � I ):

A ribbon surface-link, denoted byR, is a surface embedded inR4 whose projection

onto a hyperplane isS . A ribbon torus-link is a ribbon surface-link, each of whose

connected components are homeomorphic to a torus.

Satoh'sTube mapis a construction which inputs an oriented welded link diagramL

and outputs an embedding of a disjoint union of tori intoR4:

� : (S1 � S1) [ (S1 � S1) [ � � � [ (S1 � S1) ,! R4;
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Figure 6.1.1: Regions of ribbon torus-links that the Tube map associates to
classical and welded crossings respectively (a portion of the tube associated to the
overcrossings at classical crossings has been removed for visualisation purposes).

one torus (S1 � S1) for each componentK of L. The image of this embedding is a

ribbon torus-link. We denote the embedding� by Tube(L). Ignoring the crossings,

the construction of Tube(L) is essentially a thickening of the welded link associated

to L that is then coloured in order to obtain an embedding inR4. The regions of

Tube(L) associated to welded and classical crossings are illustrated in Figure 6.1.1.

We associate to welded crossings two disjoint tubes, the choice of which lies above

the other is irrelevant up to ambient isotopy. We associate to classical crossings

two intersecting tubes, the larger tube corresponding to the overcrossing is coloured

green, while the smaller tube corresponding to the undercrossing enters the larger

tube while coloured red, is coloured green while inside the larger tube and leaves

while coloured blue. The colour change is with respect to the orientation such that

the portion of the smaller tube to the right of the arrow is always red, and the

portion to the left of the arrow is coloured blue. In Theorem 3.1 of Satoh's paper, it

was shown that all ribbon torus-knots arise as Tube(L) for some welded link diagram

L.
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gap> L:=ArcPresentation(PureCubicalKnot(3,1));;
gap> spun:=SpunLinkComplement(L);;
gap> C1:=ChainComplexOfUniversalCover(spun);;
gap> tube:=Tube([L,[0,0,0],[2,2,2]]);;
gap> C2:=ChainComplexOfUniversalCover(tube);;
gap> bool:=true;;
gap> for c in [1..10] do
> Ic_spun:=LowIndexSubgroupsFpGroup(C1!.group,c);;
> Ic_spun:=Filtered(Ic_spun,g->Index(C1!.group,g)=c);;
> Ic_spun:=Set(
> Ic_spun,
> g->Homology(
> TensorWithIntegersOverSubgroup(C1,g),
> 2
> )
> );;
> Ic_tube:=LowIndexSubgroupsFpGroup(C2!.group,c);;
> Ic_tube:=Filtered(Ic_tube,g->Index(C2!.group,g)=c);;
> Ic_tube:=Set(
> Ic_tube,
> g->Homology(
> TensorWithIntegersOverSubgroup(C2,g),
> 2
> )
> );;
> if Ic_spun<>Ic_tube then
> bool:=false;;
> break;
> fi;
> od;
gap> bool;
true

GAPSession 6.1.1: Testing the homeomorphism equivalence between Tube(L)
and S(� ) for the trefoil knot.

Runtime: 1h 17min 4s 828ms.

For a classical knot diagramL associated to a knot� , Tube(L) �= S(� ) where S(� )

is the complex obtained from spinning the knot� about a hyperplane (as per A.14).

This is Theorem 4.3 of Satoh's paper[30].GAPSession 6.1.1 illustrates a speci�c case

of this theorem using our local homology invariantJc of Section 3.3 forc � 10.
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6.1.1 Arc 2-presentations

Towards making the Tube map algorithmic, we �rst need to establish a datatype for

the input. We desire that this datatype be robust enough to describe any ambient

isotopy class of ribbon surface-links. A reasonable starting point is to consider our

existing datatype for arc presentations.

Recall that an arc presentation is encoded inHAPas a list of positive integer pairs

(cf. Section 3.1)

l = [[ a1;1; a1;2]; : : : ; [an;1; an;2]]

specifying the coordinates of the endpoints of a series of horizontal line segments in

the plane, i.e., the i th entry [ai; 1; ai; 2] denotes that the endpoints of the (n � i + 1) th

horizontal bar are (ai; 1; i ) and (ai; 2; i ). We join any two points that share the samex-

coordinate via a vertical line segment and excise a neighbourhood of points about any

intersections of horizontal and vertical line segments belonging solely to horizontal

line segments. The result is a piecewise linear link diagram corresponding to some

link L where all vertical line segments lie above all horizontal line segments. We seek

to broaden this datatype so that it can account for welded crossings. We would also

like to remove the requirement that all vertical line segments lie above all horizontal

line segments. To this end, we introduce anarc 2-presentationwhich begins as an

embellishment of our arc presentation with an additional list whose length, denoted

by k, is the number of crossings in our associated linkL. The i th entry of this

list corresponds to thei th crossing ofL as the crossings are ordered top-to-bottom,

left-to-right. These entries can be either� 1; 0 or 1 denoting an undercrossing (i.e.

a horizontal bar beneath a vertical bar), a welded crossing (i.e. a horizontal bar

intersecting a vertical bar), or an overcrossing (i.e. a horizontal bar above a vertical

bar).
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Figure 6.1.1.1: Two unknotted circles with arc 2-presentation
[[[2; 4]; [1; 3]; [2; 4]; [1; 3]]; [� 1; 1]].

At this stage, the arc 2-presentation is essentially just a welded arc presentation and

it can be associated to self-intersecting ribbon torus-links as per the Tube map. How-

ever, we have not yet addressed any way of describing discrete colourings of ribbon

torus-links nor have we addressed any way of describing ribbon-surface links whose

connected components are not all tori. Regarding the colourings, we impose that

the ribbon surface-links associated to our arc 2-presentations are coloured almost

entirely green but for small tubular neighbourhoods of points about the singular

points. This di�ers slightly from Satoh's description of the Tube map in that we

associate non-intersecting tubes to classical crossings, and we associate intersecting

tubes which undergo a change in colour to welded crossings. In reversing which

parts of a ribbon surface-link are associated to which crossings, and in opting to

not orient our arc 2-presentation, we lose the method of colouring the intersecting

tubes that we previously established. To remedy this, we simply embellish our arc

2-presentation with another list whose length is the number of welded crossings (i.e.

0 entries) in the previous list. The entries of this list are integers from 1 to 4. These

integers correspond to four distinct shifts in temperature that occur as a smaller hor-

izontal tube intersects a larger vertical tube. These temperature shifts correspond

to the horizontal tube (going from left to right): entering as blue, turning green,

then exiting as blue; entering as blue, turning green, then exiting as red; entering

as red, turning green, then exiting as blue, and; entering as red, turning green, then

exiting as red. These temperature shifts are illustrated in Figure 6.1.1.2. Note that

the assumption that all temperature shifts occur in the horizontal tubes does not

restrict the class of ribbon surface-links we can represent with an arc 2-presentation,
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