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Abstract

Using the algebraic structure of subroot systems in the root system of a complex
simple Lie algebra g, we prove a generalization for compact homogeneous spaces
with positive Euler characteristic of the ’strange formula’ of Freudenthal and de-
Vries. We also derive formulae for the Chern classes of flag manifolds and the defect

of the corresponding dual or discriminant varieties.
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Chapter 1

Introduction

1.1 Outline of the thesis

The aim of this thesis is to derive relations between subroot systems of a root
system of a complex simple Lie algebra and the original root system. We use these
relations to study the geometry and topology of related homogeneous spaces, such

as symmetric spaces and (generalized) flag manifolds.

In viewing the process of passing to a subroot system as a form of geometric in-
duction, it is natural to relate root theoretic data of the subroot system to that
of the parent root system. Whereas there are many kinds of such relations in the
literature, the first systematic study along these lines was by R. Carles [12], where
he considered the subroot system of roots that are perpendicular to the highest root.
He derived formulae for the number of roots and the sum of the positive roots of the
subroot system in terms of the corresponding quantities of the original root system.
These results were extended to the subroot system consisting of the roots that are
perpendicular to the highest short root (in the non-simply laced cases) by J. Burns

and M. Clancy in [9].

The root systems considered in [12], [9] are examples of parabolic subroot systems
i.e. they correspond naturally to parabolic subalgebras, and we extend these results

to all maximal parabolic subroot systems in this thesis. We further extend the



1.2. BACKGROUND CHAPTER 1. INTRODUCTION

results of R. Carles, in that we relate additional root theoretic data of the root
system and of the subroot system such as the Coxeter number and the exponents.
As an application, we obtain a new description of the exponents of a complex simple

Lie algebra, and therefore the Betti numbers of the corresponding Lie group.

In Chapter 2, we consider homogeneous spaces G/K of a semi-simple, compact,
connected Lie group G where K is a maximal subgroup of maximal rank. Here the
Lie algebra of K is determined by a subroot system obtained from the extended
Dynkin diagram of g, by an algorithm due to Borel and De Siebenthal. For these
spaces, we prove a generalization of the ’strange formula’ of Freudenthal and de-

Vries.

In Chapter 5, we also apply our formulae to computing a topological invariant
of G/K introduced by S. Salamon ([24]) to study hyper-K&hler structures. As
further applications of the previous chapters, we give geometric interpretations of
our results in terms of Chern classes of flag manifolds and the nef value of ample line
bundles on such spaces. These nef values and the dimension formulae we obtain in
Chapter 4, are precisely the data required to compute the defect of the dual variety
corresponding to the flag manifolds in the case of a maximal parabolic subgroup,

and we apply these formulae to the study of such manifolds that have positive defect.

1.2 Review of necessary background material

This section recalls some necessary definitions from the theory of Lie algebras, Lie
groups and their representations. All the material in this section can be found in

21], [2], [23] and [22].

1.2.1 Lie algebras, Lie groups and their representations

Definition 1.2.1. A vector space g over a field F, with an operation g x g — g,
denoted (X,Y) — [X,Y] (called the bracket or commutator of X and Y'), is called

a Lie algebra over F if the following axioms are satisfied:
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(i) The bracket operation is bilinear.
(i) [X,X] =0 for all X in g.
(i) [X,[Y,Z]]+[Y,[Z, X]|+[Z,[X,Y]]=0forall X,Y,Z € g.

Definition 1.2.2. A subspace t of g is called a subalgebra if [X,Y] € £ whenever
X,Y €t Also, ¢ is called an ideal of g if [X,Y] € £ whenever X € g, Y € ¢.

Definition 1.2.3. A Lie algebra g is called simple if it has no ideals except itself
and 0, and if moreover [g, g] # 0.

Definition 1.2.4. A Lie algebra is said to be semi-simple if it is isomorphic to a

direct sums of simple Lie algebras.

Definition 1.2.5. Let G be a smooth manifold. Then G is called a Lie group if:

(i) G is a group.

(ii) The group operations G x G — G, (x,y) — xy and G — G,z — 27! are

smooth functions.

Definition 1.2.6. A Lie subgroup H of a Lie group G is a Lie group that is an

abstract subgroup and an immersed submanifold of G.

Theorem 1.2.1. If G is a Lie group, then the left-invariant vector fields on G form
a Lie algebra g with the product [X,Y] = XY — Y X and dimg = dimG. Also
the function X — X, defines a linear isomorphism between g and T,.(G) as vector
spaces where e is the identity element of G, X, is the tangent vector given by X at

the identity and T.(G) is the tangent space to G at e

Proposition 1.2.2. If f : G; — G2 is a homomorphism of Lie groups, then (df). :
g1 — g2 is a homomorphism of Lie algebras where (df ). is the differential of f.

Theorem 1.2.3. Let G be a Lie group with Lie algebra g. If H is a Lie subgroup
of G with Lie algebra by, then b is a Lie subalgebra of g. Conversely, for each Lie
subalgebra by of g, there exists a unique connected Lie subgroup H of G which has b

as its Lie algebra. Furthermore, normal subgroups of G correspond to ideals in g.
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Definition 1.2.7. A representation of a Lie group G is a Lie group homomorphism
p: G — GI(V), where GI(V) is the general linear group consisting of all invert-
ible endomorphisms of a vector space V, the dimension of the representation is the

dimension of the vector space.

By Proposition 1.2.2, similarly we can define a representation of a Lie algebra.

Definition 1.2.8. A representation of a Lie algebra g is a Lie algebra homomor-
phism p : g — gl(V), where gl(V) is the general linear Lie algebra consisting of all

endomorphisms of a vector space V.

Definition 1.2.9. A vector space V', endowed with an operation gxV — V' (denoted

by (x,v) — z.v) is called a g—module if the following conditions are satisfied:

(i) (az +by).v = a(zx.v) + b(y.v).
(i) z.(av 4+ bw) = a(z.v) + b(x.w).

(iii) [z,y].v = z.yv —y.x.w for all z,y € g;v,w € V;a,b e TF.

If p:g— gl(V) is a representation of g, then V' may be viewed as an g-module via
the action z.v = p(z)(v). Conversely, given a g-module V, this equation defines a

representation p : g — gl(V).

Example 1.2.1. The adjoint representation of G is the Lie group homomorphism
Ad : G — Gl(g), given by Ad(g) = dl,, where |, is the conjugation by g. Also, the
adjoint representation of g is the Lie algebra homomorphism ad : g — gl(g) given

by ad(X) = (dAd).(X).

Theorem 1.2.4. The adjoint representation of g satisfies ad(X)Y = [X, Y] for all
X,Y eg.

Definition 1.2.10. A g-module (G-module) V is said to be irreducible if it has
precisely two g-submodules (G-submodules) (itself and 0). Also a representation p

is called irreducible if its corresponding g-module (G-module) is irreducible.

Definition 1.2.11. A g-module (G-module) V' is called semi-simple if each non-
trivial g-submodule (G-submodule) W has a complementary g-submodule (G-submodule)

W' such that V =W & W'.
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Definition 1.2.12. Let g be a complex semi-simple Lie algebra. If X,Y € g, define
k(X,Y) := Tr(adXadY). Then k is a symmetric bilinear form on g, called the
Killing form.

Proposition 1.2.5. The Killing form of a Lie algebra g is Ad-invariant, that is
R(X,Y) = k(Ad(g)X,Ad(9)Y) for all g € G and X,Y € g.

Definition 1.2.13. A Cartan subalgebra b of a complex semi-simple Lie algebra g
is a maximal abelian subalgebra of g, such that for all H € b, the endomorphism

ad(H) is diagonalizable.

Definition 1.2.14. A torus in a Lie group G is a Lie subgroup that is isomorphic
to a product S' x --- x St. A torus T is a mazimal torus in G, if for any torus S

in G with T'C S C G for a torus S, then T' = S.

Definition 1.2.15. A Lie group G is called semi-simple if its Killing form is non-

degenerate.

Theorem 1.2.6. If G is a compact semi-simple Lie group, then its Killing form is

negative definite.

Theorem 1.2.7. Suppose that p is a finite dimensional irreducible representation of
a complex semi-simple Lie algebra g and let V' be its corresponding g-module, then

V' decomposes under the action of Cartan subalgebra b as:

V= Vz\v

where A, C h*, Vi={v eV : p(H)v = XH)v for all H € h}. Here A, is the set of
linear functionals on § for which Vy # {0}, and an element X is called a weight of

the representation.

Theorem 1.2.8. A complex semi-simple Lie algebra g can be decomposed under the

adjoint representation, as a direct sum as follows:

0="5oEP g

aeR
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The decomposition is (uniquely determined by b) is called the Cartan decomposition
of g with respect to . Any element o € b* such that o # 0 and g, # {0} is called
a root of g and the set of all roots which is denoted by R is called the root system.

Since the restriction of the Killing form of g to b is non-degenerate, it is possible to
identify h with b*, each a € h* corresponds to a unique element H, € h such that
k(Hy, H) = a(H), for all H € . Therefore, we can transfer the Killing form of b
to b* by defining («, 5) = k(Ha, Hp), for all a, 5 € h*. Also since R spans h*, there
is a basis II of h* consisting of r roots that generates h* such that any root a € R
can be expressed as a = Y nf«q;, where all the n$ are either all non-negative, in
which case we call a a pgéietrilve root, or all non-positive in which case we call a a
negative root. These roots are called simple or fundamental roots, r is called the
rank of g (rank(g)) and II is called a fundamental system. The subsets of negative
and positive roots are denoted by = and RT respectively. We define the height of

[0}

a positive root with respect to II, by hty(a) = > nS
a; €Il
clear which Lie algebra we are taking the height in), a root & with the property that

(we write ht(«) when it is

ht(a) < ht(a&) for any a € R is called the highest root.

Definition 1.2.16. Let R be a root system and IT = {aq, a9, -+, ..} be a funda-
mental system. For each I C {1,2,---,r}, let II; = {«; : i € I}, then the root
system generated by II; is denoted by R; and is called the parabolic subroot system
generated by 11;.

A subroot system R’ of R is closed if for any o, 5 € R, o+ € R implies a+ 5 € .

(In other words, o + 5 € ' whenever o + [ is a root.)

Theorem 1.2.9. Let g, hh and R be as above. Then:

(i) The set of all roots R span a real subspace E in b* of real dimension r =

rank(g).

(i) If « € R, then —a € R, but no other scalar multiple of « is a root.
2(8,a)
(@, a)

2(8, @)
(@, a)

a€eR.

(iii) If a, p € R, then B —

€.

() If a, B € R, then
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A root system with the last property is called a crystallographic root system.
Proposition 1.2.10. Given «, 5 € II, where o # f3, then (o, ) < 0.

Proposition 1.2.11. Given two non proportional roots o, 3 € R, then

(i) If (o, B) > 0, then a — 3 is a root.
(1) If (o, B) < 0, then a+ (3 is a root.

(i1i) If (o, 5) =0 and a + f € R, then o — € R.

1.2.2 The Weyl group and classification of root systems

Definition 1.2.17. The Weyl group W of a Lie algebra g is the reflection group
generated by {S, : @ € R}, where for all o, 5 € R,

2(a, B)

(@, )

Q.

Sa(B) = 6 —

The rank of the Weyl group W is defined to be the rank of g.

In fact, any element of W can be written as a product of simple reflections S, (a €
IT). In particular, the product of all simple reflections is called a Cozeter element,
and its order which is independent of the choice of Coxeter element is denoted by h

and is called the Cozeter number. It is a well-known fact that ht(&) = h — 1.

Definition 1.2.18. A root system R is called irreducible if there is no orthogonal
decomposition = $; U Ry, such that R; # 0 and Ry # 0.

Lemma 1.2.12. If R is wrreducible, then at most two root lengths occur in ®.

In the case where two root lengths occur, we call the roots short and long. We
denote the set of long and short roots by ®; and R, respectively. If all roots in R
have equal length, we say R is simply laced. Otherwise, we say R is non-simply

laced. All the root vectors of the same length lie in the same W-orbit.
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Lemma 1.2.13. Given two non-proportional roots o, such that (o, ) < (5, 5)

then
(a, )
2 e{-1,0,1}.
5.5 < H0
For a given crystallographic root system R and each a € R, we denote by oV
2
the coroot oV = ( @ 7 They form a crystallographic root system in E, whose
a, o

Weyl group is canonically isomorphic to W. For all irreducible crystallographic root
systems listed at the end of this chapter, RV = R, except when R = B,, C,.. In this
cases BY = C, and C) =

Definition 1.2.19. For a fixed ordering (a4, -+, a,) of the simple roots of R, the
matrix [¢;j], <, is called the Cartan matrix of # where ¢;; = (o, a;). Its entries are

called Cartan integers.

2(\, )
(@, )

weights. In addition, if all the integers (A, ") are non-negative, then A is called a

The set A of all A € E such that for all a € R, € 7Z is called the set of
dominant weight. Also for a given fundamental system II = {ay, -+, @, } of R, the

fundamental weights {w,--- ,w,} with respect to I are defined by:
(wi, 2&]') = (Oéi, 0@-)(51-]-.

We denote by p the sum of fundamental weights, p = Z w; = 1 5 2 aso @ Since the

Weyl group W of R preserves the inner product on F, 1t leaves A invariant.

The Cartan matrix tells us how to expand {ay, -+, .} in terms of {wy,- -, w,}.

r
We can see this directly, write a; = > m;;w;, (my; € Z). Then
j=1

Ci a,,ak E M w],ak = Mj.

Therefore o; = ) cjw;. To write w; in terms of ;'s, we have only to invert the
j=1

Cartan matrix.

Proposition 1.2.14. > .. (a, y)a = g~ for all v € b*, g is a positive integer.

If g is simply laced, then g is the Cozeter number of g. In general, if we take an

8
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invariant inner product (,) normalised so that (&, &) = 2, then the Killing form
satisfies (,) = %(, ). The positive integer g is called the dual Coxeter number.

For each pair (i,xz) € {1,...,7} xR, let ®;, = {a € N : (w;, ) = z}. Now
observe that for j # ¢ the simple reflection s; in the hyperplane «; = 0 permutes

the elements of ¥, ,, so that

(DY aa) =(S( ) @), Say)

aE%i,x (XE?RLQC

= () a, Sa)

aE%i,m
=—( Z «, aj>
0169?1',1

and therefore (Y . @, a;) =0. Thus . = c,w;, for some ¢, € R.

Lemma 1.2.15. Given a finite dimensional irreducible representation of V', with set
of weights A. For each pair (i,z) € {1,...,r} xR, let A;, := {a € RT|(o,w;) = x},
then

E A = ¢ 2w,

>\€Ai,z

where ¢; 5 1s zero if and only if v = 0.

Definition 1.2.20. The Dynkin diagram Ag is the (directed, multi) graph with r

vertices (labelled by the positive simple roots), and ¢;jc;; edges joining «; to ;.

The extended Dynkin diagram A% is the (directed, multi) graph constructed from

Ag by adding a new vertex ag = —a& and joining it to any vertex a; by n(«;, &@).n(a, o;)
2(ev, B)
(a, a)

a over the vertex «; and 1 over ag. We now provide the extended Dynkin diagrams

edges, where for o, 8 € R, n(a, ) = , we then write the coefficient of «; in

of all simple Lie algebras in the following tables.
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Extended Dynkin diagram of simply laced Lie algebras

a1

D, o as Qr—3

(o273

Eg a1 o3 Qy as Qg

Es  ai as Qs a5 Q6 Q7 Qs &o
A4 A4 [ A

Figure 1.5: Extended Dynkin diagram of Fg

10
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Extended Dynkin diagram of non-simply laced Lie algebras

(831
B, g asg Qr—1 [e 7%

@

Figure 1.6: Extended Dynkin diagram of B,

Cyr ag o1 a2 Qr—2 Op_—1 [e 7%
O—0<—0

O==0——0""

Figure 1.7: Extended Dynkin diagram of C)

Fy  ao 1 a2 as o)

& =568

Figure 1.8: Extended Dynkin diagram of F}

Gy ay a2 o

Oo==C—"=20

Figure 1.9: Extended Dynkin diagram of G5

11



Chapter 2

Homogeneous quotients by equal
rank subgroups and their strange

formulae

In this chapter, we prove a generalisation of the ‘strange formula’ of Freudenthal
and de-Vries for compact homogeneous spaces with positive Euler characteristic. As
a result we obtain a new proof of the original formula ([10]). The ‘strange formula’

of Freudenthal and de-Vries is the following theorem:

Theorem 2.0.16. [18] 24(p, p) = dim G, where G is a semi-simple, compact, con-

nected Lie group.

The theorem was first proved in [18] by considering a Taylor expansion of the Weyl
character formula and they asked if the formula could be proved by more algebraic
or elementary means. Such a proof is given in [8] and it is proved by the comparison
of two formulae for the heat kernel in [14]. An inductive proof based on the study
of root system embeddings is outlined in [12], and in [15] it is proved by studying
the spin representation Spin(g) — SO(S), where S is the space of spinors on the

vector space g.

Definition 2.0.21. A homogeneous space is a manifold M with a transitive action
of a Lie group G. Equivalently, it is a manifold of the form G/K, where G is a Lie

group and K is the isotropy subgroup of a point o € M.
12
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Let G/K be a homogeneous space, g and ¢ denote the Lie algebras of G and K
respectively. Suppose that 7 is the usual projection map 7 : G — G/K, 7(g) = 9K,
and denote by (dr). the differential (dr). : g — T,(G/K), where o = 7(e) = K.
Then

(dm)e(X) = (dm)o(6(0) = (moexptX)| = L ((exptX)K)| .

t=0 t=0

in which X € g and ¢x(t) = exptX is the corresponding one-parameter subgroup.
As exptX € K for all X € ¢, therefore we obtain that (dm).(¢) = 0, that is,

ker dm, = £, hence since dr is onto, we get the canonical isomorphism
g/t =T.(G/K).

Definition 2.0.22. A homogeneous space is called reductive if there exists a sub-
space m of g such that g = ¢ ® m and Ad(k)m C m for all £ € K, that is, m is
Ad(K)-invariant.

Proposition 2.0.17. [2] Let G be a Lie group and g its Lie algebra. There is
a one-to-one correspondence between bi-invariant metrics on G and Ad-invariant
scalar products on g, that is (Ad(g)X,Ad(¢)Y) = (X,Y) for all g € G and all
XY eg.

Theorem 2.0.18. [3] If p is a representation of a compact connected Lie group G
on a finite dimensional vector space V', then it is completely reducible. Moreover
V=W, & - ®W,, where for i # j the subspaces are mutually orthogonal (with
respect to a p—invariant inner product on V') and each is a non-trivial irreducible

subspace

Let G/K be a homogeneous space with G a semi-simple, compact, connected Lie
group. Then by Proposition 2.0.17, every bi-invariant metric of G determines an
Ad-invariant scalar product on g, hence by Theorem 2.0.18, there exists a reductive
decomposition g = £ & m, where m is the orthogonal complement of £ in g with
respect to the scalar product on g. In particular from Theorem 1.2.6, we know that
if G is a compact semi-simple Lie group, then its Killing form is negative definite,

therefore we endow g with the inner product (,) which is the negative of the Killing

13
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form (which we will also call the Killing form). By Proposition 1.2.5, the Killing
form is Ad-invariant, so it gives the Ad(K)-invariant orthogonal splitting g = ¢ & m,
therefore, as an immediate consequence of the above isomorphism we can identify

m with the tangent space to M = G/K at the identity coset.

Theorem 2.0.19. [29] If K is a connected and closed subgroup of a connected
compact Lie group G, and rank(G)=rank(K), then:

(WG|

X(G/E) = [

where x(G/K) is the Euler characteristic of G/K and W (G),W(K) denote the
Weyl group of G and K.

Therefore, if G and K have the same rank, then the Euler characteristic of G/K
is positive. we will refer throughout this chapter to compact homogeneous spaces

with positive Euler characteristic as equal rank homogeneous spaces.

Definition 2.0.23. The isotropy representation of the homogeneous space G/K (or
simply of K) is the homomorphism

Ad/E . K — GUTH(G/K)),

defined by k +— (dry)o, where k € K and 7y is the diffeomorphism 7, : G/K — G/K.
More explicitly, for all X € Ty(G/K)

AdYE (1) (X) = (dmi)o(X).

We recall the classification of the maximal subgroups of G of maximal rank in
terms of the coefficients of the highest root when expressed w.r.t. the simple roots

1, .. 00 as &=y i nia;, labelled as in [7]. In general, we will express a root a

in the form o = >, nfa.

14



CHAPTER 2. THE STRANGE FORMULA

Theorem 2.0.20. ([5], [32, p. 278]) Let G be a compact centreless simple Lie

group and let 1 <1 <r.

(i) Suppose that n& = 1, then the centralizer of the circle group {exp(2mitv;) : t €

R} (where vy, ..., v, satisfy a;(vj) = ni@éij) is a mazimal connected subgroup
of mazimal rank in G with {aq, ..., q;i_1,041, ..., &} as a system of simple
T001S.

(ii) Suppose that n® is a prime p > 1, then the centralizer of the element exp(2miv;)
(of order p) is a mazimal connected subgroup of mazimal rank in G with

{ag, ..., qi_1, i1, ..., an, —@} as a system of simple roots.

(i1i) Every mazximal connected subgroup of maximal rank in G is conjugate to one

of the above groups.

We shall make use of a sharpened version of the above Theorem (see [32]). Let G/K
be a compact homogeneous space, in which G is a semi-simple, compact, connected
Lie group with Lie algebra g, and K is a maximal subgroup of G of maximal rank,
with maximal torus 7" contained in K. We assume that t is the Lie algebra of T'
and t© its complexification. Let g© = t* @ Y aen 8¢ be the root space decomposition
of the complexification of g. We will denote the root system of K (which contains
our maximal torus T') by R and call £\ Rx the set of complementary roots. The
isotropy representation of K complexifies to a representation of K on Zae%\%K g“
and it comes from the adjoint representation of G. Following [32] we will denote
this representation by ad¢/x and of course the complementary roots R \ Rx are its

weights. We let ¥ denote the set of positive complementary roots and we define

A %ZOLE\I/ .
Theorem 2.0.21. [32] Denoting the irreducible representation of K with highest
weight v by m,, we have:

(i) If ng =1, then adg/x = T_qa, + (T_a,)*.

(i) If nd =2, then adg/x = T_q,.

(i) If n® = 3, then adg/ = T_o; + (T_q,)*
15



2.1. G/K SYMMETRIC CHAPTER 2. THE STRANGE FORMULA

(w) If n® =5, then adg/x = T_o, + (T_a,)* +7_p, + (7_p,)*, where [3; is the lowest

height positive root with nf f=2.

2.1 G/K Symmetric

In this section, we consider the cases where n® = 1 and n® = 2. In both of these
cases G/K is symmetric. Where n¢ = 1, the corresponding symmetric space is

Hermitian and when n¢ = 2, G/K is non-Hermitian symmetric (see [11])

2.1.1 G/K Hermitian symmetric

Theorem 2.1.1. Let M = G/K be an Hermitian symmetric space, then 24(py, pw)u =
dim M, where (,)y = 3(,)-

Proof. We are in the situation of case (i) of Theorem 2.0.21, where n% = 1 and
U ={a € R"|n¢ = 1}. We will first prove that (2py, o) = g. Although ¥ may
contain both long and short roots, the simple root «; is necessarily long (because &

is), so that by Proposition 1.2.14, we have

Z (o, wiya = guw; = Z(a, Wiy = Z(ai, Wiy = Zoz = 2py,

aeRt aevy acv acw

and therefore (2py, ;) = g(a;,w;) = g. When R is simply laced, all the weights of

T_q, lie in the same orbit of
W' = (Sars---s Sas1sSaisar- s Sar)s

Where W' is the Weyl group of K. Observing that adg/x = m_a, + (7_o,)", and ¥
is the set of positive complementary roots which are the weights of adg/x, we see

that W’ preserves ¥ so for w € W', we have w(2py) = 2py, therefore

9= (2pw, a;) = (W(2py), w(a)) = 2pw, w(a)),

16
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and by applying all the elements of W’ and summing, we have (2py,2py) = gn,
where n = |¥| is the complex dimension of M = G /K. We now use the fact that the
Killing form satisfies (,) = %(, ), and we have that the theorem holds in all simply
laced cases. In the non-simply laced cases, i.e. B, (i = 1) and C, (i = r), while we
still have that (2py, ;) = g, we must consider the W’ orbits in ¥ of a long («;) and

a short root. In the case of B, ,w; € W is the highest short root of R, and again

(2py,wi) = (gwi, wi) = g.

We have therefore that (2py, 2p5) = (2pw, 2p% + 203 ) where 2pL (respectively 2p3 )
is the sum of the weights in the W’ orbit of long (respectively short) weights. From

L (respectively

our observations above (2py, 2p% + 2p3) = gnt + gn® = gn, where n
n® ) denotes the number of long (respectively short) positive roots in W. In the case
of C, however, wy € ¥ is the highest short root of R, and since n;? = 1, (where
wo =y i n2a;) we have that (2pg,ws) is also equal to g, and again (2py, 2py) =

gn. L]

Remark 2.1.1. The appearance of the scaling factor of 1/3 is quite natural in this
context (see Corollary 2.1.5). It is related to the fact that the scalar curvatures S on
G, K and M satisty Sg = Sk + %S v- The same factor also appears in an expression

for the topological invariant of section 5.1.

2.1.2 (G/K Non-Hermitian symmetric

We next consider the non-Hermitian symmetric spaces, among which are the quater-
nionic analogues of the Hermitian ones (these will be used in Chapter 3). These are
symmetric spaces where K is locally a product H x Sp(1), and as observed in [31]
and [17], there is one for each compact, simple Lie group G (unlike the Hermitian
symmetric spaces). We will use this fact in our proof of the ‘strange formula’ for G.
For these spaces £€¢ =t @ g% @ anzo g and the isotropy representation an:1 g
inherits a quaternionic structure, in the sense that it has real dimension 4m = 2n
and H acts as a subgroup of Sp(m) ( see [31], [17]). G/K has therefore holonomy

contained in Sp(m)Sp(1) and is a quaternionic-Kéhler manifold. These spaces are

17
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called Wolf spaces, and our results simplify for these. Before stating our ‘strange
formula’ for the remaining symmetric spaces, we define some quantities of interest.
It follows from the observation after Proposition 1.2.14 that ) (no—2y @ is a multiple
of w;, which we will denote by sy (it can be calculated by using the tables in Ap-
pendix B), i.e. Z{n?ZQ} a = sow;. In [4] the quantity m(G/K) is defined to be the
number of roots @ € ¥, «a # «; for which a@ — o is a root, which in the Hermitian
symmetric cases is the same as the number of roots o € ¥V, a # «; for which mg' is
positive, where o = > 77| mfw;. We will take the latter as the definition of m(G/K)
in what follows and we will prove that sy = g — m(G/K) — 2, when «; is long and
sy = h—m(G/K)—2, when «; is short, so that the next theorem may also be viewed

as a generalisation of Proposition 2.4 in [4].

Theorem 2.1.2. Let M = G/K be a non-Hermitian symmetric space (correspond-

ing to the deletion of a node «; from the extended Dynkin diagram), then

282
kig

24(pw, pw)mr = (1 — ) dim M,

where (,)p = %(, ), and k; = <(<f3>>

Proof. Here we are dealing with case (ii) of Theorem 2.0.21, where n¢ = 2 and
U = {a € R |nd = 1}, as the roots a with n® = 2 are roots of K. We will give a
slightly roundabout proof (rather than using Proposition 1.2.14) in the simply laced

case in order to relate sy to m(G/K) and other quantities. For any root system we

h

let RT(i) denote the sum of the positive roots of G whose i™-coordinate relative

to the fundamental weights is positive so that by [9, Proposition 2.3], R* (i) has
i™™ coordinate equal to g if a; € R}, and equal to h if a; € RE. We first consider
the simply laced cases, and prove that (2py, ;) = g — 2s9. To do so, Suppose that
Ph={acVU:m{=—-1}and P, = {a € R" : nf =2,my = 1}. Let a € P,

for such «a, (o, ) is negative and therefore o + «; is a root with n¢ = 2, and

m$ =1, so a+ a; € P,. Conversely, suppose that a € P, as m{ =1 > 0, so we

can reflect a with s,, and get a root o — o; in which n;”* =1, so a — oy € V.
Also since mj"* = 2, then m;™ " = —1 which means o — «; € P;. Therefore, P,
and P, have the same number of elements. We note that |P,| = sy, because any

a e {B e Rt :n’ =2} must have m? € {0,1} (in the simply laced cases), since
18
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otherwise a + a; would be a root with nf™® > 2. Similarly, for any positive root
with nf = 0, m is necessarily non-positive, as otherwise oo — c; would be a root with
coefficients of both signs when expressed with respect to the simple roots, so that
g = so+m(G/K)+ 2. Summing the roots in ¥ and using the observation following
Proposition 1.2.14, we have ), @ = cw; and since the w; coefficient of R* (i) = g,
we have that ¢ = g — 2sq, and (2py, ;) = g — 2s5. As all complementary weights

lie in the same W' orbit in the simply laced cases we have

(2pw,2pw) = (g — 2s9) dim M.

We now consider the non-simply laced cases where «; € R} . By Proposition 1.2.14,

Z (o, wiya = 2py + 289w; = gw,

aER+
so that (2py, a;) = g — 2s,. Taking the W’- orbit of o; we have that (2pg,2pL) =
(g — 2s9)n® where n’ and 2pL denote the number of long positive roots in ¥ and
their sum respectively. Let  denote the highest short root. If & = w,, (the case of
C, is similar) and «; is the closest short node to «y,, in the Dynkin diagram, then
Q=& —aqp, — - — 1 is a positive root where {ay,, -, aj_1,a;} is the set of
nodes on the shortest path in the Dynkin diagram from o, to a;, and 8 = o — «;.
In addition, since oy, - ,a;_; are all long, so too is o and o € W. Since « is in the
same W’- orbit as a; we have (2pg, a) = (2py, ;) = g — 29, and therefore, as 2py

is a multiple of w;,

(2pw, B) = (2pw, @ — ;) = (2pw, @) = g — 2s3.

Now taking the W’-orbit of 3, as above we obtain (2pg, 2p3) = (g—2s2)n” where n®

and 2py denote the number of short positive roots in ¥ and their sum respectively,
so that (2pw, 2pw) = (2pw, 205 + 2p5) = (9 — 2s2)(n* +n®). Finally when a; € RY,
we have

1
Z <Oé, wi>a = k_(2p\lf + 232"%‘) = g Wi,

aeRt

19
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252

so that (2pg, ;) = g — T2

If o is the closest short node to oy, in the Dynkin
diagram, then ¥ contains only short roots, and we are done. Otherwise, as above

we have that the long root o = 8+ o; € ¥ and (2py, a) = (2py, ) =g —22. O

Wolf spaces

Corollary 2.1.3. Let M = G/K be a Wolf space (corresponding to the deletion of

the node o, from the extended Dynkin diagram, where & is a multiple of w; ) , then

()

where (, )y =

Wl

Proof. Recall that n& = 2, so @ is either w; or 2w;. When & = w;, then (&, w;) =

(&, &) = 2. On the other side

<o~4,wi) = <20¢i,wi> = 2(0@,%},
so (aj,w;) = 1, a; is therefore long and k; = 1. The next highest long root o = S,,,&
has n{* = 1, as does the highest short root, so that s = 1. As Wolf spaces are special

types of non-Hermitian symmetric spaces so by Theorem 2.1.2, it follows that:

259, .. 2, .
dim M = (1 — =)dim M.
,ﬂg) ( g)

24(pw, pw)m = (1 —

When & = 2w;, (for C,) the argument is similar,
2= <O~é,d> = <5é, 2wz> = (20@,20@),

so (ay,w;) = 1/2, therefore «; is short, so k; = 2. Also as & is the only root with

ny = 2, therefore Z{nQZQ} a =& = 2w;, S0 53 = 2. -

Remark 2.1.2. We should note that in those cases where two nodes (to be deleted) are
the image of each other under an automorphism of the extended Dynkin diagram but

not under an automorphism of the Dynkin diagram itself, the quantity (2py, 2py) is
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not an invariant of their common G/K. For example in Ej, choosing n$ = 2 = n§ in
Theorem 2.1.2 (with simple roots labelled as in [7]), we obtain isomorphic maximal
connected subgroups of maximal rank (with root systems A; @ As). However the
corresponding values of sy are 1 and 3 respectively, but for n§ = 2 = ng, we have
so = 3 in both cases. Nor indeed is the quantity (2py, 2p) = (2pw, 2pw) + (2pw, 2Pk ).
Again, this can be seen in Ej, by choosing n§ = 2 = n$ in Theorem 2.1.2, where
the corresponding values of (2py,2p) are 220 and 180 respectively. However the
quantity

(2pw,2pw) + 2(2pw, 2pK) = (2p.2p) — (2pK, 2PK)

is an invariant of the corresponding symmetric space (depending only on its di-
mension and the group G), as we will now prove. In the example of Fj, choosing
n$ = 2 it has the value 220 + 20 = 240, and choosing n§ = 2 it also has the value
240 = 180+ 60. For this reason it may be more appropriate to consider the following

corollary a ‘strange formula’ for symmetric spaces.

Corollary 2.1.4. Let M = G/K be a symmetric space (with K mazximal of mazimal
rank), then

(2p,2p) — (2pK, 2pK) = gn.

Proof. We recall from Theorem 2.1.1 that when M is Hermitian symmetric,
U ={ae Rt |n¥ =1} and 2py = gw;, also all the roots a with n{ = 0 are roots of

K. Now since (2py, 2pk) = (gw;, 2px) = 0, then

(2p,2p) — 20K, 2pK) = (2pw, 2pw) + 2(2pw, 2pK) = (2pw, 2py) = gn.

In the non-Hermitian symmetric cases we first give the proof when M corresponds
to the deletion of a node «; from the extended Dynkin diagram with «; € Rf. By
Theorem 2.1.2 and the fact that 2py = > .y o = (9 — 252) w;, we have

(2pw,2pw) + 2(2pw, 2pK) = (g — 252)n + 4na(g — 2s2),
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where ny = |[{a € RT : n¢ = 2}|. By Proposition 1.2.14, we have

g{wi, wi) = Y (o, wi)® =n+dny,

aeRt

so that

(2pw,2pw) + 2(2pw, 2pK) = g(g — 252)(wi, wy).

Asnf=1fora eV, oy € R} and ),y a = (9 — 252) w;, we have
(g — 282) wi,w;) = n.

When o; € RY, 2py = (9ki — 252)w;, and (2py,w;) = (gk; — 282){(w;, w;). On the

other hand (2py,w;) = m
i(ghi — 252

k‘%’ so that (w;, w;) =
From Theorem 2.1.2, we have (2py,2pg) + 2(2py, 2pk) = kil(gkl — 289)(n + 4ny),
and by Proposition 1.2.14, g (w;, w;) = Y, cnr (@, w;)? = k%(n + 4ny). We now have
(2pw. 2pw) + 2(2pw, 2pk) = kig{wi, wi)(ghi — 2s2) = gn. u

2.1.3 The strange formula for ¢

Definition 2.1.1. Suppose that G is a semi-simple, compact Lie group and let g
be its Lie algebra. Also suppose that there is an Ad(G)-invariant scalar product
on g which yields the reductive decomposition g = £ & m, then the restriction of
the scalar product to m induces a G-invariant Riemannian metric on G/ K which is

referred to as a normal homogeneous Riemannian metric

The normal homogeneous Riemannian metric on G/K induced by the negative of

the Killing form of g is called the standard homogeneous Riemannian metric.

Corollary 2.1.5. (The ‘strange formula’ of Freudenthal and de-Vries)

24(p, p) = dim G.

Proof. We apply Corollary 2.1.4 to a symmetric space quotient of G (the corre-
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sponding Wolf space for example), so that
3 3
24(p, p) = §<2Pa 2p) = 3n + §<2PKa 2pk) = 3n + 24(pk., Pk )-

Since G/K is a symmetric space, we know from [30] that the normal homogeneous
metric on M, induced by the negative of the Killing form, is Einstein (with Einstein
constant C' = %), i.e. has constant Ricci curvature Ric = %(,) + %A, where for
tangent vectors X, Y to M, A(X,Y) = —Tr,P;(adX ocadY’), and P is the projection
of g onto ¢ ( see [30]). For an orthonormal basis {Z;} of £ (with respect to the

Killing form of g) we have the expression

A(X7 Y) == Z([Xv [Y, Zz]]? Zz) == Z([Zu [ZZ,X]],Y)

7 i

However (still following [30]), taking the trace of the Ricci curvature and using the

above expression for A(X,Y") yields the alternative form for the Einstein constant

1 1 . - !
C=1+s ;(dlm K;) (1 = ¢;)/(dim(G/K) = 5

so that n = . (dim Kj) (1 — ¢;), where K are the simple factors of K and the

Killing form on Kj is (,)x; = ¢;(, )|k, Therefore
3n+24(pk, pr) = 2n 4+ n + 24(pk, pr)

=20+ dimK; — Y q(dimK;) + Y 24(px; . px,)
j J J

J

) 1
=2n+dim K — qj; Z 24(px;, px;) + Z 24(pk;, px;)
T j

(by induction), so that

24(p, p) = dimG/K + dim K = dimG.
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2.2 (/K Non-symmetric

We now consider the non-symmetric cases i.e. where n® € {3,5}. Similar to the
& . . . — G0 R
cases where n = 2 we define s; and n; as follows: Z{n?:j} a = sjw;, and n; =

{a € ®:ne =4}

Theorem 2.2.1. Let M = G/ K, where K is the connected centraliser of an element

of prime order p > 2 in Ad(G), then:

(i) For p =3, we have 24(py, pu)u = (5 — ]ffg)gdim M.
(it) For p =5, we have 24(py, pu)y = (3 — )4 dim M.

Proof. We give the proof in both simply and non-simply laced cases, starting with
the case p = 3. We first note that ¥ = {a € R |n{ € {1,2}}, as the roots a with
ng = 3 are roots of K. We recall that adg/x = m_a, + (7_q,)*, where the weights
A of m_,, consist of the negative roots —a with n{* = 1 together with the positive
roots a with n{ = 2. These two subsets of roots are interchanged by the reflection
S_s. The sum of the weights ), _, A is therefore fixed by all simple reflections of
K, so that

) = (80, (30N, Say0) = (3N =) =0,

AEA A€EA AEA

Similarly ) ., A is orthogonal to & and is therefore the zero vector, so

O:Z/\: Z o — Z a = Sow; — S1Wj,

AEA {n¢&=2} {ng=1}

therefore s; = sg, or 2ny = ny. By Proposition 1.2.14

glwi, w;) = Z (o, wi)? = Z (o, w;)? + Z (o, w;)? + Z (o, w;)?

acRt ng=1 ng=2 n&=3
Since in simply laced cases all roots are long so («;,w;) = 1, then ny + 4ns + 9ng =
g{w;, w;). From s;{w;, w;) = jn;, we have
51{wi, wi) + 289(ws, w;) + 383{wi, wi) = g{ws, W),
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and s; = 59 = % — s3. As —q; is the highest weight of 7_,, and
(2py, ;) = Za ;) = Za+2a,ai):sl+32.
acv n=1 ng=2

By applying elements of W' we have that (2py, > ,e_1y @) = ni(s1 + s2). Similarly
(200, D (pocsy @) = 2n2(s1 + 52), so that

8 .
(2pw,2py) = (N1 + 2n2)(s1 + s2) = (g — 53)§ dim M.

We remark that the above conditions s; = sy and n; + 4ns + 9ng = g are equivalent
to the condition that the normal homogeneous metric on M, induced by the negative
of the Killing form, is Einstein, namely that (—a;, —a; + 2px) = (—\i, =\ + 2pK),
where the representation (7m_,,)* has highest weight —\;, the negative of the lowest

height positive root with n¥ = 2.

Similarly, in non-simply laced cases, the sum of the weights >, , A is fixed by all

simple reflections of K, so again we have s; = s5 or n; = 2ny. By Proposition 1.2.14
1

and the fact that in non-simply laced cases (o, w;) = oo e have

1 4 9
g(wi, wi) = Z (a, Wi>2 k,gnl + ]{:2n2 + 2 ]{32
aceRt
so that s; 4+ 2s2 + 3s3 = gk; and s1 = s = gk;/3 — s3. By applying the elements of

W', we again have
1
<2,0\1,,2p\p> = k—z(nl + 2n2)<81 + SQ) = (% - Z—i)g dim M.
For the case where n& = 5 we have ¥ = {a € R" |n¢® € {1,2,3,4}}. By a similar
argument to above we obtain that s; = s4 and sy = s3 and ny + 4ng + 9nz + 16n4 +
25n5 = g{w;,w;), that yields the additional equation s + sy + 83 + 84 = 2(% — s5)

so that (2py,2py) = (g — 555)§ dim M. The proof for non-simply laced cases can be

easily obtained by using the above argument. O]
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Corollary 2.2.2. Let M = G/K where K is the connected centraliser of an element
of prime order p > 2 in Ad(G), then:

(i) For p =3, we have (2p,2p) — (2px, 2pk) = sgn.

(it) For p =5, we have (2p,2p) — (2pk, 2pK) = 2gn.

Proof. As the proof is similar to that of Corollary 2.1.4, we only give the proof
for the cases p = 3 and a; € R}. In the proof of Theorem 2.2.1, we saw that
2py = (51 + s2)w; = 2(§ — s3)ws, so that (2py, w;) = 2(§ — s3){(wi, wi). On the other
hand, as ¥ = {a € R" |n? € {1,2}}, we also have (2py,w;) = n1 + 2ny = 2n, so

én
that (wi, wi> = m
By Theorem 2.2.1, (2pw, 2pw) + 2(2pw, 2pk) = (4 — 53) (5 +12n3) = (§ — s3)(8ny +

12n3) = (§ —s3)(8nz +12n3) = (4 —33)3(6712—1—9713) = (3 —sg)ég(wi, w;) = ggn. O

We summarise our formulae in the next proposition. To make our formulae more
uniform we introduce the the quantity s defined as follows: For n& = t, let S :=

{a € Rk :n¢ =t} and let )°, g = sw;, observing that s = 0, when n = 1.

Theorem 2.2.3. Let G be a compact centreless simple Lie group with K a mazimal
connected subgroup of G of mazimal rank. Let M = G/K and let 2py denote the
sum of the positive complementary roots, then:

(i) Forn{ =1, we have (2py,2py) = (g — £) dim M.

(ii) For ng =2, we have (2py,2py) = (g — Z_f) dim M.

(iii) For n§ =3, we have (2py,2pe) = (g — 22)3 dim M.

i) For n® =5, we have (2py,2py) = (g — 22)% dim M.
3 k; /5
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Chapter 3

The Wolf sequence and exponents

Some years ago R. Carles ([12]) considered the subroot system obtained by taking
the orthogonal complement of the highest root in an irreducible (reduced crystallo-
graphic) root system. These are parabolic subroot systems (their Dynkin diagram is
that of the original root system with one or two nodes deleted), and he related root
theoretic data such as the cardinality and the sum 2p of the positive roots of this
subsystem to those of the original root system (see also [20]). In this chapter and
the next chapter we extend these results in two directions. Firstly, in this chapter,
we relate additional root theoretic data of such a subsystem to that of its parent,
such as the Coxeter number and the exponents and secondly, in the next chapter,
we consider all maximal parabolic sub-root systems. For an irreducible (reduced,
crystallographic) root system R (of rank ) with highest root & = Y, nf; (when
expressed in terms of the simple roots oy, ..., «,), we denote by ' the root system
R ={aeR:(a, @ = 0} (not necessarily irreducible), we also denote by & the

element of maximal height in ®’.

If { is a primitive h-th root of unity, then the eigenvalues of a Coxeter element
are of the form (™, where 0 < m < h. ([22]) The exponents are the various m
involved, written as m; < mo < -+ < m,., and they satisfy the duality conditions
m; + myy1-; = h, and as m; = 1, we have that m, = h — 1. We therefore focus

attention on the second exponent mso.
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3.1 The second exponent

Definition 3.1.1. A path 7 in the extended Dynkin diagram A% of an irreducible
crystallographic root system R is a sequence of ordered nodes {w,, i, ..., }
where oy, , is adjacent to ;;. We define the length L(7) of the path 7 to be the
number of nodes in the path and a node «;, is called a branch node when it is

adjacent to more than two nodes.

Let d = Maz{n®: 1 <i <r} and let d" be similarly defined for the coroot &, so

that dV is the highest coefficient of the highest short root of the dual root system.

Proposition 3.1.1. Let v be the path in the extended Dynkin diagram A% of an
irreducible crystallographic root system R starting at the node oy = —a and ending
at the first branch node or first node with multiple connections. Let m denote the
maximum number of edges in a connection to any adjacent node of the first branch

node or first node with multiple connections, then:

(i) Then L(v) =d" and

(i) m + d" is an exponent of R. In particular for a simply laced root system, the

second smallest exponent mo =1+ d.

Proof. In the case of a crystallographic Coxeter group, we have the following
standard description ([13]) of the exponents. For a € R*, let t; be the number
of positive roots of height k. Then t; — ¢4, is the number of times k occurs as
an exponent my. We first consider the simply laced cases and observe that if a =
Y kep Wi + ZZGQ biw, (with all ay positive and all b; negative) is the only root of
height ht(«) then the number of positive roots of height ht(a) — 1 = |P|, since all
roots are contained in the same Weyl group orbit. For R of type A,, A% has no
branch node and therefore L(y) = 1 = d. Also since & = w; +w,, we have that t;,_; =
1 and t,_o = |P| = 2. Therefore, h—2 = h—(d+1) is an exponent and by duality so
is d + 1. We assume therefore that d > 2 and recall that o; = 22:1 cpiwy where cg;
are the Cartan integers. In the simply laced cases cj; = ¢;; = —1 for adjacent vertices

i and j, and are zero otherwise. Therefore we have that o; = 2w; — >, N(ag) Wk
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where k € N(«;) if and only if oy, is adjacent to a; in the Dynkin diagram . We now
begin a list of positive roots of decreasing height in correspondence with the nodes
of the path v = {ag, apy, @py s - .., ap, } (Where ay, is the branch node ) as follows:
At height h — 1 we have the highest root & = —ag = w,, and t,_; = 1 (see figure
3.1). Applying the simple reflection S,,, we obtain the next highest root:

—Qp — Qpy = Wpy — 2Wp, + Z Wk = —Wpy + Wp,
keN (apg)
and t;_o = 1. Continuing our list ( reflecting with S, ) at height h —3 we obtain the
100t —Qip — Qpy — Qi = —Wpy +Wp, — 2wy, + ZkeN(am) Wk = —Wpy — Wpy T Wpy +Wp, =
—Wp, + wp, and t,_3 = 1. The positive roots corresponding to the last two nodes of
v are:

—Qp = Qpy — Qp "+ = Qp, | = —Wp, ;| + Wy,

and

B=—ap— Qp —Qp -+ —ap, = —wp, + Wpp1 T Wppys-

In the special case of Dy we have f = —ws 4w +ws+wy. This last root S is of height
h — (b+2). Therefore at heights h — (b +2) and h — (b + 3) we have tj_(42) = 1
and t,_(p43) = 2 (or 3 for Dy) so that h — (b+ 3) and by duality of exponents b + 3
is also an exponent (of multiplicity two for Dy). As L(y) = b+ 2, we now prove
that d = b+ 2 to finish the proof in the simply laced cases. By an observation of
N. Iwahori, which appears in [9], the node coefficients of any simple path in A%,
starting at a pendant node and ending at the first node with a branch or multiple
connection, form an arithmetic progression with common difference equal to the
coefficient of the terminal node. Since the coefficient of the ay node is one and by
the observation of N. Iwahori, that of the branch node is d, we have a bijection

between the sets {ap, apy, Apy, - - -0y, and {1,2,...,d}.
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ho1

Spo
O — Qp, = —Wp, + W,
Po Po P
h-2
...... Lo Sy
h—3 a—a —Ja = —w, +w
Po P T p1 p2
Q= Qpy — Qp, =" — Qp,_; = —
™
ﬁ = —Wp, + Wppy1 + Wpppo
T
SanJrlﬁ
Sapy,s B

Figure 3.1: The second smallest exponent in simply laced cases

Next, we consider the non-simply laced cases. The case of B, is in fact covered by
the above simply laced argument as the path ~ in the extended Dynkin diagram will
first encounter a branch node (at as) rather than one with a multiple connection, so
that m = 1. In the other cases, the extended Dynkin diagram has no branch node
and & = —ag = kw,,, where & = 1, except for the root system C, where k = 2.
Again we consider the path v = {ag, oy, 4y, - .., @, _, }, where the node «,, , has
a multiple connection (with m edges) to a,,, ( in the C, case v = {ap = ap,_, } and

Qp, = @y, ). The sequence of positive roots corresponding to 7 is:

{a=—ap,—ap—apy, ..., =g — Qpy — Qp, — -+ — 0y, }

and the roots have heights h —1,h—2,...,h— (b+1). They are also the only roots

at these heights. Applying S, (see figure 3.2) to

—0p — Qpy — Qpy — = Qpy ) = Wy — Cpypy Wy, = Wiy T MWy,
we obtain the root —ag — ay,y — @y, — - -+ — may, of height h —m — (b+ 1). Since
the oy, string through —op — oy, — o, — - -+ — o, _, is unbroken, the highest short

root has height h — (b+2) (and is the unique root of this height). In the case where
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m = 2, we, therefore, have that h — m — (b + 1) is the second highest exponent.
When m = 3 (i.e. the case of G3), that h —m — (b+ 1) = 1 is the highest height at
which there are two roots is a simple count (of the six positive roots, two of which
are simple). Using the proof of Iwahori’s observation in [9] we have that d is the
coefficient of vy, in the expression of & w.r.t. the simple roots, so that we have a
bijection between the sets {ag, Qpy, Qpy s - .., ap, } and {1,2,...,d}. Therefore by the
above, since d¥ is the highest coefficient of the highest short root of the dual root
system, we have that d” = d — 1 for the non-simply laced cases (except for B, where

d” = d) and the result follows.

‘a Qpy = kwpo +wp1 h o 2
T
h—3 = =
‘5 " Q= Qpy — Qpy = —Wp; + Wp,
= —Wpy_, mWp,
-

Spyper (7)

Sapbﬂ = Wpy_y — MWy, + MWp,
L

Figure 3.2: The second smallest exponent in non-simply laced cases

]

Theorem 3.1.2. Let the highest root & of an irreducible (reduced, crystallographic
) root system R be expressed as & =Y ;_ nla;, and let d = Max{nd: 1 <i<r}
then:

ht(&') = h —2dY — 1.

Proof. We first consider the simply laced cases. For R of type A, we have d = 1
and h = r + 1. Since & = w; + w, we have that R is of type A,_» and therefore
ht(@/)=r—2=r+1—-2—1=h—2d— 1. Similarly we verify the case of D,. For
other type root systems & = —ay = wy, and we extend the list of roots obtained in
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Proposition 3.1.1, from the path v = {ap, p,, @p,, - - ., @y, } to include & as follows

(see figure 3.3); The final root 8 (of height h — d) in the list was:
B=—ag—ap, —ap = ap, = —Wp, + Wy, + Wy

We append to the list the roots Sapbﬂﬂ and S, £ and

Pb+2 SO‘PbHB — Papyy, SanJrl

observe that:

Sapb+2 Saprrl/B = Wp, — wpb+1 - wpb+2 + E W = _B + § Wk

kGN*(apb+1,apb+2) kEN*(apb+1,apb+2)

where N*(oy, ., 0p,,,) is the set of simple roots adjacent to ay,,, or a,,,, but not

in the path v = {ao, apy, ap,, - - ., ap, }, L€

N*(O‘pb-s-w O‘Pb-s—z) = N(apb+1vapb+2) \ {apb}'

We remark for future reference that N*(ay,,,,ay,,,) has cardinality at most two.
Our list of roots is now in correspondence with the nodes of the path yU{a,, ., a, ., }-

Since S, S

a2 Dy 1 B has w,, coefficient equal to +1 when expressed w.r.t. the funda-

mental weights, we can extend the list of decreasing height roots by reflecting with
the simple reflections corresponding to the nodes of the path —(v\ {ag}) (the minus
sign indicating that the path is traversed in the opposite direction), terminating

with the 100t —wp, + > pcn+

¥y ’al’b+2)

We now show that this terminal root is in fact &. Since & = —ay = w,, and
< @,a >= 2 =< &, wp, > the coefficient ngo of ay,, in the expression of the highest
root w.r.t. the simple roots is equal to two. In forming the list of decreasing height
roots starting with & we have applied the simple reflection S,, twice (once in the

path v and once in the path —(v \ {ap})) so that the terminal root

0= Z Wi — Wy

keN* (O‘Pb+1 ’O‘Pb+2)

has a,, coefficient equal to zero when expressed w.r.t. the simple roots. It is
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therefore orthogonal to & = wy, and is by definition a root of

If this root § were not the highest root & of R’ there would be a sequence of simple
reflections {Sakl, -y Say, } With k; # po and roots {Sakld’, ey Sapy -+ Say, &'} oof
decreasing height, from & down to 0 as all roots lie in the same Weyl group orbit.
However in the expression for § w.r.t the fundamental weights the only negative
coeflicient is that of w,,. This contradiction means that the root 6 = &'. It is now
clear that N*(ay,,,, ay,,,) has cardinality at most two and has cardinality equal to

two only when R’ is of type A. Finally

Wt(&) = ht() —2— (b+1) = ht(8) =2 — (d—1) = h — 2d — 1.
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Spo
Q= Qpy = —Wp, + Wy, S .........
- » PPy
hﬂ_ﬂg a— Joz = —w,, +w
Po P11 P1 P2
& — Opy — Op,; Opy_y i
v
ﬁ = —Wp, + Wppy1 + Wppia
T
Soipyr B
Sapy,s B

SO‘PH?SO‘%Hﬁ = d,+d_ﬁ
&+ o +ap oy,
h —2d
h—2d—1

Figure 3.3: R in simply laced cases

In the non-simply laced cases (see figure 3.4), we similarly extend the corresponding
list of roots obtained in Proposition 3.1.1 (from the path v = {ag, apy, Ay, - -, A, }
) to include &'. The final root § in the list was § = —ag — ap, — @, - -+ — @, _, tO

which we append the root:

Spbﬁ = =0y — Qpy — Qp; — =+ — MQp, = Wy, ;, — MWy, + MWy, 4

of height h — m — (b + 1) obtained above. Since this root has w,, , coefficient

equal to +1 when expressed w.r.t. the fundamental weights, we can extend the list

of decreasing height roots by reflecting with the simple reflections corresponding

to the nodes of the path —(v \ {ap}) (the minus sign indicating that the path is
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traversed in the opposite direction). Since the simple reflection Say,, Was applied
twice (once in the path « and once in the path —(v \ {ap}), except of course for
C, where S, & = ' ) has a,, coefficient equal to zero when expressed w.r.t. the
simple roots. It is therefore a root of &' and by the same argument used in the

simply laced case, is the highest long, and therefore highest root & of R'.

‘a apo =S k:wpo + wpl h - 2 ........
h—3 ; =
Q= Qpy — Q) = —Wp, + Wpo
‘ﬁ = —Wp,_, T My,
- h — (m + d\/ ,,,,,,,,, .
e e ‘fy ='the highest short root’
h—(m+d")+1
Spuia (7)
Sap, B = Wy, =M, F MWy, | ( 1 :

i
=0
At ap, £t oy, ,

h—2dV +1

h —2dY

e ~!
a + ap, + oy,
B ;/
& + oy,

Figure 3.4: ' in non-simply laced cases

h—2d" —1

]

Corollary 3.1.3. (i) i = h — 2d", if ®' is irreducible and h' = h — 2d" + 2

otherwise.
(i) Ford > 3 (the exceptional systems) d = d—2. and d—1 is an exponent of R'.
(iii) Forr >5 and d < 2 (the classical systems) d' = d.

Proof. (i) is an immediate consequence of Theorem 3.1.2 when R is irreducible.

In all other cases &' has two irreducible components, one of which is a root system
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of type Ay, for which the Coxeter number is 2. We first consider the simply laced
case. Let d > 3 and let #; and t] denote the number of positive roots of height k
in R and R \ R’ respectively. By Proposition 3.1.1, we know that d — 1 is not an

exponent of R and therefore
tg 1 =1, (+th  =tg=1,+1]

In addition, since h — (1 + d) is the second largest exponent we have that ¢, 1 =

1=---=ty_4=1and t,_1_4 = 2. However by Theorem 3.1.2,
ther=1th 1= =tha=1ty _g=1

and tp_1_qg =1t} _; 4, = 2since ht(&') = h—2d—1. We now observe that for « € R\’
we have —S;(a) = @ —a € R\ R and therefore ¢ =t ,,... and ¢ =t _,_,.
Since tj_,_, = 2 and t)_, = 1 we have that ¢/ = 2 and ¢/,_; = 1. However, as
t,  +th =t +1t), wehavet) ; +1=1t,4+2so that d — 1 is an exponent of R’
and 14+d =d—1. O

3.2 Diamonds

Definition 3.2.1. For a simply laced irreducible (reduced) root system R the se-

quence of roots

(@, oo B, Sy, B Sayy B Sy, Sapyy B <--r &'}

as described in the proof of Theorem 3.1.2 will be called the & string through & with

diamond {3, S., . 3, Sapb+2ﬁ, SaprSapb“B}. For R of type A the &' string through

Pp+1

a consists only of the diamond.

Following Carles [12] we now define inductively a sequence of embedded root systems

which we call the Wolf sequence because in 2.1.2, the same sequence of operations

performed in the extended Dynkin diagram yields a sequence of Wolf spaces. Let

RO =R .,a® = a and let d© = d. Let RV := R ,a := & and let dV = &
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as previously defined. In the cases where RV is irreducible (A, and all exceptional
root systems) let R := {a € RM : (o, &) = 0} and let @ denote its highest
root, with highest coefficient denoted by d®. In those cases where () is reducible
(B, D,) it is a sum of an A; with an irreducible root system (of the same type as R
but of lower rank) and we define () in this irreducible component of R as above.
Continuing this process inductively until we obtain a root system that is of type As

or a sum of root systems of type A; we obtain the following sequences.
Embedded Root Systems
A, even
RO =4, —ROU=A4, ,—RB =4, , — - — A,

A, odd

RO =4, — RO =4, , RO =4, , — ... — A

B,, even

RO =B, - RO =4, +B, o —-RO=A,4+B, , — - — A

B,, odd
RO =B, - RV =A1+ B, — RO =A1+ B,y — - — Al + A

RO =C, - RO =C,_; — - — A

D, even
?R(O) = Dn — éR(l) = A1+Dn,2 — %(2) = A1+Dn,4 —_— s ——> Al +A1+
Ay

D, odd
§R(0) :Dn —)%(1) :A1+Dn_2 —)%(2) :A1+Dn_4 —_— —>A1

Es
RO = By —s RO = A, —5 RO = A3 — A

Eq
%(0) :E7 —>%(1) - D6 —)5]%(2) :A1+D4 —)%(3) :A1+A1—|—A1
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Eg
8%(0) = Eg — 8%(1) = E7 — %(2) = D6 — 3%(3) = Al -+ D4 — 8%(4) =
A+ A+ Ay

Fy
%(0) =F — %(1) — C’3 SN §R(2) — CQ — §R(3) — Al

G
RO = Gy — RO = 4,

Theorem 3.2.1. The exponents my < mg < --- < m, of a simply laced root system
R are given as follows:

my = 17m2 =1+ d(0)7 . 7m|_(r+1)/2j =1+ d(o) + d(l) + o4 d(L(T_3)/2J)

m, =h=1,m,_1 = h=1-d0, ... m,1_|rs1)y2) = h—1—dO—dV —...—q =372}

Proof. By Proposition 3.1.1, we may assume that the rank is greater than four.
We recall from Proposition 3.1.1 that h — (d+ 1) is an exponent of R because t,_4 =
1= |{B} and th_q-1 =2 = [{Sa,,. B, Sa

other words the diamond (less its base vertex) of the &' string through & accounts for

B}, where 8 = —wy, +wp,,, +wp,,,. In

Pby1 Pot2

this exponent. Similarly we will prove that the next highest exponent is accounted
for by a copy (in a sense explained below) of the @? string through &' attached
to the diamond of the &' string through &. Clearly the number ¢, 4 5 of roots of
height h — d — 2 is determined by the set N*(ay,,,,qy,,,) . We first consider the
case where J' is of type A ie. |[N*(ap,,,,p,,,)| = 2, so that ¢,_4 o = 3 and
therefore h — 1 —d—1 = h—1—d — d is an exponent. We now assume that
' is not of type A, ie. N*(ap,,,,0p,,,) = {ou}, which we take as adjacent to

Qpyyy- Then Sq, B = Wy, — Wy, +wp and S, = —wp, | +wp,,,, Where we

Ph+1

have used the fact that «,,,, and «p,,, are never adjacent to one another. Since

S

O‘Pb+1SO‘Pb+25 — Papy,, SanJrl

3 the only other root at height h—d—21is S,, Sapb+2 [ so
that t,_4_o = 2 = t;,_4—1. We now show that there are two roots at each subsequent

height until we reach height h — 1 — d — d’, one in the & string through & and the
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other obtained as follows. Recall that by Theorem 3.1.2, the highest root of R’ is

Q= > w, — & = wy — &,
REN*(apy 1Oy 4 )

and from above that S, 0 = wi +wy,,, — wp,,,- There is therefore a copy of the
a® string through & (accounting for the second root at the above heights) issuing
from Sapb+267 ( modulo changing any simple reflection by S%b+2 when descending
from &' to a simple reflection by Sapr when descending from Sapb+25)- When we
reach the apex of the diamond in the @® string through & we have seen that the
height below this an exponent of &', and by Proposition 3.1.1, this height is d’ below
that of &. Therefore the copy of the &@® string through & attached at S%HZB (at
height h — 1 — d) makes h — 1 — d — d’ an exponent of R, because it is clear from
the signs of the w; coefficients of the roots in the @’ string through & that they all
have a unique ancestor (with the exception of ) so that the string is disjoint from
the copy of the @® string through &'. However & — ay, (at height h — 2d — 2) does
not, so that this height is the first possibility of intersection of the two strings. In
fact for root systems of type E and D,, r < 5 we can continue the above process,
accounting for the exponents down to height

because by Corollary 3.1.3:
h—(1+d?+d®+... 4 dWC=32Dy > h — (2d + 2).

In the case of D,, r > 5 the intersections of the various strings and their copies
are easily described because all the &1 strings through @® are isomorphic as
graphs. In the copy of the @+ string through &® which is itself in the copy of
R’ attached at S%Hzﬁ’ the copy of the node @+ is the same node as (Sapb+zﬁ)(i)
(the node corresponding to S, A in the a1 string through &), and likewise
in the iterated attached copies. The pairs of central nodes in the diamonds of these
iterated attached copies make every second height (descending from height h — 1)

an exponent until we come to an iterated attached copy of D, (if r is even) whose
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triple diamond will make r —1 an exponent of multiplicity 2, or an iterated attached

copy of D5 (when 7 is odd) in which case the multiplicity of » — 1 is one. O]

Corollary 3.2.2. The exponents my < mo < --- < m, of a non-simply laced root

system R except of type B, are given as follows:

my=1,ma=d" +mO . meiaye =d +m@ +mD 4 lm92D]
my=h—1m_1=h—d" —m®, . ..,

Myt oenyyz) = h — d' —m©® —m® — ... pe=3)/2)

Proof. Based on Theorem 3.2.1, the second exponent could be reached when
Sayp, () is reflected by S%H1 and S%b+2> in other word, the second exponent occurs
at the hight one less than the top of the diamond S,,, (8) in which ay, is a branch
node(in simply laced cases and B,), or it occurs when the long root /3 is reflected
by Sa,, (B) in which ay, is a short simple root, then ht(S,,, (8)) —m is an exponent

(non-simply laces cases except B,.). O

Remark 3.2.1. The exponents of root systems of type B, can be obtained by using

Theorem 3.2.1 since in this case m = 1 and d" = d.

Example 3.2.1. As an example we compute the exponents for the case ® = RO =
Eg. From above we have R = E; and R® = Dg. This gives the values d© =
6, dV =4 and d® = 2, so that:

my=1,my=1+4+d% =7,m3=14d% +d =11,m3 =14d° +dV +d? =13
and since h = 30 we have:

mg = 29, m7 = 23,m6 = 19, ms = 17.
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Py

©

Sk,

Pp+4-2

Figure 3.5: Copy of the @® string through &'
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Chapter 4

Maximal parabolic subroot

systems

In the first section of this chapter, we extend the results of R. Carles ([12]), described
in chapter 3, to all maximal parabolic subroot systems, where the subroot system
corresponds to deletion of a node «a; from the Dynkin diagram, and a formula for

the cardinality of these subroot systems is obtained at the end of this section.

In the next section, we relate the sum of the positive roots of the parabolic subroot
systems to the corresponding quantities of the maximal rank subgroups K; of G (
also maximal when n¢ is one or a prime). The Dynkin diagram of the root system
R, for K; is obtained from the extended Dynkin diagram of G by deletion of the

node o;.

4.1 Cardinality of parabolic subroot systems

In this section, we first extend Wolf's Theorem 2.0.21 to the cases when nd = 4, 6.
Lemma 4.1.1. Let m, be the irreducible representation of K with highest weight v.

(i) If n? =4, then adg/x = T_q, + (T_a,)* + 7_p,, where B; is the lowest height

positive root with n* = 2.
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(i) If n® =6, then adg/kx = T_q, + (T_q,)* + 7_p, + (7_p,)* + 7_,,, where f5; is as

above and ~y; is the lowest height positive root with n)* = 3.

Proof. We prove the case when n¢ = 4, in this case ¥ = {a € R" |n$ = 1,2,3}.

Suppose that
W' = <Sala SRR Soéi—u Sai+17 SRR SCMMS—&>

is the Weyl group of K, we consider the orbits of the action of the Weyl group
on the set of the complementary roots. If o is a complementary root, then the
coefficient of ; in «a is not affected by S,;, but the action of S_5 on R\ Rx has
three irreducible components; P, = {a : n¢ = —1,3}, P, = {a : n® = 1,—3} and
Py ={a:nd = —2,2}. We note that in non-simply laced cases, each P; consists of
two orbits including long and short roots. Now we show that 7_g, is a summand of
adg/kx where f3; is the lowest height positive root with nf " = 2. By [32], we know
that if v € R\ Rk, then 7, is a summand of adg/k if and only if ¥ € R, implies
v+ ¢ R. So in order to prove that m_g, is a summand of adg/x, we show that
—f; + « is not a root when a € Rg. Let a € Rk, then either n = 4 or nf = 0.
If n® = 4 then —f; + a is a positive root with n® " = 2 but ht(a — 5;) < ht(53;)
which is a contradiction. Now suppose that ny* = 0, then nf‘*'g * = —2, it means that
B; — a is a positive root with n/~® = 2 but ht(8; — ) < ht(8;) which is again a
contradiction, therefore m_g, is a summand of adg/x and P is the set of its weights.
By using the same argument we obtain that 7_,, and (7_,,)* are also the summands

of adg/ K, so it follows that:
adG/K =T—q, T (ﬂ——ai)* + g

]

Theorem 4.1.2. Suppose that Z{nq:j} a = sjw;,. Let k be an integer, 0 < k < n

and let n§ = n, then:
Sj = Sn—(j+k) fOT k+1 < j < LankJ

Also
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Skt Sn—(j—k) — Sn—(+k) = 0 for L <k <nand k < j < L"T_kj

Proof. Form € Z,let A,,, = {a € R: n{ =m}, and let o € A,y with & > 1 (we
always choose « to be long in non-simply laces cases). For § € A; with k+1 < j we
have that if (a, 8) # 0 then S,8 = —y where n] =n — (j + k), as a + § would be
contained in A,_j4;, however n —k+j > n. The set Aj — Ap_(jpr) == Aj U A(jp)—

is therefore invariant under S, so that

(> Aa=(Sl D ANS.ay=—( >  Xa)=0.

AN =Mn_(jk) AEA;—An—(j+k) ACA = An—(itr)

As the simple reflections S; for [ # i also leave A; and A,,_ () invariant, we similarly

have that z/\el\r/\n_<j+k) A = 5; — Sp_(j+k) 18 also orthogonal to oy for | # ¢ and is

therefore the zero vector. We now consider the cases when j < k. For j < k, either
Saff = —7 where as above n] = n—(j+k), or S, = ¢ with n? =n—(k—7). The set
Nj— Ny F M=) = Nj— A (i) UA,_(1—j) s therefore invariant under S, so
that <2Aj_An—(j+k)+An—(k—j) A, a) = 0. As the simple reflections S, for [ # i also leave

Aj — A (jyr) + Ap——j) invariant we have that <ZA,- A A, aq) =0, so

— Atk T A= (k—j)
that > 0 A e the gy A = 55 T Sn—(i+k) T Sn—(i—k) = 0. O

Proposition 4.1.3. Suppose that n{ = n, then

2k;g
T =8 +8+- - +5,= — Sp.
n

Proof. First we consider the case when n is an odd number. By Proposition 1.2.14,

Y aeq (@, wi)a = guw;, also we know that Z{n?:j} a = s;w; and (o, w;) = 1/k;. So

gw; = Z (a, wiya = Z (o, wiya + Z (o, wyar+ -+ + Z (o, wi)ax

aeRt ng=n
which yields gk;w; = siw; + 28ow; + - - - + ns,w;, SO

n—1 n—1
g Jon (5

gki=s14+2s9+ -+ ( —1—1)3an1+1—|—-~-+(77,—1)sn_1+nsn,

it is an immediate consequence of Theorem 4.1.2 that, s; = s,_1,-+ , 521 = Sn_1_ 4,
2 2

ngz _

therefore we get gk; = ns,+ns,_1+- - -+nsn— noiyq, 80
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If we apply Theorem 4.1.2 again, we have

=81+ 583+ S,_1+ 2s,.

Therefore

2kig
S1+ S+ +85, = - — Sp.

We use a similar argument to prove the Proposition when n is an even number. By

Theorem 4.1.2, Sn_y = Sny1, therefore gk; = ns,, + ns,_1+---+ nsziy + gs%, SO

= 28, + 28,1 +--~—|—23%+1 + sz,

if we apply Theorem 4.1.2, it follows that

2gk;

=51+ S2+ -+ Sp1 + 28,

which proves the Proposition. O]

Remark 4.1.1. In [9], it is proved that ) .. o = o) ). also as defined above

<wi7w1>

D = (514 + s)wi,

ng>0

therefore it follows from Proposition 4.1.3 that 7 = 2ng — Sy = %

Proposition 4.1.4. Let a; be the coefficient of cv; in 2p, then a; = Tki{w;, w;).

Proof. The coeflicient of ; in 2p and ) .., a are equal. By Proposition 4.1.3,

D= (514 + 5w = (

ng >0
also " = (w;, w;)k;, therefore

n

a; — ( — sn)<wi,wi>k;i = Tk:i<wi,wi).
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Theorem 4.1.5. Let R be an irreducible reduced crystallographic root system. De-
note by V., the hyperplane perpendicular to w; and let R, = RNV, then:

R, is a root system and for n® > 2, card RS =

2gki 1 1 1

ey (L v R e

d Rt —
card R { ) |

)}idwi, wi).
Forn =1, card R} = card R* — (2gk; — s1)ki(w;, wi) = card RT — g(w;, w;).

Proof. R, = R NV,, so R,, consists of those roots with «; coefficient equal
to zero, and they constitute the root system (not usually reduced) with Dynkin
diagram obtained from that of g by deletion of the node labelled a;. We now count
the number of roots in the complement (in ) of R i.e. the positive roots with

non-zero «; coefficient. For j > 0, the a; coefficient of > (no—j} @ can be alternatively

written as jn; or sjk;(w;,w;) so that n; = Sjjki (wi,w;). When n¢ > 2 we use the
equations in si,...,s, derived from Theorem 4.1.2 together with the additional

equation s; +2s9 + -+ -+ (n — 1)1 + ns, = gk; (from Proposition 1.2.14). These
n — 1 equations are easily solved in terms of g,n and s, using Gaussian elimination
(when n > 2). All rows of the extended matrix with the exception of the last
(coming from Proposition 1.2.14) consist of two or three non zero entries (equal to
+1) and are essentially in upper echelon form. Killing the entries 1,2, ...,n — 1
in the last row has the effect of making 1 4+2+---+n—1= @ the coefficient
of s,,_1 and s, in the last row of the reduced extended matrix to give the equation
(n=1) 2

Sp_1 + %sn = gk;. Back substitution using s,,_; = mgki — Sn (= s1)

n(n—1)
2

then gives sg = -+ = 8,9 = ﬁgki and recalling that n; = Sjjki (wi,w;) the

result follows in these cases. When n¢ = 1, the result follows from the equation
S1+2s9+ -+ (n—1)s,_1 + ns, = gk; where n = 1 and the fact that k; = 1 as o

is always long (because @ is). Also when n = 2 we have that s; = gk; — 2s,. O

As an immediate consequence of Theorem 4.1.5, we obtain the original formula of

the cardinality of card R by Carles [12], when w; is the highest root.

Corollary 4.1.6. Let ® and R,, be as in Theorem j.1.5. Suppose that w; is the
highest root, then:
card Rf, = card R" — 29+ 3.

46



4.2. SUMS CHAPTER 4. PARABOLIC SUBGROUPS

Proof. In this case nf" = nd = 2. By Theorem 4.1.5,

card Rf = card R* + (§52

5 —gk:z)kzl@uz, wi>.

As w; is the highest root, so k; = 1, (w;, w;) = 2 and sy = 1, therefore

card R = card R" — 29 + 3.

4.2 Sums of roots of maximal parabolic and max-

imal rank subgroups

Proposition 4.2.1. Suppose that 2p =Y _, a;a;, then 2a; = 2 — ZjeN(ai) ajci;. In

particular, in simply laced cases 2a; = 2 + ZjeN(a

Proof. We start from this fact that (a;, p) = (a4, w;) = <al %) which yields:

(i, i) = (i, 20) = asloi, i) + > ajlas, o),
JEN(3)

then we have 2q; = 2 — ZjeN(ai) a;Cij. H

d oy, for 1 < j <, then

=1 "

Proposition 4.2.2. Suppose that w; =",

& oy, ))
d N <Oéi,Oéi>.

Proof. Let w; =Y, , d'a;, then

=1

v, Q)

g 7 z<
(wi, w;) Zd g, wy) = di{ag,wy) = d; 5
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on the other hand

(o) = (3 ) = ) =
=1

Therefore & = {2523 O

d_; (a0

Remark 4.2.1. By Proposition 4.2.2, it is obvious that in simply laced cases dz = d;
In fact if both o; and «a; are short or long roots then dg = d;, but if one of them,

for example «;, is long and the other one is short then d{ = kzdz

Lemma 4.2.3. Ifa =" nfa;, then oV =3 (n?)"a), where

gy = L2

(a, )
Proof. We know that oV = (50;), SO
oV = 2. 2 in?al_ 2 ?(Oéi,az) i
(a,a) () (a, ) (i, o)

a)\/ _ (ai,ai) [ (%‘ﬂi)na D

Therefore (n$)" = o) {a,a) Vi

Corollary 4.2.4. Let & = Y, nfa; be the highest root, then the dual Cozeter
number g =1+ 7, nd/k;.

Proof. If & =),  nfa;, then Lemma 4.2.3 implies that " = Y_;_ (nf)Va, an

alternative definition of the dual coxeter number ([19]) is

g=1+ Z(nf‘)v =1+ Zn?/kl
i=1 i=1

]

Remark 4.2.2. Although the following Theorem can be derived from Theorem 4.2.5
(see Remark 4.2.3), we give a rather long alternative proof containing some obser-

vations of independent interest.
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Theorem 4.2.5. Let Rk, and R, be the root systems defined in the previous section.
Suppose that 2p, and 2p,,, are respectively the sum of positive roots of R, and R,,,

then:
20; = 2p — %—ag Wi,
n;
and
204, = 2p — (2:;;{9 — Spa) Wi

)

Proof. By the observation after Lemma 1.2.15, we know that Zaemm a = CpWw;
for some ¢, € R where (i,z) € {1,...,r} xR, and ®;, = {a € R : (w;, ) = z}.

Summing over all positive values of x we see that > (owiy>0 & = CWi. Therefore we

must determine this multiple ¢. Now —& = —w,, is a pendant node (which we will
denote by «,) with neighbouring node «,, of the extended Dynkin Diagram with the
node «; removed. By Proposition 4.2.1, the coefficients a; defined by 2p = > 7, a;a
satisfy 2a; = Zke Nag) @+ 2. Therefore Za; = aé,o -+ 2 by our recurrence relations.

Since & = wy, has length two, it has «,, coefficient two also. The a,, coefficient of

2p; is therefore equal to
/ / / /
ap(—Q) +a,, = —a, —2+a, =—2.

On the other hand because d? = d’ (Remark 4.2.1) and & = Y7 nffoy = > 7 diay
has height h — 1, the «, coefficient of 2p is 2(h — 1), so that the a,, coeflicient of
2p — 2} is 2h. The oy, coefficient in cw; is therefore equal to 2h and cd), = cdi® =

end = 2h.

To prove the theorem for non-simply laced cases, we argue as before that 2p —2p, =
cw;. In order to find this multiple ¢, it is sufficient to compare the coefficient of a,,
in both sides. «, is not a short root in ®', so by Proposition 4.2.1, 2a;, = a;,, + 2,

also the coeflicient of o, in & is 2, so the coeflicient of «,,, in 2p] is

(=2)al, + a,,, = —a;, — 2+ a), = —2.
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Also we know that p = >""_ w;, so (relabelling «;s)

T

zp—zzwz—izdl% = 2()_(dpy i + -+ df, )

i=1 j=1 i=1

Therefore the coefficient of «,,, in 2p equals

20) di ) =2(dy, + -+ dy).
=1

Now a,, can be either a short root (C,) or a long root (Fy, B,,Gs). First we
consider the case where ay, is a long root. Suppose that «; is the short root which
is connected to the long root «;. We can suppose that as (i > s) are short roots
and a;s (i < s) are long roots. Now based on the fact that «,, is a long root and
Remark 4.2.1, the coefficient of o, in 2p equals
PO PO 1 1
A oo d2y 4t d).

The length of all short roots in a root system are equal, ks = --- = k., and we
denote this quantity by k, so the coefficient of oy, in 2p is

2 + -+ AP+ kdf;o . kd{fo).

Now by applying Corollary 4.2.4 and using the fact that «,, is a long root, and

& = wy,, we can easily find the coefficient of «ay,, in 2p which is

2(d’i’°+--~+d§il+kd§°+ +kd$°>—2((d€°)v+-~~+(d§°_1>v+(d€°)v+-~~+(d%?0>v)

=2(9—1).

Now we consider the case when «,, is a short root (C,), like the previous argument
the coefficient of ay, in 2pis 2(3°7_, d}, ) = 2(d) +--- + dj ). Again suppose that
for ¢ > s, a;s are short roots and for 7 < s, a;s are long roots, therefore for i > s,

d, = d°(because both ay,, and «; are short roots), also for i < s, d, = 2d}° so the

20
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coefficient of a,, in 2p is equal to
202d° + -+ + dP A+ -+ )

Po & < : < : T a,
In the case of C,., d* # ng* because & # wy,, in fact & = 2w,,,, it means > |, nfoy; =

S, 2dPq;, so n$ = 2dE°, therefore the coefficient of ay,, in 2p is

- - 1 . I 4
2(2d€°+--~+2d§°_1+d§°—l—---—i—dfo):2(n§f‘+---+n?_1+En?—i—---—l—gnf)

i=1
So in all cases the coefficient of a,,, in 2p is 2(g — 1) and this coefficient in 2p} is —2,

so the coefficient of a,, in 2p — 2p} equals 2g — 2 + 2 = 2g.

Now we calculate the coefficient of ay, in cw;. There are again two cases, first when
ayp, is long the other one when cy, is short, investigating both cases depends on
whether «; is short or long. First we consider the case where «,, and «; are both
long roots so di, = d* = ng, also the coefficient of oy, in w; is d}, so the coefficient

' s en@ a_ _ 2 .
of a, in cw; is cnf' therefore enf = 2g, so ¢ = e Now suppose that «,, is long and

[

«; is short, then %dfo = d! , so the coefficient of «,, in cw; equals zng', therefore

po’
& _
ny = 2g so

<
k

Now we consider the case when o), is a short root, it happens when ¥ = C,., in this
case nl' = 2d}°. First suppose that a; is a long root, then d}, = 2d° = nf, so the

79

coefficient of a,, in cw; is cny* and therefore

29
C= —.
ni
The last case is when o is a short root. In this case d},, = di° = (1/2)n{ so ¢ = 27%9

3

As it is observed in all cases ¢ = erf—ag

To prove the expression for 2p,,, we first note that in this case R,,, does not contain
the roots whose q; coefficient equals né, so 2p,, = 2p. + s,aw;, then the formula

o1
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follows.

]

Remark 4.2.3. We can also have an alternative proof of Theorem 4.2.5. By the
description of the root system R,., it is obvious that ,, = {a € R : n® = 0}.

Therefore:

2pwz:2p_(za++ Za)a

o [0
ng=1 nd=n

where n® = n. Then by Proposition 4.1.3 it follows that

2k;
2pwi = 2p - ( dg - Sn‘.s‘)wi'

nz v

In the following Corollary we show that Carles formula [12] is obtained by applying

Theorem 4.2.5.

Corollary 4.2.6. Let w; be the highest root and 2p,, be as above, then:

2pw, = 2p — (9 — Dw;.

Proof. By Theorem 4.2.5,

2pu, =2p — ( a Sn?‘)wi'
n;
We note that k; =1, nf = 2 and Spa = 1, therefore 2p,, = 2p — (g — 1)w;. O

02



Chapter 5

Applications to topological
invariants, nef value and the

defect of projective varieties

In this chapter, we consider some topological and geometric applications of the re-
sults of previous chapters. In particular, we use the results of Chapter 2 to calculate
a topological invariant introduced in [24] for compact homogeneous spaces G/ K,
where G is a compact, simple, centerless Lie group and K is a maximal closed

subgroup of maximal rank.

We apply the results of Chapter 4 to give uniform formulae for the first Chern class
c1(X) of a flag manifold X = G€/P, where P is a maximal parabolic subgroup. We
will also use another interpretation of the first Chern class ¢1(X) in terms of nef
values of line bundles on X to give formulae for the defect def(X, L) where L is an

ample line bundle on X, when def(X, L) > 0.

5.1 Topology of G/K

In this section, we relate our formulae in Chapter 2 to a topological invariant (in-

troduced in [24]) of a compact oriented manifold of dimension 2n, with Poincare
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polynomial P(t). Poincare duality implies that P'(—1) = —ny, where a prime de-
notes differentiation w.r.t. ¢t and P(—1) = x is the Euler characteristic. From the
study of hyper-Kéhler structures in [24], the quantity P”(—1) was seen to be of

geometrical significance. In [17] and [16] the normalized expression

_ P"(—l)

2
— 2
2X n / )

o5

(for x # 0.) which is additive w.r.t. products of manifolds was studied. When G/K
is an Hermitian symmetric space ¢, is related to identities for the Chern classes of
the Ké&hler structure on G/ K. Using our strange formulae we obtain some alternative
descriptions from [17] for ¢o(M) when M is a symmetric space and we give new

formulae in the non-symmetric cases ([10]).

Proposition 5.1.1. ([17, p. 280]) Let M = G/K be an irreducible symmetric space

(corresponding to the deletion of a node a; from the extended Dynkin diagram).

(i) If G is simply-laced or if M is an Hermitian symmetric space,

(h—2)n

¢2(M) = 6

(i1) If G is of type C, (and M is non-Hermitian),

(h—1)n (h—2)n+2i(r—i)'

¢2<M) = 6 = 6

(i11) If G is of type B, (and M is non-Hermitian),

(h—2)n+z'(i+1)—2r'

¢2(M) = 6

() If M is a Wolf space,

o(ar) = L2420 =)_ 0=2g =2+ (=)

o4
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(v) If G is of type Fy and M is not a Wolf space,

(h —2)n+ 2h

¢2(M) = 6

Proof. From [17, Lemma 2.1 and Proposition 1.4]:

62(G/K) = 3lItg(20) — hte(2010) — 7,

T

where for an integral linear combination v = Y., oy, its height htg(y) =>"._, ¢;.
Suppose that 2p = >\ a;a; = Y., 2w;, then in the simply laced cases hty(2p) =
£(2p,2p) since

(2p,2p) = (Z a;, Z 2w;) = QZai = 2ht4(2p).
i=1 i=1 i=1
By the same argument hty(2px) = 3(2px, 2pk), where the height of 2p is measured

in K, therefore:

hto(2) — hte(2pxc) = 5({20,20) — (20, 2psc)) = I

by Corollary 2.1.4. As g = h when g is simply laced, the result follows for these
cases. In the two remaining cases n¢ = 1, implies i = 1 for B, and i = r for C,.. For
Hermitian symmetric spaces, we have ¢ = 3 [htm(2pw) — n], where as we have seen,

2py = gw;. This implies that n = (2py,w;) = g{w;, w;) so that
hn = 2rg(w;, w;) = 2 hty(gw;).

In the non-Hermitian, non-simply laced cases, we calculate the difference between

hty(2p) — hte(2px) and 3((2p,2p) — (2pK,2pK)) = In. For the C, cases we observe

T

that all oy, @ # r are short, so that if 2p = Y | a;cy, then hty(2p) = Y., ai,

whereas (2p, p) = Z::_ll % =+ a,. Since RN is of type C; © C,_; and a, = r(r_;»l) (see

[7]), we have that:
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r(r+1) i(i+1) (r—dir—i+1)
2 + 2 + 2

62(00) = 3{gn —n - )

= gn—n—ili— )

gnn=?)
~ (29 —3)n
6
_h-1
6

The other cases are similar with the exception of the Wolf spaces where it is easier to
compute hty(2p) — hte(2pr). Using [9, Proposition 2.2], but compensating for the
fact that in this note we are deleting from the extended Dynkin diagram, we have
hty(2p) — hte(2pk) = g hty(&) — h so that ¢o(M) = w. Now using the fact
that for these spaces n = 2g — 4 ([9, Proposition 2.2] or [27, Proposition 1)),
we have ¢o(M) = w. Similarly the result for the non-Wolf space in the

case of Fy follows from [9, Proposition 2.2] applied to the highest short root. [

Theorem 5.1.2. Let M = G/K be non-symmetric (corresponding to the deletion

of a node «; from the extended Dynkin diagram).

(i) For nf = 3, we have

(%h —2)n

¢2(M) = 6

in the simply-laced cases, otherwise

(gh —2)n+4(h —g)

Ga(M) = 5 .

(ii) For n =5, we have
(sh—2)n

Proof. We give the proof only for the simple laced cases, where
1 1.1
02(G/K) = Slhty(2p) — hte(2px) — n] = 51520, 20) = (2px; 2px)) — ).

We now apply Corollary 2.2.2. [
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5.2 Geometry of flag manifolds

All the background material for this section can be found in [25] and [2].

A flag manifold X is a homogeneous space G/C(S), where G is a compact Lie group
and C(95) is the centralizer of a torus S C G, or equivalently they are the orbits
of the adjoint representation of G on its Lie algebra g. Flag manifolds have an
alternative description of the form G®/P, where G® is the complexification of G

and P is a parabolic subgroup of G® (]2]), the definition of which we now recall.

The subalgebra b = h @ > _ 8« is a maximal solvable subalgebra of gC. Let B be
the closed connected solvable subgroup of G with Lie algebra b, then any conjugate

of B is called a Borel subgroup.

Definition 5.2.1. A connected subgroup P of G containing a Borel subgroup is

called a parabolic subgroup.

The Lie algebra of P is given by

p:h‘l'zg—a“' Zgav

+
a>0 aeR)

where R} is a closed subset (under addition) of positive roots. As Rp := R~ U R}
is also a closed set of roots containing all negative simple roots —q;, it follows that

R}, is generated by a set of positive simple roots {«a; : i € I}, where I C {1,--- ,r}.

The set of complementary roots R\ R} is denoted Ry and is called the set of roots

of X. In particular if |I| =7 — 1, we call P a maximal parabolic subgroup.

The Chern classes of the tangent bundle of X = G®/P (or simply the Chern classes
of X') can be given in terms of the roots of X (see [25] , [6]): The total Chern class

¢(X) has a description as

o(X)= JJt+a)y=2 et

aERx q=0

so that the first Chern class ¢;(X) = > cq, @ The results from Chapter 4 and

Chapter 2 concerning 2p and 2p,,, now have a geometric interpretation in terms of the
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first Chern class of X = G¢/P,,, where P, in the maximal parabolic corresponding
to I ={1,---,i,--- 7}, and the space of full flags X = G¢/B, where B is a Borel
subgroup and:

e(GE/B) = 20 = 29, + e1(G/Pay),

also by 4.2.5,

.
cl(G(C/Pai) = ( kfg — S8 )W

o A
7

Remark 5.2.1. By [26], the first Chern class ¢;(G®/P) of any parabolic subgroup P

can be obtained from ¢;(G¢/P,,), where P,, are the maximal parabolic subgroups.

Alternatively if 7 := 2p — 2p,,,, using the natural isomorphism between h* and

0?(X)% (the G-invariant 2 forms on X) we see that

1 l
T > %dT =i Z (T, a)dxy N dTy,

aeR
represents the first Chern class of X ([1]).

We now consider another interpretation of ¢;(X). Let P be a paraboilc subgroup

defined by a subset I with corresponding roots Rp and let
Ax={ e A:(\a)=0, VacRp},

which is generated by {w; : @ ¢ I}. Any line bundle on X is homogeneous and is

determined by a character A € Ay which gives a character A: P — C* so that
L=G"xpC =G xC/(g.2) ~ (9p" A(p)2) VpeP

As above the first Chern class of L = L, is:

cr(Ly) = ﬁ 3" (A ade A dz,

aERy

and we say that L is nef (numerically effective) if [ ¢;(Ly) > 0, for all (effective)
curves in X (Ly is nef < n; > 0,A = > ;5  niw;). We denote the (holomorphic)
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sections of Ly by:
I:=H(X, CS‘) ={s:G"— ch s(gp~Y) = AMp)s(g) Vp e P}.
I is a vector space on which G® acts via:

g-s(g) = s(g~"g1).

Definition 5.2.2. A line bundle L) on X is said to be ample if some power L}

embeds X via its sections in P(I™).

In this setting, ampleness is equivalent to the condition that A = Zi¢ 7 Niw;, with all

An important line bundle on X is the canonical bundle Ky = A“™X)TX* where

TX* is the cotangent bundle of X and ¢;(Kx) = —>_ cp, @ so that it is never nef.

Definition 5.2.3. Let X be a projective manifold whose canonical bundle is not

nef and let L be an ample line bundle on X. The nef value of L denoted

T(X,L)=inf{p/qe Q: K ® L is nef}.

In the case that X = G/P, where P is the maximal parabolic subgroup correspond-
ing to I = {1,---,4,---,r} and L = L, it can be shown that 7(X,L) = ¢ (X)
([25]), and therefore by Proposition 4.1.3, we have:

Proposition 5.2.1.
2k;g
& Sn@)‘

n,; *

T(X,L) =1 (X) = (

5.2.1 Nef values and dual varieties

For a smooth projective variety X imbedded in P(I'™*) via the global sections of a
very ample line bundle L, there is a connection between the nef value 7(X, L) and

the codimension of the variety X’ C PN of hyperplanes tangent to X, known as the

29
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dual or discriminant variety of X. The defect of (X, L) is defined to be
def(X,L) = codim X' — 1,

and most smooth varieties have defect 0.

If def(X, L) > 0, then ([28])
def(X,L) =2(r(X,L) — 1) — dim X.

Essentially the only known examples of smooth varieties with positive defect are
homogeneous. An important role in finding them is played by the homogeneous space
X = G®/P where P is a maximal parabolic. In these cases our results from Chapter
4 give formulae for def(X, L) and therefore the quantity 2(7(X,L) — 1) — dim X
can be evaluated to determine in which cases def(X, L) is positive. From Theorem

4.1.5, we have:

Theorem 5.2.2. (i) If n{ =1, then

dim(X) = (2gk; — s1)ki{wi, wi)

(ii) For n > 2, then:

dim(X):{m[1+—---+

In particular:
Corollary 5.2.3. (i) Ifnd =1, then 2(7(X,L)—1)—dim X = (2 — (w;, w;))g — 2.

(i) If w; is the highest root, then 2(7(X,L) — 1) — dim X = —1

Proof. (i) We note that when n® = 1, then k; = 1 and s; = g. (ii) By Theorem
4.1.5, dim(X) = 2¢g — 3, therefore

2(r(X,L)—1)—dimX =2(g —2) — (29 — 3) = —1.
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In the case where w; = @, then k; = 1 and s, = 1. Using Theorem 4.1.5, the

formulae follows. O
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Appendix A

In this chapter, we provide the root tree for D, and Ds. The labelling on each node
is its coefficients when expressed with respect to the fundamental weights and the

number on each edge is the simple reflection used to generate each node.

A.1 Root tree for D,

0100

10 — 11 101 — 1 —1011

11-1-1 —11 —-11 —111 -1

2 — 100 0 — 102 —12-1-1 0—120

Figure A.1: The Root tree for Dy
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A.2. ROOT TREE FOR Ds APPENDIX A.

A.2 Root tree for D;

01000
1—1100
—10100 10 — 111

100 — 11 1001 -1

~1101 -1 0— 1011 =0’ ~110 — 11 101 —1—1

0—111 -1 0—-11-11 —111-1-1 11 — 100

00 — 120 00 — 102 0—-12—-1-1 —12 — 100 2 — 1000

Figure A.2: The Root tree for Dy
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Appendix B

We now provide tables of the positive roots, along with some useful information,
such as the dual coxeter and coxeter numbers. These tables can be an aid in seeing

the various theorems in action.

B.1 Positive roots of A,

Given A, then h=g=mn+ 1.

No. | ht | a=)""_nfo; | Y., miw;
T (1] (1,0,0,0) | (2100
2 | 1| (0,1,0,0) |(=1,2,—1,0)
3 11| (0,0,1,0) |(0,-1,2 —1)
4 | 1] (0,001 | (0,0-1,2)
5 12| (1,1,0,0) (1,1, —1,0)
6 | 2| (0,1,1,0) |(=1,1,1,—1)
7 12| (0,011 (0,-1,1,1)
8 | 3| (1,,1,1,0) | (1,0,1,-1)
9 | 3] (01,1,1) (—1,1,0,1)
10| 4] (1,1,1,1) (1,0,0,1)

Table B.1: Positive roots of A4
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B.2. POSITIVE ROOTS OF Bs

B.2 Positive roots of Bj

Given B, then h =2n and g =2n — 1
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Table B.2: Positive roots of Bj
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B.3. POSITIVE ROOTS OF B;

B.3 Positive roots of B;

Given B, then h =2n and g =2n — 1
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Table B.3: Positive roots of Bs
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B.4. POSITIVE ROOTS OF Cjs

B.4 Positive roots of (4

Given (), then h =2n and g =n +1
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Table B.4: Positive roots of Cs
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B.5. POSITIVE ROOTS OF C,

B.5 Positive roots of (4

Given (), then h =2n and g =n +1
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Table B.5: Positive roots of Cy
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B.6. POSITIVE ROOTS OF D,

B.6 Positive roots of D,

Given D,, then h = g = 2n — 2.
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Table B.6: Positive roots of Dy
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B.7. POSITIVE ROOTS OF D;

B.7 Positive roots of D

Given D,, then h = g = 2n — 2.
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Table B.7: Positive roots of Dy
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B.8. POSITIVE ROOTS OF Eg

B.8 Positive roots of Fj

Given Fg then h = g = 12.
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B.9. POSITIVE ROOTS OF E;

B.9 Positive roots of F;

Given E; then h = g = 18.
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B.9. POSITIVE ROOTS OF E;
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B.10. POSITIVE ROOTS OF Eg

B.10 Positive roots of Fj

Given FEg then h = g = 30.
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B.10. POSITIVE ROOTS OF Eg
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Table B.13: Positive roots of FEg
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No. | ht | a=>_ nfq Do miw;

92 [ 15| (1,1,2,3,3,2,2,1) | (0,—1,0,0,1, 1,1,0)
93 | 16| (1,2,3,4,3,2,1,0) | (—1,0,1,0,0,0,0, 1)
04 |16 | (1,2.2,4.3,2.1,1) | (0,0,~1,1,0,0,—1,1)
95 | 16 | (1,2,2,3,3,2,2,1) | (0,1,0,-1,1,-1,1,0)
96 | 16 | (1.1.2,3.3.3.2,1) | (0,—1,0,0,0,1,0,0)
07 | 17| (2,2,3,4,3,2,1,0) | (1,0,0,0,0,0,0, 1)
98 | 17| (1,2,3,4,3,2,1,1) | (=1,0,1,0,0,0,—1,1)
99 | 17| (1,2,2,4,3,2,2,1) | (0,0, — 1,1,0 ~1,1,0)
100 | 17 | (1,2,2,3,3,3,2,1) | (0,1,0,—1,0,1,0,0)
101 | 18 | (2,2,3,4,3,2,1,1) | (1,0, 0,0,0,0, ~1,1)
102 18| (1,2,3,4.3,2.2.1) | (—1,0,1,0,0,—1,1,0)
103 | 18| (1,2,2,4,3,3,2,1) | (0,0,—1,1,~1,1,0,0)
104 [ 19 ] (2,2,3,4,3,2,2,1) | (1,0,0,0,0,—1,1,0)
105 | 19 | (1,2,3,4,3,3,2,1) | (—1,0,1,0,—1,1,0,0)
106 | 19 | (1,2,2,4,4,3,2,1) | (0,0,—1,0,1,0,0,0)
107 | 20 | (2,2,3,4,3,3,2,1) | (1,0,0,0,—1,1,0,0)
108120 | (1,2.3,4.4,3.2.1) | (—1,0,1,—1,1,0,0,0)
109 | 21| (2,2,3,4,4,3,2,1) | (1,0,0,1,1,0,0,0)
110 | 21 | (1,2,3,5,4,3,2,1) | (—1,—1,0,1,0,0,0,0)
11| 22 | (2,2,3,5,4,3,2,1) | (1, -1, ~1,1,0,0,0,0)
112 122 | (1,3.3,5.4,3.2,1) | (—1,1,0,0,0,0,0,0)
113123 | (2,3.3,5.4,3.2.1) | (1,1,—1,0.0,0,0,0)
114 | 23 | (2,2,4,5,4,3,2,1) | (0,-1,1,0,0,0,0,0)
115 | 24 | (2,3,4,5,4,3,2,1) | (0,1,1,~1,0,0,0,0)
116 | 25 | (2,3,4,6,4,3,2,1) | (0,0,0,1,~1,0,0,0)
117 | 26 | (2,3,4,6,5,3,2,1) | (0,0,0,0,1,~1,0,0)
118 | 27 | (2,3,4,6,5,4,2,1) | (0,0,0,0,0,1, —1,0)
119 | 28 | (2,3,4,6,5,4,3,1) | (0,0,0,0,0,0,1, —1)
120 | 29 | (2,3,4,6,5,4,3,2) | (0,0,0,0,0,0,0,1)

Table B.14: Positive roots of Fg
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B.11. POSITIVE ROOTS OF F;

B.11 Positive roots of F)

Given F; then h =12 and g =9
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Table B.15: Positive roots of Fj
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B.12. POSITIVE ROOTS OF G, APPENDIX B.

B.12 Positive roots of GG

Given Gj then h =6 and g = 4.

No. | ht | a=_nfa; | Y. miw;
1|1 1,0) (2,-1)
2 |1 0,1) (=3,2)
3 |2 (1,1) (~1,1)
4|3 (2,1) (1,0)
5 | 4 (3,1) (3,-1)
6 | 5 (3,2) (0,1)

Table B.16: Positive roots of Go
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