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ñMathematics is much more than a language for dealing with the physical world. 

It is a source of models and abstractions which will enable us to obtain amazing new 

insights into the way in which nature operates. 

Indeed, the beauty and elegance of the physical laws themselves are only apparent when 

expressed in the appropriate mathematical framework.ò 

Melvin Schwartz (In Principles of Electrodynamics, 1972) 

 

 

 

ñEven if I should be right in this, I do not know whether my way of approach is really the 

best and simplest. But, in short, it was mine.ò 

Erwin Schrödinger (In What is Life?, 1944) 
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ABSTRACT 

The overall objective of this thesis is to provide a new understanding of the mechanisms 

that drive cell spreading and remodelling, and to extend this understanding to remodelling 

at a tissue and organ level. 

A steady-state adaptation of the thermodynamically motivated stress fibre (SF) model of 

Vigliotti et al. (2015) is implemented in a non-local finite element setting, where global 

conservation of cytoskeletal proteins and binding integrins is considered. We present a 

number of simulations of cell spreading in which we consider a limited subset of the 

possible deformed spread-states assumed by the cell, to examine the hypothesis that free 

energy minimization drives the process of cell spreading. Simulations suggest that cell 

spreading can be viewed as a competition between (i) decreasing cytoskeletal free energy 

due to strain induced assembly of cytoskeletal proteins into contractile SFs, and (ii) 

increasing elastic free energy due to stretching of the mechanically passive components 

of the cell. The computed minimum free energy spread area is shown to be lower for a 

cell on a compliant substrate than on a rigid substrate. Furthermore, a low substrate ligand 

density is found to limit cell spreading. The predicted dependence of cell spread area on 

substrate stiffness and ligand density is in agreement with the experimental 

measurements. Experiments of cells adhering to ñV-shapedò and ñY-shapedò ligand 

patches are also simulated, and analysis reveals that deformed configurations with the 

lowest free energy exhibit a SF distribution that corresponds to experimental 

observations.  

The equilibrium statistical mechanics framework developed by Shishvan et al. (2018) 

allows for the simulation of the homeostatic ensemble for cells on an elastic substrate. 

This framework is expanded to describe the free energy associated with formation of focal 

adhesions between the cell and substrate. The extended model is shown to predict the 

effects of substrate stiffness and surface collagen density on the response of spread cells, 

as reported experimentally by Engler et al. (2003). Alteration of the surface collagen 

density directly affects formation of adhesion complexes and the associated free energy. 

At a low collagen density there is a high probability cells will assume rounded 

morphologies with low spread areas. With increasing collagen densities, the probability 

of cells becoming highly spread with irregular morphologies increases. The influence of 

substrate stiffness is shown to be highly coupled with surface collagen density. Elastic 

free energy associated with substrate deformation lowers the probability of observing a 

highly spread cell, thereby altering the tractions that influence assembly of adhesion 

complexes. The homeostatic ensemble for cells, expanded to include focal adhesion 

formation, provides new insight into observed cell behaviour on deformable collagen 

coated substrates. 

The active cytoskeleton is known to play an important mechanistic role in cellular 

structure, spreading, and contractility. Contractility is actively generated by SFs, which 

continuously remodel in response to physiological dynamic loading conditions. The 

influence of actin-myosin cross-bridge cycling on SF remodelling under dynamic loading 
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conditions has not previously been uncovered. A novel SF cross-bridge cycling model is 

developed to predict transient active force generation in cells subjected to dynamic 

loading. Rates of formation of cross-bridges within SFs are governed by the chemical 

potentials of attached and unattached myosin heads. This transient cross-bridge cycling 

model is coupled with a thermodynamically motivated framework for SF remodelling to 

analyse the influence of transient force generation on cytoskeletal evolution. The model 

is shown to correctly predict complex patterns of active cell force generation under a 

range of dynamic loading conditions, as reported in previous experimental studies. 

In order to bridge the gap between cell and organ level remodeling, a thorough 

understanding of the passive tissue mechanics is required. While the anisotropic 

behaviour of the complex composite myocardial tissue has been well characterized in 

recent years, the compressibility of the tissue has not been rigorously investigated to date. 

Experimental evidence is presented that passive excised porcine myocardium exhibits 

volume change under tensile and confined compression loading conditions. To simulate 

the multi-axial passive behaviour of the myocardium a nonlinear volumetric hyperelastic 

component is combined with the well-established Holzapfel-Ogden anisotropic 

hyperelastic component for myocardium fibres. This framework is shown to describe the 

experimentally observed behaviour of porcine and human tissues under shear and biaxial 

loading conditions. A representative volumetric element (RVE) of myocardium tissue is 

constructed to parse the contribution of the tissue vasculature to observed volume change 

under confined compression loading. Simulations of the myocardium microstructure 

suggest that the vasculature cannot fully account for the experimentally measured volume 

change. Additionally, the RVE is subjected to six modes of shear loading to investigate 

the influence of micro-scale fibre alignment and dispersion on tissue-scale mechanical 

behaviour. 

Hypertrophy of the ventricular myocardium develops following a change in 

cardiovascular loading conditions. The current understanding is that disease progression 

may be stress or strain driven, but the multi-scale nature of the cellular remodelling 

processes have yet to be uncovered. A model of the contractile left ventricle is developed, 

with active cell tension described by a thermodynamically motivated cross-bridge cycling 

model. Simulation of the transient recruitment of myosin results in correct patterns of 

ventricular pressure predicted over a cardiac cycle. A myofibril remodelling framework 

is coupled with the cross-bridge cycling model to investigate how deviations in the 

transient force generation drive restructuring of cellular myofibrils in the heart wall. 

Analyses reveal that pathological loading conditions can significantly alter actin-myosin 

cross-bridge cycling over the course of the cardiac cycle. The resultant alteration in 

sarcomere stress pushes an imbalance between the internal free energy of the myofibril 

and that of unbound contractile proteins, which onsets remodelling. Myofibril 

remodelling associated with concentric and eccentric hypertrophy is predicted to occur 

following periods of hypertension and volume overload, respectively. The link between 

cross-bridge thermodynamics and myofibril remodelling proposed may significantly 

advance current understanding of cardiac disease onset. 

 



 

v 

ACKNOWLEDGEMENTS 

First and foremost, I need to sincerely thank my supervisor, Dr. Patrick McGarry, for his 

enthusiasm, time, and willingness to let me argue my corner until I figure out why Iôm 

wrong. Pat has impressed on me an immense appreciation for modelling and mechanics, 

and I canôt thank him enough for his support over the past few years.  

I would also like to thank Prof. Vikram Deshpande and co. in Cambridge. During my 

PhD research Iôve be fortunate to collaborate with Vikram on several projects. A true 

example of a scholar who believes we should never stop learning. 

I owe much to the other members of the McGarry research group at NUI Galway. Dave 

and Noel, Iôm so sorry for my endless questions and bothering during my first year! Thank 

you both so much for all the help. Thanks to Lizanne, who we can always depend on, you 

kept me focused on what is most important ï banter and stories. Thanks to Breeen, who 

I know I can annoy endlessly, you have been a solid friend since I came to Galway 8 years 

ago. Also Catherine, Brian, Jamie, Sarah, Enda, Diarmaid, Ryan, and honorary row 

member Ciara ï thank you for the conference craic, vino, poker, and day-to-day support. 

Youôve all been fantastic to work alongside. 

To all the NUIG postgrads (the numbers have become too high to thank individually!), 

thanks for all the tea, cake, tag rugby, and nights out. In particular thanks to Ed, Myles, 

and Niall for the broad and interesting lunchtime chats, and to Eimear for always twisting 

my arm for a pint. 

Thanks to Dave and all technical staff at NUIG, including William who is always reliable 

for a quiz, cake, or hunting down a Matlab purchase order.  

I would like to thank my funding sources, both the Irish Research Council and the 

Hardiman scholarship at NUI Galway. I would also like to acknowledge the Irish Centre 

for High-End Computing (ICHEC) for the provision of essential computational facilities 

and technical support. 

To all the housemates and friends from Galway and home (ñthe bhoysò), thanks for all 

the music, chats, and chances to get away. I know youôll always keep me good and 

humble. 

I need to thank my family (Sharon, Ron, and Éille) for helping me get to where I am 

today, and for putting up with my infrequent visits home over the past few years. Finally, 

thanks to Maud for all the love and support, whoôs battled through her own PhD alongside 

me, and our pup Thea, for comfort at times when I was a little bit lost.  

 



 

vi 

PUBLICATIONS, CONFERENCE PROCEEDINGS, AND PRIZES 

First -author journal publications 

Chapter 2: 

McEvoy, E., Deshpande, V.S., McGarry, J.P., (2017). Free energy analysis of cell 

spreading. Journal of the Mechanical Behaviour of Biomedical Materials 74.  

 

Chapter 3: 

McEvoy, E., Shishvan, S.S., Deshpande, V.S., McGarry, J.P., (2018). Thermodynamic 

modelling of the statistics of cell spreading on ligand coated elastic substrates. 

Biophysical Journal  

 

Chapter 4:  

McEvoy, E., Deshpande, V.S., McGarry, J.P., (2019). Transient active force generation 

and stress fibre remodelling in cells under cyclic loading. Biomechanics and Modelling 

in Mechanobiology  

 

Chapter 5: 

McEvoy, E., Holzapfel, G.A., McGarry, J.P., (2018).  Compressibility and anisotropy of 

the ventricular myocardium: experimental analysis and microstructural modelling. 

Journal of Biomechanical Engineering.  

 

Chapter 6: 

McEvoy, E., Wijns, W., McGarry, J.P. (TBD). Contractility and remodelling of the left 

ventricular myocardium. In preparation for submission to the Journal of the Royal Society 

Interface 

 

 

Other journal contributions  

Reynolds, N.H., McEvoy, E., McGarry, J.P., (2019). Investigation of cell behaviour in 

biaxially and uniaxially constrained tissues subjected to cyclic deformation. Biomaterials 

(in review) 

 



 

vii  

International conference proceedings 

McEvoy, E., Shishvan, S.S., Deshpande, V.S., McGarry, J.P. (2018). A thermodynamic 

framework for cell spreading and dynamic contractility. 8th World Congress of 

Biomechanics (WCB) 2018, Dublin, Ireland 

 

McEvoy, E., Holzapfel, G.A., McGarry, J.P. (2018). A micro-structural model of the 

ventricular myocardium. 10th European Solid Mechanics Conference (ESMC) 2018, 

Bologna, Italy 

 

McEvoy, E., Shishvan, S.S., McGarry, J.P., Deshpande, V.S. (2017). Modelling cell-

substrate interaction to investigate the influence of collagen density and stiffness on cell 

spreading. International Conference of Biomedical Technology (ECCOMAS) 2017, 

Hannover, Germany 

 

McEvoy, E., Shishvan, S.S., Deshpande, V.S., McGarry, J.P. (2017). A thermodynamic 

statistical mechanics model to investigate the influence of ligand density and substrate 

stiffness on cell spreading. Summer Biomechanics, Bioengineering, and Biotransport 

Conference 2017, Tucson, USA 

 

McEvoy, E., Ristori, T., Loerakker, S., Deshpande, V.S., McGarry, J.P. (2016). Analysis 

of cell spreading on micropatterned substrates using a thermodynamically consistent non-

local active model. Summer Biomechanics, Bioengineering, and Biotransport Conference 

2016, Washington DC, USA 

 

 

Research has also been disseminated at the following national conferences and meetings: 

- Bioengineering in Ireland (2015, 2016, 2017, 2018) 

- Sir Bernard Crossland Symposium (2016) 

- Matrix Biology Ireland (2017) 

- Joint Meeting for the Irish Mechanics Society (IMS) and the Irish Society for 

Scientific Engineering & Computation (ISSEC) (2015) 

 

 

 

 

 

 



 

viii  

International prizes 

3rd Prize in the Cardiovascular Mechanics and Cell Biomechanics PhD paper competition 

at the World Congress of Biomechanics (WCB) 2018, Dublin, Ireland, for paper entitled 

ñA thermodynamic framework for cell spreading and dynamic contractilityò. 

 

3rd Prize in the Biomaterials and Material-Cellular Interaction PhD paper competition at 

the Summer Biomechanics, Bioengineering, and Biotransport Conference 2017, Tucson, 

USA, for paper entitled ñA thermodynamic statistical mechanics model to investigate the 

influence of ligand density and substrate stiffness on cell spreadingò. 

 

National prizes 

3rd Prize in PhD Paper Competition at the 19th Annual Sir Bernard Crossland Symposium, 

QUB, NI, 2016, for paper entitled ñA multi-scale framework for the remodelling of 

cardiac cells and tissueò. 

 

1st Prize for Best Overall Paper in Biomechanics at the 22nd Annual Conference of the 

Royal Academy of Medicine in Ireland (BINI22) in Galway, Ireland, for paper entitled 

ñModelling of the ventricular myocardium: anisotropy, compressibility, and 

contractilityò



 

ix 

CONTENTS 

Abstract                                                                                                           iii  

Acknowledgements                                                                                         v 

List of publications, conference proceedings, and prizes                             vi 

 

1. Introduction  and background ................................................................ 1 

1.1.   Introduction to thesis and structure...................................................................... 1 

      1.1.1.   Objectives ................................................................................................ 2 

      1.1.2.   Thesis structure........................................................................................ 3 

1.2.   Established theory ................................................................................................ 6 

      1.2.1.   Contiuum mechanics ............................................................................... 6 

      1.2.2.   Finite element method ........................................................................... 14 

1.3.   Background and literature ................................................................................. 20 

      1.3.1.   Cell structure and forces ........................................................................ 20 

      1.3.2.   Computational cell modelling ............................................................... 25 

      1.3.3.   Cardiac myocardium ............................................................................. 32 

Bibliography ............................................................................................................... 40 

 

2. Free energy analysis of cell spreading ................................................. 49 

2.1.   Introduction ....................................................................................................... 49 

2.2.   Modelling framework ........................................................................................ 52 

      2.2.1.   Framework for stress fibre remodelling and contractility ..................... 52 

      2.2.2.   Framework for focal adhesion development ......................................... 61 

      2.2.3.   Material parameters ............................................................................... 65 

2.3.   2D analysis of cell spreading on infinite flat substrates .................................... 67 

2.4.   2D analysis of circular spreading on micro-patterned substrates ...................... 72 

2.5.   Discussion .......................................................................................................... 78 

2.6.   Concluding remarks ........................................................................................... 82 

Appendix 2.A: Comparison with previous models .................................................... 83 

Bibliography ............................................................................................................... 84 



 

x 

3. Thermodynamic modelling of the statistics of cell spreading on ligand 

coated elastic substrates .................................................................... 86 

3.1.   Introduction........................................................................................................ 86 

3.2.   Methodology ...................................................................................................... 88 

      3.2.1.   Overview of the homeostatic mechanics framework ............................ 88 

      3.2.2.   Gibbs free-energy of a morphological state .......................................... 89 

      3.2.3.   Adhesion complexes between the cell and the extracellular collagen .. 91 

3.3.    Results and discussion ...................................................................................... 96 

      3.3.1.   Spread dependence of cells on surface collagen density ....................... 96 

      3.3.2.   Influence of substrate stiffness on cell spreading .................................. 98 

      3.3.3.   Coupled dependence of collagen density and substrate stiffness .......... 99 

      3.3.4.   Experimental support for predicted cell behaviour ............................. 101 

      3.3.5.   Thermodynamically motivated insights for predicted cell behaviour . 103 

3.4.   Concluding remarks ......................................................................................... 108 

Extended data ........................................................................................................... 111 

Appendix 3.A: Supplementary information ............................................................. 115 

      3.A.1.   The homeostatic mechanics framework ............................................. 115 

      3.A.2.   The equilibrium Gibbs free-energy of a morphological microstate ... 119 

Bibliography ............................................................................................................. 129 

 

4. Transient active force generation and stress fibre remodelling in cells 

under cyclic loading ......................................................................... 132 

4.1.   Introduction...................................................................................................... 132 

4.2.   Model development ......................................................................................... 135 

      4.2.1.   Cross-bridge modelling ....................................................................... 135 

      4.2.2.   Remodelling of stress fibres ................................................................ 140 

      4.2.3.   Non-linear viscoelastic component ..................................................... 143 

      4.2.4.   Modelling parameters .......................................................................... 144 

4.3.   Summary of Wille et al. dynamic cell deformation experiments .................... 146 

4.4.   Computational methods ................................................................................... 148 

4.5.   Results and discussion ..................................................................................... 150 

      4.5.1.   Key trends predicted by model ............................................................ 150 

      4.5.2.   Mechanisms underlying observed trends in cell force generation ...... 151 

      4.5.3.   Passive non-linear viscoelastic force contribution .............................. 154 



 

xi 

      4.5.4.   Investigation of stretch activated cell signalling ................................. 155 

      4.5.5.   Steady state simulations ...................................................................... 157 

4.6.   Concluding remarks ......................................................................................... 159 

Appendix 4.A: Non-linear viscoelastic model ......................................................... 162 

Appendix 4.B: Phenomenological modelling of transient contractility ................... 165 

Bibliography ............................................................................................................. 168 

 

5. Compressibility and anisotropy of the ventricular myocardium: 

experimental analysis and microstructural modelling ................. 171 

5.1.   Introduction...................................................................................................... 171 

5.2.   Compressibility and continuum modelling of myocardium ............................ 173 

      5.2.1.   Experimental methods ......................................................................... 173 

      5.2.2.   Compressible constitutive law for the myocardium ............................ 176 

      5.2.3.   Experimental results and simulations .................................................. 178 

      5.2.4.   Modelling the behaviour of human tissue ........................................... 181 

5.3.   Microstructural modelling ............................................................................... 183 

      5.3.1.   RVE constituent materials ................................................................... 184 

      5.3.2.   RVE results and discussion ................................................................. 189 

5.4.   Concluding remarks ......................................................................................... 193 

Appendix 5.A: Evidence of weak anisotropy in compression ................................. 195 

Bibliography ............................................................................................................. 197 

 

6. Contractility and remodelling of the left ventricular myocardium 200 

6.1.   Introduction...................................................................................................... 200 

6.2.   Computational methodology ........................................................................... 202 

      6.2.1.   Passive mechanics ............................................................................... 202 

      6.2.2.   Cross-bridge modelling ....................................................................... 203 

      6.2.3.   Myofibril remodelling ......................................................................... 206 

      6.2.4.   Finite element modelling ..................................................................... 209 

      6.2.5.   Modelling parameters .......................................................................... 213 

6.3.   Results ............................................................................................................. 214 

6.4.   Concluding remarks ......................................................................................... 220 

Bibliography ............................................................................................................. 223 

 



 

xii  

7. Concluding remarks ........................................................................... 226 

7.1.   Summary of key contributions ......................................................................... 226 

7.2.   Future perspectives .......................................................................................... 227 

Bibliography ............................................................................................................. 235 

 

  

 



Chapter 1 

1 

CHAPTER 1 

INTRODUCTION AND BACKGROUND 

 

1.1. Introduction to thesis and structure 

Cells do not make decisions in a classical conscious sense (Perkins and Swain 2009; 

Balázsi et al. 2011). It is known that they respond to mechanical and biochemical cues 

from their surrounding environment, such as an substrate ligand density (Gaudet et al. 

2003) or a glucose source (Adler et al. 1973). However, the underlying mechanisms by 

which cells respond to mechanical cues are not well understood. A cell will typically 

spread to a higher area on a stiff substrate than on a soft one (Engler et al. 2003). 

Furthermore, differentiation may be controlled by constraining the cells to patches of 

different shapes (Kilian et al. 2010), and cells can even correctly traverse complex mazes 

in response to applied chemical gradients (Skoge et al. 2016).  

At a tissue level, pathological remodelling is a leading cause of death and debilitation. In 

the heart wall, for example, cells grow and synthesize thicker tissue following extended 

periods of high blood pressure (Rossi 1998). While clinically it is established that such 

hypertrophy is a comorbidity of hypertension, the mechanisms relating the cellular 

response to the environmental alteration are not known. There have been many recent 
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frameworks for phenomenological tissue level remodelling (Rodriguez et al. 1994; 

Humphrey and Rajagopal 2002; Rausch et al. 2011), but none explicitly represent such 

phenomena as  cell driven processes. Such models will remain limited in their predictive 

power and insight until the mechanisms underlying cell remodelling are better 

understood. In order to develop next generation computational models to guide clinical 

strategies to counter pathological remodelling, an understanding of what fundamentally 

drives such cell behaviour must first be established.  

1.1.1. Objectives 

The overall objective of this thesis is to provide a new understanding of the mechanisms 

that drive cell spreading and remodelling, and to extend this understanding to remodelling 

at a tissue and organ level. Novel complex computational methodologies are developed, 

including a thermodynamic description of stress fibre formation, dynamic contractility, 

focal adhesion development, and passive tissue mechanics. The specific aims of the 

current research are given as follows: 

1. To provide a fundamental analysis of the system free energy in the spreading of 

single cells; 

2. To investigate the constraint of homeostasis on the spreading behaviour of a cell 

population; 

3. To uncover the link between cross-bridge dynamics and stress fibre remodelling 

in cells under long term loading; 

4. To determine the compressibility and anisotropy of the passive myocardial tissue 

at a continuum level and the micro-scale; 

5. To develop a model of the contractile left ventricle, and investigate the interaction 

between pathological loading and cellular remodelling in the heart wall. 
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1.1.2. Thesis structure  

This manuscript is presented under the category of an ñArticle-Basedò thesis. Five journal 

papers (four published, one in preparation) form the backbone of the thesis (Chapters 2-

6). A brief outline of each chapter is given as follows: 

 

Chapter 1: The remaining sections of the current chapter present an overview of 

established theory and relevant literature. In Section 1.2 an overview of relevant theory 

of continuum mechanics and finite element analysis is provided. The theoretical concepts 

introduced here are used in the development and implementation of the numerical 

formulations in the subsequent technical chapters. Section 1.3 provides a general 

literature review on cell and tissue mechanics. In particular, the structure of the cell and 

cytoskeleton, and current approaches to computational modelling of cells and tissue are 

discussed. In addition to the general and broad review of the literature provided in the 

current chapter, a focused analysis of relevant literature is also provided within each 

technical chapter (Chapters 2-6). 

 

Chapter 2: I examine the hypothesis that free energy minimization drives the process of 

cell spreading. Simulations suggest that spreading can be viewed as a competition 

between (i) decreasing cytoskeletal free energy due to strain induced assembly of 

cytoskeletal proteins into contractile fibres, and (ii) increasing elastic free energy due to 

stretching of the mechanically passive components of the cell. Predicted stress fibre (SF) 

and focal adhesion distributions are shown to correspond closely with experimental 

observations of cell spreading on ligand patterned substrates Théry et al. (2006). 
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Chapter 3: The homeostatic ensemble for cells (as proposed by Shishvan et al. (2018)) 

is expanded to include the free energy associated with formation of adhesion complexes 

between the cell and substrate. At a low surface collagen density there is a high 

probability cells will assume rounded morphologies with low spread areas. As the 

collagen density increases, the probability of cells becoming highly spread with more 

irregular morphologies increases. This statistical mechanics framework provides new 

insight into observed cell behaviour on deformable collagen coated substrates (as reported 

experimentally by Engler et al. (2003)). 

 

Chapter 4: A novel cross-bridge cycling model is developed, and coupled with the 

Vigliotti et al. (2015) framework for SF remodelling to describe the dynamic behaviour 

of the active cytoskeleton. The combined framework provides insight to the mechanisms 

underlying transient cell force generation during cyclic loading (in relation to the 

experiments of Wille et al. (2006)). A direct link is established between (i) the influence 

of loading on nanoscale cross-bridge interactions, (ii) the consequential chemical 

potential imbalance between the attached and detached myosin heads, (iii) the sarcomere 

stress associated with the number of cycling myosin heads, and (iv) the SF concentration 

in the cell.   

 

Chapter 5: Experimental evidence that passive excised porcine myocardium exhibits 

volume change is presented. To simulate the multi-axial passive behaviour of the 

myocardium a nonlinear volumetric hyperelastic component is combined with the well-

established Holzapfel and Ogden (2009) anisotropic model for myocardium. This 

framework is also shown to describe the experimentally observed behaviour of porcine 

and human tissue under shear and biaxial loading conditions. A representative volumetric 
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element (RVE) of myocardium tissue is constructed to parse the contribution of the tissue 

vasculature to observed volume change under confined compression loading. The RVE 

is additionally subjected to six modes of shear loading to investigate the influence of 

micro-scale fibre alignment and dispersion on tissue-scale mechanical behaviour. 

 

Chapter 6: The cross-bridge framework developed in Chapter 4 is incorporated into a 

contractile model of the left ventricle to examine tissue remodelling associated with 

cardiac hypertrophy. Physiological levels of ventricular pressure are simulated for healthy 

conditions, and steady state values of the myofibril concentration and number of in-series 

sarcomeres (within cells) are determined. Simulation of pathological conditions uncovers 

a mechanism by which changes to the mechanical environment result in altered actin-

myosin cross-bridge cycling, in turn driving remodelling of myofibrils in the heart wall. 

 

Chapter 7: A discussion of key thesis contributions and future perspectives is provided. 
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1.2. Established theory 

1.2.1. Contiuum mechanics 

Contiuum mechanics deals with the analysis of kinematics and the mechanical behaviour 

of materials on a macroscale. In this section the essential elements required for 

interpretation of the subsequent chapters are outlined. For a more in-depth description the 

reader is referred to Atkin and Fox (2005) and Holzapfel (2000). Note that vectors, 

matrices, and tensors are denoted by bold typeface. Index notation is often employed to 

simplify the representation of vector equations. For example, the dot product of two 3D 

vectors (ἽȟἾ) may be written using summation convention as 

ἽϽἾ όὺ όὺ όὺ όὺ όὺȟ ρȢρ 

where Ὥ ρȟςȟσ. In the case of a 3x3 tensor, the location of each component may be 

defined by subscripts ὭȟὮ ρȟςȟσ. As an example, component ὄ  is the value in the Ὥ  

row and Ὦ  column of tensor Ἄ. 

1.2.1.1. Deformation and motion 

A classical schematic of a body undergoing motion and deformation is shown in Figure 

1.1. A body, encompassing the region ɱ  in the reference configuration, undergoes a 

motion Ⱶ, such that it subsequently encompasses the region ɱ in the current 

configuration. The position of a material point ὖ in the reference configuration, with 

respect to the origin ὕ, is denoted by the vector ἦ. A vector such as ἦ can be described 

for all points within the region ɱ , known as the material (Lagrangian) coordinates. In 

the current configuration, the position of ὖ may be defined by 

ὀ ⱵἦȟὸȢ ρȢς 
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The coordinates of ὀ are referred to as the spatial (Eulerian) coordinates. The 

displacement Ἵ of material point ὖ between the reference and current configuration is 

therefore Ἵ ὀ ἦ. This may be arranged in terms of ἦ and ὸ as 

Ἵ  Ⱶἦȟὸ ἦȢ ρȢσ 

Consider there exists a second material point ὗ on the body in the region ɱ , and an 

infinitesimal line element Ὠἦ is bound by points ὖ and ὗ. This is transformed to Ὠὀ in 

the current configuration through the deformation gradient ἐ, such that: 

ἐ
ЋⱵ

Ћἦ
ḳ
Ћὀ

Ћἦ
Ȣ ρȢτ 

The determinant of ἐ is known as the Jacobian of the deformation gradient. It denotes the 

ratio of the volume change from the reference and current configurations at material point 

ὖ, with 

ὐḳÄÅÔἐȢ ρȢυ 

The velocity of material point ὖ is given as 

Ἶ
‬ὀ

‬ὸ
ȟ ρȢφ 

where the partial derivative with respect to time is equivalent to the rate of change of ὀ 

for a fixed ἦ. The spatial velocity gradient Ἐ follows as: 

Ἐ
‬Ἶ

‬ὼ
Ȣ ρȢχ 

This may also be calculated as Ἐ ἐἐ , where ἐ is the time derivative of the 

deformation gradient. The spatial velocity gradient is commonly additively decomposed 

into the symmetric rate of deformation tensor Ἆ and the antisymmetric spin tensor ἥ, 

with 
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Ἆ
ρ

ς
Ἐ Ἐ ȟ   ÁÎÄ ρȢψ 

ἥ
ρ

ς
Ἐ Ἐ Ȣ ρȢω 

 

Figure 1.1: Reference (initial/undeformed) and current (deformed) configurations 

of a body and associated vectors 

1.2.1.2. Strain and strain rate measures 

There are a variety of different strain measures that may be constructed from the 

deformation gradient ἐ. A commonly used strain measure is the Green-Lagrange strain 

Ἇ, defined as: 

Ἇ
ρ

ς
ἐἐ ἓȟ ρȢρπ 

where ἐ  is the transpose of ἐ and ἓ is the identity tensor. The Green-Lagrange strain 

may also be stated in index notation, with Ὁ , such that the 
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infinitesimal strain is found by assuming that the product of the infinitesimals is zero, 

giving: 

‭
ρ

ς

‬ό

‬ὢ

‬ό

‬ὢ
Ȣ ρȢρρ 

The right Cauchy-Green tensor Ἅ, defined in material (Lagrangian) coordinates, is often 

used as a fundamental measure of deformation in hyperelastic constitutive laws. It is 

given by: 

Ἅ ἐἐȢ ρȢρς 

The spatial (Eulerian) counterpart is known as the left Cauchy-Green deformation tensor, 

and follows as: 

Ἄ ἐἐȢ ρȢρσ 

As the deformation gradient ἐ is a well-defined second-order tensor, it may be 

decomposed into an orthogonal rotation tensor ἠ , and symmetric left (spatial) and right 

(material) stretch tensors, ἤ and ἣ, with 

ἐ ἠἣ ἤἠȢ ρȢρτ 

Deformation may therefore be considered as a stretch followed by a rotation (ἐ ἤἠ) or 

vice-versa (ἐ ἠἣ). These stretch tensors may also be related to the left and right 

Cauchy-Green tensors: 

ἤ ἌȠ       ἣ ἍȢ ρȢρυ 

The eigenvalues of ἣ are known as the principal stretches ‗, and the logarithmic strain 

tensor may be determined from ἤ: 

ÌÎἤȢ ρȢρφ 
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Recall that Ἆ is the symmetric rate of deformation tensor. The logarithmic strain rate is 

given as: 

ἎȢ ρȢρχ 

Strain invariants are often useful in defining strain-energy density functions. Three 

principal invariants may be derived from the Cauchy-Green deformation tensors as 

follows: 

Ὅ ὸὶἍ ‗ ‗ ‗ȟ ρȢρψ 

Ὅ
ρ

ς
ὸὶἍ ὸὶἍ ‗‗ ‗‗ ‗‗ȟ   ÁÎÄ ρȢρω 

Ὅ ÄÅÔἍ ὐ ‗‗‗Ȣ ρȢςπ 

 

1.2.1.3. Stress measures 

If a section is taken through a body in the current configuration (Figure 1.2), the body has 

a traction tensor Ἴ derived from surface forces, and a vector ἶ normal to the surface of 

this section. At a material point ὖ, the Cauchy stress  is a second order symmetric tensor 

of the force per unit (deformed) surface area Ὠί, given by: 

Ἴ  ἶȢ ρȢςρ 

The Kirchhoff stress  is defined as:  

ὐȟ ρȢςς 

where ὐ is the determinant of the deformation gradient ἐ, a measure of the volume change 

ratio (between current and reference configuration). The First Piola-Kirchhoff (PK1) 

stress Ἔ is defined as the force per unit (undeformed) surface area, and is often used for 

experimental convenience. The nominal stress Ἒ is the transpose of the PK1, such that 
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Ἒ Ἔ . Nansonôs formula may be used to map the PK1 stress in the reference 

configuration to the Cauchy stress in the current configuration: 

Ἔ ὐἐ Ȣ ρȢςσ 

However, the PK1 stress tensor is not necessarily symmetric. The second Piola-Kirchhoff 

(PK2) stress ἡ is closely related to the PK1 stress, but is symmetric. It is more often used 

in the composition of constitutive models, and may be expressed in terms of the Cauchy 

or PK1 stress as: 

ἡ ὐἐ ἐ Ƞ       ἡ ἜἐȢ ρȢςτ 

 

 

Figure 1.2: Traction ◄ acting on an infinitesimal surface ▀╢ with surface normal ▪ 
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1.2.1.4. Hyperelasticity 

Hyperelasticity refers to a constitutive material response that is derivable from an elastic 

free energy potential ɰ. It is particularly useful for materials that experience large 

deformation, and is widely used in the description of soft tissue mechanical behaviour. 

The second Piola-Kirchhoff stress may be defined by the derivative of ɰ with respect to 

the right Cauchy-Green tensor, such that 

ἡ ς
‬ɰἍ

‬Ἅ
Ȣ ρȢςυ 

Through the operation described in equation 1.24, this may be transformed from the 

reference configuration to the current configuration to yield the Cauchy stress. The strain 

energy potential may also be phrased in terms of the left Cauchy-Green tensor: 

ςὐ ἐ
ЋɰἍ

‬Ἅ
ἐ ςὐ Ἄ

ЋɰἌ

‬Ἄ
Ȣ ρȢςφ 

Strain energy potentials are often stated as functions of strain invariants (as defined in 

Section 1.2.1.2), with ɰἌ ɰὍȟὍȟὍ . For an isotropic strain energy potential, the 

derivative of ɰ with respect to ║ may be determined via the chain rule, such that: 

‬ɰἌ

‬Ἄ

‬ɰ

‬Ὅ

‬Ὅ

‬Ἄ

‬ɰ

‬Ὅ

‬Ὅ

ЋἌ

‬ɰ

‬Ὅ

‬Ὅ

ЋἌ
Ȣ ρȢςχ 

The derivatives of the invariants with respect to the left Cauchy-Green tensor may be 

determined, giving: 

‬Ὅ

‬Ἄ
ἓȟ       

‬Ὅ

‬Ἄ
Ὅἓ Ἄȟ       

‬Ὅ

‬Ἄ
ὍἌ Ȣ ρȢςψ 

Inserting these identities back into equation 1.26, the Cauchy stress may then be expressed 

as a function of B, with 

ςὐ Ὅ
‬ɰ

‬Ὅ
ἓ

‬ɰ

‬Ὅ
Ὅ
‬ɰ

‬Ὅ
Ἄ
‬ɰ

‬Ὅ
Ἄ Ȣ ρȢςω 
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For problems involving compressibility, it is often convenient to additively decompose 

the isochoric and volumetric response of the free energy potential: 

ɰἌ ɰ ὐ ɰ ἌȢ ρȢσπ 

Here, ɰ ὐ is the volumetric response which depends only on the volume ratio ὐ, and 

ɰ Ἄ is the isochoric response, which is a function of the isochoric form of the left 

Cauchy-Green tensor, given by Ἄ ὐ ȾἌ. This operation removes all volumetric 

contributions. Similarly, the Cauchy stress may be decoupled as follows: 

Ȣ ρȢσρ 

These stress contributions are then defined by: 

ςὐ Ἄ
‬ɰ ὐ

‬║

‬ɰ ὐ

‬ὐ
ἓȟ ρȢσς 

ςὐ Ἄ
‬ɰ Ἄ

‬Ἄ
 

ὸὶ

σ
ἓȟ ρȢσσ 

where the stress term  is given by the expression 

ςὐ Ἄ
‬ɰ Ἄ

‬Ἄ
Ȣ ρȢστ 
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1.2.2. Finite element method 

The numerical solutions of continuum mechanics problems presented in this thesis are 

solved using the finite element (FE) method. The commercially available software 

Abaqus (Dassault Systemes, RI, USA) is frequently used in the analyses within 

subsequent chapters, predominantly due to its customisability via user subroutines (for 

development of novel material laws, novel surface interaction laws, and bespoke non-

local solution schemes) and robust meshing techniques. Here, a brief background on the 

implicit FE solution scheme and user-defined material subroutines is presented. To 

facilitate this discussion, Voigt notation is employed in this section.  

1.2.2.1. Implicit solutions 

The stress state in a body is incrementally updated in the implicit FE method. Following 

an applied deformation, the stress state at time ὸ ɝὸ is solved iteratively via 

convergence of a residual force vector to zero. The Abaqus/Standard implicit solver 

implements a form of the Newton-Raphson method, as described in this section. The 

principle of virtual work (PVW) provides the fundamental equation of the finite element 

method: 

‏ Ὠɱ ἽἼὨ3ȟ‏ ρȢσυ 

where ɱ is a refence volume on which equilibrium is enforced, bounded by a surface Ὓ. 

 and Ἴ are the stress and surface tension, respectively, while ‏ and ‏Ἵ are the virtual 

strain and virtual displacement vectors. The FE approximation can then be introduced 

over every element Ὡ of volume ɱ and surface area Ὓ, allowing the displacements and 

strain to be rewritten as: 

Ἵ‏ Ἒ‏Ἵȟ ρȢσφ 

‏ Ἄ‏Ἵȟ ρȢσχ 
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where Ἒ  is the global shape function matrix, Ἄ  is a matrix of spatial gradients of the 

shape functions, and ‏Ἵ  is a vector of nodal virtual displacements. The PVW then 

becomes: 

Ἵ Ἄ Ἵ‏  Ὠɱ Ἵ Ἒ Ἴ Ὠ3ȟ‏ ρȢσψ 

Ἵ‏ Ἄ ἽὨɱ Ἵ‏ ἚἼ Ὠ3 πȟ ρȢσω 

Ἵ‏ Ἄ ἽὨɱ ἚἼ Ὠ3 πȢ ρȢτπ 

As the virtual displacement ‏Ἵ  is arbitrary, it may be stated as: 

Ἄ ἽὨɱ ἚἼ Ὠ3 πȢ ρȢτρ 

The second term is the external force vector, and may be phrased as follows: 

ἚἼ Ὠ3 ἐ Ȣ ρȢτς 

Introducing linear elasticity: 

Ἆ ἎἌἽȟ ρȢτσ 

where Ἆ is a fourth order elasticity tensor. The PVW may again be rewritten with 

consideration of linear elasticity, such that: 

ἌἎἌἽὨɱ ἐ πȟ ρȢττ 

ἌἎἌὨɱ Ἵ ἐ πȟ ρȢτυ 

ἕἽ ἐ πȟ ρȢτφ 
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where ἕ is the familiar form of the global FE characteristic/ stiffness matrix. Returning 

to the PVW as shown in equation 1.41, a set of global equations for the out of balance 

residual force ἑ (dependent on Ἵ) may be developed: 

ἑἽ Ἄ ἽὨɱ ἚἼ Ὠ3Ȣ ρȢτχ 

This non-linear set of equations must be solved for convergence to attain an equilibrium 

stress state in the body, with 

ἑἽ πȢ ρȢτψ 

For boundary value problems requiring a non-linear analysis and complex geometries, 

such a minimisation for convergence must be solved iteratively. As mentioned 

previously, the Abaqus/Standard implicit solver uses a Newton-Raphson methodology to 

step from time ὸ to time ὸ ɝὸ by taking an initial guess and iterating until the solution 

converges. In the Newton-Raphson scheme, a tangent to the function Ὢὼ is used to 

approximate to a more accurate solution: 

ὼ ὼ
Ὢὼ

Ὢ ὼ
Ȣ ρȢτω 

An accurate approximation is deemed to be obtained when a tolerance is achieved, i.e.  

ȿὼ ὼȿ ὸέὰȢ ρȢυπ 

Following an initial guess for all nodal displacements Ἵ  within an increment of an 

implicit analysis, the numerical scheme iterates until the internal forces and externally 

applied loads/boundary conditions achieve a stable equilibrium. As such, the Newton-

Raphson minimisation process is applied to the residual force vector: 

ἑἽ πȢ ρȢυρ 

For the Ὥ  iteration: 
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Ἵ Ἵ
‬ἑἽ

‬Ἵ
ἑἽ Ȣ ρȢυς 

Considering the change in nodal displacements ‬◊  gives: 

‬Ἵ Ἵ Ἵ
‬ἑἽ

‬Ἵ
ἑἽ Ȣ ρȢυσ 

This may be expressed in terms of the tangent stiffness matrix ἕ: 

ἕἽ
‬ἑἽ

‬Ἵ
ȟ ρȢυτ 

ἕἽ ‬Ἵ ἑἽ Ȣ ρȢυυ 

These are the finite element equations that must be solved during each iteration of the 

implicit method. In contrast to the linear elastic form of the FE equations given in 

equation 1.46, the solution variable in a non-linear implicit scheme is the incremental 

displacement. Finally, the tangent stiffness matrix may be expressed as: 

ἕἽ
‬ἑἽ

‬Ἵ

‬

‬Ἵ
Ἄ ἽὨɱ ἐ  

‬

‬Ἵ
Ἄ ἽὨɱ  

Ἄ
‬ Ἵ

‬Ἵ
Ὠɱ Ἄ

‬ Ἵ

‬

‬

‬Ἵ
Ὠɱ 

Ἄ
‬ Ἵ

‬
Ἄ ὨɱȢ 

ὭȢὩȢ   ἕἽ ἌἎ Ἄ Ὠɱȟ ρȢυφ 

where Ἆ  is the consistent tangent matrix, equal to the Jacobian of the constitutive law 

‬Ⱦ‬. For each iteration of the Newton-Raphson method, it is necessary to calculate and 
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invert ἕ. Although this is computationally expensive, it ensures an accurate solution is 

achieved. Additionally, it permits use of relatively large time steps when compared to 

alternative approaches such as the explicit method. For more details on the finite element 

method, the reader is referred to Bathe (2006) and Fagan (1992).  

1.2.2.2. Implementation of user defined material subroutines 

Abaqus, in addition to providing a wide library of built-in material constitutive laws, 

allows the user to define new constitutive formulations via a user defined material 

subroutine (UMAT). At each iteration within each time increment the UMAT is called 

by the main program at each integration point associated with the novel material law.  The 

material deformation is passed into the subroutine at the beginning of the increment, and 

the stress state must be calculated and passed out. Additionally, the material Jacobian 

(consistent tangent matrix) ‬ɝⱭȾ‬ɝⱠ must be computed. This defines the change in stress 

at the end of the time increment caused by an infinitesimal perturbation of the strain. A 

numerical approximation of the material Jacobian may be attained through a perturbation 

method as previously described by Miehe (1996). Such an approach has been used in non-

linear hyperelastic implementations (Sun et al. 2008; Nolan et al. 2014), and is employed 

in subsequent chapters of this thesis. The approximation uses a linearised incremental 

form of the Jaumann rate of the Kirchhoff stress: 

ɝ ɝἥ ɝἥ ᴇ ȡɝἎȟ ρȢυχ 

where  is the Kirchhoff stress, ἥ and Ἆ are the spin and rate-of deformation tensors (as 

defined in Section 1.2.1.1), and ᴇ  is the tangent modulus tensor for the Jaumann rate of 

the Kirchhoff stress. ɝἥ and ɝἎ may be stated in terms of the deformation gradient ἐ, 

such that 

ɝἥ
ρ

ς
ɝἐἐ ɝἐἐ ȟ   ὥὲὨ ρȢυψ 
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ɝἎ
ρ

ς
ɝἐἐ ɝἐἐ Ȣ ρȢυω 

Through a perturbation of the deformation gradient the tangent moduli may be 

approximated by a forward difference scheme. The perturbation is performed on every 

degree of freedom in an analysis. In a 3D analysis this requires a perturbation of ἐ six 

times (once for each independent component of ɝἎ): 

ɝἐ
‭

ς
Ὡἆ Ὡ ἐ Ὡἆ Ὡ ἐȟ ρȢφπ 

where ‭ is a small perturbation parameter, and Ὡ is the basis vector in the spatial 

description. The ótotalô perturbed deformation gradient is given by ἐ ɝἐ ἐ. The 

Kirchhoff stress (in Voigt notation) is then calculated from this perturbed deformation 

gradient, i.e. ἐ . Finally, the material Jacobian ᴇ is approximated with: 

ᴇ
ρ

ὐ
ᴇ  

ρ

ὐ‭
ἐ ἐ ȟ ρȢφρ 

where ὐ is the determinant of the deformation gradient. For each perturbation of equation 

1.61, six independent components of ᴇ will be attained in a 3D simulation, with six 

perturbations required to construct the φὼφ tangent matrix. 

In Abaqus, the user may also define contact or interaction behaviour between two 

surfaces, by means of a user defined interface subroutine (UINTER). Here the routine is 

called for every node on a slave surface, again for every iteration. The interface stresses 

(or tractions) are calculated as functions of the relative displacement between the two 

surfaces. An interface stiffness matrix ‬ἢȾ‬Ἵ, akin to the UMAT consistent tangent 

matrix, must also be updated. 
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1.3. Background and literature 

1.3.1. Cell structure and forces 

The cell is comprised of a considerable number of molecules and structures that respond 

to mechanical and chemical stimuli (Alberts 1994), including the nucleus, cytoskeleton, 

and cytoplasm. The cytoskeleton plays a dominant role in defining the mechanical 

behaviour of the cell, such as resistance to deformation (Weafer et al. 2015; Ronan et al. 

2012), generating forces than enable the cell to move and change shape (Pollard and 

Borisy 2003), and connecting physically and biochemically to the microenvironment 

(Cheng et al. 2017). Cells may interact with the surrounding extra-cellular matrix (ECM) 

or substrate via formation of focal adhesions, which transmit mechanical cues to the 

cytoskeleton (Pathak et al. 2011). The nucleus and cytoplasm also contribute a passive 

mechanical response to cell deformation (Caille et al. 2002). A brief description of the 

cellular cytoskeleton, active force generation, and adhesion development is provided in 

the following sections.  

 

Figure 1.3: Fluorescent image of the actin cytoskeleton in a single cell in 2D culture. 

Intermediate filaments are shown in red, microtubules are shown in green, and actin 

filaments are shown in blue. Image courtesy of C-A. Schoenenberger, R. Suetterlin 

(University of Basel, Switzerland). 
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1.3.1.1. Microtubules and intermediate filaments 

The cytoskeleton can be divided into three main classes of protein groups:  microtubules, 

intermediate filaments, and actin filaments. These elements are highlighted in the cell 

shown in Figure 1.3. Microtubules (Figure 1.4a) are composed of helically wound ‌- and 

‍- tubulin proteins (Martini et al. 2012), and are the largest cytoskeletal component with 

a diameter of ~25 nm (Lodish 2000). They are involved in important cell processes such 

as organelle transport and cell division (Blain 2009; Alberts 1994). In terms of a 

mechanical contribution, in-vitro studies have shown microtubules may play a role in the 

shear and compression resistance of cells (Dowling et al. 2012; Brangwynne et al. 2006). 

Intermediate filaments (Figure 1.4c) are comprised of tetrameric proteins, which 

assemble into a super-coiled sheet with a rope-like appearance (Fuchs and Weber 1994). 

They range in diameter from 8-10 nm, and are thought to anchor the nucleus within the 

cell (Dupin et al. 2011). They have been shown to play a role in resisting mechanical 

deformation (Ofek et al. 2009), though their precise function is not fully understood 

(Eriksson et al. 2009).  

1.3.1.2. Actin filaments and stress fibres 

Actin filaments (Figure 1.4b) are the primary functional cytoskeletal component in 

regulating cell mechanical behaviour (Trickey, Vail, and Guilak 2004; Yeung et al. 2005). 

G-actin (globular actin) polymerises and coils into a double-helix to create F-actin 

(filamentous actin), which often anchors to focal adhesions (Cramer et al. 1997). Actin 

filaments continually undergo polymerisation and depolymerisation, due to association 

and dissociation of G-actin at either end. Phosphorylated myosin spontaneously self-

assembles in bi-polar filaments (Alberts 1994). The actin filament interacts with myosin 

to form tightly woven bundles of ñstress fibresò. Cross-bridge cycling of myosin II 

generates contractile forces required for cell motility, morphology, and adhesion (Sato et 

al. 2006; Blain 2009; Fletcher and Mullins 2010). 
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Figure 1.4: The cell cytoskeleton is composed of three filamentous groups: a) 

microtubules, b) actin filaments, and c) intermediate filaments. Adapted image from 

Alberts (1994). 

 

1.3.1.3. Force generation via cross-bridge cycling 

A standard cross-bridge cycle operates as follows (Lymn and Taylor 1971): Following 

binding of ATP to myosin, hydrolysis into ADP and ὖ (inorganic phosphate) causes a 

change in configuration/pivot of the myosin head. The myosin head attaches to the actin 

filament (Figure 1.5a) and, depending on the boundary conditions, a tension generating 

stroke may occur. The stroke consists of the myosin head returning to an uncocked 

configuration following release of ADP and ὖ (Figure 1.5b). This induces a stretch in the 

myosin tail thereby exerting traction on the actin filament. The bond between the myosin 

head and actin dissociates, the head detaches, and the cycle repeats. The tension within a 

sarcomere depends on the number of actively cycling myosin heads (Huxley 1957).  

 

 

Figure 1.5: Schematic of cross-bridge tension generation: a) myosin head binds to 

actin filament; b) stroke/pivot of myosin head induces tension in the myosin tail.  
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1.3.1.4. Focal adhesions 

Focal adhesions (FAs) are multi-protein complexes that mediate cell anchorage to the 

extra-cellular environment (Figure 1.6), also providing a mechanical link to the 

contractile actin cytoskeleton (Wang et al. 1993). While the exact pathways of FA 

formation are not fully understood, a large body of evidence suggests that it is 

mechanically controlled. High tractions at contact sites increase the rate of FA assembly 

(Tan et al. 2003; Balaban et al. 2001), and FA formation is disrupted by inhibition of SF 

formation and contractility (Pasapera et al. 2010; Burridge and Guilluy 2016). When cells 

are constrained to patterned ligand geometries, FAs tend to cluster around the patch 

periphery (Théry et al. 2006), with adhesion clustering increased at higher cell spread 

areas (Chen et al. 2003). 

Assembly and disassembly of FAs involves the coordinated regulation of the GTP-

binding protein RhoA (Ridley and Hall 1992), through cross-talk between integrins and 

several adhesion receptors (e.g. cadherins). Attachment of the cell to the ECM is mediated 

by the integrin family of transmembrane proteins. All integrins contain an ‌ and ‍ 

subunit, and bind to ligands on a substrate surface (in further support of traction mediated 

FA assembly, these integrins do not bind to ECM ligands in suspension (Gilmore and 

Burridge 1996)). Integrins cluster at the adhesion site, and form complex structures with 

cytoskeletal connector proteins such as ‌-actinin, vinculin, and talin (Wehrle-Haller and 

Imhof 2002). This allows transmission of mechanical activity from the ECM through to 

the cytoskeleton. Focal adhesions also orient various signalling proteins (such as paxillin 

and FAK) at sites of integrin binding and clustering (Sastry and Burridge 2000), from 

which numerous intracellular pathways emanate to regulate cell survival, growth, and 

gene expression (Schwartz et al. 1995). 

 



Chapter 1  

24 

 

Figure 1.6: Schematic of focal adhesion molecular architecture, depicting 

interaction between ECM, integrins, and stress fibres (Kanchanawong et al. 2010). 
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1.3.2. Computational cell modelling 

Computational models are widely used in engineering and biology to generate new 

insights, deepen understanding, and to interpret and guide experimental investigation. In 

this section an overview of cell mechanics modelling is provided, starting with a 

discussion of the widespread simplified approach of treating the cell as a passive material, 

followed by an overview of recent models that incorporate active biomechanical 

processes. 

1.3.2.1. Passive cell models 

In understanding the mechanical behaviour of cells, simple material laws such as linear 

elasticity are often used by experimentalists to determine an effective stiffness (Youngôs 

modulus) for the cytoplasm or nucleus (Jones et al. 1999; Solon et al. 2007). Linear elastic 

material laws have been used to simulate cell compression experiments (Ofek, Natoli, 

and Athanasiou 2009), and cell deformation due to fluid flow (Zhao, Vaughan, and 

Mcnamara 2015; McCoy, Jungreuthmayer, and OôBrien 2012; Jungreuthmayer et al. 

2009). When cells undergo large deformation, hyperelastic models are commonly used to 

represent experimentally observed non-linear mechanical behaviour (Lim et al. 2004; 

Zhao, Vaughan, and Mcnamara 2015; Caille et al. 2002). However, these models do not 

account for the time dependency in the cellôs response. To explain such behaviour, 

viscoelastic models have been implemented to study cells subjected to micropipette 

aspiration (Sato et al. 1996; Jafari Bidhendi and Korhonen 2012; Trickey et al. 2006), 

unconfined compression (Leipzig and Athanasiou 2005), and cantilever indentation 

(Koay et al. 2003).  

While these approaches have had some success in highlighting general trends, they treat 

the cell as a passive homogeneous continuum. They do not account for the tension 

generated via stress fibre (SF) contractility or the active remodelling of the cytoskeleton. 

As a result, they cannot be used to correctly interpret the biomechanisms underlying the 
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mechanical response of cells to loading. In particular passive models do not describe the 

changes in cell stiffness that result from spreading, as has been highlighted in several 

early studies that demonstrate that a unique set of passive parameters cannot be used to 

describe the mechanical response of a cell at different levels of spreading  (McGarry and 

McHugh 2008; Thoumine et al. 1999). Hyperelastic and viscoelastic constitutive laws are 

not without merit however. The computational-experimental studies of Dowling et al. 

(2012) and Reynolds and McGarry (2015) demonstrate that when the actin cytoskeleton 

is disrupted using the chemical agent cytochalasin D, the remaining cell components can 

be accurately described using passive hyper-viscoelastic material laws. 

1.3.2.2. Active models 

Several models have been developed to explain the cytoskeletal structure and contribution 

to the cellular stress state. Tensegrity is an early example of such a model, adapted from 

the architectural system known as tensional integrity (Ingber 1993). It incorporates a 

series of load bearing rigid struts and tension bearing elastic threads (representing 

microtubules and actin SFs, respectively). The model therefore allows for a cell to be pre-

stressed prior to the application of load. In practice, the framework requires a manual 

description of strut positioning, and in a finite element simulation a new fibre network 

must be generated for every cell geometry and spread state considered (McGarry and 

Prendergast 2004). While the tensegrity model provided the groundwork for modelling 

tension generating fibres within the cell, it does not allow for an actively remodelling 

cytoskeleton. Additionally, the model assumes that SFs are supported exclusively by load 

bearing microtubules. However, experimental evidence has shown disruption of 

microtubules leads to an increase in the cellular traction force (Kolodney and Elson 1995). 

Motivated by experimentally observed SF remodelling, Deshpande et al. (2007) proposed 

a bio-chemo-mechanical model that considers (i) SF formation due to activation of 

proteins and signalling molecules, (ii) tension dependent SF dissociation, and (iii) strain 
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rate dependent SF tension. A first order kinetic equation is used to describe the formation 

and dissociation of SFs: 

Ὠ–

Ὠὸ
ρ –

ὅ Ὧ

—
ρ
„

„
–
Ὧ

—
ȟ ρȢφς 

where – is a non-dimensional activation level of a SF (π – ρ). Ὧ and Ὧ are forward 

and backward reaction rate constants, respectively, and ὅ is an activation signal for SF 

formation that decays over time (ὅ ÅØÐ ὸȾ—). The contractile behaviour of the SF, 

„Ⱦ„, is described by a Hill-type force/strain-rate dependence. The Deshpande model has 

been implemented in finite element analysis to explore several key aspects of cell 

behaviour (Figure 1.7), including the contractile response of cells spread on micro-posts 

(McGarry et al. 2009; Ronan et al. 2014), compression resistance of cells (McGarry 2009; 

Weafer et al. 2013), shear resistance of cells (Ofek et al. 2010; Dowling et al. 2012), cell-

cell junctions (Ronan et al. 2015), and the active response to micropipette aspiration 

(Reynolds et al. 2014). The framework was extended to describe the transient response 

of cells to cyclic loading through inclusion of a fading-memory-type model (Reynolds 

and McGarry 2015), where it was shown the active contractile forces dominate the 

cellular mechanical response. 
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Figure 1.7: Finite element studies based on implementation of Deshpande 

cytoskeletal model. Images adapted from McGarry et al. 2009; Reynolds et al. 2014; 

Reynolds and McGarry 2015; Dowling and McGarry 2014. 

Since the development of the bio-chemo-mechanical model Deshpande et al. (2007), 

several other cytoskeletal frameworks have been proposed. Kaunas and Hsu (2009) 

presented a kinematic model based on mixture theory to describe stress fibre orientation. 

A total mass fraction of SFs is maintained, and the rate of SF dissociation is governed by 

excessive fibre stretching or shortening: 

Ὠɮ

Ὠὸ
ὯɮȠ     Ὧ Ὧ ρ Ὧɝ‌ ȟ ρȢφσ 

where ɮ  is the mass fraction of fibre family Ὥ, and ɝ‌ is the (normalized) deviation 

from a homeostatic level of stretch. It is assumed that SFs assemble as quickly as they 

disassemble. The model successfully describes the reorientation of SFs subjected to high 

frequency 2D dynamic stretching (Figure 1.8a). Vernerey and Farsad (2011) proposed a 

multiphasic formulation motivated by key cellular behaviour: mass exchange of 

cytoskeletal components, cytosol fluid pressure, actin monomer transport, and SF 

contractility. Fibre formation arises from mass exchange with dispersed actin monomers, 

and depends on SF tension. The tension that develops within a SF is both strain and strain 
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rate dependent. The contractile behaviour of cells on micro-pillars is shown to be 

predicted by this framework (Figure 1.8b).  

 

Figure 1.8: a) Experimental and predicted SF alignment under high frequency cyclic 

loading (Kaunas and Hsu 2009); b) Simulated contractile behaviour of cells on 

micro-pillars with contours showing SF volume fraction ꜚ ▬ and degree of SF 

anisotropy Ɫ (Vernerey and Farsad 2011).  

 

The model of Obbink-Huizer et al. (2014) combines features from Deshpande (2007) 

with Vernerey and Farad (2011). It also imposes the constraint of constant polymerized 

plus depolymerized actin quantities, and accounts for strain dependence in the SF 

kinetics. The rate of change in SF volume fraction (in direction —) is given by 

Ὠɮ

Ὠὸ
Ὧ Ὧ„ ὪȟὪɮ Ὧɮ ȟ ρȢφτ 

where constants Ὧ , Ὧ , and Ὧ  describe the basal SF formation, stress dependent SF 

formation, and SF dissociation, respectively. Ὢȟ and Ὢ are functions that govern the 

dependence of the contractile force on the strain and strain-rate, and ɮ  is the volume 

fraction of monomers available for SF formation. Fibre formation increases with 

increasing active stress, and reduces with increasing shortening velocity. The framework 

accurately predicts the cyclic response of cells in both a 2D and 3D setting (Figure 1.9a), 

and has subsequently been used to investigate the role of SF contractility in the 

development of tissue engineered heart valves (Loerakker et al. 2016) (Figure 1.9b). 



Chapter 1  

30 

 

Figure 1.9: a) Predicted equilibrium SF distributions for different strain frequencies 

(top row) and strain amplitudes (bottom row) from Obbink-Huizer et al. (2014); b) 

Circumferential strain distributions in heart valves following remodelling due to 

pressure and cell contraction (Loerakker et al. 2016).  

 

The role of the active cytoskeleton in trans-endothelial cell migration was recently 

investigated by Cao et al. (2016). A chemo-mechanical description of the SF network is 

provided, with the contractility ” given as 

”
‍”

‍ ‌

‌ὑ ρ

‍ ‌
‐ȟ ρȢφυ 

where ” is the contractility on the absence of adhesions, ὑ is the effective passive 

stiffness of the actin filaments, and ‐ is the filament strain. ‌ and ‍ relate to the molecular 

mechanisms regulating the stress-dependent signalling pathways and engagement of 

motors, respectively. This model was also included within a chemo-mechanical 

description of the cell-matrix system free energy (Shenoy et al. 2016), where it is 

demonstrated that the free energy is lower for cells on stiff substrates (relative to soft 

substrates), providing a thermodynamic motivation for durotaxis (Figure 1.10a). 

Recently, Gong et al. (2018) demonstrated the important influence of substrate 

viscoelastic behaviour in the spreading of cells. Cell migration and durotaxis have also 
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been investigated in the active modelling approaches of González-Valverde and García-

Aznar (2018) (Figure 1.10b) and Escribano et al. (2018). 

 

Figure 1.10: a) The cellular free energy decreases with increasing substrate and 

nucleus stiffness (Shenoy et al. 2016); b) Prediction of preferential cell spread 

towards stiffer substrates (González-Valverde and García-Aznar 2018). 

 

Vigliotti et al. (2015) developed a thermodynamically consistent framework to describe 

the stress, strain, and strain-rate dependence of SF formation and remodelling, while also 

accounting for global conservation of cytoskeletal proteins. The kinetics of SF 

remodelling are motivated by considering the enthalpies of the actin/myosin sarcomeres 

that constitute individual fibres. This model provides the basis for the cytoskeletal 

framework implemented throughout this thesis and is described in detail in Chapters 2-4.   
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1.3.3. Cardiac myocardium 

1.3.3.1. Structure and mechanics 

Cardiac myocardium is a complex composite material, that has been structurally 

characterized in numerous histological studies (Legrice et al. 1997; LeGrice et al. 1995; 

Pope et al. 2008; Stoker et al. 1982; Legrice et al. 2001). The tissue is comprised 

primarily of cardiomyocytes, in addition to other cell phenotypes (e.g. fibroblasts) and 

structural components (collagen, elastin). The cardiomyocytes bind end-to-end, forming 

long myofibrillar arrangements. Endomysial collagen constrains the cells laterally to form 

sheets (myolaminae), in which perimysial collagen runs parallel to the cells to provide 

additional passive mechanical support (Pope et al. 2008). These sheets form the laminar 

architecture of the myocardium, and have a spatially variable orientation (Figure 1.11). 

The composition of the sheets allows the formation of a local right-hand orthogonal set 

of axes, denoting the myofibre (f) direction, the cross-fibre/sheet direction (s), and the 

direction normal to the sheet surface (n).  

The anisotropic non-linear mechanical behaviour of the tissue has been investigated 

through biaxial (Demer and Yin 1983; Humphrey and Yin 1988) and shear (Dokos et al. 

2002) loading. While these studies examined canine or porcine specimens, more recent 

investigations have focused on human tissue (Sommer et al. 2015). The myocardium is 

shown to exhibit the highest stiffness in the myofibre direction, with the lowest stress 

observed in the normal direction. All loading modes result in a highly non-linear stress-

strain relationship. This behaviour is well characterized by the Holzapfel and Ogden 

(2009) model: 

 = ςὥ(Ὅ - 1) exp[ὦ(Ὅ - 1)╪ ṧ╪  

ȟ

 ὥ  Ὅ  exp(ὦὍ ╪ṧ╪ ╪ṧ╪ ȟ ρȢφφ
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Figure 1.11: Schematic diagram of: (a) the left ventricle with a cut-out from the 

equator; (b) the structure through the thickness from the epicardium to the 

endocardium; (c) five longitudinalïcircumferential sections showing the transmural 

variation of layer orientation; (d) the layered organization of myocytes and the 

collagen fibres between the sheets referred to a right-handed orthonormal 

coordinate system (fibre axis █, sheet axis ▼ , sheet-normal axis ▪ ; and (e) a cube 

of layered tissue with local material coordinates (X1,X2,X3) serving as the basis for 

the geometrical and constitutive model (Holzapfel and Ogden 2009). 

 

where the first term on the right-hand side represents the mechanical contribution in the 

myofibre (f) and sheet (s) directions, and the second is an orthotropic term accounting for 

the shear contribution in the f-s plane. Ὅ , Ὅ , and Ὅ  are anisotropic invariants defined 

as Ὅ ╪ Ȣ╒ ╪ , Ὅ ╪ Ȣ╒ ╪ , and Ὅ ╪ Ȣ╒ ╪ . ╪  ά Ὢȟί is a 

unit vector indicating the myofibre or sheet orientations, and ╪  is the same vector in the 

deformed configuration given by ╪ ἐ ╪ . The operator ṧ is the dyadic product of 

vectors resulting in a second-order structure tensor, and ὥ , ὦ ά ὪȟίȟὪί are 

anisotropic material parameters for each contribution. 
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Figure 1.12: Mechanical response of human myocardial tissue to (a) shear and (b) 

biaxial loading conditions. Figures adapted from (Sommer et al. 2015). 

The tissue is typically assumed to be incompressible, primarily due to the large content 

of fluid in the cells and between interstitial components. This assumption is supported by 

analysis from Vossoughi and Patel (1980). However, recent investigations have revealed 

there are regional changes in the myocardial volume during the cardiac cycle of up to 

10% that cannot be fully accounted for by blood movement through the vasculature 

(Ashikaga et al. 2008), and other studies have highlighted the need for further evidence 

(Göktepe et al. 2011; Soares et al. 2017). The compressibility and anisotropy of the 

myocardium is investigated in Chapter 5. 

1.3.3.2. Remodelling and failure 

Heart failure (the inability of the heart to pump enough blood to the body) is a global 

pandemic affecting an estimated 26 million people worldwide. It is the most common 

cause of hospitalization among individuals above 65 years of age (Ambrosy et al. 2014).  

Figure 1.13: Diseased heart following 

concentric hypertrophy (left) compared 

to normal human heart (right) (Chung 

et al. 2003). 

Heart failure can result from a number of 

pathologies including hypertension, post-

infarct tissue thinning and fibrosis, and 
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volume overload. In all cases disease can be viewed as a remodelling of the tissue in 

response to mechanical stimuli. Cardiac hypertrophy is a medical condition whereby the 

cardiomyocytes (cardiac muscle cells) remodel following a deviation from homeostatic 

conditions (Chung et al. 2003). Cardiac hypertrophy is generally categorised as either 

concentric or eccentric. Concentric hypertrophy is a condition whereby the ventricle wall 

becomes thicker as a result of hypertension (Figure 1.13). Consequently, the ventricle 

volume is reduced, and an insufficient volume of blood is available for pumping during 

systole. This pathology may lead to diastolic heart failure. Eccentric hypertrophy is 

where the ventricle elongates and becomes thinner as a result of volume overload during 

diastole. The pumping ability (contractility) of this thin fibrotic ventricle wall is 

dramatically reduced so very little blood is ejected during systole, despite the fact that the 

enlarged ventricle can store an increased volume of blood.  This pathology may lead to 

systolic heart failure. 

At a cellular level concentric hypertrophy is characterized by an increase in 

cardiomyocyte cell size (Figure 1.14), enhanced protein synthesis, and parallel addition 

of sarcomeres (Izumo and Nadal-Ginard 1988; Chien et al. 1993; Sawada and Kawamura 

1991). Elevated pressure also results in increased collagen deposition (fibrosis) from 

cardiac fibroblasts (Carver et al. 1991). In early stages this viewed as an adaptive response 

to reduce the wall stress, but it can progress to cause diastolic heart failure (Hunter and 

Chien 1999). In the case of eccentric hypertrophy cardiomyocytes will undergo 

longitudinal cell growth and addition of sarcomeres in-series (Dorn et al. 2003). Non-

pathological cardiac remodelling is commonly reported in athletes: endurance-training 

athletes display ventricular dilatation (physiological eccentric hypertrophy) while 

strength-training athletes display myocardial thickening (physiological concentric 

hypertrophy) (Ellison et al. 2011; Kemi et al. 2002). Although the pathways underlying 

pathological and physiological hypertrophy differ, the resultant remodelling at a cellular 
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level is comparable. Eccentric hypertrophy also commonly results from myocardial 

infarction, which leads to localised cardiomyocyte death and localised loss of contractility 

(Palojoki et al. 2001). In such regions the tissue behaviour is dominated by the passive 

mechanical response (Holmes et al. 2005). Post-infarct, the local collagen structure will 

rearrange significantly (Fomovsky et al. 2012), highlighting an important role of 

fibroblasts in cardiac remodelling.  

 

Figure 1.14: Microscopic left ventricle sections of healthy (left) and enlarged 

hypertrophic (right) cardiomyocytes (Luckey, 2007). 

 

1.3.3.3. Computational modelling 

Significant advances have been made in the field of cardiac modelling over the past 20 

years. A description of the myofibre structure was provided by LeGrice et al. (1995), with 

more detail uncovered in the years following (Legrice et al. 2001; Pope et al. 2008). A 

number of frameworks for cardiac muscle contractility have been proposed, such as the 

fading memory model (Hunter et al. 1998): 

„
„ ρ ὥὗ

ρ ὗ
ȟ ύὬὩὶὩ ὗ  ὃ Ὡ ‗† Ὠ†Ȣ ρȢφχ 

In this model the current tension is influenced by the stretch ‗ history (and more 

dependent on recent length changes than earlier length changes). ‌ and ὃ are rate 

coefficients and weighting coefficients, respectively, and ‗ Ὠ‗ȾὨὸ. Other models 
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propose simulating contractility with a phenomenological pre-strain or pre-stress 

(Pezzuto et al. 2014).  

The Living Heart Project (LHP) is a global research initiative bringing together over 20 

Universities and 32 industry partners to develop and validate patient-specific heart 

models. Recent model constructions contain detailed anatomic geometry of 4 heart 

chambers and major blood vessels (Figure 1.15), and also includes framework for the 

passive tissue mechanics, blood flow dynamics, electrical conductance, and active tissue 

contraction (Baillargeon et al. 2014). The contractility is phenomenologically applied in 

pre-defined fibre directions as motivated by electrical activation and material strain, such 

that: 

„ „ ‐Ὧ ‰ ‰ ɝὸȾρ ‐ɝὸȟ ρȢφψ 

where ‰ is an electrical potential, and Ὧ  controls the magnitude of „  for a given 

potential. The LHP model has also been used in the analysis of coronary stent deployment 

(Saraswat et al. 2016). 

 

Figure 1.15: Finite element model of the human heart, as developed by the ñLiving 

Heart Projectò (Baillargeon et al. 2014). 
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In 1994 Rodriguez et al. (1994) introduced a framework for volumetric growth in a 

continuum mechanics setting. Through decomposition of the deformation gradient ἐ into 

an elastic and growth component (ἐἭ and ἐἯ), the material volume can be altered by a 

deviation from homeostatic conditions (ἐἯ —ἓ), where — may be governed by an input 

of interest (e.g. strain). Humphrey and Rajagopal (2002) proposed a constrained mixture 

model for growth and remodelling, accounting for the production and degradation of 

tissue components. In recent years with the advent of powerful computational modelling 

tools and facilities, such growth models have been integrated into full 3D models of the 

heart. The Rodriguez model has been used to simulate cardiac hypertrophy (Rausch et al. 

2011), as shown in Figure 1.16. Growth is motivated as an adaptive response to an 

alteration in the system stress, with 

—
ρ

ὸ

— —

— ρ
ὸὶ ὴ Ȣ ρȢφω 

The difference between the trace of the Kirchhoff stress  and a baseline pressure level 

ὴ  is the driving force for growth. The parameters ὸ, — , and ‎ control the rate, 

magnitude, and non-linearity of the growth, respectively. The framework has also been 

used to predict remodelling due to myocardial infarction (Sáez and Kuhl 2015), and most 

recently used alongside the underlying LHP model to simulate the pathologies of diastolic 

and systolic heart failure (Genet et al. 2016). However, this phenomenological approach 

to describing the growth stimulus provides limited insight, as the key biophysical 

processes underlying cardiac remodelling have not been considered. 



Chapter 1 

39 

 

Figure 1.16: Finite element model of volumetric growth in the left ventricle onset by 

increased ventricular pressure (Rausch et al. 2011).  
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CHAPTER 2 

FREE ENERGY ANALYSIS OF CELL 

SPREADING 

 

2.1. Introduction 

Several experimental studies demonstrate that control of cell spreading using substrate 

micro-patterning has a significant impact on cell behavior. A study by McBeath et al. 

(2004) reveals that stem cell differentiation can be controlled by limiting cell spread area. 

It has also been shown that the contractility of smooth muscle cells increases with 

increasing cell area (Tan et al. (2003)). Lamers et al. (2010) show the spread geometry 

and stress fibre (SF) distribution of osteoblasts on grooved surfaces is highly dependent 

on groove spacing. Wide grooves result in polarized cells with SFs aligned along the 

grooves. Narrow groove spacing leads to randomly oriented cells and SFs. Finally, a study 

by Théry et al. (2006) has shown that when a cells spread on a ñV-shapedò or ñY-shapedò 

ligand patch SFs align predominantly along the free edge of the cell and focal adhesions 

assemble along the perimeter of the ligand patch. 

The bio-chemo-mechanical model proposed by Deshpande, et al. (2006) was used by 

McGarry et al. (2009) to analyze the aforementioned micro-post experiments of Tan et 
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al.  Simulations reveal that as cells spread the increasing number of adhered posts provide 

increasing support for SF tension and therefore reduce SF dissociation. Simulations also 

correctly predict that SFs are highly aligned along the free edges of the cell where the 

stress state is uniaxial. Using the same framework Pathak et al. (2008) analyzed the 

experiments of Théry et al.  and, similar to McGarry et al., highly aligned stress fibres 

are predicted along the free edge of the cell. While these studies demonstrate the 

importance of tension support for stress fibre formation, they reveal a number of 

shortcomings of the phenomenological framework of Deshpande et al. (2006). Firstly, a 

high level of isotropic SF formation is incorrectly predicted to occur in regions of biaxial 

stress in the center of the cell. Experiments reveal that limited SF formation occurs in 

such regions. Secondly, the spread-state of the cell is assumed as the undeformed 

reference configuration. Clearly the cell deforms significantly from its spherical 

suspended state to reach the final spread-state.     

In the current study we attempt to address these shortcomings by developing a steady-

state finite element implementation of the recent thermodynamically motivated stress 

fibre model of Vigliotti et al. (2015). Our simulations of cells on micro-patterned 

substrates incorporate the following significant improvements on previous approaches: 

(i) The spread-state of the cell is not assumed as the strain free reference configuration. 

Rather, the cell deforms from a suspended geometry to reach its final spread 

configuration. The strain state of the deformed configuration is a key determinant of SF 

distribution in the cell. (ii) The number of cytoskeletal proteins in the cell is a finite and 

conserved quantity, requiring the development of a non-local numerical implementation. 

In contrast, McGarry et al.  and Pathak et al.  do not impose a global limit on SF 

formation. (iii) In addition to the advances presented in terms of our SF finite element 

model, we also propose a further development of the thermodynamically motivated focal 
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adhesion assembly model of Deshpande et al. (2008) so that focal adhesion formation 

may be limited by a prescribed ligand density on the substrate to which a cell adheres.  

An important consequence of the modelling approach is that there is not a unique final 

spread-state for the cell. Even in experiments such as those of Théry et al.  and Tan et al.  

where the outline of the final spread shape is prescribed by micro-patterning ligand 

patches on the substrate, there is still an infinite number of ways in which the cell can 

spread across the patch geometry. Each final spread-state would have a different strain 

distribution and resultant SF distribution. Despite the infinite ways in which a cell can 

spread, the experimental heat maps of SF distribution in the study of Théry et al. reveal a 

strong trend of SF formation along free edges for a large number of cells. This suggests 

that the final spread state of a cell is not randomly generated. In this study we use our 

modelling framework to determine the free energy of the cell for a number of spread states 

and we hypothesize that cell spreading is driven by free energy minimization. 

Furthermore we ask if predicted SF and focal adhesion distributions for minimum free 

energy spread states are in agreement with experimentally observed distributions. 

This chapter is structured as follows: In Section 2.2 we present our steady-state non-local 

stress fibre formation and cell spreading framework, followed by our model for ligand 

dependent focal adhesion assembly. We also introduce the factors contributing to the cell 

free energy. In Section 2.3 we consider a simplified example of axisymmetric spreading 

of a round cell on a flat substrate in order to demonstrate the key features of the 

computational framework and predict experimental trends observed by Engler et al. 

(2003). Finally, in Section 2.4 we simulate the experiments of Théry et al. by analyzing 

a number of spread-states for cells adhered to ñV-shapedò and ñY-shapedò ligand patches. 
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2.2. Modelling framework 

2.2.1. Framework for stress fibre remodelling and contractility  

The cytoskeleton is composed of actin-myosin SFs, which actively generate tension 

through cross-bridge cycling between the actin and myosin filaments. The 

thermodynamically consistent model from Vigliotti et al. (2015) captures key features of 

SF dynamics, including (i) The kinetics of stress fibre formation and dissociation as 

motivated by thermodynamic considerations, (ii) the stress, strain, and strain-rate 

dependence of SF remodelling, and (iii) global conservation of the cytoskeletal proteins. 

Here we implement a steady-state form of this continuum model in a two-dimensional 

finite element setting. 

We envisage a two-dimensional (2D) cell of thickness b lying in the ὼ ὼ plane 

(Figure 2.1a). A representative volume element (RVE) in the undeformed state is defined 

as a disk of radius ὲὰȾς. Stress fibres emanate from the center of this disk, each 

comprised of ὲ  functional units (of length ὰ) in their initial ground state. In 2D plane 

stress SFs can form in a large number of directions, with each direction defined by an 

angle ‰ with respect to the ὼ-axis. At steady state, we consider that the (normalized) 

number of actin-myosin contractile units within a SF in direction ‰  in the RVE is given 

by:  

ὲ‰
ὲ‰

ὲ
 ρ ‐ ‰ ρ ‐ǿϳ  ςȢρ 

where ‐ ‰  is the nominal strain in the direction ‰. When a SF is extended, contractile 

units are added, with the effect that the internal strain in the SF is reduced until a steady 

state value ‐ǿ is achieved (Figure 2.1b). ‐ǿ is given by the positive root of the relation: 

ὴ ρ‐ǿ ὴ‐ǿ
ρ

‍
π ςȢς 
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where ‍ and ὴ are non-dimensional constants that govern the internal energy ‪ of ὲ  

functional units within a SF. Conversely, when a SF shortens, functional units are 

removed. In both cases, the internal fibre steady state strain ‐ǿ is fixed and in general 

different from the axial material strain in the direction of the fibre, ‐ ‰ . 

2.2.1.1. Mass conservation of cytoskeletal proteins 

We assume spreading takes place during the interphase period of the cell cycle when the 

cell is in a homeostatic state (i.e. the concentration of all proteins within the cell is 

constant) (Weiss 1996). Therefore, in the finite element framework developed in this 

study a global conservation of the total number of SF proteins ὔ  within the entire cell is 

enforced. Cytoskeletal proteins are considered to exist in two states: a bound state and an 

unbound state.  The bound proteins make up the functional units of the stress fibres within 

the RVE and thus are not mobile. The unbound proteins are mobile and can diffuse 

throughout the cell cytoplasm. The global conservation of cytoskeletal proteins may be 

expressed as  

ὔ ὔ ὔ  ςȢσ 

where ὔ  and ὔ  are the total numbers of unbound and bound cytoskeletal proteins 

in the entire cell. We next introduce the local normalized quantities: ὔ ὔȾὔ , ὔ

ὔȾὔ , and ὔ ὔȾὔ , where ὔ  and ὔ  are the local number of unbound and bound 

proteins within a given RVE, and the total number of proteins ὔ locally in the RVE is 

obtained from  

ὔ ὔ ὔ ςȢτ 

Recall that the unbound proteins are mobile. Cytoskeletal proteins can diffuse through 

the cytoplasm at a rate of 1.5 ‘άȾί (McGrath et al. 1998) which is considered fast 

relative to the timescales of SF remodelling (several studies report remodelling takes 

place over the course of hours (Wang et al. 2001; Kaunas et al. 2005)). Therefore it is 
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reasonable to assume that for time-scales over which SFs remodel the total number of 

unbound proteins in the entire cell, ὔ , is uniformly distributed across all RVEs, i.e. ὔ  

is the same in all RVEs. Bound proteins, on the other hand, are not uniformly distributed 

throughout the cell, and ὔ  in a given RVE must be computed from: 

ὔ –Ƕ‰
ϳ

ϳ

ὲ‰ Ὠ‰ ςȢυ 

where –‰  is the angular SF concentration per unit surface area of the RVE, with 

–Ƕ‰ –‰ὲȾὔ . The global conservation condition (equation 2.3) can therefore be 

expressed as:  

ὔ ρȢ
ρ

ὠ
ὔὨὠ ςȢφ 

where Vc is the total cell volume. In a numerical implementation, the global integral across 

the cell volume Vc in equation 2.6 requires a non-local summation of .  across all 

integration points in the cell, as described in Section 2.2.1.5.   
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Figure 2.1: a) Schematic of a 2D cell on a ligand-coated substrate with the coordinate 

system marked. The networks of stress fibres and focal adhesions within the 2D RVE 

are shown in the inset; b) Remodelling of a SF subjected to a nominal tensile strain 

Ⱡ▪: (i) SF in ground state, with functional unit strain Ⱡ▪ ; (ii) SF subjected to 

tensile strain Ⱡ▪ which reduces the actin-myosin overlap; (iii) Remodelling of SF by 

addition of functional unit; (iv) Remodeled SF now in low energy state, with 

functional unit  strain Ⱡ▪ Ⱡ▼▼. (Vigliotti et al., 2015) 

2.2.1.2. SF angular concentration and active stress tensor 

We next consider the kinetic equation for SF formation and dissociation proposed by 

Vigliotti et al.: 

–Ƕ‰
ὔ

“ὲ‰
‫ ÅØÐὲ‰

‘ ‘

ὯὝ
 –Ƕ‰ ‫ ÅØÐὲ‰

‘ ‘ ‰

ὯὝ
ςȢχ 

The first term on the right is the forward reaction rate for the formation of SFs, where ‫  

is the molecular collision frequency of the SF proteins, k is the Boltzmann constant, T the 

absolute temperature, and ‘ is the activation enthalpy that must be surpassed for ὲ  

proteins to form a SF. Here ‘ is the standard enthalpy of ὲ unbound SF proteins, with 

‘ ‘ ɝ‘ ὅ. The unbound proteins are affected by an activation signal ὅ and form 

more readily into their bound states as the signal (e.g. concentration of unfolded ROCK) 

increases, with  ‘  is the standard enthalpy of the unbound SF proteins in the absence of 

a signal (ὅ π) and ɝ‘  the increase in the enthalpy of the unbound molecules at full 
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signal activation (ὅ ρ). At steady state we assume a continuous fully activated signal, 

i.e. ὅ ρ. The second term on the right is the backward reaction rate for SF dissociation, 

with ‘ the standard enthalpy of ὲ bound SF proteins, given as: 

‘ ḳ‪ „ ‰ ρ  ‐ ‰   ςȢψ 

where   is the volume of ὲ  functional units in a SF in an undeformed RVE, and ‪ is the 

internal energy of ὲ  functional units within a SF, given by: 

‪ḳ‘ ‍‘ ȿ‐ǿȿ ςȢω 

where ‘  is the internal energy of ὲ  functional units within a SF in their ground state, 

and „ ‰  is the tensile stress actively generated by a SF. In this paper we develop a 

steady state solution, hence Hill tension-velocity relationship does not need to be 

considered as „ ‰  is necessarily equal to the maximum isometric tension „ . Here 

we consider steady state conditions so that  –Ƕ‰ π, therefore equation 2.7 reduces to: 

–Ƕ‰
ὔ

“ὲ‰

ÅØÐὲ‰
‘ ‘
ὯὝ

ÅØÐὲ‰
‘ ‘ ‰
ὯὝ

ςȢρπ 

and the normalized SF concentration in direction ‰ is given as: 

   –Ƕ‰
ὔ

“ὲ‰
ÅØÐὲ‰

‘ ‰ ‘

ὯὝ
ςȢρρ 

or from equation 2.5: 

–Ƕ‰
ὔ ᷿ –Ƕ‰ὲ‰ Ὠ‰

ϳ

ϳ
 

“ὲ‰
ὄ‰ ςȢρς 

where ὄ‰ ÅØÐὲ‰ ‘ ‰ ‘ ȾὯὝ, ὔ  is the total number of cytoskeletal 

proteins locally in an RVE, and the integral provides the total number of bound proteins 

in the RVE. Finally the 2D active stress tensor follows as: 
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„ Ὢ

ὐ
–Ƕ‰ ρ ‐ ‰

ὧέί‰
ίὭὲς‰

ς
ίὭὲς‰

ς
ίὭὲ‰

 Ὠ‰ ςȢρσ 

where Ὢ is the volume fraction of cytoskeletal proteins in the cell, and ὐ is the 

determinant of the deformation gradient ἐ. 

2.2.1.3. Cytoskeletal free energy 

The cytoskeletal free energy (Ὣ ) is given as follows: 

Ὣ ὔ …  ὔ… Ὠὠ ςȢρτ 

where …  is the chemical potential of the unbound proteins that form a single SF 

functional unit, and … is the chemical potential of a functional unit within a SF. From 

equation 2.5: 

Ὣ ὔ …  –‰ ὲ‰ Ὠ‰… Ὠὠ ςȢρυ 

As previously mentioned we assume infinitely fast diffusion of SF proteins and therefore 

a homogeneous distribution throughout the cell. Also equation 2.10 implies 

thermodynamic equilibrium with  … … which then simplifies equation 2.15 to: 

Ὣ ὔ …  … –‰ ὲ‰ Ὠ‰Ὠὠ ςȢρφ 

Here the double integral represents the total number of bound proteins in all RVEs in the 

cell. Therefore: 

Ὣ ὔ …  ὔ ὔ  …  ὔ… ςȢρχ 

The chemical potential of the unbound proteins is … ‘  ὯὝÌÎὔ  and thus: 

Ὣ ὔ ‘  ὯὝÌÎὔ ςȢρψ 
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with the cytoskeletal energy per unit volume of the cell then given 

as

ὋӶ ” ‘  ὯὝÌÎὔ ςȢρω 

where ”ḳὔȾὠ is the concentration of cytoskeletal proteins.  

2.2.1.4. Passive elasticity 

The formulation is completed by the addition of a non-linear hyperelastic Ogden model 

(Ogden 1972) in parallel with the SF model in order to represent the strain stiffening of 

the mechanically passive cell components. As we consider the cell volume to remain 

constant during the analysis, the incompressible formulation is implemented: 

 
ς‘

‌
ȟ

 ‗ ‗‗   ἵṧ ἵ  ςȢςπ 

where ‘ is the material shear modulus, ‗ȟ are the principal stretches, ἵ ȟ are the 

principal stretch directions, and Ŭ is a material constant. Here the passive elastic free 

energy per unit volume (ὋӶ ) is given by the Ogden strain energy density function: 

ὋӶ  
ς‘

‌
 ‗  ‗ ‗‗ σ ςȢςρ 

The total Cauchy stress tensor at an integration point is obtained by summation of the 

passive and active contributions:  

  ςȢςς 

2.2.1.5. Numerical implementation 

In our numerical implementation we consider SF formation in a large number of discrete 

directions M (M=36 is found to provide a converged solution) in the 2D plane of each 

RVE in the cell. equation 2.5 is approximated as 

ὔ
“

ὓ
 –Ƕὲ   ςȢςσ 
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where –Ƕ‰ ὲ‰  is written in shorthand as –Ƕὲ . Equation 2.12 is therefore 

approximated as  

–Ƕὲ“ ὄὔ ὄ
“

ὓ
 –Ƕὲ ȟ   Ὦ ρȟὓ ςȢςτ 

Rearranging, we obtain 

   –Ƕὲ
ρ

ὄ

ρ

ὓ
 –Ƕὲ

ὔ

“
ȟ   Ὦ ρȟὓ ςȢςυ 

or, in matrix form:  

   

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ

ὄ

ρ

ὓ
ὲ

ρ

ὓ
ὲ ȣ

ρ

ὓ
ὲ

ρ

ὓ
ὲ

ρ

ὄ

ρ

ὓ
ὲ ȣ

ρ

ὓ
ὲ

ȣ ȣ ȣ ȣ
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ὓ
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ρ
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ρ
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ρ
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ὲ
Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

ừ
ỬỬ
Ừ

ỬỬ
ứ
–Ƕ

–Ƕ

ȣ

–Ƕữ
ỬỬ
Ữ

ỬỬ
ử

ὔ

“

ừ
ỬỬ
Ừ

ỬỬ
ứ
ρ

ρ

ȣ

ρữ
ỬỬ
Ữ

ỬỬ
ử

ςȢςφ 

A solution for –Ƕ (j=1,ὓ) is obtained by matrix inversion.  This steady-state model for 

SF formation and contractility is implemented via a user-defined material (UMAT) 

subroutine in the commercial finite element (FE) software package Abaqus. Prescribed 

boundary conditions are applied to the cell at the start of an analysis step, and contact 

conditions (see Section 2.2.2) with a substrate are enforced at cell nodes where 

appropriate. The solution is progressed through the analysis step, with each increment 

representing an iteration towards the final steady state solution. At each integration point 

the axial material nominal strains ‐ ‰  in each of the M stress fibre directions are 

determined from the material log strain tensor (STRAN), and number of functional units 

ὲ‰  in each of the M directions is obtained from equation 2.1. In the first increment of 

the analysis step it is assumed that all cytoskeletal proteins are unbound and uniformly 

distributed across all integration points in the cell mesh so that ὔ ὔ . The solution for 
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–Ƕ‰  in M directions is obtained by inversion of the matrix on the left of equation 2.26. 

The local Cauchy stress tensor Ɑ is computed from equations 2.13, 2.20, 2.22 and the 

consistent tangent matrix ‬ЎⱭȾ‬ЎⱠ  is approximated numerically based on a forward 

difference perturbation of the deformation gradient matrix (Sun et al. 2008; Nolan et al. 

2014; Reynolds and McGarry 2015). At each integration point the local number of bound 

proteins ὔ  is calculated at the end of the increment, as per equation 2.23. At the end of 

an increment i, the total number of bound cytoskeletal proteins throughout the entire cell 

is computed through volume averaged summation of ὔ  across every integration point 

in the mesh in a user-defined external database (UEXTERNALDB) file, as outlined in 

Figure 2.2. In the subsequent increment the remaining available unbound proteins are 

redistributed so that a homogeneous distribution of ὔ unbound proteins is obtained 

in every RVE. The total number of proteins in the RVE is updated so that ὔ

ὔ ὔ . Equation 2.26 is then solved and new values for –Ƕ‰ȿ  , and thus  Ɑȿ  

and ὔ  are obtained. Following the final increment of the analysis step the steady-

state solution is achieved, and the cytoskeletal free energy ὋӶ  and elastic free energy 

ὋӶ  are computed (equations 2.19, 2.21).  
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Figure 2.2: Outline of solution scheme. Total steady state energy density ╖◄▫◄ is 

calculated at the end of the analysis through the use of a UEXTERNALDB 

subroutine.    

2.2.2. Framework for focal adhesion development 

Binding integrins on the cell surface exist in two conformational states: a low affinity 

(bent) state or an active (straight) state with a high affinity to the appropriate ligand. Only 

high affinity integrins will bind to the substrate. Here we introduce an extension of the 

thermodynamic focal adhesion (FA) model from Deshpande et al. (2008), whereby we 

include a dependence of bond formation on ligand availability.  

2.2.2.1. Focal adhesion model 

We first define —  ὅȾὔ  and — ὅȾὔ , with —ȟ— ρ. Here ὅ and ὅ  are the 

area densities of the unbound low affinity integrins and bound high affinity integrins, 

respectively, ὔ  is the area density of the unbound low affinity sites on the cell surface, 

and ὔ  is the area density of ligands on the substrate surface. The chemical potential of 
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low affinity integrins at a density ὅ  is dependent on their internal energy and 

configurational entropy given by: 

ʔ ‘ ὯὝÌÎ
—

ρ —
 ςȢςχ 

where ‘ is the enthalpy of the low affinity integrins, while k and T are the Boltzmann 

constant and absolute temperature. As only high affinity (or straight) integrins interact 

with substrate ligands, the high affinity chemical potential (at a density ὅ ) includes 

additional contributions due to the stretching of the bonds: 

ʔ ‘ ὯὝÌÎ
—

ρ —
ɮɝ Ὂɝ ςȢςψ 

where ‘  is the enthalpy of the high affinity integrins, ɮɝ  is the strain energy of the 

integrin-ligand complex, and the Ὂɝ term is the mechanical work that represents the 

loss in free energy due to the stretch ɝ of the integrin-ligand (analogous to the pressure-

volume term in the thermodynamics of gases), with: 

Ὂ  
Ћɮ

Ћɝ
ςȢςω 

The stretch energy ɮ is expressed as a piecewise quadratic potential: 

ɮ

‖ɝ ɝ ɝ

‖ɝ ς‖ɝɝ  ‖ɝ ɝ ɝ ςɝ

‖ɝ ɝ ςɝ

      ςȢσπ

where ‖  is the stiffness of the integrin-ligand bond, ɝ ɝ ɝ  is the stretch 

magnitude, and ɝ  is the peak bond length. The bond stretch ɝ is related to the 

displacement ό of the cell membrane relative to the substrate as: 

ɝ    
ό ɝ  ɝ   έὶ   

Ћɮ

Ћɝ
ɝ π

π έὸὬὩὶύὭίὩ

  ςȢσρ 

At thermodynamic equilibrium … …, so equations 2.27, 2.28 lead to: 
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ρ —

—

—

ρ —
ὤᶻ ςȢσς 

ύὭὸὬ ὤᶻ ÅØÐ
‘ ‘  ῳ Ὂῳ

ὯὝ
 ςȢσσ 

which gives the local area densities of low and high affinity integrins. Similar to the SF 

model, we implement global conservation of integrins on the cell surface: 

Ὓὅ Ὓ ρ —ὔ‏  ὔ —  
ὔ ὤᶻ —

ρ —  ὤz —
ὨὛ ςȢστ 

where Ὓ is the undeformed reference surface area of the cell, and ὅ is the initial density 

of integrins on the cell surface. The term on the left Ὓὅ is a conserved value, giving the 

total number of integrins on the cell surface. Ὓ is the surface area in contact with the 

substrate, ‏ is the fraction of the cell adhered to the substrate, and ὔ  is the initial 

undeformed area density of low affinity binding sites on the cell surface. The first term 

on the right gives the total number of low affinity integrins on the unadhered cell surface, 

while the second term gives the total number of integrins (high and low affinity) on the 

adhered cell surface. The local tractions on the cell surface are depend on the 

concentration of bound high affinity integrins and the force on each ligand-integrin 

complex, and are balanced by the stresses in the cell: 

Ὕ „ὲ ὅὊ ςȢσυ 

where „  is the Cauchy stress in the cell, and ὲ  is the surface normal.  

2.2.2.2. Focal adhesion free energy 

The adhesion free energy is given by: 

Ὣ ὅ … ὅ … ὨὛ ςȢσφ 
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However at thermodynamic equilibrium … …ȟίέ: 

Ὣ … Ὓ ὅ ςȢσχ 

with the adhesion energy per unit cell volume given as 

ὋӶ
… Ὓ ὅ

ὦ Ὓ
ςȢσψ 

where ὦ is the cell thickness in its undeformed configuration. Then, ὋӶ  follows as: 

ὋӶ
 ὅ

ὦ
‘ ὯὝÌÎ

—

ρ —
ςȢσω 

2.2.2.3. Numerical implementation 

The focal adhesions between the cell and the micro-patterned substrates are included in 

the analysis through a user-defined interface (UINTER) subroutine in Abaqus. Adhesions 

can develop at any node on the cell surface that comes in contact with the substrate, 

dependent on the local tractions and availability of integrins. At each node — is recorded 

at the end of the increment, as per equation 2.32. Recall that the area density of low 

affinity integrins ὅ —ὔ . At the end of an increment i, the global area density of low 

affinity integrins on the cell surface is computed through area averaged summation of 

—ȿ  across every node on the surface in a user-defined external database 

(UEXTERNALDB) file (Figure 2.2). Mass conservation of integrins is enforced by 

equation 2.34. In the subsequent increment the remaining available unbound low affinity 

integrins are redistributed so that a homogeneous distribution of —ȿ  is obtained across 

the surface. We assume the time-scales associated with integrin diffusion are fast relative 

to the time-scales of focal adhesion assembly. Efficient achievement of a converged 

solution the UINTER requires the specification of an accurate stiffness matrix. An exact 

analytical solution is obtained from: 
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‬Ὕ

‬ό
ὅ
‬Ὂ

‬ό
Ὂ
‬ὅ

‬ό
ςȢτπ 

Rigid glass substrates are assumed to be infinitely stiff relative to the cell, and therefore 

have a negligible free energy.  

2.2.3. Material parameters 

All simulations are reported for cells at a temperature Ὕ σρπὑ. The parameters for the 

SF framework are fixed at those used in Vigliotti et al. (2015) with the volume fraction 

Ὢ πȢπσς, ɱ ρπȢ‘ά , ‍ ρȢς, ὴ ς, ‐ǿ πȢσυ, and the maximum isometric 

tension „ ςτπ Ὧὖὥ (Lucas et al. 1987). In keeping with the parameter studies of 

Vigliotti et al. ‘ ɝ‘ ψ ὯὝ, ‘ ω ὯὝ. The density of cytoskeletal proteins in 

the cell ” is ς ὼρπ ‘ά , calibrated such that the cytoskeletal free energy is competitive 

with the passive free energy.  The passive elastic parameters are ‘ ρȢφφ Ὧὖὥ and ‌

ψ, determined through simulation of the Engler et al. (2003) experiments for cells 

spreading on substrates of increasing stiffness. For the FA model, parameters were 

constrained to lie within commonly accepted ranges as per Deshpande et al. (2008). The 

total area density of integrins ὅ is 5000 ‘ά  (Lauffenburger and Linderman 1993), the 

bond stiffness ‖ πȢρυ ὲὔ ‘ά , and the maximum allowable stretch in the bond 

ɝ υπ ὲά, such that the surface energy ‎Ӷ ‖ɝȾὯὝ is in the upper end of the range 

reported by Leckband and Israelachvili (2001).  The difference in the reference chemical 

potentials for the low and high affinity integrins is taken as ‘ ‘ υὯὝ (McCleverty 

and Liddington 2003). The model was extended to allow for dependence on the number 

of available ligands and non-local conservation of integrins. A parametric study was 

performed to determine an appropriate ligand density to ensure sufficient adhesions could 

form, taken to be ὔ ςυ ὢ ρπ‘ά . The availability of binding sites is assumed to 

be greater than the maximum number of bound high affinity integrins, [continued page 67] 
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Parameter symbol  Brief description  

ὲȠ ὲ  
Number of functional units in a stress fibre; reference 
number of functional units within stress fibre in an 
undeformed RVE 

– Angular concentration of stress fibres at orientation (‰) 

ɱ Volume of ὲ  functional units of the stress fibre 

ὰ Undeformed length of a functional unit 

‐Ƞ‐ǿ  
Nominal strain of a stress fibre; functional unit strain at 
steady state 

ὔȠὔ  
Number of cytoskeletal proteins bound in functional 
units; number of unbound cytoskeletal proteins 

‘Ƞ‘Ƞ‘ 

Activation enthalpy for ὲ  cytoskeletal proteins; 
enthalpy of ὲ  cytoskeletal proteins in the unbound 
state; enthalpy of ὲ  cytoskeletal proteins in bound 
state 

‘ Ƞ‘  
Standard enthalpy of ὲ  functional units in the unbound 
and bound states 

‪  
Internal energy of ὲ  functional units within a stress 
fibre 

„Ƞ„   
Stress fibre stress; maximum tensile stress of a stress 
fibre 

ὪȠ” 
Volume fraction of cytoskeletal proteins in the cell; 
concentration of cytoskeletal proteins 

…Ƞ… 
Chemical potential of the unbound cytoskeletal proteins 
that form a single functional unit; chemical potential of a 
functional unit within a stress fibre 

ὅȠὅȠὅ  
Initial area density of integrins on the cell surface; area 
densities of the unbound low affinity integrins and 
bound high affinity integrins 

ὛȠὛ 
Undeformed reference surface area of the cell; surface 
area in contact with substrate 

ὔȠὔ  
Area density of the unbound low affinity sites on the cell 
surface; Area density of ligands on the substrate surface 

—Ƞ—  ὅ / ὔ ; ὅ  / ὔ   

‘Ƞ‘  
Enthalpy of the low affinity integrins; enthalpy of the 
high affinity integrins 

ɮ Strain energy of the integrin-ligand complex 

ɝȠɝ  Stretch of the integrin-ligand complex; peak bond length 

‖ Stiffness of the integrin-ligand complex 

…Ƞ…  
Chemical potential of low affinity integrins; chemical 
potential of high affinity integrins 

ὋӶȠ ὋӶ Ƞ ὋӶ Ƞ ὋӶ Ƞ ὋӶ   
Total, cytoskeletal, elastic, adhesion, and substrate free 
energy densities 

Table 2.1: A summary of key parameters of the model 
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taken here as ὔ υπ ὢ ρπ‘ά . A summary of key parameters is provided in Table 

2.1. 

2.3. 2D analysis of cell spreading on infinite flat substrates 

We illustrate the features of the modelling framework by considering the axisymmetric 

spreading of a round cell on flat substrates under plane stress conditions, as shown in 

Figure 2.3. A mesh sensitivity study showed that a converged solution is obtained with 

185 membrane elements. Material incompressibility is assumed. Solutions are presented 

for both a rigid and a compliant substrate. Additionally the solutions are presented for 

both a high and low substrate ligand density.  In the undeformed configuration the cell 

has a radius r and thickness b. Cell spreading is simulated in two analysis steps: (i) 

Displacement (ñpre-stretchò) boundary conditions are applied to the cell so that its radius 

is increased to ‗ὶ with a uniform strain state throughout; (ii) Contact is implemented 

between the deformed cell and the substrate and the displacement boundary condition is 

removed. Surface and integrin-ligand attachments are formed in accordance with 

equations 2.27-2.35. The active cell stress tensor is computed from equation 2.13 and is 

added to the passive stress tensor (equation 2.22). In addition to deformation of the cell 

and integrin-ligand attachments, the substrate will also deform due to the passive and 

active cell stress (except in cases where the substrates can be considered to be infinitely 

stiff compared to the cell). This finite element scheme determines the steady state 

configuration of the cell, adhesions, and substrate.  For a given steady state configuration 

the total free energy density of the system is computed from  

ὋӶ ὋӶ  ὋӶ  ὋӶ ὋӶ ςȢτρ 

Analyses are performed for a range of ñpre-stretchò (‗) values and the free energy density 

of the system is plotted as a function of the steady-state spread area of the cell. As stated 
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in Section 2.1, we hypothesize that a cell tends towards a spread-state that reduces the 

free energy of the system.  

 

Figure 2.3: Axisymmetric cell spread schematic. A cell of radius r stretches over an 

infinite ligand patterned substrate. 

2.3.1. Results 

We first consider the case of cell spreading on a rigid substrate. The force generation by 

the actin-myosin machinery lowers the chemical potential of the stress fibre proteins in 

the bound state and thereby favors the formation of stress fibres. As the cell stretches to 

its spread configuration, functional units are added to the stress fibre chain in order to 

reduce the internal SF strain (‐ǿ to the ground state (dictated by  ‐ǿ). Thereby an 

increase in cell spreading results in a decrease in ὔ  (Figure 2.4a), and consequently the 

free energy of the cytoskeletal proteins (ὋӶ ) is lowered (Figure 2.4b). However as 

shown in Figure 2.4c, an increase in spreading also results in an increase in the elastic 

free energy of the cell due to straining of the passive (hyperelastic) non-contractile 

components of the cell. This framework therefore presents cell spreading as a competition 

between a decrease in cytoskeletal free energy due to strain induced stress fibre formation 

and an increase in elastic free energy due to straining of the passive cell components. As 

illustrated in Figure 2.4e, for the limited number of spread states considered here, a low 

free energy configuration is computed at an area of ὃȾὃ ςȢχυ. Any further spreading 

beyond this point will incur a significant elastic penalty due to the strain stiffening 

hyperelastic passive component of the model. Our computed low free energy spread area  
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corresponds closely to the experimental observations of Engler et al. (2003), where cell 

spread areas on rigid substrates are approximately three times higher than unspread cell 

areas.  

 

Figure 2.4: For a rigid substrate, the relationship between cellular spread area and 

(a) the number of available unbound cytoskeletal proteins (╝◊), (b) the cytoskeletal 

free energy (╖╬◐◄▫), (c) the elastic free energy (╖▄■╪▼), (d) the adhesion free energy 

(╖╪▀▐), and (e) the combined total free energy density (╖◄▫◄).  Free energy densities 

characterized by normalized quantity ╖ ╖Ⱦⱬ▓╣. 

In the case of cell spreading on a compliant substrate, an increase in cell spread area incurs 

an elastic penalty (increasing free energy) from both the passive elastic components of 

the cell and the elastically deformed substrate. These elastic penalties are plotted in 

Figures 2.5c and 2.5e for cell spreading on a compliant neo-Hookean substrate (‘

 8kPa), and once again are in direct competition with the reducing cytoskeletal free energy 

(Figure 2.5b) as the cell spreads. When ὃȾὃ ρ the cell has contracted below the 

reference area due to substrate deformation. In such cases '  increases due to 

compression of the passive cell components.  The lowest free energy configuration on 

this compliant substrate is computed at a spread area of ὃȾὃ ρȢψ (Figure 2.5f). This 

spread area is 30% lower than the low energy spread area on a rigid substrate (Figure 
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2.4e). Once again, this result corresponds closely to the experimental study of Engler et 

al. (2003) where the cell spread areas of on 8kPa substrates are observed to be ~25% 

lower than on rigid substrates. This further supports our hypothesis that the cell will tend 

towards a spread state that reduces its free energy.  

 

Figure 2.5: For a compliant neo-Hookean substrate (Ⱨ  8kPa), the relationship 

between cellular spread area and (a) the number of available unbound cytoskeletal 

proteins (╝◊), (b) the cytoskeletal free energy (╖╬◐◄▫), (c) the elastic free energy 

(╖▄■╪▼), (d) the adhesion free energy (╖╪▀▐), (e) the substrate free energy (╖▼◊╫), and 

(f) the combined total free energy density (╖◄▫◄). Free energy densities characterized 

by normalized quantity ╖ ╖Ⱦⱬ▓╣. 

Figure 2.4d and 2.5d demonstrate that cell spreading also results in increased focal 

adhesion formation, with a consequent reduction in the adhesion free energy. The change 

in adhesion free energy over the range of spread configurations is ~3 orders of magnitude 

lower than the cell cytoskeletal and elastic free energies. Therefore focal adhesion 

formation does not significantly contribute to the energetic competition that governs cell 

spreading in Figures 2.4 and 2.5. However, cell spreading is not possible without a 

sufficient degree of traction mediated focal adhesion assembly, as mechanical 

equilibrium of the spread cell is only achieved by traction interaction with the substrate. 

An increase in traction results in an increase in the density of high affinity integrins (ὅ . 



Chapter 2 

71 

As the cell spreads, the tractions between the cell and substrate increase (due to both 

elastic stretching of passive components and higher contractility due to increased strain 

induced SF formation), and consequently ὅ  increases. The entropy of integrins on the 

cell surface increases as more integrins are in a bound state (in accordance with equation 

2.39). Therefore, an increase in ὅ  during spreading results in a decrease in ὋӶ , as 

shown in Figure 2.4d. A higher ligand density will inherently allow the cell to spread 

further as higher cellular tractions can be supported by the focal adhesions. In contrast, 

Figure 2.6 considers the case of a rigid substrate with a low ligand density (ὔ

ςυππ ‘ά ), which limits the cell spreading. The final spread area increases with the 

initially applied cell pre-stretch up to a value of ‗ ρȢυ.  If the cell is initially stretched 

beyond this point, a sufficient number of integrin-ligand bonds cannot be formed to 

support the resultant tractions, and the cell shrinks to a steady-state area of ὃȾὃ ρȢψυȢ 

This is the maximum spread area that the cell can reach for this low ligand density. Note 

that if the cell cannot adhere to the substrate (e.g. ligand density of zero), an unadhered 

cell is predicted to shrink to an area of ὃȾὃ=0.735 and a total free energy density of 

ὋӶ υȢφυ is observed. As shown in Figure 2.6b, the total free energy reduces with 

increasing spread area, but spread states with ὃȾὃ ρȢψυ cannot occur due to the low 

ligand density.  Recall from Figure 2.4e that a high ligand density ὔ ςυπππ ‘ά  

results in a low free energy spread area of ὃȾὃ ςȢχυ (also shown in Figure 2.6a for 

comparison). Our predicted ~33% reduction in cell spread area for a 10-fold decrease in 

ligand density is again supported by the experimental results of Engler et al. (2003).    
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Figure 2.6: (a) Steady state cell spread area as a function of applied cell ñpre-stretchò 

ⱦ for a low and high ligand density ╝╗ Ⱨ□  on a rigid substrate. The spread area 

with the lowest free energy (from Figure 2.4e) is marked by the grey circle. (b) The 

relationship between cell spread area and the total free energy (╖◄▫◄) for a low ligand 

density (╝╗  Ⱨ□ ). Free energy densities characterized by normalized 

quantity ╖ ╖Ⱦⱬ▓╣. 

2.4. 2D analysis of circular spreading on micro-patterned 

substrates 

We next attempt to simulate the experiments of Théry et al. (2006) whereby cells are 

spread on micro-patterned ligand patches under plane stress conditions. Two patch 

geometries are considered: ñV-shapedò patches, and ñY-shapedò patches, as shown in 

Figure 2.7.  For simplicity we assume that the cell is initially circular with radius rc when 

in suspension. A mesh sensitivity study showed that a converged solution is obtained with 

1079 membrane elements. It is important to note that there is an infinite number of spread 

states (strain distributions) that can be assumed by the cell in order to spread on the ligand 

patch. Here we attempt to parameterize the spreading process by considering a subset of 

possible spread states. In the case of the ñV-shapedò patch the cell is stretched so that 

proportion of the cell perimeter ‫ὶ can adhere to the outer edge of the ñVò. The stretch 

is assumed to be uniform along the patch and is given as ‗ ὒ ‫ὶϳ , where ὒ is the 

fixed patch length. Therefore, by considering a range of values of ‗ (or we can (‫ 

simulate a number of spread states and determine which of these states produces the 

lowest total free energy. The cell radius in the initial configuration is ὶ ρχ ‘ά and the 



Chapter 2 

73 

thickness ὦ ρ ‘ά. The substrate dimensions are based on the experiments of Théry et 

al. (2006), i.e. ὒ τφ‘ά and the substrate letter width was determined to be 7‘ά. Once 

again the total steady state free energy density is computed from equation 2.41.  

 

Figure 2.7: Parametric study schematic of cell spreading on a) V- and b) Y- shaped 

substrates. For a cell of radius rc, the spreading process is parameterized in terms 

of the proportion of the cell perimeter ⱷ►╬ that stretches along the ligand coated 

patch (ⱦ╬ ╛▼ⱷ►╬ϳ ). The shaded patch represents locations focal adhesions may 

form with the cell surface.  

2.4.1. Results 

Similar to the simplified axisymmetric example presented in Section 2.4, the cell free 

energy during spreading can be interpreted as a competition between the increasing elastic 

free energy (ὋӶ ) and the decreasing cytoskeletal free energy (ὋӶ ). Simulations of 

cell spread on a V-shaped substrate reveal that ὋӶ  is minimized at a cell perimeter 

stretch of ‗ ρȢσ (Figure 2.8a). Examination of the strain distribution in this lowest free 

energy (LFE) configuration (Figure 2.8b) reveals that the maximum tensile strain occurs 

close to the free unadhered edge of the spread cell.  A spread state characterized by a 

lower stretch (‗ ρȢρ  results in an elevated total free energy ὋӶ , despite a high 

concentration of straight SFs directly along the free edge. Such a configuration results in 

extremely high strains along the free unadhered edge, causing a very high elastic free 

energy penalty. A spread state characterized by a higher stretch (‗ ρȢφ  results in a 

high strain in the region of the adhered edges. Although this allows more a similar level 

of SF formation on all three edges of the spread cell (Figure 2.8c), the high elastic penalty 

due to stretching along the adhered edges is too large to be compensated for by the 
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reduction in ὋӶ  due to SF formation along all three edges. The density of bound SF 

proteins is characterized by ‒ ‰ ὲ‰ –zǶ‰ , with Figure 2.8c showing the 

dominant SF orientation at each material point. The focal adhesion distribution in these 

highlighted configurations (Figure 2.8c) show evident clustering in the direction of 

traction, denoted by ὅ ὅȾὔ . However, the variance in ὋӶ  between these 

configurations was negligible. 

 

Figure 2.8: Predicted steady-state cell spread on V-shaped ligand pattern in a series 

of configurations: a) Free energy of the system (╖◄▫◄╖◄▫◄Ⱦⱬ▓╣) for a range of 

spread states characterized by the stretch of the cell on the fixed edge (ⱦ╬). Three 

states are highlighted: 1. A large stretch on the unadhered edge (ⱦ╬ Ȣ); 2. The 

lowest free energy configuration (ⱦ╬ Ȣ); 3. A large stretch on the adhered edge 

(ⱦ╬ Ȣ); b) Maximum principal strain (Ⱡ▬
□╪●) distribution in the spread cell in 

the highlighted states; c) Distribution of vinculin or focal adhesions characterized 

by normalized quantity ╒╗ ╒╗Ⱦ╝╗, and the dominant SF alignment in the 

highlighted configurations with ⱡ╢╕ꜚ ▪ꜚ Ɫzꜚ . 

Figure 2.9 shows the dominant SF alignment (d) and FA distribution (c) in the LFE 

configuration for cells spread on the V-shaped substrate. We see that the highest SF 

concentration and actin density (ʁ ) is in the region of the free edge where an arc of SFs 

curve towards the center of the cell. A similar distribution is reported in the 

experimentally determined heat maps of SF distribution reported by Théry et al. (Figure 
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2.9b). At the center of the cell, where the strain is lowest in both cases, equation 2.12 

dictates that the SF concentration in any direction will be lower than that along the free 

edge. Focal adhesions (# ) are predicted to form along the perimeter of the ligand patch 

due to a shear-lag type distribution of traction between the cell and the patch.  Such a FA 

distribution is also reported in the experimental study of Théry et al. (2006)  (Figure 2.9a). 

 

Figure 2.9: Cell spread on V-shaped micro-patterned substrates: Experimental 

images of average (a) vinculin and (b) actin distributions (Reproduced with some 

modifications from  Théry et al. (2006). Copyright © John Wiley & Sons, Ltd.); (c) 

Distribution of vinculin or focal adhesions in the LFE configuration, characterized 

by normalized quantity ╒╗ ╒╗Ⱦ╝╗; (d) Dominant SF alignment in the LFE 

configuration, with ⱡ╢╕ꜚ ▪ꜚ Ɫzꜚ . The insets show full SF distribution for 

all M discrete directions. 

Simulations of cell spread on a Y-shaped substrate reveal that ὋӶ  is minimized at a 

perimeter stretch of ‗ ρȢστ (Figure 2.10a) on two of the free edges, with a slightly 

higher strain and SF concentration on the third (top) edge. Once again a spread state 
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characterized by a higher or lower value of  ‗ results in an elevated ὋӶ  due to an 

extremely high elastic free energy.  

 

Figure 2.10: Predicted steady-state cell spread on Y-shaped ligand pattern in a low 

free energy configuration: a) Free energy of the system (╖◄▫◄╖◄▫◄Ⱦⱬ▓╣) for a 

range of spread states characterized by the stretch of the cell on the fixed edge (ⱦ╬). 
A lowest free energy (LFE) configuration is observed at ⱦ╬ Ȣ ; b) Maximum 

principal strain distribution in the spread cell; c) Distribution of vinculin or focal 

adhesions in the LFE configuration, characterized by normalized quantity ╒╗
╒╗Ⱦ╝╗  d) Dominant SF alignment in the LFE configuration, with ⱡ╢╕ꜚ
▪ꜚⱢꜚ . The insets show full SF distribution for all M discrete directions.  

The experimental SF heat maps for the Y-patterned substrate from Théry et al. (2006) 

exhibit an expected symmetry, with similar SF patterns on all three free edges. However, 

in the computed LFE configuration (Figure 2.10) one edge has a higher strain and SF 

concentration.  In order to compare our computational results to an experimental heat map 

(constructed using data from several observations) we should acknowledge that there are 

three LFE configurations due to symmetry of the Y-shape. Therefore we rotate the 
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distributions shown in Figure 2.10c-d through 120o and 240o we then construct a 

ñcomputational heat mapò by taking the average of these three LFE distributions. The 

ñcomputational heat mapò is shown in Figure 2.11c-d and exhibits an identical SF 

distribution on all three free edges and can be directly compared to the experimental heat 

maps. Notably the ñcomputational heat mapò free edge SF concentration is lower than 

that along the free edge of the V-shape (Figure 2.9d) (ñheat map averagingò is not 

necessary for the V-shape as it has only one free edge).  This prediction is supported by 

experimental results (Figures 2.9b and 2.11b).  

 

Figure 2.11: Cell spread on Y-shaped micro-patterned substrates: Experimental 

images of average vinculin (a) and actin (b) distributions (Reproduced with some 

modifications from  Théry et al. (2006). Copyright © John Wiley & Sons, Ltd.); (c) 

Predicted average distribution of vinculin or focal adhesions, characterized by 

normalized quantity ╒╗ ╒╗Ⱦ╝╗; (d) Predicted average actin distribution, with 

ⱡ╢╕ꜚ ▪ꜚ Ɫzꜚ . 
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2.5. Discussion 

In this paper we present a steady-state adaptation of the thermodynamically motivated 

continuum SF model of Vigliotti et al. (2015). We implement this formulation in a non-

local finite element setting where we consider global conservation of the total number of 

cytoskeletal proteins within the cell, global conservation of the number of binding 

integrins on the cell membrane, and a finite ligand density on the substrate surface.  

When a number of cytoskeletal proteins assemble to form contractile SFs, the free energy 

of the proteins bound within the SF is lower than the total free energy of the same proteins 

when they are unbound (not assembled in a SF). During spreading the strain in a cell 

increases. This results in assembly of cytoskeletal proteins into contractile SFs, and a 

consequent lowering of the total cytoskeletal free energy in the cell. Of course an increase 

in cell strain during spreading also results in an increase in the elastic free energy of the 

mechanically passive components of the cell (e.g. the membrane, intermediate filaments 

etc.). Therefore cell spreading can be viewed as a competition between the reducing 

cytoskeletal free energy and the increasing elastic free energy.  Our analyses suggest that 

the driver of cell spreading is a lowering (or perhaps a minimization) of the total free 

energy of the system.  

To simulate cell-substrate contact we present an extension of the Deshpande et al. (2008) 

model for FA kinematics, whereby we account for a dependence on the substrate ligand 

density. Variance of the substrate ligand density has significant impact on cell behaviour. 

Combined with the mass conservation of integrins, this affects the maximum cellular 

tractions the FAs can withstand, and therefore the spread shape and area.  

In Section 2.3 the key features of the model are examined through a series of simplified 

simulations of axisymmetric cell spreading. By considering a number of parameterized 

cell spread states on a rigid substrate our analyses suggest that the lowest free energy 
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spread-state has an area that is 2.75 times higher than an unspread cell area. This 

prediction is in agreement with the experimental measurements of Engler et al. (2003). 

Furthermore, when cells spread on compliant substrates (‘  8kPa) we predict that the 

lowest free energy spread area is ~30% lower than the corresponding area on a rigid 

substrate. Once again this finding is supported by the experimental trends reported in 

Engler et al. (2003). Finally, we predict that a low substrate ligand density will limit the 

spread area of a cell, with a 10-fold decrease in ligand density on a rigid substrate resulting 

in a ~33% reduction in spread area on a rigid substrate.  Again, this prediction is in broad 

agreement with the experimental measurements of Engler et al. (2003) and Gaudet et al. 

(2003). Our hypothesis that cell spreading is driven by a lowering of free energy appears 

to provide an explanation for the broad trends observed by Engler et al. (2003).  

A recent study by Shenoy et al. (2016) suggests that the cellular free energy decreases 

with increasing substrate stiffness, which provides an energetic basis for durotaxis. The 

results from Section 2.3 of the current study also provides insight to this phenomenon. In 

the lowest energy spread configuration on a compliant substrate, the cell has a predicted 

free energy of ' τȢψυ. However, on a rigid substrate the lowest free energy 

configuration is observed at ' τȢς. Therefore, we suggest that durotaxis is the result 

of a cell attempting to lower its free energy by migrating towards a stiffer substrate. 

Similarly, chemotaxis may be explained by the inability of a cell to attain a minimum free 

energy configuration if the concentration of ligands is very low, thus inducing the cell to 

migrate to a region of higher ligand density in order to reduce the free energy. 

In Section 2.4 a number of parameterized spread-states are simulated, whereby a circular 

cell adheres to ñV-shapedò and ñY-shapedò ligand patches based on the experiments of 

Théry et al. (2006). The free energy associated with each spread state is computed, and 

we demonstrate that the spread-state with the lower free energy exhibits a SF distribution 
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that corresponds to experimental observations, i.e. a high concentration of highly aligned 

SFs occurs along free edges, with lower SF concentrations at the interior of the cell. The 

simulation of the complex SF and FA distributions observed experimentally in cells 

spread on the V- and Y- shaped ligand patterns demonstrates the predictive power of the 

model. Future implementations will also consider cell spreading on grooves (Lamers et 

al. 2010) and micro-posts (McGarry et al. 2009; Ronan et al. 2013). The current analysis 

presents a movement away from traditional deterministic approaches to computational 

cell biomechanics in which the experimentally observed spread state is incorrectly 

assumed to be the reference undeformed state. Such approaches neglect cell strain as a 

driver of SF assembly. Also, global conservation of a finite number of cytoskeletal 

proteins within the cell has been neglected. The model of Pathak et al. (2008) simulates 

the experiments of Théry et al. (2006) using such assumptions. The degree of SF 

alignment (characterized by a variance parameter) is correctly predicted, with uniaxial 

SFs being predicted in a region of uniaxial stress along the cell free edge (in accordance 

with the model of Deshpande et al. (2006) SFs orthogonal to the free edge dissociate due 

to the stress-free condition). However, the framework incorrectly predicts full SF 

formation in all directions (isotropic distribution) in areas of biaxial stress and in regions 

where the cell is bonded to the ligand patch. The current study corrects such shortcomings 

by considering strain associated with cell spreading, in addition to implementing a global 

conservation of cytoskeletal proteins.   

In this study we consider a very small subset* of the possible spread-states of a cell on a 

micro-patterned substrate, in order to examine the dependence of the SF distribution on 

the manner in which a cell spreads (*our subset is primarily chosen based on ease of 

parameterization, as illustrated in Figure 2.7, rather than on any consideration of the 

actual cell spreading process). Our analysis of a number of spread states allows us to 

examine the hypothesis that the final spread state is driven by minimization of the free 
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energy of the system. In reality however, there are an infinite number of spread 

configurations that the cell can assume. A rigorous treatment of the stochastic problem of 

cell spreading requires the development of a statistical mechanics framework that allows 

for the analysis of an extremely large number of spread states. The finite element 

framework developed here is prohibitively computationally expensive for such an 

approach.   

The underlying premise in this work is that minimum/low free-energy configurations are 

the most likely states to be observed. In statistical thermodynamics a closed system in a 

constant temperature and pressure environment attains equilibrium at minimum Gibbs 

free-energy. However, a cell is not a closed system and in fact never attains an equilibrium 

state in this sense while alive. The approach taken here of searching for low free-energy 

states rests on the ñhomeostatic ensembleò developed by Shishvan et al. (2018) who show 

that in their homeostatic state cells attain a fluctuating equilibrium where low free-energy 

states are more probable. The results presented here should be viewed in this light, in the 

sense that the minimum free-energy configurations predicted in our analyses have the 

highest probability of being observed in experiments. 
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2.6. Concluding remarks 

We combine the thermodynamically consistent model for the stress fibre cytoskeleton 

developed by Vigliotti et al. (2015) with a focal adhesion model (again motivated by 

thermodynamic considerations) to analyze two problems: (i) spreading of cells on elastic 

substrates and (ii) spreading of cells on substrates with specific geometrical ligand 

patterns.  

Spreading of cells is shown to be a competition mainly between the elastic energy and 

cytoskeletal energy of the cell, as well as the elastic energy of the substrate. With 

increasing cell spreading the elastic energy of the cell and substrate typically increases, 

but the cytoskeletal energy decreases as a larger fraction of the cytoskeletal proteins form 

stress fibres. The equilibrium configuration is assumed to be that corresponding to the 

lowest free energy. In agreement with the experiments of Engler et al. (2003) we show 

that the spread area of the cell increases with increasing substrate stiffness. When the 

spreading of cells is constrained by specific geometric patterns of ligands, we show that, 

in the lowest free-energy configuration, stress fibres preferentially form along the un-

adhered edges of the cell, in line with the observations of Théry et al. (2006). This 

framework presents a potential computational tool to design substrates and scaffolds that 

will yield a desired cell spread state. 

The simulations presented here suggest that computed low (or minimum) free-energy 

spread cell configurations are broadly consistent with experimentally observed spread 

cell configurations. However, it is worth emphasizing that cells do not attain an 

equilibrium minimum free-energy configuration in the traditional sense, as observations 

clearly show that spread cells are in a perpetually fluctuating state. Thus, the minimum 

free-energy configuration is best viewed as the most probable state to be observed, rather 

than a unique equilibrium state. 
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Appendix 2.A: Comparison with previous models 

The influence of an applied steady-state nominal strain ‐ on the steady-state active and 

passive Cauchy stress is illustrated in Figure 2.A1(a) (material parameters as per Section 

2.2.3) for a cell subjected to series of uniaxial stretches. The dependence of stress fibre 

formation (equation 2.12) on steady-state strain (Figure 2.A1(b)) is reflected in the strain 

dependence of the active stress (through equation 2.13). It must be noted that the active 

stress curve in Figure 2.A1(a) is not representative of a stress-strain constitutive law. 

Rather, it is a plot of the steady-state active stress computed for an applied steady-state 

strain. In contrast, previous modelling approaches (e.g. Deshpande et al 2006) do not 

include a dependence of stress fibre formation on applied strain, so that the computed 

stress fibre activation-level (SFA) and, consequently, the active stress are independent of 

the applied steady state strain in Figure 2.A1. 

 

Figure 2.A1. (a) Computed active steady state stress as a function of applied steady 

state nominal strain Ⱡ▪ for the current  model (active(1)). The passive and total 

stresses are also shown. For comparison the active stress computed by the 

Deshpande et al. (2006) model (active(2)) is shown. (b) Computed values of Ɫ as a 

function of applied steady state nominal strain Ⱡ▪ for the current model. For 

comparison the stress fibre activation (SFA) level computed by the Deshpande et al. 

(2006) model is plotted to highlight the absence of strain dependence on SF 

remodelling in this previous model. 
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CHAPTER 3 

THERMODYNAMIC MODELLING OF THE 

STATISTICS OF CELL SPREADING ON 

LIGAND COATED ELASTIC SUBSTRATES 

 

3.1. Introduction 

There is no unique outcome for tissue development in nature. For example, examination 

of arterial tissue across several samples reveals non-homogenous structures with non-

uniform collagen fibre alignment, tissue thickness, and smooth muscle cell (SMC) 

morphology (Lange et al. 2002; Chow et al. 2014; Engler et al. 2003). The same is true 

in-vitro, where cells of the same phenotype exhibit a diverse range of spread shapes, area, 

stress fibre alignments, and focal adhesion distributions. However, over large populations 

the statistics of observables is highly reproducible. Several experimental studies have 

demonstrated that the microenvironment has a significant impact on cell behavior. Jacot 

et al. (2008) show that sarcomere development and alignment in cardiomyocytes is 

dependent on substrate stiffness. A study by Arnold et al. (2004) reveals that focal 

adhesion (FA) and stress fibre (SF) formation is limited by ligand spacing on the 

substrate. Engler et al. (2003) show that both the mean and standard error of SMC spread 
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area depends on substrate rigidity and ligand density. With decreasing surface collagen 

density and decreasing substrate stiffness, the standard error reported for the experiment 

reduces.    

It is therefore evident that in order to uncover the biomechanisms underlying such 

observations, a stochastic approach to cell modelling is required. McEvoy et al. (2017) 

recently implemented a framework whereby an initially unadhered cell deforms to a range 

of possible spread states, and the system free energy is computed for each configuration. 

It is demonstrated that cell spreading entails a competition between the increasing elastic 

free energy due to stretching of passive cell components, and the decreasing cytoskeletal 

free energy as contractile proteins assemble to form SFs. Such a competition allows for 

the identification of a low free energy state, and it is shown that the predicted cell areas 

and SF alignments in these configurations are similar to reported experimental 

measurements (Théry et al. 2006). However, in the study of McEvoy et al. a single low 

energy spread state is identified. This deterministic approach neglects the fact that cells 

display a fluctuating response to their microenvironment in terms of observables such as 

SF alignment and spread area.  

In this study, we implement a statistical mechanics framework for the homeostatic 

ensemble of spread cells, following the approach of Shishvan et al. (2018). This 

methodology allows for the simulation of a large collection of spread microstates the cell-

substrate system assumes while maintaining its homeostatic state. The framework 

incorporates mathematical models to describe SF formation and cell-substrate 

deformation. In this study, we expand the statistical mechanics framework to include a 

model for traction dependent focal adhesion assembly. Simulations accurately predict the 

dependence of cell area and shape on surface collagen density and substrate stiffness, as 

reported in the experimental study of Engler et al.  
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3.2. Methodology 

We aim to analyze the response of cells adhered to elastic substrates. This experimental 

system is responding to both mechanical and chemical cues from its environment, viz. 

the stiffness of the substrate and the extra-cellular proteins (collagen) through which the 

cells adhere to the substrates. The response of this complex system is recorded through a 

range of observables, all of which exhibit large variations but with trends clearly 

emerging when the statistics of these observables are analysed. This motivates our choice 

of a modelling framework, called homeostatic mechanics (Shishvan et al. (2018)), in 

which, just as in the experimental system, observables fluctuate while trends (and 

understanding) emerge once these observables are viewed statistically. This framework 

has previously been shown to successfully capture a range of observations for smooth 

muscle cells (SMCs) seeded on elastic substrates, in which perfect adhesion was assumed 

and the role of the extra-cellular matrix neglected. Here we extend the framework to 

include an adhesion model and thus will first give a brief overview of the modelling 

framework (details in Appendix Section 3.A.1) and then focus on the adhesion model. 

3.2.1. Overview of the homeostatic mechanics framework 

The homeostatic mechanics framework recognises that the cell is an open system which 

exchanges nutrients with the surrounding nutrient bath. These high-energy nutrient 

exchanges fuel large fluctuations (much larger than thermal fluctuations) in cell responses 

associated with various intracellular biochemical processes. However, these biochemical 

processes attempt to maintain the cell in a homeostatic state, i.e. the cell actively 

maintains its various molecular species at a specific average number over these 

fluctuations that is independent of the environment. This translates to the constraint on 

the average Gibbs free-energy (Jaynes 1957) of the cell. Employing the ansatz that 

biochemical processes such as actin polymerisation and treadmilling provide the 

mechanisms to maximise the morphological entropy of the cell subject to the constraint 
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that the cell maintains a homeostatic state, Shishvan et al. (2018) obtained the distribution 

of states the cell assumes in terms of the Gibbs free-energy Ὃ  of morphological state 

Ὦ of the system as 

ὖ
ρ

ὤ
ÅØÐ‒Ὃ Ȣ σȢρ 

ὤḳВÅØÐ‒Ὃ  is the partition function of the morphological microstates, and the 

distribution parameter ‒ follows from the homeostatic constraint 

ρ

ὤ
Ὃ ÅØÐ‒Ὃ Ὃ ȟ σȢς 

where Ὃ is the homeostatic free energy, equal to the equilibrium Gibbs free-energy of an 

isolated cell in suspension (free-standing cell), i.e. the homeostatic processes maintain the 

average biochemical state of the system equal to that of a cell in suspension. Thus, the 

distribution (equation 3.1) is characterised by a homeostatic temperature ρȾ‒ that is 

conjugated to the morphological entropy of the cell.  

3.2.2. Gibbs free-energy of a morphological state 

Much like conventional statistical mechanics frameworks that require a model for the 

energy of molecular systems, the homeostatic statistical mechanics framework requires a 

model for the Gibbs free-energy Ὃ  of a morphological state Ὦ of the system. Here, we 

employ a relatively simple model for the Gibbs free-energy wherein the cell consists of a 

passive elastic nucleus within a cytoplasm that is modelled as comprising an active stress 

fibre cytoskeleton and elements such as the cell membrane, intermediate filaments and 

microtubules that are all lumped into a single passive elastic contribution. 

Details of the model including the parameters used to characterise the SMCs are given in 

Appendix Section 3.A.2. Here we briefly describe the salient features of the model for 

SMCs on elastic substrates. The SMCs are modelled as two-dimensional (2D) bodies in 
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the ὼ ὼ plane lying on the surface of an elastic substrate such that the out-of-plane 

Cauchy stress   π. The substrates are modelled as linear elastic half-spaces while the 

cells are modelled using the approach of Vigliotti et al. (2015) as modified by Shishvan 

et al. The Vigliotti et al. model assumes only two elements within the cell: (i) a passive 

elastic contribution from elements such as the cell membrane, intermediate filaments and 

microtubules and (ii) contractile acto-myosin stress fibres that are modelled explicitly. 

The cell in its undeformed state is a circle of radius Ὑ and for a given morphological 

microstate Ὦ, the strain distribution within the cell is specified. This directly gives the 

elastic strain energy of the cell Ὂ  via a 2D Ogden-type hyperelastic model for both 

the nucleus and cytoplasm. The passive hyperelastic behaviour of the cytoplasm and 

nucleus has been characterised for several cell types using experimental techniques in 

which stress fibres are disrupted using cyto-D (Weafer et al. 2013; Reynolds et al. 2014; 

Dowling et al. 2012). The stress fibre cytoskeleton within the cytoplasm is modelled as a 

distribution of stress fibres such that at each location ὼ within the cell –Ƕ•) parameterises 

the angular concentration of stress fibres over all angles •, while ὲ •  denotes the 

number of functional units within each stress fibre. Thus, at any ὼ there is a total 

concentration ὔ  of bound stress fibre proteins obtained by integrating –Ƕὲ  over all 

orientations • and these bound proteins are in chemical equilibrium with the unbound 

stress fibre proteins. The unbound proteins are free to diffuse within the cell and thus at 

equilibrium of a morphological microstate the concentration ὔ  of these unbound stress 

fibre proteins is spatially uniform. This chemical equilibrium condition along with the 

conservation of stress fibre proteins within the cell provides the spatial and angular 

distributions of stress fibres from which the free-energy of the cytoskeleton Ὂ  is 

evaluated. The total normalised free-energy of the cell morphological microstate Ὦ then 

follows as Ὃ ḳὊ  +Ὂ  +Ὂ  , where Ὂ  is the elastic energy of the substrate 
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(Ὃ  is the normalized value of Ὃ ; see Appendix Section 3.A.2.4 for details of the 

normalizations). 

In addition to the contributions to Ὃ  from the passive elasticity and cytoskeleton of the 

cell, here we also include the contribution from the focal adhesions between the cell and 

the collagen extra cellular matrix (ECM) laid on the elastic substrates on which the SMCs 

are seeded. Shishvan et al. implicitly assumed an unlimited supply of adhesion proteins 

as well as extra-cellular proteins to form adhesion complexes and thereby neglected the 

contribution of adhesion to Ὃ . Here we extend the approach of Shishvan et al. for the 

case of a finite quantity of both focal adhesion proteins and extra-cellular collagen and 

thus explicitly include an adhesion contribution to Ὃ , i.e. we write Ὃ  as  

Ὃ ḳὊ  Ὂ  Ὂ Ὂ Ȣ σȢσ 

We now proceed to make explicit this adhesion model. 

3.2.3. Adhesion complexes between the cell and the extra-cellular 

collagen 

The focal adhesion model proposed here is a modification to the model of McEvoy et al.  

(2017) where adhesion is assumed to be via integrins that exist in a single state. These 

integrins form complexes by binding to ligands that have a density ὔ  per unit area on 

the surface of the elastic substrate. For a given morphological microstate Ὦ, the strain 

state of the cell is specified and this implies that the tractions Ὕὼ  the cells exert on the 

substrate are also fixed from the cell model; see Appendix Section 3.A.2.1 (for the sake 

of brevity here we have dropped the superscript Ὦ to indicate that these are tractions for 

a given morphological microstate Ὦ. These tractions are transmitted to the substrate 

through the focal adhesion complexes and here we specify the adhesion model with the 

tractions Ὕὼ  specified. 
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When in local equilibrium at a location ὼ on the surface of the cell, the integrins with a 

local concentration ὅὼ  have a chemical potential at temperature Ὕ in terms of the 

Boltzmann constant Ὧ  

… ὼ ‘ ὼ ὯὝÌÎ
ὅӶὼ

ρ ὅӶὼ
ȟ σȢτ 

where ‘ is their enthalpy while ὅӶὼ ḳὅὼȾὅ, in terms of the number of integrin 

sites per unit area ὅ on the cell membrane. The enthalpy of the integrins follows from 

recalling that each integrin molecule transmits a force ὼ  related to the traction 

Ὕὼ ḳ Ὕ ὼ Ὕ ὼ   on the cell surface via Ὕὼ  ὼὔ . Then,  

‘ ὼ ɮɝὼ ὼɝὼȟ σȢυ 

where ɝ is the stretch of the focal adhesion complex and ɮ the internal energy of the 

complex subjected to a stretch ɝ. Now assuming linear behaviour of the complex with a 

stiffness ‖, such that ὼ ḳ‖ ɝὼ , equation 3.5 reduces to ‘ ὼ ὼ Ⱦ

ς ‖ and the chemical potential follows as 

… ὼ ὯὝÌÎ
Ӷ

Ӷ
Ȣ σȢφ

The integrins are mobile over the surface membrane and at equilibrium, their chemical 

potentials are spatially uniform such that … ὼ …. The equilibrium concentrations 

ὅӶὼ  then follow in terms of … as  

ὅӶὼ

ρ ὅӶὼ
ÅØÐ

…
ὼ
ς‖

ὯὝ
Ȣ σȢχ 

However,  … is as yet unknown and the conservation of integrins provides the additional 

constraint to determine …, viz. given a spatially uniform surface density ὅ of integrins 

for a cell in suspension, the conservation statement reads 
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ὃὅ ὅ  ὅӶὼὨὃȟ   σȢψ 

where ὃ  is the surface area of the cell in suspension and ὃ its area in the current 

configuration. The simultaneous solution of equation 3.7 and equation 3.8 gives … and 

the adhesion free-energy of the cell is then given as Ὂ ὃὅ…. 

The above analysis assumes the adhesion complexes can sustain any required force ὼ  

via the assumed linearity of the complex response. However, it is has been demonstrated 

that complexes cannot support a force greater than a critical value  (Dowling and 

McGarry 2014; McGarry and McHugh 2008; Selhuber-Unkel et al. 2010). Direct 

enforcement of the condition that no complex force exceeds  at the cell-substrate 

interface would require an iterative adjustment of spread state (as implemented for 

simplified microstates by McEvoy et al. (2017)), and is therefore excessively 

computationally expensive in the context of the Monte Carlo simulations required for 

sampling the homeostatic ensemble. Here we use the alternative approach of a penalty 

scheme to ensure that a very small number of spread states contain complexes with forces 

. In summary, we define a penalty force  

ɝ ὼ Ὠὃȟ   σȢω 

where  

ɝ ὼ
ὼ        ὼ
π                                   ÏÔÈÅÒ×ÉÓÅ

Ȣ σȢρπ 

A penalty energy is then defined as … Ⱦς‖ , where the parameter ‖ has the 

units of stiffness and sets the magnitude of the penalty. The total focal adhesion free-

energy including the penalty contribution is then defined as 

Ὂ ὃὅ … … ȟ σȢρρ 
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with the normalised energy Ὂ  following from the definitions detailed in Appendix 

Section 3.A.2.4 along with the model parameters. In order to compare model predictions 

with the experimental results of Engler et al, the number of ligands per unit area, ὔ , can 

be expressed as surface collagen density ”  through the following expression: 

”
ὔὓ

ὒ
 ȟ σȢρς 

where ὓ  is the molar mass of collagen and ὒ is Avogadroôs constant.  

3.2.4. Numerical methods 

We employ Markov Chain Monte Carlo (MCMC) to construct a Markov chain that is 

representative of the homeostatic ensemble. This involves three steps: (i) a discretization 

scheme to represent morphological microstate Ὦ, (ii) calculation of Ὃ  for a given 

morphological microstate Ὦ, and (iii) construction of a Markov chain comprising these 

morphological microstates. Here, we briefly describe the procedure which was 

implemented in MATLAB with readers referred to Shishvan et al. for further details. 

Typical Markov chains comprised in excess of 2.5 million samples. 

In the general setting of a three-dimensional (3D) cell, a morphological microstate is 

defined by the connection of material points on the cell membrane to the surface of the 

collagen coated substrate. In the 2D context of cells on collagen coated substrates, this 

reduces to specifying the connection of all material points of the cell to locations within 

the collagen coated substrate, i.e. a displacement field ό ὢ  is imposed on the cell with 

ὢ denoting the location of material points on the cell in the undeformed configuration, 

and these are then displaced to ὼ ὢ ό  in morphological microstate Ὦ. These 

material points located at ὼ  are then connected to material points on the collagen coated 

substrate at the same location ὼ , completing the definition of the morphological 

microstate in the 2D setting.  

The cell is modelled as a continuum and thus ό  is a continuous field. To calculate the 

density of the morphological microstates, we define ό  via Non-Uniform Rational B-

splines (NURBS) such that the morphological microstate is now defined by ὓ pairs of 

weights Ὗ ȟὠ  (ὒ ρȟȣȟὓ). In all the numerical results presented here, we employ 
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ὓ ρφ with τ τ weights Ὗ  and ὠ  governing the displacements in the ὼ and ὼ 

directions, respectively. The NURBS employ fourth order base functions for both the ὼ 

and ὼ directions, and the knots vector included two nodes each with multiplicity four, 

located at the extrema of the interval. We emphasise here that this choice of representing 

the morphological microstates imposes restrictions on the morphological microstates that 

will be considered. Therefore, the choice of the discretisation used to represent ό  needs 

to be chosen so as to be able to represent the microstates we wish to sample, e.g. the 

choice can be based on the minimum width of a filopodium one expects for the given cell 

type. Given ό , we can calculate Ὃ  using the model described in Section 2.1 with the 

cell discretised using constant strain triangles of size Ὡ ὙȾρπ, where Ὑ is the radius 

of the cell in its undeformed configuration (see Extended Data Figure 3.5). 

We construct the Markov chain using the Metropolis algorithm that gives a sequence of 

random samples from the exponential equilibrium distribution. We employ the Metropolis 

algorithm in an iterative manner so as to enforce the homeostatic constraint. The scheme 

is summarised as follows: 

(i) Assume a value of ‒ and use the undeformed cell configuration as the starting 

configuration and label it as morphological microstate Ὦ π with equilibrium 

free-energy Ὃ  calculated as described in equation 3.3.  

(ii)  Randomly pick one pair of the ὓ weights Ὗ ȟὠ  and perturb them by two 

independent random numbers picked from a uniform distribution over the 

interval ɝȟɝ. 

(iii)  Compute the new free-energy of this perturbed state and thereby the change 

in free-energy ɝὋ Ὃ Ὃ . 

(iv) Use the Metropolis criterion to accept this perturbed state or not, i.e.  

a. if ɝὋ π, accept the perturbed state; 

b. if ɝὋ π, compute ὖ ÅØÐ ‒ɝὋ and accept the perturbed state if 

ὖ  is a random number drawn from a uniform  ד where , ד

distribution over πȟρ. 

(v) If the perturbed state is accepted, add it to the list of samples as a new 

morphological microstate, else repeat the configuration prior to step (ii) in the 

sample list and return to step (ii). 
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(vi) Keep repeating this procedure until a converged distribution is obtained. Here, 

we typically use the criterion that the average of Ὃ   within the generated 

sample list (labelled ộὋ Ớ changes by less than ρϷ over 100,000 steps of the 

Markov chain.  

(vii)  If ộὋ Ớ  is within ςϷ  of the homeostatic value of Ὃ , we accept this 

distribution, else we modify ‒ and repeat from step (i). 

3.3. Results and discussion 

3.3.1. Spread dependence of cells on surface collagen density 

The influence of surface collagen density ”  on cell spreading is shown in Figure 3.1. 

Cells are spread on rigid substrates coated with three different values of ”  (6, 33, and 

250 ὲὫ ὧά ). A sample of predicted cell spread states are shown in Figure 3.1a, 

including stress fibre distributions (green), focal adhesion distributions (red), and nuclei 

(blue). In the case of a low ”  (6 ὲὫ ὧά ) cells are not highly spread and they maintain 

regular rounded morphologies. A low concentration smeared actin cytoskeleton is 

observed throughout the cell, with no regions of highly aligned stress fibres. For a higher 

”  of 33 Ὣ ὧά , cells become more highly spread. Additionally, the spread shapes 

become quite irregular, in contrast to the rounded shapes observed on a lower ” . 

Regions of aligned stress fibres are observed and focal adhesions cluster towards the cell 

periphery. In the case of the highest ”  of 250 ὲὫ ὧά , a further increase in spread 

area is observed and the spread shape becomes highly irregular, with cells exhibiting 

elongated protrusions. High concentrations of aligned stress fibres are observed, and focal 

adhesions are highly localised at the cell periphery and cell nucleus.  

Probability density functions (pdfs) for cell spread area (Figure 3.1b) and for aspect ratio 

(AR) of a best fit ellipse (Figure 3.1c) are constructed from the full population of spread 

states for each surface collagen density. With increasing ” , the mean cell spread area 

increases and the variance in spread area increases (i.e. in Figure 3.1b, as ”  increases 
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the pdf moves to the right and becomes less peaked). A similar trend is observed for cell 

aspect ratio (Figure 3.1c), where the mean is closer to 1 and the variance is very low (the 

pdf is more peaked) for the lowest ” .  

 

Figure 3.1: (a) Contours of bound stress fibre protein concentrations ╝║ (green) 

with dominant alignment, focal adhesion distributions ╒ (red), and overlays in 

commonly observed cell shapes at a given surface collagen density ⱬ╬▫■. Nucleus 

highlighted in blue; Probability density functions for cells spread on a rigid 

substrate for 3 collagen densities, of (b) cell spread area (═ ═Ⱦ═ ), and (c) cell 

aspect ratio. 

 

In summary, the pdfs presented in Figures 3.1b and 3.1c show that a population of cells 

on a lower ”  will have a lower mean spread area and a lower variance of spread area, 

in addition to being rounded (AR close to 1) with a low variance of spread shape. As ”  

is increased, a higher mean spread area is obtained for a population of cells, with a higher 
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variance of spread area and spread shape. Additional spread shapes are presented in 

Extended Data Figures 3.1 and 3.2. 

3.3.2. Influence of substrate stiffness on cell spreading 

The influence of substrate stiffness Ὁ  on cell spreading is shown in Figure 3.2. Cells 

are spread on substrates of stiffness 8 kPa and 32 kPa, in addition to a rigid substrate. All 

substrates have a ”  of 33 ὲὫ ὧά . A sample of cell spread states shown in Figure 3.2a 

suggests that cell spread area increases with Ὁ . Cells on the compliant (8kPa) substrate 

exhibit a low concentration smeared actin cytoskeleton, compared to the highly aligned 

stress fibres on the stiff and rigid substrate. The irregularity of the spread shape increases 

with Ὁ , with longest protrusions occurring on the rigid substrate.    

Pdfs for cell spread area (Figure 3.2b) and aspect ratio (Figure 3.2c) are constructed from 

the full population of spread states for each value of Ὁ . Clearly both the mean spread 

area and the variance in spread area increase with Ὁ  (i.e. in Figure 3.2b the pdf moves 

to the right and becomes less peaked as Ὁ  is increased). The effect of Ὁ  on cell 

shape is less pronounced, with only a minor increase in the mean and variance of cell 

aspect ratio with increasing stiffness (Figure 3.2c).   
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Figure 3.2: (a) Contours of bound stress fibre protein concentrations ╝║ (green) 

with dominant alignment, focal adhesion distributions ╒ (red), and overlays in 

commonly observed cell shapes at a given substrate stiffness ╔▼◊╫. Nucleus 

highlighted in blue; Probability density functions for cells spread on substrates of 

different stiffness at a surface collagen density ⱬ╬▫■  of 33 ▪▌ ╬□ , of (b) cell spread 

area (═ ═Ⱦ═ ), and (c) cell aspect ratio.  

3.3.3. Coupled dependence of collagen density and substrate stiffness 

The coupled interplay between the influence of ”  and Ὁ  on cell spreading is next 

considered.  Heat maps are constructed from mean spread areas (Figure 3.3a) and mean 

aspect ratios (Figure 3.3b). Representative spread states are superimposed for illustrative 

purposes. As shown in Figure 3.3a, a very low ”  results in a very weak dependence of 

mean spread area on Ὁ . However, for moderate and high ”  the mean spread area is 

highly dependent on Ὁ .  As shown in Figure 3.3b, the cell aspect ratio exhibits a very 
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weak dependence on Ὁ  (the contours in 3.4b are almost vertical), while exhibiting a 

very strong dependence on ” .  

Both the mean and standard deviation of cell spread area is shown in Figure 3.3c. A 

number of features should be noted: (i) as ”  is increased, both the mean and standard 

deviation increase up to a peak value. This trend is observed for all values of Ὁ ; (ii) if 

”  is increased beyond the peak value, a slight reduction in mean spread area (and its 

standard deviation) is observed. Again, this trend is observed for all values of Ὁ ; (iii) 

the ”  at which the mean spread area reaches a peak value increases with increasing 

Ὁ ; (iv) for a given ” , both the mean and standard deviation increase with increasing 

Ὁ . Figure 3.3d shows that cell aspect ratio is highly dependent on ” , with both the 

mean and standard deviation increasing with increasing ” . It is interesting to note that 

even though the cell mean spread area decreases when the ”  is increased beyond the 

critical value, the mean aspect ratio continues to increase. However, mean aspect ratio 

and its standard deviation exhibits a weak dependence on Ὁ .   
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Figure 3.3: (a,c) Predicted cell area (meanSD) at a given surface collagen density 

ⱬ╬▫■ for cells spread on substrates of different stiffness (red-rigid, yellow-32kPa, 

green-8kPa). Cell area is normalized such that ═ ═Ⱦ═ ; (b,d) Predicted cell aspect 

ratio (mean SD). Sample cell spread shapes shown for a given substrate. 

3.3.4. Experimental support for predicted cell behaviour 

Remarkably, all the features described by Figure 3.3 are directly supported by the 

experimental study of Engler et al. (2003), where the response of smooth muscle cells 

(SMCs) to Ὁ  and ”  was investigated. At a low ”  on all substrates, SMCs that 

were detectably spread were found to be rounded with a low spread area. As the ”  was 

increased, the spread area (mean and standard deviation) was observed to increase up to 

a peak value. Following this peak, any increase to the density of ”  resulted in a 

reduction of mean spread area. This behaviour is further supported by the experimental 

study of Gaudet et al. (2003). Engler et al. noted that the ”  at which the peak mean 

spread area occurs is dependent on Ὁ  (i.e. it increases with increasing Ὁ , as 
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predicted by our models). Engler et al. also reported that an increase in Ὁ  resulted in a 

higher mean cell spread area for a fixed ” .  

Although the aspect ratio is not directly measured in the experimental work of Engler et 

al., with an increase in cell area (due to Ὁ  or ” ) it was reported that cell shapes 

became less rounded and more irregular when cell spread area increases as a result of 

increased Ὁ  and/or ” . Such a reduction in cell roundness with increasing Ὁ  has 

also been observed in the experimental study of Ren et al. (2010) for skeletal muscle cells. 

Additionally, Prager-Khoutorsky et al. (2011) reported that cells readily elongate (i.e. 

high aspect ratio) when plated on rigid substrates, with the behaviour significantly less 

pronounced with decreasing Ὁ . Similar to our predictions for stress fibre distributions, 

Engler et al. report that highly spread cells display a well-ordered stress fibre network. 

Such ordered fibres were far less probable on rounded cells on low ”  and on softer 

substrates. Similar observations are also reported in the experimental study by Deroanne 

et al. (2001) in which a significant reduction in stress fibre and focal adhesions formation 

was observed in endothelial cells on soft gels compared to stiff substrates. Pelham and 

Wang (2018) also show such dependence of adhesion formation on substrate stiffness. 

The predicted trends of SF and FA organisation in Figures 3.1 and 3.2 of the current study 

are strongly supported by the aforementioned experimental studies. Additional samples 

of computed cell spread states are shown in Extended Data Figures 3.1 and 3.2.  
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3.3.5. Thermodynamically motivated insights for predicted cell 

behaviour 

We next provide a thermodynamically motivated explanation for the computed results in 

Figures 3.1-3.3, and, by extension, for the experimental observations of Engler et al. In 

Figure 3.4a we plot the pdf of total free energy for the three values of ”  on a rigid 

substrate. Recall that the system is subject to the homeostatic constraint, such that the 

mean free energy of all states is equal to the cellular homeostatic free energy Ὃ, which 

can be identified from the unique state of a free-standing cell. Therefore, the mean free 

energy is similar for all values of ”  (Figure 3.4a). The adhesion free energy pdf (Figure 

3.4b) is highly peaked and negative for a high ”  of 250 ὲὫ ὧά . This indicates a high 

probability that adhesion complex forces are close to  so that a low adhesion energy 

is obtained. On the other hand, there is a low probability that adhesion complex forces 

exceed  and incur a (positive) adhesion energy penalty.   

In the case of a high ”  of 250 ὲὫ ὧά , the cell-substrate tractions for a wide range of 

highly spread states can be supported without incurring an adhesion energy penalty (i.e. 

the adhesion free energy remains low). As a result the entropy of the spread states is very 

high for high values of ” . Correspondingly, a high variance in the (negative) 

cytoskeletal and (positive) elastic free energies (Figures 3.4c,d) occurs. In effect, cell 

spreading on a rigid substrate coated with a high ”  can be viewed as a competition 

between positive elastic free energy due to stretching of passive cell components and 

negative free energy due to assembly of contractile stress fibres, with an additional 

negative free energy contribution from the adhesion complexes.    

When ”  is reduced, higher forces occur in ligand complexes, resulting in a higher 

probability that  is exceeded and an adhesion energy penalty is incurred. Therefore, 

there is a low probability that highly spread states will occur, and the entropy of the spread 

states decreases. In other words, a highly spread cell on a low ”  will result in adhesion 
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complex forces that exceed the maximum value, and the imposition of an energetic 

penalty results in a low probability that such highly spread states will occur. This explains 

the high probability of rounded cells with low spread areas on a ”  of 6 ὲὫ ὧά , as 

reported in Figures 3.1 and 3.3. Correspondingly, as shown in Figures 3.4c and 3.4d, the 

cytoskeletal and elastic free energy pdfs are highly peaked with mean values close to zero 

(as expected for the observed low spread areas and low variance in spread shapes (AR)).  

 

Figure 3.4: Probability density functions for cells spread on a rigid substrate for 3 

surface collagen densities ⱬ╬▫■, of (a) total free energy, (b) cytoskeletal free energy, 

(c) elastic free energy, and (d) adhesion free energy.  

 

Recall from Figure 3.3 that, for all values of Ὁ , cell spread area increases with 

increasing ”  up to a peak value. In Figure 3.5, we report the mean and standard 

deviation of the free energy densities across all ”  and Ὁ  (the standard deviation is 

indicative of the variance observed in the corresponding pdfs). The peak spread areas 
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shown in Figure 3.3b coincide with the lowest mean adhesion free energy for each 

substrate (Figures 3.5(a-c)). The ”  associated with such a peak spread area on each 

substrate is hereafter referred to as ñoptimalò. At this optimal ”  there is a high 

probability that the forces in adhesion complexes will result in a low adhesion free energy. 

For sub-optimal ” , highly spread states will result in an increased probability of 

adhesion complex forces higher than , resulting in an energetic penalty, as explained 

in Figure 3.4 above. On the other hand, when the ”  is increased beyond the ñoptimalò 

value, the cell must spread to a higher area in order to generate sufficient tractions to 

achieve sufficiently high adhesion complex forces (i.e. ὼ ḙ ) and a low adhesion 

free energy. However, spreading to such a high area results in an increased elastic strain 

energy. There is a low probability that the adhesion (Figure 3.5 (a-c)) and cytoskeletal 

(Figure 3.5 (d-f)) free energy will overcome this ñelastic penaltyò and achieve the 

homeostatic state, i.e. Ὃ. Therefore, on ñpost-optimalò ”  there is a low probability that 

the cell area will increase beyond the peak spread area. In fact, a ñpost-optimalò ”  leads 

to a reduction in mean spread area, as shown in Figure 3.3c (this has been also observed 

experimentally by Engler et al. and Gaudet et al., as discussed in Section 3.3.4 above). 

This occurs because cellular tractions are supported by a higher number of complexes, so 

that individual bond forces are reduced. Therefore, the cell adhesion free energy moves 

closer to zero (Figure 3.5(a-c)), providing a weaker competition to the elastic strain 

energy (Figures 3.5 (g-i)) so that there is a lower probability that the cell will achieve the 

peak spread area. This behaviour is summarized in Figure 3.6. Although the mean spread 

area decreases for ñpost-optimalò ” , the mean elastic free energy increases on rigid and 

stiff substrates (Figure 3.5g-h). This is due to a high variability in spread shape on stiffer 

substrates with high ”   (see plots of cell aspect ratio in Figure 3.3d).  
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Figure 3.5: Predicted adhesion (a-c), cytoskeletal (d-f), elastic (g-i), and substrate (j-

l) free energy (mean SD) at a given surface collagen density ⱬ╬▫■ for cells spread on 

rigid, stiff, and compliant substrates.  

 

A reduction in Ὁ  lowers the probability of the cell achieving a high spread area, with 

rounded low spread morphologies more frequently observed (Figure 3.3c). On a rigid 

material, there is no contribution from the elastic strain energy of the substrate (Figure 

3.5j) as it is not deformed by the contractile activity of the cell. However, as the Ὁ  is 

reduced (Figures 3.5 k,l), it will be deformed by the cell. The associated substrate free 

energy causes the total system free energy to become increasingly positive. Thus, to 

achieve a homeostatic state, there is a high probability the cell area will be lower on more 
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compliant substrates. The highly coupled balance between the contributions to the system 

free energy causes the peak cell area to occur at a lower ”  for a lower Ὁ . As 

mentioned above, a low Ὁ   results in lower spread areas, which leads to lower cell-

substrate tractions. Therefore, a lower ”  is required for an increased probability of 

optimal forces in adhesion complexes (ὼ ḙ ) and a correspondingly low 

adhesion free energy. Peak spreading occurs on lower ”  for lower Ὁ , as shown in 

Figure 3.3c (and as reported in the experimental of Engler et al.).  

 

Figure 3.6: Schematic of thermodynamically motivated explanation for the influence 

of collagen (ligand) density on cell spread area.  
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3.4. Concluding remarks 

The equilibrium statistical mechanics framework developed by Shishvan et al. (2018) 

allows for the simulation of the homeostatic ensemble for cells on an elastic substrate in 

a nutrient bath. Cells assume a dynamic homeostatic equilibrium by means of a free 

energy competition between the increasing elastic free energy due to stretching of passive 

cell components (and substrate deformation), and the decreasing cytoskeletal free energy 

as contractile proteins assemble to form stress fibres. In the current study, the framework 

is expanded to include the free energy associated with formation of focal adhesions 

between the cell and a collagen coated substrate. 

The expanded framework allows for the simulation of the coupled influence of surface 

collagen density ”  and substrate stiffness Ὁ  on cell spreading, as reported in the 

experimental study of Engler et al. (2003). The key experimental observations predicted 

by our modelling framework are summarized as follows: 

- With increasing substrate ” , cell spread area (mean and standard deviation) 

increases up to a peak value. 

- A further increase in ”  beyond this peak results in a reduction of the cell spread 

area (mean and standard deviation).  

- The ”  at which the mean cell area reaches a peak decreases with decreasing 

Ὁ . 

- At a fixed ” , the mean and standard deviation of the spread area increase with 

increasing Ὁ .  

The ”  directly influences the forces in adhesion complexes and, consequently, the 

adhesion free energy. This, in turn, influences the spread states that cells assume in 

achieving homeostasis. A low ”  lowers the probability of a cell becoming highly 

spread, as sufficient complexes cannot form to support the tractions imposed by the 
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substrate. Conversely, at a high ”  the cell may form more adhesion complexes, 

lowering the associated free energy. Thus, the probability of cells having a high spread 

area increases. The influence of Ὁ   and ”  is highly coupled, as demonstrated in 

Figure 3.3 and 3.5. A deformable substrate lowers the probability of a cell becoming 

highly spread, reducing the cell tractions and thereby causing the peak mean spread area 

to occur at a lower ” .  

In statistical thermodynamics a closed system in a constant temperature and pressure 

environment attains equilibrium at minimum Gibbs free-energy. However, metabolic 

systems such as cells cannot be viewed in this manner; in fact cells never attain an 

equilibrium minimum free energy state while alive. The approach developed by Shishvan 

et al and extended in the current study to account for free energy associated with focal 

adhesion formation recognizes this and predicts the statistics of biological observables 

(e.g. cell area, aspect ratio etc.) under the constraint that the cell maintains a homeostatic 

state. In a previous study, McEvoy et al. (2017) identified low (or minimum) free energy 

cell spread states within a limited phase space of axisymmetric configurations. This 

simplified approach provided a reasonable approximation of the detailed trends computed 

in the current study (and observed experimentally (Engler et al.)), which can be explained 

by the realisation that low free energy states will of course be highly probable within the 

homeostatic ensemble; see equation 3.1. While McEvoy et al. correctly demonstrate that 

cell spreading is governed by a competition between decreasing cytoskeletal and adhesion 

free energy and increasing elastic energy, the identification of a low or minimum free 

energy configuration is not physically appropriate for a fluctuating system. Therefore, the 

emergence of such an energetic competition within the statistical mechanics framework 

of the homeostatic ensemble provides a significant advance in current understanding of 

the influence of ligand density and substrate stiffness on cell spreading. Importantly, this 

framework correctly predicts the trends for observables such the spread area and spread 
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shape as a function of environmental cues such as stiffness and ligand density, while also 

quantifying inherent statistical variability in these observations. The homeostatic 

ensemble for cells, expanded to include the focal adhesion formation and an associated 

adhesion free energy contribution, provides new insight into observed cell behaviour on 

deformable collagen coated substrate. In future, the kinetic monte carlo method may be 

employed to simulate the time evolution of the spreading process. In its current form the 

model may readily be used to simulate more complex extra-cellular environments, 

including the spreading of cells on ligand patterned ridges and ligand patterned micro-

pillars.  
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Extended data 

 

Extended Data Figure 3.1: Additional configurations of bound stress fibre protein 

concentrations ╝║  (green) with dominant alignment, and focal adhesion 

distributions ╒ (red). Nucleus highlighted in blue. The configurations are all from 

the median of the free-energy ╖ distribution for cells spread on a rigid substrate 

with a surface collagen density ⱬ╬▫■  of 250 ▪▌Ⱦ╬□ . 
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Extended Data Figure 3.2: Additional configurations of bound stress fibre protein 

concentrations ╝║  (green), and focal adhesion distributions ╒ (red). Nucleus 

highlighted in blue. The configurations are all from the median of the free-energy ╖ 

distribution for cells spread on a rigid substrate with a surface collagen density ⱬ╬▫■ 
of 250 ▪▌Ⱦ╬□ .  
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Extended Data Figure 3.3: Probability density functions for cells spread on 

substrates of different stiffness at a collagen density of 33 ▪▌ ╬□ , of (a) total free 

energy, (b) adhesion free energy, (c) cytoskeletal free energy, and (d) elastic free 

energy.  

 

Extended Data Figure 3.4: Predictions of ⱡ, where the homeostatic temperature is 

given by Ⱦⱡ. 






















































































































































































































































