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ABSTRACT 

Current orthopaedic fixation devices made from stainless steel and titanium can lead to a range of 

long-term complications that include bone reabsorption due to stress shielding, implant loosening 

and/or infection. Bioabsorbable magnesium-based metals offer a promising alternative to 

permanent metallic devices due to their comparable mechanical properties to the native tissue. 

These devices have the potential to support the fracture region during the healing period, while 

subsequently being absorbed once their functional load-bearing role has been completed. However, 

the non-uniform and localised pitting corrosion mechanisms associated with magnesium-based 

alloys presents significant design challenges when it comes to predicting in-vivo performance. The 

objective of this thesis was to develop a computational framework to investigate the short- and 

long-term performance of bioabsorbable magnesium fixation devices in orthopaedic fracture 

applications.  

This thesis presents the development, implementation and integration of multiple computational 

algorithms that describe (i) the mechanobiological aspects of bone tissue repair and (ii) non-

uniform surface-based corrosion processes of degradable magnesium-based implants. Firstly, a 

coupled framework for bone fracture repair was developed using the finite element method to 

predict both short-term fracture healing and long-term remodelling phases of the tissue repair. 

Additionally, an enhanced surface-based phenomenological magnesium corrosion framework was 

developed to robustly predict the spatiotemporal features of non-uniform galvanic and pitting 

corrosion. Finally, a fully integrated computational model was developed, whereby the framework 

for bone tissue repair was coupled with the enhanced surface-based magnesium corrosion model 

to predict the long-term performance of bioabsorbable magnesium fixations devices. Through this 

combined framework, the model was used to investigate the fracture healing and remodeling 

performance of a tibial fracture model in the presence of both permanent titanium and 

bioabsorbable magnesium fixation plates.  

Through the development of an enhanced surface-based corrosion framework, this thesis provided 

a robust and flexible framework that could predict the phenomenological features of non-uniform 

pitting corrosion in magnesium-based materials. This model was fully implemented in three 

dimensions and provided a significant advance on existing models as it enabled the prediction of 

intricate features of corrosion such as multi-directional pitting and a wide range of pit 

morphologies. The corrosion model also eliminated unwanted effects of mesh and model parameter 

sensitivity. In parallel, a coupled framework for bone fracture repair was used to investigate the 

short- and long-term performance of permanent fixation devices in tibia fracture model for a range 

of loading conditions and fracture gap sizes over a period of 12 months. It was found that the 

introduction of a titanium plate stabilised the fracture region resulting in accelerated fracture 

healing. However, in the longer-term, the high mechanical properties of titanium relative to native 

bone disrupted the normal stress distribution within bone resulting stress shielding proximal to the 

fixator and stress concentrators at interfacial boundaries, causing bone reabsorption, increasing the 

likelihood of implant loosening and failure. By combining both algorithms, the performance of 

magnesium fixation devices for long-bone fracture repair was investigated. The results showed that 

fixation was only required to provide mechanical stability to the fracture region for approximately 

the first 30 days for successful fracture union to occur. Model corrosion rate and pit severity heavily 

influenced the mechanical support provided by the corroding magnesium fixator. While the stiffer 

titanium fixator slightly outperformed the less rigid magnesium fixator regarding fracture healing, 

magnesium fixation displayed highly favourable outcomes regarding long-term bone remodelling, 

displaying no stress shielding or interfacial damage-based reabsorption. The computational 

methods and outcomes developed within this thesis form a platform for the future design and 

optimisation of magnesium fixation devices. 
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CHAPTER 1  

Introduction 

Bone is a naturally occurring composite material with a highly optimised structure that exhibits 

high stiffness and strength, while also being lightweight for efficient movement. Despite this, 

approximately 178 million bone fractures occur annually across the world [1]. Fortunately, 

bone tissue has an intrinsic capacity for regeneration in response to traumatic injury, whereby 

the repair process is initiated through a well-orchestrated series of biological events to restore 

skeletal function. As an immediate response to injury, a temporary scaffold is formed around 

the damaged region, known as a fracture callus, which has the important function of stabilising 

the fracture to ensure that repair process can take place [2]. However, in many cases, either 

external or internal fixation devices must be used to provide additional stabilisation to the bone 

[3] to reduce the incidence of  fracture defects and bone non-unions [4]. The removal of these 

fixed-metallic implants is the most common elective orthopaedic procedure in the EU and 

represents ~5% of all orthopaedic surgeries [5, 6]. Revision surgery brings with it 

complications that can include infection, re-fracture, tissue and nerve damage and post-

operative bleeding [7]. Consequently, many orthopaedic fixation implants remain in-situ past 

their functional requirement and are actually never removed. However, current orthopaedic 

biomaterials, such as stainless steel and titanium, have excessively high stiffness compared to 
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native bone, which can lead to a wide range of long-term complications that include bone 

reabsorption due to stress shielding, implant loosening and/or infection [8]. 

The development of suitable bioabsorbable fixation devices could directly address these issues, 

by supporting the fracture region during the healing period, while subsequently being absorbed 

once their functional load-bearing role has been completed. This vision would be beneficial for 

all patients and would be particularly advantageous for younger patients whose bones are still 

growing. Bioabsorbable magnesium-based alloys offer a promising alternative for treating 

orthopaedic fractures [9] due to their comparable mechanical properties to the native tissue and 

their osteoinductive properties. However, the adoption of bioabsorbable magnesium implants 

in orthopaedic applications remains limited due to the high corrosion rate in physiological 

conditions, which can result in premature implant loosening and the loss of mechanical strength 

due to localised non-uniform corrosion [10]. Several issues relating to magnesium-based alloys 

for medical orthopaedic applications must be addressed to realise their potential for clinical 

use. 

1.1 Bone Fractures 

1.1.1 Fracture Repair Process 

Following traumatic injury, fracture healing proceeds through direct intra-membranous or 

indirect fracture healing. Direct bone healing is less common as it requires anatomical 

reduction of the fracture ends and highly stable conditions, uncommonly obtained outside of 

open reduction and internal fixation [11]. Direct healing allows for the lamellar anatomical 

bone structure to be immediately restored without remodeling steps. On the other hand, indirect 

bone healing occurs more commonly and it involves a combination of both intra-membranous 

and endochondral bone formation, which occurs across four distinct stages [12, 13], as 

represented schematically in Figure 1.1. Firstly, the host undergoes an inflammatory response 

resulting in the formation of a haematoma, which is transformed into granulation tissue 3-7 
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days post-fracture. Following 2-4 weeks, the granulation callus is replaced with fibro-

cartilaginous soft tissue. Over the next 2-4 months, the soft callus is replaced by ossified woven 

bone, leading to the development of a hard callus. In the following months to years, the ossified 

hard callus is remodelled, whereby woven bone is gradually replaced with highly structured 

lamellar bone, optimising the hard callus shape to achieve the original pre-fracture morphology 

[13, 14].  

 

Figure 1.1ï Schematic representation of 4 phases involved within normal bone fracture 

repair. 

Healing outcomes have been shown to be directly linked to fracture stability [15-17] and the 

adequate supply of blood, hormones and growth factors [16]. In terms of stability and the role 

of mechanical loading on fracture healing outcomes, Perren and co-workers introduced the 

concept of the Inter-fragmentary Strain (IFS) Theory in the 1970ôs, which hypothesised that 

cells within the fracture gap differentiated into specific tissue types depending on the IFS [18]. 

According to this phenomenological theory, reducing the inter-fragmentary movement during 

the early stages of fracture healing (e.g. through rigid fixation) ensures favourable 

biomechanical conditions for bone fracture repair, minimising the risk non-union and delayed 

healing [19]. While the IFS theory represents a simplification of the complex 

mechanobiological processes that take place during fracture healing, it provided a conceptual 

link between the mechanics of fracture stabilization, the associated mechanobiological 
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responses and indeed many observed clinical outcomes [20]. While several more advanced 

mathematical theories [16, 21-23] have since been developed to describe the mechanics of 

fracture healing, these theories all indicate that fracture stabilisation, which can be achieved 

through either external or internal fixation, is essential for successful healing outcomes.   

1.1.2 Bone Remodeling  

In the later stages of fracture repair, the ossified hard callus undergoes remodeling, whereby 

woven bone is replaced with highly structured lamellar bone that returns the structure to the 

pre-fracture morphology. The concept of bone remodeling was first observed in the 19th century 

by Julius Wolff, who described the relationship between the structure and function of bone. 

Wolff was the first to notice that the orientations of the trabecular cancellous bone structures 

were aligned to the trajectories of the principle stresses (see Figure 1.2A), leading to the 

definition of Wollfôs law, which highlighted that the structural organisation of bone was 

functionally adapted to loading [24]. This concept was extended by Frost, who hypothesised 

that bone tissue remodels towards a mechanical homeostatic ñset pointò [25], optimising bone 

density as a function of the loading environment. Frost proposed the existence of a homeostatic 

regulatory mechanism that was responsible for the transduction of mechanical stimuli to 

regulate bone mass to accommodate these new mechanical demands (see Figure 1.2B). Frost 

theorised that below a certain threshold, bone mass was reabsorbed to remove excess mass, 

while above another loading threshold, bone formation occurs [26]. In between these 

thresholds, loading is considered to be homeostatic and bone mass is simply maintained, 

whereby the amount of bone resorption is balanced with bone formation. Originally, strain 

magnitude was proposed as mechanostat stimulus, although many other measures have since 

been proposed [27]. Bone remodeling is carried out via basic multicellular units, composed of 

discrete units of osteoclasts and osteoblasts, that are responsible for the deposition and removal 

of bone matrix [28]. Under normal conditions, the bone remodeling process is essential for 
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everyday maintenance of the skeletal system. The bone remodeling process also plays a critical 

role in the fracture repair process as it restores structure and function of the damaged tissue in 

the long-term.  

 

Figure 1.2 ï (A) Stress trajectories in curved Culmann crane compared with trabecular 

orientation patterns in proximal human femur, taken from [29] . (B) Schematic displaying 

role osteocytes in determining mechanostat thresholds for bone remodeling, adapted from 

[30]  

1.1.3 Permanent Fixators  

For severe fractures that require realignment to facilitate proper healing, permanent 

orthopaedic fixation devices are implanted to stabilise the fracture region.  These implants 

consist of plates, screws, nails, rods, wires, and pins, with different methods used depending 

on fracture site and type [31]. Bone plates are the most common form of internal fixations 

device [32] and are typically used to attach fracture ends and re-route internal and muscular 

loads away from the fracture site. These implants are conventionally composed of bioinert 

metals such as titanium and stainless steel [32], whose stiffness can be between 6-12 times 

greater than native cortical bone. Once the initial period of fracture healing is completed and 

woven bone has formed, the site is completely stabilised by the newly formed tissue and the 

role of fixator becomes redundant. However, the mismatch of material properties creates long-
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term complications as native bone adjacent to the implant experiences excessive shielding of 

mechanical loads, leading to bone reabsorption and implant loosening [33-35]. Due to the 

complications and cost [36] associated with revision surgery, implants are often left in-situ 

permanently. While permanent implants have attempted to minimise the stress-shielding 

phenomena through design optimisation and stiffness graded plates [37], these devices 

fundamentally disrupt the native anatomical loading patterns, which leads to unwanted bone 

reabsorption and increases the risk of implant migration and failure [34]. 

1.2 Biodegradable Fixators 

1.2.1 Ideal Biodegradable Orthopaedic Device 

Figure 1.3 shows a schematic of the functional performance of an ideal biodegradable internal 

fixation device. Here, the fixation device should initially provide high mechanical stiffness to 

support soft and hard callus formation. Following adequate ossification of the fracture region, 

the implant should undergo mechanical degradation at a rate that facilitates healing of the 

surrounding tissues. Eventually the implant should be completely removed leaving no residue, 

resulting in the restoration of normal physiological loading, and eliminating the requirement 

for a secondary removal surgery. Currently, both polymer- and metal-based bioabsorbable 

implants are commercially available. However, polymer-based bioabsorbable materials have 

relatively poor mechanical properties and have generally been implemented clinically where 

loading is relatively small, in the case of soft-tissue reattachment for example [38]. On the other 

hand, metal-based bioabsorbable materials have much more favourable mechanical properties, 

with magnesium-, zinc- and iron-based alloys all being proposed as bioabsorbable implants. In 

particular, magnesium and its alloys have comparable elastic moduli, fracture toughness and 

yield strengths compared to native bone tissue and hold great potential for orthopaedic 

applications as magnesium devices could provide adequate support during tissue healing, 
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subsequently degrading reducing the potential for long-term complications and revision 

surgeries [39-41].  

 

Figure 1.3 - Representation of mechanical response for ideal biodegradable fixation device 

for bone fracture repair. 

1.2.2 Magnesium as a Biodegradable Material 

Magnesium (Mg) is the fourth most common element found within the human body, and has 

been shown to promote bone growth [42]. Over the past 20 years, great interest has been shown 

in magnesium for orthopaedic  implants due to its good biocompatibility, biodegradability and 

mechanical properties [43]. Magnesium degrades in-vivo in the presence of chloride ions #Ì, 

releasing cations -Ç  and hydrogen gas as biproducts, which are eliminated by the body [44]. 

Magnesium is the least noble metal in the galvanic series and is highly susceptible to internal 

galvanic corrosion by secondary phases and impurities with greater standard electronic 

potential. The heterogeneous distribution of these deleterious elements means that magnesium 
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alloys are generally susceptible to localised corrosion mechanisms. Figure 1.4 shows an 

example of surface-based corrosion from a Magnesium WE43 uniaxial test specimens [45], 

with localised corrosion getting progressively more severe over time (e.g. left-to-right). For 

load-bearing orthopaedic applications, these localised corrosion mechanisms could lead to an 

early loss in mechanical integrity, providing inadequate mechanical stabilization of the fracture 

site during healing, which could result in undesirable host reactions [46-48]. While the 

corrosion rates can be improved through careful selection of alloying metals and/or surface 

modifications, this non-uniform corrosion mechanism presents significant design challenges in 

predicting the long-term performance of bioabsorbable magnesium-based devices in-vivo.  

 

Figure 1.4 ï (A) Experimental localised pitting corrosion within Mg dog-bone specimens, 

taken from [45] . (B) Histological of two intact screws (3 and 6 weeks) and one broken screw 

(12 weeks) with transepiphyseal position, taken from [49]  . (C) Radiographs of distal fracture 

(red arrow) displaying the corrosion of the Mg fixation screw and the fracture healing process 

over a 12 month period, taken from [50] . (D) Clinical trial investigating the transformation of 

implanted titanium and magnesium bone screws 3 years after a modified chevon osteotomy 

displaying complete healing of osteotomies, with more artifacts observed on titanium screw 

than the remnants of the magnesium screw, taken from [51] . 
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While early efforts to use magnesium as an implantable biomaterial in orthopaedic applications 

were problematic as degradation took place rapidly, more recently, several magnesium-based 

fixation devices have achieved successful clinical outcomes. Figure 1.4B shows imaging from 

an animal study [52] that has demonstrated that use of a high-strength lean alloy Mg screw 

(Mg  0.45Zn 0.45Ca, in wt.% (ZX00)) in a growing sheep osteotomy model. Here, the 

osteosynthesis effect of the implanted Mg alloy was shown, and it was found that hydrogen gas 

evolution had no negative effects on fracture repair. Figure 1.4C [50] shows imaging data that 

demonstrates the long-term biodegradability of Mg-5wt%Ca-1wt%Zn alloy implants and the 

bone formation and ingrowth of the surrounding tissue. Here, the controlled degradation of the 

Mg alloy resulted in the formation of a biomimicking calcification matrix at the degradation 

interfaces initiating the bone formation process. This facilitated early bone healing, allowing 

for the entire implant to be replaced by new bone within one year of implantation. Similar long-

term performance has been demonstrated in human clinical trials, with Figure 1.4D showing 

imaging data from a study on distal metatarsal osteotomies on 26 patients [51], with Mg screws 

displaying mid-term clinical efficacy, showing adequate bone healing and gradual degradation 

over time. Recently, Syntellix [53] have obtained regulatory approval for a range of 

magnesium-based screws and pins for commercial implantation (see Figure 1.5A), which have 

a degradation timeframe of one- or two-years following implantation [54]. Similarly, Medical 

Magnesium (Aachen, Germany) have magnesium-based interference and compression screws 

available on the market [55]. While these outline a clear potential of magnesium-based 

orthopaedic devices, the types of devices that have achieved clinical implementation have been 

screw- or wire-based. There still remains a distinct need to develop a better understanding 

of the corrosion performance of magnesium-based devices in the implanted environment 

to further increase their viability for commercial use in other types of devices. 
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Figure 1.5 ï (A) Range of Syntellix AG products commercially available, taken from [53] . 

(B) Range of Medical Magnesium products commercially available, taken from [55] . 

1.3 Computational Models of Biodegradable Fracture Fixation 

1.3.1 Computational Models of Bone Fracture Healing and Repair 

To better understand the process of fracture repair, mechanobiological models have been 

developed to simulate soft callus formation, hard callus formation and remodeling. These 

mathematical frameworks describe the differentiation of mesenchymal cells into fibroblasts, 

chondroblasts, immature and mature bone cells, producing their associated tissues [56, 57]. 

These models are typically implemented using the finite element method and the underlying 

theoretical frameworks have advanced well beyond IFS theory, with models incorporating 

single and/or biphasic stimuli models to drive tissue formation, as well as other cellular 

activities such as proliferation, migration, and apoptosis [56, 57]. While mechanobiological 

models are often carefully calibrated against the healing outcomes of animal experiments [16, 

58, 59], they have facilitated a detailed understanding of how mechanical stimuli and cellular 

activities affect tissue production during bone fracture healing. However, these frameworks 

have generally only been used to explore the role of internal fixators on the short-term fracture 

healing phase of the repair process [60]. These studies provide insight into the effect of fixation 

on inter-fragmentary movement in the early phases of healing, but the wider remodeling 
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processes that take place following a successful union over longer time periods have not been 

considered [13, 60-62].   

Numerous bone remodeling theories have been proposed based on the clinical observation that 

equalization of strain energy on the bony surface allows for the minimisation of strain energy 

within the whole structure of the bone [63]. This proves the assumption that bone structures 

are optimised to generate structures with the highest stiffness [63, 64]. Phenomenological 

models implement strain-derived criteria (generally strain energy density) as the remodeling 

stimulus to describe cellular activity and drive the remodeling process [65, 66]. Remodeling 

algorithms have been widely used to optimise the design of implantable orthopaedic devices in 

non-fracture-based applications, such as hip and knee replacements, with the effects of stress-

shielding widely studied [67, 68]. However, bone remodeling plays a vital role in the final 

stages of the fracture repair process, as woven bone is gradually replaced with orientated 

lamellar bone to return to original pre-fracture morphology. Computational frameworks that 

consider bone fracture repair and remodeling are rarely used in conjunction, with certain 

studies taking the approach of implementing a fracture healing algorithm and bone remodeling 

algorithm independently [14, 69-75] of one another to investigate longer-term responses, which 

is not ideal. There is a distinct need to develop consistent computational approaches that 

can predict both the short-term healing behaviour, and the long-term remodeling 

response of bone fractures to provide more insight into the fracture repair process. 

1.3.2 Magnesium Corrosion Models 

The localised and non-uniform corrosion behaviour of magnesium-based alloys presents 

distinct challenges when it comes to predicting the spatio-temporal features of surface-based 

corrosion, and the associated mechanical behaviour of the degrading part. A range of 

computational models have been developed to predict short- and long-term performance of 

magnesium-based devices in both in-vitro and in-vivo settings [76-82], with significant interest 
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focused on bioabsorbable magnesium-based stents for cardiovascular applications [83-86]. 

Generally, these corrosion models have been implemented within a finite element framework 

using either physical or phenomenological approaches. While physical models consider the 

detailed electrochemical interactions taking place on the corroding surface, these approaches 

are computationally expensive and have mainly considered uniform corrosion across the whole 

implant [87], or study localised corrosion mechanisms at the scale individual pit [87-89], which 

limits their practical utility. On the other hand, phenomenological models have been more 

widely used, whereby they consider an empirical relationship describing micro-galvanic/pitting 

corrosion, implemented through continuum-based damage models that describe geometrical 

discontinues and mass loss by removal of damaged elements from the corroding surface. 

Recently, corrosion models [83, 87, 88, 90-93] have been implemented based on the 

approaches developed by Gastaldi et al. [93] and Grogan et al. [83], whereby a random 

probabilty function is used to predict aspects of non-uniform corrosion and localised pit 

formation. While these models can effectively capture corrosion rates and aspects of non-

uniform corrosion, they are subject to serveral limitations. At a local-level, these models fail to 

capture serverity and spatial distrubtion of pitting features, with these models creating 

characteristic V-shaped pits, as shown in Figure 1.6. However, in reality, localised pit 

formation is more complex, with corroding materials experiencing a wide range of unique pit 

morphologies and even in certain cases experiencing multi-directional pitting, which is not 

captured by these models. Furthermore, these models tend to exhibit high degrees of mesh 

sensitivitysensititvty, which creates issues in calibrating model parameters for specific 

materials and/or specimens. There is a distinct need to develop robust and fundamentally 

consistant corrosion frameworks that are capable of captuing realistic non-uniform 

corrosion cause by galvanic and pitting processes. 
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Figure 1.6 ï Visual representation of phenomenological V-shapped pitting at 3.9%, 10%, 

16.4% and 29.6% mass loss outlined within Boland et al. [94]  implementing the 

phenomenological framework developed by Grogan et al. [83] . 

1.4 Objectives 

The global objective of this thesis is to develop a computational framework to investigate the 

long-term performance of bioabsorbable magnesium fixation devices used to enhanced fracture 

repair in orthopaedic applications. This represents a challenging multi-physics problem that 

requires the development, implementation and integration of multiple computational 

frameworks that describe mechanobiological aspects of bone tissue repair and surface-based 

corrosion processes of degradable magnesium-based implants. The specific aims of this thesis 

are the following: 

(i) To develop a coupled modelling framework for bone fracture repair that predicts both 

short-term fracture healing and long-term remodeling phases of the tissue over a period 

of 12 months in a fractured human tibia. 

(ii)  To develop an enhanced surface-based phenomenological corrosion finite element 

model that can robustly predict the spatiotemporal features of non-uniform 

pitting/micro-galvanic corrosion in bioabsorbable magnesium materials. 

(iii)  To couple both fracture repair and surface-based corrosion models in a unified 

framework and investigate the long-term fracture healing and remodeling performance 

of permanent titanium and bioabsorbable magnesium-based fixation plates. 
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By developing a combined computational framework, this thesis will facilitate a better 

understanding of the role of biodegradable fixators on long-term bone fracture repair. 

1.5 Thesis Structure 

The outline of this thesis is as follows: 

Chapter 2 outlines a comprehensive review of physiology of bone fracture repair and bone 

remodeling. This chapter describes the development of numerous mechanoregulation finite 

element models for fracture repair and remodeling, their applications in predicting clinical 

outcomes and facilitating optimal fixator design. Additionally, a review of magnesium as an 

implant material for clinical orthopaedic applications and modelling techniques to capture non-

uniform corrosion were investigated. 

Chapter 3 outlines the fundamental theory of continuum mechanics, focusing on finite element 

methods implemented in Chapter 4 ï 6. 

Chapter 4 presents the implementation of a coupled bone fracture healing and bone 

remodeling algorithm. The effects of loading magnitude and fracture gap size were investigated 

for non-plated and plated models. The short-term and long-term consequences of permanent 

fixation were analysed. 

Chapter 5 presents implementation of updated non-uniform corrosion algorithm based on 

previous work carried out by Grogan et al. [83]. This work created a more robust corrosion 

framework, which could capture realistic pitting produced by galvanic and pitting corrosion. 

Chapter 6 investigated through the computational models outlined in Chapter 4 & 5 the 

viability of a non-permanent magnesium fixator, regarding bone fracture repair and 

remodeling. The impact of corrosion parameters such as corrosion rate and pit severity were 

studied regarding healing outcomes. 
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Chapter 7 summarises the outcomes of this thesis, focussing on both the technical and 

scientific contributions of the completed work. Several future recommendations for the area 

are also provided.
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CHAPTER 2  

Literature Review 

2.1 Bone Structure and Function 

2.1.1 Bone Anatomy 

The human skeletal system is composed of cartilage, tendons, ligaments and bones that enable 

a wide range of bodily functions such as movement and protection of vital organs, while acting 

as reservoir of minerals (calcium and phosphorus) and bone marrow [95]. Bone tissue 

constantly remodels its architecture to adapt to its physical environment. The bones within the 

human skeletal system can be divided into five main categories based on their shape and 

function: (i) Long bones, which include the femur and tibia, whose primary function is to 

support bodyweight during skeletal movement; (ii) Short bones, such as metatarsals, are cuboid 

and function to provide stability and movement; (iii)  Flat bones, such as cranial bones, 

primarily protect important internal organs such as the brain; (iv) Sesamoid bones, such as the 

patella, relieve tension within muscles and tendons allowing for greater weight-bearing 

capabilities; Finally, (v) irregular bones, such as vertebrae, have complex and irregular shapes 

and their primary role is to help protect internal organs. 
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This thesis will only investigate long bones, whose structure can be divided into three 

distinctive regions, namely the epiphysis, diaphysis, and metaphysis [96], as shown in Figure 

2.1. The epiphysis is located on the proximal and distal ends of the bone, with these extremities 

covered in articular cartilage to reduce friction due to movement between bones. The epiphysis 

consists primarily of trabecular bone, with red bone marrow filling the voids. The diaphysis 

connects the proximal and distal ends and is composed of a cortex of compact bone and the 

medullary cavity, containing yellow bone marrow, while the metaphysis is the connecting 

region between the epiphysis and diaphysis. 

 

Figure 2.1 ï Structure of a long bone. Source [96] .Bone is a naturally occurring composite 

material whose constituent phases are hierarchically organised to provide a highly optimised 

structure that exhibits high stiffness and excellent resistance to fracture [97-99]. Considering 
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the macroscopic scale, bone can be classified as either trabecular or cortical bone. At the 

microstructure scale, bone is formed by Haversian systems and single trabeculae, while at 

the nanostructure scale, bone consists of collagen, water and hydroxyapatite minerals [97] .  

The macrostructure of bone consists of high-density cortical bone and low-density trabecular 

bone. Cortical bone forms the outer layer of all bones and is constructed from a repeating unit 

osteonal structures, sometimes termed the Haversian system (see Figure 2.2). Osteons are 

cylindrical in shape and have a diameter of 200 to 250ɛm. Within the centre of each osteon 

resides a blood vessel responsible for providing blood supply to cellular components. 

Trabecular bone within long bones resides at the epiphyseal ends and consists of individual 

trabeculae that tend to be predominantly aligned in the direction of loading [100], which are 

rod-like in shape with a diameter ranging from 50 - 300ɛm. 

 

Figure 2.2 ï Hierarchical structural organization of bone. Adapted from Rho et al. [97] . 

The irregular, yet highly optimised, arrangement of hierarchical structures within bone tissue 

results in a material that is highly heterogeneous and exhibits anisotropic material properties. 

Long bones such as the femur have a higher elastic modulus in the longitudinal direction (11ï

21GPa), than in the transverse direction (5-13GPa) [97]. Generally, the mechanical properties 

of bones are dependent on three main criteria: porosity, degree of mineralization and 

orientation of collagen fibres and/or trabeculae within the tissue [101]. These characteristics 
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may be influenced by several elements including age, gender, location within body and disease 

state, but also the local loading environment that the tissue experiences [102]. 

2.1.2 Bone Remodeling 

Bone is a living tissue that is constantly renewed and remodelled, with approximately 10% of 

the bodyôs bone mass replaced annually [102]. In the early 19th century, scientists hypothesised 

that bone architecture was structured to provide optimal stress transfer and maximum strength, 

while maintaining minimal weight.  From trabecular architectures, Wolff [103] was the first to 

describe boneôs ability to adapt its structure and morphology to mechanical stimuli  when he 

observed trabeculae in the proximal head of the femur being aligned to the principle loading 

direction (see Figure 2.3). This was later expanded upon by Frost, who proposed a theory 

whereby local strain levels regulated bone mass to a mechanical homeostatic ñset-pointò. Local 

strains above the ñset-pointò resulted in bone deposition, while strains below the ñset-pointò 

resulted in bone reabsorption. Frostsô ñmechanostatò theory has formed the basis for numerous 

mathematical and theoretical models to analysis bone adaptation [99, 104-106], which are 

discussed later in Section 2.2.  
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Figure 2.3ï Wolffôs depiction of trabecular orientation of bone in the proximal head of the 

femur. Bone material orientation corresponds to orientation of stress trajectories. Source 

[107]. 

At a cellular-level, bone is remodelled and modelled under the guidance of osteocyte, 

osteoclast, and osteoblast cells, whereby damaged tissue is replaced, and tissue is added in 

response to mechanical loading. Osteoblasts are bone-forming cells that produce bone 

extracellular matrix and are responsible for its mineralisation, while osteoclasts are responsible 

for bone resorption, which is critical in the maintenance and health of bone. Bone remodeling 

occurs over the timeframe of several weeks, whereby osteoblasts and osteoclasts organise into 

temporary anatomical structures called basic multicellular units (BMU). Here, an advancing 

front of osteoclasts remove bone matrix, and this is subsequently replaced by osteoblasts cells 

in the tail section of the BMU, as shown schematically in Figure 2.4. Osteocytes are derived 

from osteoblast that been become encapsulated within bone matrix following its deposition. 

These osteocytes act as mechanosensors, which actively translate mechanical and chemical 

stimuli into biochemical signals that control the activities of osteoblast and osteoclasts within 

the BMU. 

  

Figure 2.4ï Schematic of bone remodeling in a basic multicellular unit. Adapted from [108]. 

The remodeling phase carried out by the BMU is defined by five distinct sequential phases: 
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1. Activation Phase: Initial stage of bone remodeling whereby osteocytes detect remodeling 

stimulus, which can be either mechanical, such as loading or microdamage, or chemical, 

such as the presence of growth factors, hormones, or inflammatory factors.  

2. Resorption Phase: Pre-osteoclasts differentiate, and osteoclasts adhere and begin to reabsorb 

bone creating a ñsealed zoneò. 

3. Reversal Phase: Removal of collagen matrix covering the sealed zone in preparation of 

osteoblast activity. 

4. Formation Phase: Recruited osteoblasts create new bone matrix and promote its 

mineralization, completing the remodeling process. Imbalances between the reabsorption 

and formation phase affects overall bone mass, which can result in pathological conditions. 

5. Termination Phase: Once an equal quantity of reabsorbed bone has been replaced, 

remodeling terminates. Mature osteoblasts undergo apoptosis or differentiate into 

osteocytes. 

2.1.3 Bone Fracture Healing 

Fractures are the most common large-organ injuries that occur, with approximately 178 million 

traumatic fractures occurring globally each year [1]. Bone fracture healing occurs through two 

main pathways, through either direct or indirect healing. Firstly, direct or intramembranous 

fracture healing, whereby the fracture ends are fixed together in compression (fracture gap < 

0.01mm) and osteoblasts re-establish boneôs lamellar structure without the formation of a 

cartilaginous callus. Direct healing does not commonly occur naturally and usually requires 

fixation to reduce the fracture ends [11]. Under these conditions, osteoclasts remove dead bone 

to form new Harversian systems, while newly formed blood vessels provide osteoprogenitor 

cells required for osteoblast production. Since little or no callus is formed, direct bone healing 

is considered to occur through the direct remodeling of cortical bone [109]. The absolute 
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stability of surgical fixation allows for the physiological fracture healing process to be skipped 

and bone remodeling to occur [110].  

More commonly, secondary (or indirect) fracture healing occurs in long-bone fractures and 

includes the classical stages of injury of haemorrhage, inflammatory response, fibro-cartilage 

formation, intramembranous and endochondral ossification, and bone remodeling. Secondary 

bone healing is a complex procedure that requires orchestrated interactions between cellular 

activities (e.g., migration, proliferation, differentiation, and death), mechanical signals and 

biochemical signals (e.g., related growth factors and oxygen). Figure 2.5 summarises the main 

phases of fracture healing: (1) inflammatory phase, (2) ï (3) reparative phase, and (4) 

remodeling phase [109, 111-115].  

 

Figure 2.5 ï Primary phases involved in secondary bone fracture repair [116]. 

(i) Inflammatory phase: Immediately following fracture, the bone, blood vessels and soft tissue 

surrounding the fracture region are damaged, which results in blood invading the fracture 

region to form a hematoma, known as the inflammatory phase. Due to damage to the 

surrounding blood vessels, the fraction region becomes hypoxic, resulting in necrosis of 

osteoblasts, osteocytes, and damaged tissue. This is immediately followed by inflammatory 

response, whereby leukocytes and macrophages migrate and invade the region. Additionally 

mesenchymal stem cells (MSCs), fibroblasts and endothelial cells invade the region [117].      
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(ii) Reparative phase: Following the inflammatory phase, the reparative phase begins, which 

consists of soft callus and hard callus formation [109, 113-115]. Granulation tissue in the 

fracture region is gradually replaced by fibrous tissue. Mesenchymal Stem Cells (MSCs) within 

the fracture region differentiate according to both biochemical [109] and mechanical stimuli 

[118]. Within the soft callus phase, MSCs far away from the fracture region and near the cortex 

differentiate into osteoblasts producing woven bone. Closer to the fracture region, MSCs 

differentiate into chondrocytes, which aid in stabilizing the fracture zone mechanically. 

Chondrocytes mature to become hypertrophic chondrocytes, which deposit mineralised matrix 

to form calcified cartilage prior to replacement by bone.  

(iii) Remodeling phase: During the remodeling phase, osteoblasts migrate invade to regions 

within the calcified cartilage, which contain a blood supply. Endochondral ossification involves 

the replacement of hyaline cartilage with bony tissue to create a hard callus. The fracture gap 

eventually becomes joined by bony tissue, whereby ñbony bridgingò or clinical union is 

reached. During the remodeling phase, unnecessary or poorly placed bone is resorbed by 

osteoclasts and lamellar bone is produced by osteoblasts in load-bearing regions. This process 

continues for months to years as bone is restored to its original shape and strength.  

2.1.4 Role of Mechanical Stimuli and Bone Fracture Healing 

Over the last three decades, our understanding of fracture healing has evolved, and further 

insight has been gained into the role of mechanical loading on the fracture healing process (see 

Figure 2.6). The magnitude of mechanical stimuli in the micro-environment has been found to 

impact healing pathways substantially [119-121]. The local magnitude of strain in the fracture 

region can be influenced by mechanical and geometrical features such as fracture pattern, 

location of fracture, fracture gap, and loading magnitude, direction, and history [122]. Smaller 

fracture gap sizes result in fast successful healing, while larger gaps can result in delayed 

healing or the generation on a non-union (see Figure 2.6).  
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Figure 2.6 - Histological staining of sheep metatarsal stabilised with an external ring fixator. 

Sheep were divided into two groups (left) 2.1mm osteotomy gap and (right) 5.7mm osteotomy 

gap. Endosteal bridging was observed in smaller osteotomy gap, while periosteal and 

endosteal callus formation was observed in the larger osteotomy gap with mainly connective 

and fibrocartilage tissue in the fracture gap and no bony bridging. Source [123]. 

Based on these observations, Perren and co-workers (Perren 1979; Perren and Cordey 1980) 

were one of the first to introduce a mathematical theory to describe the role of mechanical 

loading on fracture healing through the Inter-Fragmentary Strain theory. Inter-Fragmentary 

Strain theory relates the remodeling of fracture callus tissues to the mechanical strain 

experienced by the fractured bone fragments during loading. The remodeling stimulus inter-

fragmentary strain (IFS) determined the remodeling outcome of the entire fracture callus, 

allowing the formation of only one fracture tissue phenotype at a time. Reducing IFS allowed 

for generation of more complex fracture tissues enabling the gradual stiffening of the fracture 

callus. This controlled progression in tissue formation and stiffening is pivotal in the promotion 

of successful bone healing, gradually restoring the strength and integrity of fractured bones. 

This approach is directly applicable to clinical cases as inter-fragmentary movement is 

generally recorded during healing, with many examples of this across clinical literature, 

whereby axial inter-fragmentary strain stimulates the formation of periosteal callus, enhancing 
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fracture healing [124]. Experimental studies have shown that adequate mechanical stability 

increases MSC differentiation into bone, resulting in quicker healing times [125].  

While this theory provides a useful understanding of the role of motion on fracture healing, it 

remains somewhat idealised as the stimulus varies spatially within gap region and loading on 

the tissue tends to be multi-axial. Therefore, many further mathematical theories have been 

introduced to describe the mechanobiology of fracture and these are reviewed in more detail in 

Section 2.2. 

2.1.5 Fixation of Bone Fractures 

The concept of reducing the mechanical stimulus, or inter-fragmentary strain during fracture 

healing is the driving factor behind the use of orthopaedic fracture fixation devices, whose 

primary function is provided stabilisation at the fracture site and reduce movement to ensure 

that ñnon-unionò is avoided. Internal orthopaedic fixators that include wires, screws, plates and 

nails and external fixators, which provide varying degrees of fixation to stabilise the fracture 

region, which is represented schematically in Figure 2.7. 
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Figure 2.7 - Overview of different fixation methods. (A) Degree of fixation produced from 

different fracture fixation implants. (B) Implementation of different fixation devices currently 

used. Adapted from [126]. 

While fixation devices provide stability to fractures to aid healing, certain complications can 

be encountered during later stages of healing and remodeling. In fact, the removal of fixed-

metallic implants is the most common elective orthopaedic procedure in the EU. This 

represents 5% of all orthopaedic surgeries and has an estimated annual cost of over ú1.6 billion. 

Due to this revision surgery, complications can be encountered that include infection, re-

fracture, tissue and nerve damage and post-operative bleeding [7]. Therefore, many implants 

are actually never removed and remain in situ well beyond their functional role has been 

completed. The presence of these stiff metallic implants can lead to further issues such as stress 

shielding [34], whereby tissue is resorbed locally due to the primary load being redirected 

through the stiff implant. These features are very commonly observed in larger orthopaedic 

implants such as hip replacements (see Figure 2.8) but can also be prevalent for smaller fixation 

devices. Permanent fixation devices can be particularly detrimental in children where growth 

patterns are inhibited due to the presence of a stiff implant that limits the relative movement 

between tissue regions. Other complications associated with permanent fixation devices 

include late infection, metal allergy/toxicity, hardware migration and metal failure through 

corrosion [31].  
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Figure 2.8 ï (A) Visualization of stress shielding in total hip arthroplasties, adapted from 

[127]. (B) Micro-computed tomography images of stress shielding in total hip arthroplasties; 

(B1) Rounding of proximal and medial neck; (B2) reduction in medial cortex density around 

minor trochanter; (B3) loss in medical cortex density below minor trochanter; (B4) cortical 

reabsorption of diaphysis. Source [128]. 

2.2 Fracture Healing Algorithms  

2.2.1 Phenomenological Mechanoregulation Models for Fracture Healing 

The first mathematical framework to model the fracture healing response was proposed by 

Pauwels [129] who described the differentiation of MSCs according to a physical stimulus. 

Within Pauwelsô framework, strain and pressure were assumed to stimulate the production of 

fibrous and cartilage tissue, respectively (see Figure 2.9A). A stimulus to predict the 

differentiation of bone cells was not present as, even though Pauwelsô work was based on 

clinical observations, the magnitudes strains and stresses could not be accurately measured. 

Carter et al. [130] implemented Pauwelsô framework computationally and found that the theory 

was consistent with experimental results, however could not validate the influence of 

mechanical stresses on tissue differentiation. 

Perren and co-workers built on Pauwels work to include a threshold stimulus, whereby tissues 

would be unable to develop due to excessive strains [131]. As already introduced briefly, their 

Inter-Fragmentary Strain theory outlined that the only tissue type that is formed in the fracture 
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gap, is the tissue that can sustain the current inter-fragmentary strain (see Figure 2.9B). The 

inter-fragmentary strain (IFS) was defined as: 

 ὍὊὛ
ὓέὸὭέὲ Ὠ

Ὃὥὴ ὛὭᾀὩ Ὃ
   (2.1) 

The inter-fragmentary strain theory assumed that the fracture site is initially filled with 

granulation tissue, which differentiated towards cartilage, increasing strength/stiffness of 

tissue. As tissue stiffness increases, the inter-fragmentary strain in the fracture gap decreases 

leading to formation of stiffer and stronger tissues at fracture site. The inter-fragmentary strain 

theory is widely used clinically to evaluate treatment strategies for fractures. However, it is not 

a viable method of determining fracture callus evolution as it disregards heterogeneous nature 

of tissue structure and the mechanics of the fracture region.  

Carter [132] later extended the inter-fragmentary strain concept to a two-dimensional theory 

whereby (i) regions of high tensile strain in the fracture gap resulted in fibrous tissue, (ii)  

cartilaginous tissue was formed in regions of hydrostatic compression and (iii) bone formed in 

regions if low hydrostatic pressure (see Figure 2.9C). There were no specific limits set for the 

tension and pressure line shown in Figure 2.9C.  Claes and co-workers later combined animal 

experiments and cell culture studies to drive the development of finite element models to 

investigate the effects that fracture gap and stability had on fracture healing [119, 120]. In 

particular, Claes and Heigle [16] implemented a finite element model that defined 

quantitative mechanical thresholds from animal experiments to regulate new tissue formation 

(see Figure 2.9D). Based on histological data from animal experiments, it was proposed that 

when the local strain was < 5% and hydrostatic pressure ± 0.15MPa intramembranous bone 

formation occurred, while if local strain was > 15% and hydrostatic pressure > - 0.15MPa, 

endochondral ossification occurred. All other conditions resulted in fibrous or 

fibrocartilaginous tissue. This mechanoregulatory theory was established on the observation 
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that bone formation occurs mainly near calcified surfaces and intramembranous and 

endochondral ossification exist in fracture healing. 

While the models above provided a general framework for the mechanoregulation of fracture 

healing, many in vitro studies were simultaneously taking place that provided clear evidence 

that the cell types involved in fracture healing were also mechanosensitive to fluid flow 

stimulation  [133, 134]. This led to biphasic theory being implemented in fracture healing 

models, whereby the fracture region was described as a porous medium consisting of a porous-

permeable solid matrix and an interstitial fluid. Within this framework, shear strain within the 

solid phase and fluid velocity within the interstitial fluid phase were used to describe the 

biophysical stimuli that controlled cellular differentiation. Huiskes et al. [135] determined the 

ranges of biophysical required for cellular differentiation by comparing finite element 

simulations to experiments carried out by Søballe et al. [136-138]. Prendergast and co-workers 

built on this, whereby Lacroix et al. [21] developed a mechanobiological model to simulate 

human tibia fracture repair that considered both these stimuli, with this model validated against 

experiments performed by Prendergast [22]. Fibrous tissue formed under high values of both 

shear strain and fluid flow, while cartilage formed under intermediate values (see Figure 2.9E). 

Only low values of shear strain and fluid flow promoted bone formation.  
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Figure 2.9 ï Brief description of mechanoregulatory algorithms. (A) Pauwelsô algorithm 

controlled by volumetric and deviatoric deformation [129]. (B) Perrenôs and Cordeyôs 

algorithm based on tissue rupture strength [131] . (C) Cartersô two dimensional model based 

on principle tensile strain and hydrostatic stress [132] . (D) Claesô algorithm controlled by 

principle strain and hydrostatic pressure [16]  . (E) Huiskesô algorithm  regulated by fluid 

velocity and shear strain [135] . 

Since the early 2000ôs, many researchers have built on the mechanoregulation models 

described above, developing ever-more advanced computational models to predict the intricate 

features of fracture healing. Table 2.1 provides a summary of the wider phenomenological 

fracture healing models that are currently available in the literature. Apart from mechanical 

stimulation, Lacroix et al. [21] were the first to include the proliferation and migration of 

mesenchymal stem cells around the callus region within the biphasic model. Cellular 

proliferation /migration of cells were modelled by considering it to be analogous to diffusion. 

These models allowed the transport of MSCs from the periosteum, cortical interface, and bone 

marrow simultaneously. Cellular concentration had a considerable effect on healing with 

regions in proximity to progenitor cell source healing an accelerated rate (see Figure 2.10). 



Chapter 2 

 

 

40 

 

 

Figure 2.10 ï Overview of proliferation and migration of MSCs into fracture callus; (A) 

MSCs invade from (R1) external tissues, (R2) cortical periosteum and (R3) bone marrow; (B) 

Governing equation controlling spreading of cells within the fracture callus; (C) 

Visualization of MSC concentrations within the fracture callus at 25, 50, 75 and 100 days. 

Additionally the simulations carried out by Lacroix et al. [21] concluded that fracture gap size 

affected the healing time and inter-fragmentary strain. This model was extended further by 

Kelly and Prendergast [23] to include cell differentiation and death to provide a more realistic 

representation of cell activities. Perez and Prendergast [139] implemented a random-walk 

model to simulate the proliferation of cells throughout the fracture callus, which resulted in 

heterogenous tissue distribution, corresponding quantitatively to clinical outcomes. Isaksson 

[140] implemented a more phenomenological approach, whereby cell activities such as: 

migration, proliferation, diffusion were modelled explicitly using coupled partial differential 

equations (see Figure 2.10B). This coupled mechanoregulatory model could predict not only 

normal healing but pathological conditions like mechanical overloading, periosteal stripping 

and the impaired effects of cartilage remodeling.
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Table 2.1 ï Overview of phenomenological fracture healing models currently available in the literature. 

Reference Model Type Material 

Property 

Mechanical Stimuli Cells Angiogenesis Callus growth Clinical Application  

Carter et al. 

(1998) [118] 

Single phase finite 

element 

model 

Linear elastic Principle tensile and 

hydrostatic stress 

- - - Pseudoarthrosis 

formation[141] 

Asymmetric 

fractures[142] 

Distraction osteogenesis 

[143] 

Claes and 

Heigele 

(1999) [16] 

Single phase finite 

element 

model 

Linear elastic 

and 

hyper-elastic 

Principle strain and 

hydrostatic pressure 

- - - - 

Ament and 

Hofer 

(2000)[144] 

Single phase finite 

element model and 

fuzzy logic 

Linear elastic Strain density and 

osteogenic factor 

- - - Sheep trabecular bone 

fracture healing [145] 

Patient-specific bone 

fracture healing [60] 

Prendergast 

et al. (1997) 

[146] 

Biphasic finite 

element 

model 

Poroelastic Shear strain and fluid 

velocity 

- - - Fixation configuration 

[147] 

Lacroix et al. 

(2002) [148] 

Biphasic finite 

element model and 

diffusion equation 

Poroelastic Shear strain and fluid 

flow 

- - - Tissue differentiation in 

bone chamber [149] and 

during osteochondral 

defect healing [23] 

Gomez-

Benito et al. 

(2005) [56] 

Biphasic finite 

element model and 

diffusion analysis 

and thermoelastic 

analysis 

Poroelastic Second invariant of the 

deviatoric strain tensor 

Mesenchymal 

stem cells 

- Mesenchymal 

stem cell 

proliferation 

chondrocyte 

hypertrophy 

Effect of stiffness of 

external fixator [150] 

Andreyskiv 

et al. (2008) 

Biphasic finite 

element 

model 

Poroelastic Shear strain and fluid flow MSCs, 

Chondrocytes, 

Fibroblasts, 

Osteoblasts, 

- - - 

Perez and 

Prendergast 

(2007) [139] 

Biphasic finite 

element 

model and 

stochastic 

model 

Poroelastic Octahedral shear strain 

and 

relative fluid velocity 

MSCs, 

Chondrocytes, 

Fibroblasts, 

Osteoblasts, 

- - Human tibia fracture with 

realistic muscle loading 

[65] 
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Isaksson et 

al. (2008) 

[140] 

biphasic finite 

element 

model and cell-

phenotype 

specific activity 

Poroelastic Deviatoric shear strain 

and fluid velocity 

MSCs 

 

- - - 

Checa and 

Prendergast 

(2009) [151] 

Biphasic finite 

element 

model and lattice 

model 

Poroelastic Shear strain and fluid 

velocity 

MSCs, 

Chondrocytes, 

Fibroblasts, 

Osteoblasts,  

Branching 

Sprouts growth 

Anastomosis 

- - 

Shefelbine et 

al. (2005) 

[145] 

Single phase 

element model 

and fuzzy logic 

Linear elastic Octahedral shear strain 

and hydrostatic strain 

MSCs, 

Chondrocytes, 

Fibroblasts, 

Osteoblasts, 

Endothelial cells 

Fuzzy logic - - 

Chen et al. 

(2009) [152] 

Single phase 

element model 

and fuzzy logic 

Linear elastic Dilatational strain - Vascular matrix Volume 

growth 

Optimal fixation 

configuration [153] 

Simon et al. 

(2011) [58] 

Interface finite 

element 

model 

Linear elastic Distortional strain - Vascular matrix Volume 

growth 

Optimal fixation 

configuration [153] 

Alierta et al. 

(2016) [154] 

Interface finite 

element 

model 

Cohesive 

element and 

linear elastic 

element 

Union degree - - - Oblique fractures in tibia 

and fibula [154] 

Garcia-

Aznar et al. 

(2006) [155] 

single phase 

element model 

and diffusion model 

Linear elastic Second invariant of the 

deviatoric strain 

MSCs, 

Chondrocytes, 

Fibroblasts, 

Osteoblasts, 

- Mesenchymal 

stem 

cell 

Proliferation 

Chondrocyte 

Hypertrophy 

Distraction osteogenesis 

[156] 

Isakson et al. 

(2007) [59] 

Biphasic element 

model 

and swelling model 

Poroelastic Octahedral shear strain 

and fluid velocity 

MSCs, 

Chondrocytes, 

Fibroblasts, 

Osteoblasts, 

- Volume 

growth 

Distraction osteogenesis 

[59] 

Wilson et al. 

(2015) [157] 

Periosteum-only 

model 

Linear elastic Deviatoric strain and 

dilatational strain 

- - Bone and 

cartilage 

formation 

- 
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Isaksson et al. [158] compared numerous mechanoregulatory models, within the same finite 

element model, such that the results could be compared directly. Within their work they 

concluded none of the volumetric components, i.e., pore pressure or fluid velocity 

independently could not predict the spatial or temporal distribution of fracture tissues. 

Deviatoric strain however could accurately predict normal healing independently, therefore 

suggesting that the deviatoric component may be the most important mechanical stimulus in 

controlling tissue differentiation for indirect fracture healing. Further studies carried out by 

Isaksson et al. [159] whereby an ovine tibia was subjected to two load cases: axial compression 

and torsional rotation. Histological data at 4 and 8 weeks of the animal experiments were 

compared to fracture repair algorithms implementing different mechanical stimuli. Within the 

torsional loading case models controlled by hydrostatic pressure and fluid flow failed to 

accurately predict normal healing. Algorithm controlled by deviatoric strain and fluid flow 

could predict healing in torsion and resulted in the most accurate representation of in-vivo 

results. It was noted deviatoric strain alone did not comply with in-vivo data and that none of 

the proposed algorithms could fully predict fracture healing under both loading cases. 

While biphasic mechanoregulation models enabled predictions of fracture healing, there were 

certain numerical issues that arose in its implementation due to abrupt changes in phenotype 

(see Figure 2.11A). Therefore, the general expression of biphasic mechanoregulation for 

fracture repair was modified by Sapotnick and Nackenhorst [160] though the implementation 

of fuzzy zones to prevent abrupt changes in tissue differentiation (Figure 2.11A)). Ament and 

Hofer [144] implemented a fuzzy logic controller, based on the mechanical stimulus and 

medical knowledge tissues obtained membership to phenotypes, describing transformations 

such as; intramembranous or chondral ossification, atrophy or destruction (see Figure 2.11B).  
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Figure 2.11 - (A) Mechanobiological regulations implemented by Prendergast et al. [146] 

and implemented using fuzzy logic zones based on work performed by Sapotnick and 

Nackenhorst [160]. Membership functions controlling cell differentiation regarding 

mechanical stimulus (S) and osteogenic factor (C) [144] 

2.2.2 Mechanoregulatory and Biochemical Models 

While the mechanoregulatory models outlined in Section 2.2.1 have enabled good predictions 

of fracture repair, these models have been primarily governed by mechanical factors along and 

have not accounted for more some of the more complex biological and biochemical process 

that take place following fracture. In particular, the process of fracture healing depends heavily 

on other factors including biochemical cell signalling, oxygen concentration and angiogenesis. 

To address these, several other mathematical frameworks that account for such biochemical 

have been developed, with a summary provided in Table 2.2. These models implement a series 

of linear/non-linear partial differential equations describing cell migration, mitosis and 

differentiation, tissue synthesis and degradation and growth factor production, diffusion and 

decay. In particular, Geris et al. [161] developed a coupled fracture healing model including 

mechanical and biological regulatory factors, capturing the actions of growth factors and the 
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process of angiogenesis in a mechanics method. Carlier et al. [162] extended this concept of 

this model through the development of a multiscale model of osteogenesis and sprouting 

angiogenesis, which creating an enhanced model that enabled investigation of the influence of 

molecular mechanisms on angiogenesis and bone formation. Carlier et al. [163] also developed 

a computational framework describing regulatory properties of oxygen on bone fracture 

healing, demonstrating the regulatory properties oxygen has on the behaviour of skeletal cells 

during normal and impaired healing cases. 
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Table 2.2ï Summary of biological and mechanobiological healing models.  

 

 Biochemical signals Mechanical stimuli Cells Angiogenesis Clinical application 

Bailon-Plaza 

and van der 

Meulen (2001) 

[164] 

Chondrogenic growth 

factors 

Osteogenic growth factors 

- Mesenchymal stem cells 

Chondrocytes 

osteoblasts 

- - 

Geris et al. 

(2008) [165] 

Chondrogenic growth 

factors 

Osteogenic growth factors 

Angiogenic growth factors 

- Mesenchymal stem cells 

Chondrocytes 

Osteoblasts 

Endothelial cells 

Partial differential 

equation 

- 

Peiffer et al. 

(2011) [166] 

Chongrogenic growth 

factors 

Osteogenic growth factors 

Angiogenic growth factors 

- Mesenchymal stem cells 

Chondrocytes 

Osteoblasts 

endothelial cells 

Blood vessel growth 

Anastomosis 

Impaired fracture 

healing 

resulting from MMP9 

deficiency [166] 

Carlier et al. 

(2012) [162] 

Chondrogenic growth 

factors 

Osteogenic growth factors 

Angiogenic growth factors 

- Mesenchymal stem cells 

Chondrocytes 

Osteoblasts 

Endothelial cells 

Tip cell movement 

Sprouting 

Anastomosis 

Impaired fracture 

healing 

resulting from a large 

fracture gap [162] 

Carlier et al. 

(2015) [163] 

Chondrogenic growth 

factors 

Osteogenic growth factors 

Angiogenic growth 

factors 

Oxygen tension 

- Mesenchymal stem cells 

Chondrocytes 

Osteoblasts 

Endothelial cells 

Tip cell movement 

Sprouting 

Anastomosis 

- 

Bailon-Plaza 

and van 

der Meulen 

(2003) [167] 

Chondrogenic growth 

factors 

Osteogenic growth factors 

Deviatoric strains 

dilatational strains 

Mesenchymal stem cells 

Chondrocytes 

Osteoblasts 

- - 

Geris et al. 

(2010) [161] 

Chondrogenic growth 

factors 

Osteogenic growth factors 

Angiogenic growth factors 

Hydrostatic pressure 

and fluid flow 

Mesenchymal stem cells 

Chondrocytes 

Osteoblasts 

Endothelial cells 

Partial differential 

equation 

- 
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2.3 Bone Remodeling Algorithms 

2.3.1 Phenomenological models  

Adaptive bone remodeling algorithms predict bone remodeling by assuming mathematical 

relationships between mechanical stimuli and bone response, without considering cellular 

activities [168]. Phenomenological models are often based on the assumption that bone 

remodeling tends towards a physiological or homeostatic stimulus [99, 104, 105, 169, 170]. 

Two prominent phenomenological models have been developed: (1) Stanford University model 

[105, 171, 172] that proposed a daily stress stimulus and the (2) Weinansô model [106, 173], 

which implemented strain energy density (SED) per unit volume of bone as the remodeling 

stimulus. Both models have distinct similarities in their implementation, and both have 

predicted equivalent results [73, 169]. Both models tend towards a homeostatic mechanical 

stimulus   , whereby the local mechanical load in the bone tissue is a function of local stress 

tensor Ɑ Ɑὼȟώȟᾀ, the local strain tensor Ⱡ  Ⱡὼȟώȟᾀ, and apparent density ”

”ὼȟώȟᾀ: 

 
Ὠ”

Ὠὸ
ὊⱭȟⱠȟ”ȟ π ” ”   (2.2) 

where ”  is the maximum density of cortical bone. As the objective function approaches zero, 

the system reaches equilibrium. Both remodeling algorithms can be described by the following 

generic relationship: 

 
Ὠ”

Ὠὸ
ὄ    ȟ π ” ”   (2.3) 

where ὄ is a remodeling rate constant,    ὼȟώȟᾀ is the local mechanical stimulus and 

   a non-site-specific constant, which describes the homeostatic state. The models consider 

bone as an isotropic material [73, 169], however anisotropic bone models exist where bone 

density was associated to orientation and anisotropy [174-176]. The main difference between 

the models exists in the calculation of the remodeling stimulus    and the homeostatic state 
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(  . An overview of the algorithm implemented in the Stanford model is shown below in 

Figure 2.12: 

 

Figure 2.12 - Flowchart of Stanford bone remodeling algorithm, whereby bone remodels 

towards the homeostatic state stimulus   . 

The Stanford model described the remodeling stimulus as the daily tissue stress stimulus: 

   ὲ„   (2.4) 

where „ is the continuum effective stress defined as „ ЍςὉὟ, ὲ is the number of cycles of 

load type Ὥ, and empirical constant stress exponent ά. The value of ά determines the influence 

stress magnitude and number of load cycles has on the daily stimulus, where higher values of 

ά increases the influence of high stress magnitudes. The continuum tissue-level relationship 

can be described as: 

 ”
”
      (2.5) 

where ” denotes the maximum density of cortical bone and    is the tissue level daily 

stimulus. The net change in apparent bone density approaches zero when nearing equilibrium, 
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therefore near the equilibrium state ”  ” ȟ    , allowing Equation (2.6 to rewritten 

as: 

 ὑ  
”
    (2.6) 

where ὑ  is called homeostatic state constant. Finally, the tissue-level remodeling error Ὡ 

is defined, which in conjunction with the homeostatic state stimulus are the driving force for 

bone remodeling:  

 Ὡ
”
”  

”
”     (2.7) 

Bone apposition occurs when the stress stimulus exceeds the homeostatic value, and bone 

reabsorption occurs when the stress stimulus is below the homeostatic value. This relationship 

is expressed mathematically (see Figure 2.13A) by the following equations: 

 
Ὠ”

Ὠὸ
ὶὛ”  (2.8) 

where Ὓ describes the bone surface area density (see Figure 2.13B) described by Martin et al. 

[177] and ” is the true density of bone tissue.  

 

Figure 2.13 ï (A) Hypothetical curves displaying the rate of surface remodeling as a function 

of tissue stress level for the skull, femur periosteum and femur metaphysis. Adapted from 

[105]. (B) Surface area density as a function of bone apparent density. Adapted from [177]. 
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Within Weinansô model, the daily stress was presented regarding strain energy density (SED), 

whereby the average strain energy Ὗ  was considered for ὲ cycles: 

 

ρ

ὲ

Ὗ

”
   

 

 (2.9)  

The homeostatic stimulus was calculated according to the following equation: 

 ‪
„

ς Ὁ ”
  (2.10)  

The change in apparent bone density takes the form expressed previously in Equation (2.3. 

Both models considered bone an isotropic material and predicted equivalent results [73, 169]. 

The development of anisotropic bone models exists, whereby the remodeling rules are applied 

to the full anisotropic stiffness tensor [174-176]. 

Through their implementation within finite element frameworks, researchers have used these 

models to predict bone remodeling in response to stimuli. Most phenomenological bone 

remodeling models that have been implemented follow the basic configuration schematically 

represented in Figure 2.14A. These models are usually controlled by three components within 

the remodeling rate relations (RRR) (see Figure 2.14B): (1) Density rate functions 

” ὪόὲὧὸὭέὲ ÏÆ ὶ, (2) the remodeling rate function (ὶ function of   and  ᶻ) and the  (3) 

stimulus definition (  and its homeostatic value  ᶻ).  
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Figure 2.14 - (A) Generic algorithm implemented to model bone phenomenologically. (B-E) 

Different types of remodeling rate relations implemented: (B) with dead zone, (C) bilinear, 

(D) bilinear with saturation and (E) piecewise linear. 

Huiskes et al. [34] implemented early iterations of Weinans adaptive bone remodeling 

algorithm to show the relationship between implant flexibility for total hip replacements and 

stress shielding. For stiffer stems bone reabsorption was found to occur the entire medial 

cortex, and through a large portion of the medial cortex, with more flexible stems displaying 

more favourable results. McNamara et al. [73] advanced Weinans models through the 

characterisation of bone overloading through the calculation of tissue level micro-damage, 

which regulated damage-based reabsorption. Scannell et al. [72] implemented the combined 

strain/damage remodeling algorithm to produce more realistic adaptive remodeling simulations 

around load bearing implants. Recently bone remodeling algorithms incorporating cellular 

activities of the BMU have included autocrine and paracrine factors which regulate the cell 

population, implementing biochemical factors such as OPG/RANK/RANKL and TGFɓ/IGF 

[178]. Patient specific models have been reconstructed using computer tomography (CT). This 

supports the creation of patient-specific models simulations under different physiological 

situations [179]. These models offer a unique prediction on aspects such as joint contact, 

musculoskeletal loading during gait and initial bone density, however they are rarely 
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implemented with remodeling algorithms to obtain a full analysis of the patient. The 

combination of patient-specific simulations with bone remodeling models could provide 

valuable information for bone treatments. 

2.3.2 Damage-based Remodeling  

Mechanical loading is known to result in bone formation and increased bone density according 

to Wolff [103], however it has also been found that excessive mechanical stimulation can lead 

to damage accumulation, which actually results in a loss of bone density due to damage [180]. 

Excessive loading in regions were bone and implant interface are of concern due to the creation 

of stress concentrations causing damage-based reabsorption, subsequently leading to implant 

loosening and failure [181]. Damage-based phenomenological models-based assumption that 

damage-adaptive remodeling was prioritised when damage levels exceeded critical threshold 

‫ , thus optimising bone strength and stiffness to control damage generated by creep and 

fatigue and providing a plausible prediction of BMU behaviour [73, 182, 183]. Damaged bone 

within the body was assumed to be removed at a constant repair rate ‫  for healthy bone, 

thus damage equilibrium was achieved when the damage formation rate ‫  and repair rate 

were equal. It was hypothesised that damage ‫  exists, even at remodeling equilibrium in the 

form of inter-constituent micro-cracks, described by the following equation: 

 
Ὠ

Ὠὸ
Ў‫

Ὠ‫

Ὠὸ

Ὠ‫

Ὠὸ
‫ ‫   (2.11)  

where Ўand ,‫ ,‫ ‫  denote the change in damage, actual damage within the microstructure 

and damage repair respectively. Micro-damage within bones can result from ñwear and tearò 

[184] or natural stress concentrators due to the microstructure on bone [185]. It must be noted 

that Equation (2.11 does not account for damage related to disease or aging. Damage is 

calculated with the remaining life approach (see Figure 2.15), whereby in the case of fatigue 

failure the remaining life is a function of ὲ ὔϳ , where ὔ  is the number of cycles to failure 
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and ὲ is the current number of accumulated cycles. The rate of damage accumulation is 

assumed to be independent of the current damage level. Damage accumulation rate can be 

calculated as the reciprocal of fatigue life: 

 ‫
ρ

ὔ
  (2.12)  

Increasing the cyclic stress reduced the number of cycles to failure due to high damage 

accumulation. Carter et al. [186] from experimental data equated an empirical relationship in 

the form of Minerôs Rule: 

 ÌÏÇὔ ὌὰέὫ„ ὐὝὑ” ὓ  (2.13)  

where „ (in MPa), Ὕ (in °C) and ” (in g/cm3) denote cyclic stress, temperature, and density, 

respectively, and Ὄ, ὐ, ὑ and ὓ are empirical constants. 

 

Figure 2.15 ï Remaining life variable and linear damage law based on Equations (2.11 & 

(2.13. 

McNamara et al. [73] implemented this coupled strain/damage mechanoregulation to 

characterise the behaviour of a single BMU along a trabecular bone surface. These models 

described the development of resorption cavities initiated to remove damage bone, 

subsequently refilled due to the local change in strain due to the presence of a reabsorption 

cavity.
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Table 2.3 ï Review of phenomenological algorithms commonly cited within the literature. 

 

 Model type Remodeling Algorithm  Mechanical stimuli Apparent Density 

Stanford Model 

[105] 

Daily Cyclic Tissue 

Level Stress Stimulus  
” ὶὛ” 

  ὲ„  

”
”

”
ȟ„

”

”
„ 

Strain Energy 

Density (SED) [106] 

SED per Unit Volume 

of Bone 

Ὠ”

Ὠὸ
ὄ
Ὗ

”
Ὧ Ὗ

ρ

ὲ
Ὗ 

” ”ὼȟώȟᾀ 

Micro -damage [182] Stress Induced 

Microdamage 

Ὠ‫

Ὠὸ
‫ ‫  

Ὠὴ

Ὠὸ
ὅЎ‫ 

ÌÏÇὔ ὌÌÏÇ„ ὐὝὑ” ὓ 

‫
ρ

ὔ
 

” ”ὼȟώȟᾀ 

Anisotropic Bone 

Remodeling [174] 

Daily Cyclic Tissue 

Level Stress Stimulus 

 

ὅ
‍”

”
 
ⱭṧⱭ

ⱭȡⱠ
 

” ὧ
Ὢ ‐ȟ╒ȟ”

” Ⱦ
Ὓ ” 

  ὲȾ„ ” ”ὼȟώȟᾀ 
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2.4 Biodegradable Materials  

2.4.1 Biodegradable Implants  

Current orthopaedic implants (e.g., plates, screws, nails and wires) are generally produced 

using permanent metallic materials such as stainless steel and titanium alloys [187], which tend 

to have high stiffness. These implants stabilise the fracture region providing external support 

facilitating fracture healing. Traditional implants exhibit mechanical properties that are 5-11 

fold greater than native bone (see Figure 2.16A), resulting in non-physiological loading 

patterns [188]. Abnormal loading patterns can result in poor clinical outcomes such as: (1) 

stress shielding and reabsorption of newly formed bone during fracture repair; (2) stress 

concentrations at implant interface resulting in damage-based reabsorption of bone and 

possible device failure; (3) inflammation and post-surgery infection  [189]. These undesirable 

outcomes often result in implant removal requiring additional surgeries. 

Table 2.4 ï Material properties of human bone compared to orthopaedic implant materials. 

Material properties of biological tissues (cortical/trabecular bone) and degradable materials 

(Mg/TCP/PLGA) vary widely in-vivo based due biological remodeling and material 

degradation respectively. 

Implant Material  Density 

(g/cm3) 

Modulus of 

Elasticity (MPa) 

Compressive Yield 

Strength (MPa) 

References 

Cortical Bone 1.8 ï 2.0 5 ï 23 130 ï 180 [190] 

Trabecular Bone 1.0 ï 1.4 0.01 ï 1.57 4 ï 12 [190],[191] 

Magnesium 1.74 ï 1.84 41 ï 45 65 ï 345 [192],[193] 

Titanium  4.4 ï 4.5 110 ï 117 758 ï 1117 [194],[195] 

Stainless Steel (316L) 7.9 190 170 ï 310 [196],[191] 

CoCr Alloys 8.3 ï 9.2 210 ï 253 450 ï 1000 [196] 

Synthetic 

Hydroxyapatite (HA)  

3.1 73 ï 117 600 [194] 

Tri -Calcium 

Phosphate (TCP) 

3.14 24 ï 39 2 ï 3.5 [197] 

Poly Lactic-co-Glycolic 

Acid (PLGA) 

1.2 ï 1.3 1.4 ï 2.8 41.4 ï 55.2 [197] 
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Bioabsorbable materials are a category of biomaterial that gradually degrade when implanted 

in a biological environment. They have the potential to form the basis for the next generation 

of orthopaedic medical implants as they can reduce the need for revision surgeries and avoid 

biocompatibility issues associated with conventional permanent implants. An idealised 

biodegradable implant should provide strong initial mechanical support during the early stages 

of healing, degrade at a rate which supports the surrounding healing tissues, and subsequently 

be absorbed entirely leaving no residue. Both polymer- and metal-based bioabsorbable implant 

materials have been developed; however, several issues relating to poor mechanical properties 

and/or uncontrollable degradation behaviour has presented significant technical challenges to 

the medical device sector. Several major industry players, including Smith & Nephew and 

DePuy Synthes have already developed polymer-based bioabsorbable implants that have 

achieved clinical success in applications [198, 199], where loading is relatively small, such as 

applications for soft tissue reattachment. However, the widespread implementation of polymer-

based bioabsorbable in orthopaedic applications remains limited by their poor mechanical 

properties, with clinical failures arising in more demanding load-bearing applications [200]. 

Metal-based bioabsorbable hold significant potential in orthopaedic applications as they have 

elastic moduli, fracture toughness and yield strengths that are comparable to the native tissue, 

thus avoiding stress-shielding complications raised by traditional metallic implants. Supportive 

implants produced from biodegradable metals are expected to provide the required support to 

facilitate tissue recovery, then subsequently degrade gradually and safely following in-vivo 

healing [41]. It must be noted that biodegradable implants are only suitable for regenerative 

surgeries requiring temporary support, whereas anatomical replacements (e.g., shoulder, hip, 

teeth, and knee replacements) require permanent implants [201]. 

Among bioresorbable metals, three main candidates are viable for commercial use: (1) iron, 

(2) zinc and (3) magnesium. Iron has higher mechanical properties, which is helpful in the 
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manufacturing of implants stiffer/stronger implants, however the slow degradation rate of 

πͯȢρφάάȾώὩὥὶ and ferromagnetic properties lead to complications for implantable devices 

[202]. Zn-based alloys have low melting points that allows for ease of manufacturing [203] and 

good biocompatibility [204], however Zn has quite low strength and poor creep resistance. Mg-

based alloys are biocompatible materials with adequate strength and fracture toughness to be 

considered for orthopaedic applications [205]. The largest challenge facing Mg-based implants 

is its corrosion rate of ͯτπχάάȾώὩὥὶ [206]. Considerable research has been performed to 

extend the lifetime of Mg in-vivo through mechanical working and heat treatment, alloying 

and the application of surface coatings [205]. Mg bone implants provide promising alternatives 

in bone fixation devices and bone tissue engineering scaffolds. An ideal bioresorbable material 

for orthopaedic applications should have an elastic modulus similar to native bone and have a 

controlled corrosion rate providing stability to the fracture region facilitating fracture repair 

(see Figure 2.16B). 

2.4.2 Magnesium as Bioabsorbable Material  

Magnesium is the fourth most abundant element found within the human body. Magnesium 

and its alloys provide a promising alternative to permanent metallic implants for both vascular 

and orthopaedic applications due to their advantageous properties: (1) biodegradability [207], 

(2) appropriate mechanical stiffness similar to the native bone, which can reduced stress 

shielding [208], (3) osteogenic effects [209] and (4) antimicrobial properties [210]. In the body, 

magnesium homeostasis is maintained primarily by the intestines, bone and kidneys. The 

kidneys play a crucial role as serum magnesium concentration is primarily controlled by its 

excretion in urine [211-214]. Studies have investigated the health risks of hypermagnesemia, 

produced in rats with both healthy kidney function and chronic kidney failure (CRF). The 

evidence indicated that orthopaedic medical devices may be considered for CRF patients 

without biosafety concerns. The recommended daily allowance (RDA) for magnesium is 
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400mg/day [215], while the RDA of zinc and iron are 11mg/day and 8mg/day respectively 

[216]. This is a considerably higher intake than expected Mg corrosion products from an 

implant, which is why it has good biocompatibility.  

High purity magnesium has limited medical applications due to its low mechanical strength 

[217, 218]. However alloying magnesium, such as precipitation of new phases and altering the 

microstructure can improve degradation resistance and mechanical properties [219]. Reducing 

the corrosion time in-vivo is pivotal to maintaining the mechanical strength of the implant to 

facilitate and support proper healing (see Figure 2.16B). High purity alloys such as AZ91E 

have corrosion resistance up to 100 times than the standard purity alloy [220]. The corrosion 

of magnesium and its alloys primarily depends upon the: (i) concentration of harmful impurities 

(Fe, Ni and Cu); (ii) distribution, composition, and size of ɓ-phases; (iii) grain size; (iv) 

corrosive environment; and (v) thickness of coating. The development of computational 

models to describe this process requires a comprehensive understanding of the corrosion 

mechanisms.  

 

Figure 2.16 - Ideal degradation rate of bioresorbable fixators to facilitate proper healing 

response. Adapted from [221]. 
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2.4.3 Magnesium Corrosion 

2.4.3.1 General Overview of Magnesium Corrosion 

The degradation process of Mg and its alloys is an electrochemical process [222] that differs 

in an aqueous environment to the oxidation process, which occurs in air [223]. Chemical 

Equations (2.14.1 - (2.14.7 describe the degradation mechanism in an aqueous environment are 

described by the following reactions [222-224]: 

 ὓὫ
         
ựὓὫ ςὩ  

(Anodic 

Reaction) 
(2.14.1) 

 
ςὌπ ςὩ

         
ựςὕὌ Ὄ  

(Cathodic 

Reaction) 
(2.14.2) 

 
ςὌπ ὕ τὩ

         
ựτὕὌ 

(Cathodic 

Reaction) 
(2.14.3) 

 
ὓὫ ςὕὌ

         
ựὓὫὕὌ  

(Product 

Formation) 
(2.14.4) 

High concentrations of hydrogen gas produced during the anodic reaction result in a reduction 

in the speed of the cathodic reaction, known as the negative difference effect phenomena [225]. 

During the cathodic phase, a protective layer forms slowing the cathodic rate of reaction.  

Chloride ions account for approximately two thirds of anions present in extracellular fluid 

within humans [226] and are reported to have a strong promoting influence on pitting corrosion 

of Mg alloys [207, 227-230]. Chloride ions attack the protective layer relacing ὓὫὕὌ  with 

ὓὫὅὰ (see Figure 2.17), reducing corrosion resistance as ὓὫὅὰ is moderately soluble [207]. 

High concentrations of hydroxyl ions increase the alkalinity, and in the presence of calcium or 

phosphate ions results in the precipitation of a calcium phosphate protective layer on the 

corroding surface [224]. Corrosion resistance was found to be significantly less in aqueous 

environments such as body fluids when compared to atmospheric environment  [220] (see 

Figure 2.17): 
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 ὓὫὕὌ ςὅὰ
         
ựὓὫὅὰ  (2.14.5) 

 ὓὫ ςὌὕ
         
ựὓὫὕὌ Ὄ   (2.14.6) 

 ὓὫ ςὅὰ
         
ựὓὫὅὰ  (2.14.7) 

The ɓ- phase and impurities play a pivotal role in determining the corrosion resistance of Mg 

alloys. Magnesium is the least noble of the galvanic series with a standard electronic potential 

of -2.37V [231], making it extremely susceptible to galvanic corrosion. The galvanic potential 

between Mg and ɓ-phases/impurities created micro-galvanic cells [232]. Galvanic corrosion 

occurs when two metals of different electrochemical potentials are present within the same 

electrolyte and is usually activated by impurities or agglomerated ɓ-phases within the 

microstructure. Electrons migrate from the Ŭ-phase to surrounding cathodes releasing Mg ions, 

which are utilised in the formation of corrosion products or dissolve into the aqueous medium 

[220]. The electrochemical potential between metals provides a good indication of deleterious 

nature (see Table 2.5).  

 

 

Table 2.5 ï Electrochemical series of common alloying metals and impurities present within 

Mg and its alloys arranged in order of standard potentials to hydrogen electrode [233]. 

Element Electrode Potential (Volts) 

Magnesium -2.37 

Aluminium  -1.67 

Manganese -1.19 

Zinc -0.76 

Iron  -0.44 

Cobalt -0.28 

Nickel -0.24 

Impurities such as Fe, Ni, Cu and Co decreases magnesium corrosion resistance, due to their 

higher standard electrode potentials [232]. Alloying elements can form secondary particles that 
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facilitate corrosion or enrich corrosion products inhibiting corrosion [234]. ɓ-phases have a 

significant effect on galvanic corrosion resistance, acting as corrosive barrier or catalyst for 

galvanic corrosion [235]. The ɓ-phases can be characterised by:  (i) ɓ-phase concentrations, 

(ii) grain size, (iii) precipitated phases and (iv) standard electrode potential effect corrosion rate 

of Mg alloys [235]. Refinement of ɓ-grain size can result in the precipitation along grain 

boundaries improving corrosion resistance, while increasing the electrode potential of ɓ-phases 

will increase the corrosion rate [235, 236]. Galvanic corrosion rate is increased by the following 

factors: (1) large area ratio of cathode to anode, (2) decreasing the distance between cathode 

and anode, large potential difference, and high conductivity medium. 

Impurities due to their low solid-solubility limits act as cathode sites and are extremely 

deleterious. The degradation rate of magnesium is greatly accelerated when the impurity 

concentration exceeds the tolerance limit, whereas the corrosion rate remains low if the 

tolerance limit is not exceeded (see Figure 2.17B). Impurity tolerance limits are affected by the 

presence and concentration of other elements, for example the iron tolerance limit is dependent 

on the Mn or Zn concentrations [237]. Alloying elements are not only used to increase 

mechanical properties, but also have a significant impact on degradation mechanisms of Mg 

alloys by dissolving insoluble impurities into less active phases [187].  

2.4.3.2 Localised Magnesium Corrosion  

Pitting corrosion can be characterised as highly localised galvanic corrosion, caused by 

breakages in the passivation layer exposing the alpha phase to corrosive ions (see Figure 

2.18C). The oxidation layer is in a permanent state of breakdown and repair [238]. Penetration 

of the oxide layer is generally linked to the heterogenous inclusion of inter-metallic particles 

on the oxide film [239]. Micro-galvanic cells are created around uncovered secondary areas, 

resulting in very localised galvanic corrosion and the dissolution of large particles into the 
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surrounding environment. Corrosion continues within the pit until a new passivation layer is 

precipitated on the surface [231].  

 

Figure 2.17 ï (A) Degradation of Mg in vivo, adapted from [207]. (B) Effects of impurities 

and alloying elements on the corrosion rate of magnesium, source [240]. (C) Typical 

corrosion types of magnesium degradation in biological environments [241]. 

Galvanic and pitting corrosion are caused by the same underlying electrochemical processes, 

which are described by Equations (2.14.1 - (2.14.7, however, they have different initiators and 

result in different pit morphologies (see Figure 2.18). Through galvanic and pitting corrosion 

pit morphologies occur such as: (i) deep and narrow (ii) elliptical, (iii) wide & shallow, (iv) 

subsurface, (v) undercutting, (v) vertical grain attack and horizontal grain occur (see Figure 

2.18). 
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Figure 2.18 - Magnesium alloy/Ŭ phase (grey). Impurities/ɓ phase (yellow). (A) Internal 

micro-galvanic corrosion. (B) External galvanic corrosion. (C) Schematic of pitting 

corrosion. (D) Visual representation of different types of corrosion; (i) Deep & narrow, (ii) 

elliptical, (iii) wide & shallow, (iv) subsurface, (v) undercutting, (vi) horizontal and (vii) 

vertical. Image adapted from [242]. 

Magnesium shows promising characteristics for orthopaedic applications, however loss in 

mechanical properties due to localised corrosion can prevent clinical realisation [243]. Many 

studies on in vitro immersion of magnesium have used bulk measurements of corrosion to 

quantify mass loss, which is determined through techniques such as electrochemical tests [244-

247], hydrogen evolution [246, 248-255] or mass/volume loss measurements [256-258]. 

However, these studies provide limited information on how localised corrosion affects 

mechanical performance. Recent studies have sought to provide better understanding of how 

local corrosion mechanisms impact mechanical performance, with studies first quantifying the 

non-uniform relationship between mass loss and specimen strength [250, 251] and, more 

recently, providing a quantitative understanding on how the severity and spatial distribution of 

surface corrosion affects overall mechanical performance [83, 259, 260].  

Zhang et al. [259] examined the bending strength of Mg-6Zn alloy, which was found to rapidly 

decrease during the early stages of degradation and then continuously deteriorate as mass loss 
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increased. This was hypothesised to have occurred due to surface defects and localised 

corrosion features as shown in Figure 2.19A. Grogan et al. [83] carried out experiments to 

characterise and model the effect non-uniform corrosion had on AZ31 foil specimens. A total 

of 26 specimens were degraded in Hankôs solution, then tested under uniaxial until fracture 

(see Figure 2.19C) where a clearly non-uniform relationship existed between mass loss and 

specimen strength. Grogan et al. also developed a finite element-based framework to capture 

phenomenological features of experimental corrosion, and characterise the loss of mechanical 

integrity of specimens [83]. Van Gaalen et al. [261] performance a systematic study on 

corrosion of WE43 that has provided  a quantitative understanding on how the severity and 

spatial distribution of surface corrosion affects overall mechanical performance (see Figure 

2.19D). Through this most recent approach, it has been demonstrated that characterising spatial 

characteristics of pitting could provide a mechanistic link between the severity of localised 

corrosion and the remaining mechanical strength. Traditionally, the degree of pitting within 

degradable metals was characterised by pitting factor: 

 
ὖὭὸὸὭὲὫ Ὂὥὧὸέὶ 

ὃὺὫὥὫὩ ὖὭὸ ὛὭᾀὩ

ὈὩὩὴὩίὸ ὖὭὸ ὛὭᾀὩ
 

 

 (2.15) 

Van Gaalen et al. demonstrated that parameters described in ASTM G46-94 [262], such as pit 

number, pit density and pitting factor showed limited correlation to mechanical performance 

of specimens undergoing corrosion. However, other parameters that were related to the 

reduction in cross-section area of the specimen displayed strong correlations such as ultimate 

tensile strength.  
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Figure 2.19 ï Review of experiments correlating non-uniform mass loss in Mg alloys to 

reductions in specimen strength. (A) Corrosion surface of MgïZn magnesium following 12% 

weight loss, (B) loss in bending strength due to non-uniform corrosion, source [259]. (C) 

Specimen strength for AZ31 foils under uniform and pitting corrosion model, source [83] . 

(D) Specimen strength as a function of mean hydrogen gas evolution [260]. 

2.4.4 Magnesium Corrosion Models 

To evaluate magnesium implants for in-vivo applications, numerous time consuming and 

costly experiments are required to understand its long-term performance. Several research 

groups have developed numerical methods for simulating the degradation behaviour of 

magnesium alloys in-vivo. Numerical models can be characterised into either (i) 

phenomenological or (ii ) physical based modelling approaches.  

These modelling techniques are usually based on different theories and assumptions to describe 

one or more characteristics of magnesium degradation. Phenomenological models generally 

use a combination of a continuum-based damage (CDM) mechanics and/or element removal 
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on the corroding surface to simulate mass loss. On the other hand, physical models are 

generally more complex and computationally expensive as they consider the electrochemical 

interactions and physics of species interaction since degradation. Corrosion processes can be 

affected by organic molecules, fluid flow, pH values, and biological ions. Physical models have 

been implemented to characterise uniform corrosion of whole implants or localised in small 

samples to study individual pit growth [263]. Table 2.6 summarises several physically-based 

and phenomenological corrosion models that have been developed in the literature, with further 

detail provided in a review by Boland et al. [264]. 
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Table 2.6 ï Review of phenomenological and physical computational models used to predict the degradation of magnesium and its alloys. 

 

 Models Key Equations Explicit 

Mechanical 

Analysis 

pH 

Value 

Molecular 

Distribution  

Hydrogen 

Volume 

Material 

Damage 

Model 

Uniform Corrosion Model [93] ὨὈ

Ὠὸ

ɿ

ὒ
Ὧ 

Y N N Y 

Stress Corrosion Model [93] ὨὈ

Ὠὸ

ɿ

ὒ

Ὓ„ᶻ

ρ Ὀ
ȟ„ᶻ „ π 

Y N N Y 

Pitting Corrosion Model [83] ὨὈ

Ὠὸ

ɿ

ὒ
Ὧ‗ 

Y N N Y 

Strain-controlled Corrosion Model 

[265] 

ὨὈ

Ὠὸ

ɿ

ὒ
Ὧʇ ‖ 

Y N N Y 

GTN Model [266] 
‰

„

„
ςήὪᶻὧέίὬ

σή„

ς„
ρ ή Ὢᶻ π 

Y N N N 

Multi -

phase 

Model 

Transport Model [267] ‬ὓὫ

‬ὸ
ᶯὈ ᶯὓὫ  

N N Y Y 

Adapted Transport Model [268] ‬ὓὫ

‬ὸ
ᶯὈ ᶯὓὫ Ὧ ὓὫ ρ

Ὂ

Ὂ
ὯὊὅὰ 

N N Y Y 

Activation Controlled Model [269] 
ὶ

ὓ

ᾀὊ”
Ὥ  

N N Y Y 

Empirical Model [270] 
Ὤ Ὤ ρ Ὡ Ὤὸ 

N N N Y 

Multi -component Model [271] ” ᶯ ”ɳ ” ” ”

”  Ὥὲ  ●ȟὸ 

N N Y Y 
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2.4.4.1 Physical Models 

The degradation model outlined within this thesis is based upon material damage, and therefore 

a brief description of physical model characteristics will be outlined. Physical modelling can 

be achieved using two methods: (1) activation controlled, which is a function of electrode 

potential differences or (2) transport controlled, which is a function of species concentrations 

(see Figure 2.20). 

 

Figure 2.20 - (A) Representation of activation-controlled model used in Deshpande et al. 

[269]. (B) Representation of transport-controlled corrosion model use in [267]. 

Activation controlled models are used to account for the early stages of Mg corrosion when 

Mg ion migration is faster than the transformation of Mg oxide layer. Potential differences 

between Ŭ and ɓ controlled corrosion surface velocity as shown by Deshpande et al. [269]: 

 
ὶ

ὓ

ᾀὊ”
Ὥ  (2.16) 

Where ὶ is corrosion surface velocity, ὓ the atomic mass of the anodic metal, ᾀ the electron 

number, Ὂ Faradayôs constant, ” the density and Ὥ  the potential gradient. Physical model 

parameters such as electrolyte/aqueous solution/surrounding environment conductivity, 

anodic and cathodic piecewise current functions must be determined [272, 273]. 

Grogan et al. proposed [267] a transport model implementing adaptive meshing and 

molecular diffusion theory to account for the evolving magnesium corroding surface. It was 
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assumed that the Mg ion diffusion rate was slower than the electrochemical reaction, therefore 

velocity of Mg corrosion was described by the Rankine-Hugoniot condition: 

 Ὀ ὧɳ ὧ ὧ ○ ▪z π (2.17) 

 

Where ὧ  and ὧ  represent the concentration of magnesium ions in the solid and the 

saturation limit for the given solute respectively. The transport model of Mg is controlled by 

three parameters: (1) Mg ion concentration within metal; (2) saturation limit of Mg ions in 

simulated body fluid (SBF) under physiological pH and temperature values; (3) diffusivity of 

Mg ions in SBF. 

Based on the transport corrosion model Bajger et al. [268] considered the effect of the oxide 

layer and aggressive chloride ions found in-vivo. The model considered the primary variables 

involved in Mg corrosion: Mg ion concentration [Mg], protective film F and chlorine ion 

concentration [Cl]. 

 ‬ὓὫ

‬ὸ
ᶯὈ ᶯὓὫ Ὧ ὓὫ ρ

Ὂ

Ὂ
ὯὊὅὰ (2.18)  

 ‬Ὂ

‬ὸ
Ὧ ὓὫ ρ

Ὂ

Ὂ
ὯὊὅὰ (2.19)  

 ‬ὅὰ

‬ὸ
ᶯὈ ᶯὅὰ (2.20)  

Where Ὧ and Ὧ represent reaction rates of magnesium oxide layer formation and dissolution 

respectively. Ὀ and Ὂ represent the effective diffusion coefficient and the magnesium oxide 

concentration. These models can additionally account for the effects of fluid flow velocity, pH, 

organic molecules, and other ions on degradation rates. The multi-component models outlined 

by Dahms et al. [270] characterised the primary physio-chemical interactions involved in the 

dissolution of Mg in aqueous solution through ionic reactions, formation of corrosion products 

on the surface layer and dissolution of surface layer due to reactive substances.  
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While physically based corrosion models capture the chemical processes taking place, they 

have mainly been used to model uniform corrosion of the whole implant [27] or localised in 

small samples to study individual pit growth [27-29].  

Physical models are not easily applicable to medical implants due to the difficulty associated 

with carrying out experimental based calibration for model parameters and the high 

computational cost associated with modelling electrochemical reactions [9]. Further examples 

of physically based models are summarised in Table 2.6. 

2.4.4.2 Phenomenological Models 

The more widely used approach is phenomenological frameworks, which use combinations of 

a continuum-based damage (CDM) mechanics and/or element removal on the corroding 

surface to simulate mass loss. These models capture reductions in mechanical strength due to 

geometrical discontinuities through the definition of a scalar field to quantify the distribution 

of damage within the model. A uniform corrosion model for magnesium corrosion was initially 

proposed by Gastaldi et al. [274], implemented based on continuum damage mechanics. Here, 

the mechanical integrity of each element was defined by an assigned damage parameter Ὀ , 

which described the status of the internal geometry over time: 

 Ὀ ρ
„

„
 (2.21)  

Where „  and „  represent the element Cauchy stress and „  the effective Cauchy stress. The 

damage within the elements ranged from undamaged Ὀ π to completely damaged Ὀ

ρ. Therefore, the damage increment could be described by the following equation: 

 ὨὈ

Ὠὸ

ɿ

ὒ
Ὧ (2.22)  

Where ɿ  was the characteristic length linked to the critical thickness of the corrosion 

degradation film, ὒ was the characteristic length to reduce the influence of mesh size, and Ὧ 
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is a corrosion rate parameter. This model assumed that anodic and cathodic regions were 

homogeneous distributed throughout the entire material. These models observed linear 

reductions in specimen strength for a given mass loss, which failed to describe experimentally 

observed non-linear reductions in specimen strength with mass loss.  

Grogan et al.  [83] updated the uniform corrosion model to enable predictions of non-uniform 

pitting/localised corrosion. A stochastic pitting parameter ʇ based on a Weibull distribution 

was assigned to elements on the corroding surface by: 

 Ὢὼ ‎ὼ Ὡ  (2.23)  

whereby the Weibull shape parameter ‎ controls the degree of heterogeneity of the pitting 

parameter ‗. Pitting parameter (‗  accounted for characteristics effecting heterogeneous 

degradation, such as breakages in the oxide layer due to aggressive ions and heterogeneous 

distribution of ‌ and ‍ phase components throughout the material. Upon element removal 

(ὨὈ ρ a fraction of the removed elementôs pitting parameter values is transferred to 

adjacent elements: 

 ʇ ‍ʇ  (2.24)  

where ʇ is the pitting parameter within the removed element and ‍ a dimensionless parameter 

controlling pit propagation, allowing localised pits to form and develop (see Figure 2.21). 

Damage accumulation within elements can be described by: 

 ὨὈ

Ὠὸ

ɿ

ὒ
Ὧʇ (2.25)  

Through the implementation of non-uniform corrosion model, Grogan et al. showed that the 

relationship between specimen strength and mass loss was non-linear under (see Figure 2.19B). 

The Weibull shape parameter (ɔ) heavily influenced the rate at which specimen strength was 

lost per unit mass, with lower values of ɔ resulting in a more rapid loss of specimen strength 
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and higher values of ɔ being more representative of uniform corrosion [83]. Therefore, ɔ is a 

pivotal factor to consider when designing load bearing fixation device as the retention of 

adequate specimen strength is a critical factor. 

 

Figure 2.21 ï (A) Computational corrosion of magnesium alloy WE43 described in Grogan 

et al. [83]  

More recently, Gastaldi et al. [93] built on their initial framework and developed a stress 

corrosion model adapted by Da Costa-Mattos [275], which investigated the effect a constant 

load on a stainless-steel specimen in an acidic environment [275]. Stress corrosion is 

considered a very dangerous failure mode as specimen strength can rapidly deteriorate under 

loading [276, 277]. Stress corrosion model is also based on continuum mechanics: 

 
ὨὈ

Ὠὸ

ɿ

ὒ

Ὓ„ᶻ

ρ Ὀ
ȟ„ᶻ „ π

π ȟ „ᶻ „

 (2.26)  

Where „ᶻ and „  represents the equivalent stress and threshold at which stress corrosion 

occurs respectively. Parameter Ὓ and Ὑ represent characteristics of the corrosive environment. 

Galvin et al. adapted the stress corrosion model to account for the influence of strain-mediated 
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damage (see Equation(2.26). Medical implants especially stents under loading experience 

inhomogeneous stresses due to geometrical discontinues which result in localised plastic 

deformation:  

 ὨὈ

Ὠὸ

ɿ

ὒ
Ὧʇ ‖ (2.27)  

Where   and ‖ represent an index for plastic deformation and scaling parameter to account 

for the number of exposed elemental surfaces respectively. 

Many other authors have implemented similar corrosion models of this type [76, 87-93, 267] 

to predict corrosion behaviour of magnesium for both vascular and orthopaedic applications. 

Boland et al. [84] combined physiological remodeling of the neointimal and the 

aforementioned magnesium corrosion model to evaluate the effect neointimal growth had on 

the mechanical performance of the biodegradable stent.  

 While these models can accurately mimic the corrosion rates reported in the experimental 

literature, they are subject to several limitations. Firstly, very few of these models have been 

directly compared to experimental samples undergoing corrosion and few, if any, capture the 

severity and spatial distribution of pitting features on the corroding surface [32], which is 

clearly seen in Figure 2.21 through the development of  characteristic V-shapped pitting, which 

does not accurately represent corrosion. The underlying reason for this geometric simplicity, 

were caused by methods of calculation of pitting parameter ‗  and the redistribution of 

pitting parameter values (see Equation (2.24), preventing pit morphologies from evolving as 

the specimen degrades (see Figure 2.21). Therefore, pit morphologies well described in 

experimental literature [32] (see Figure 2.18) are not possible. These models attempt to model 

the continuous electrochemical process of corrosion within a discretised framework, which can 

lead to complications. Many models implement a ñsizingò term which geometrically describes 
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element dimensions regarding corrosion. This ñsizing termò usually takes the form of the 

characteristic element length described below: 

 ὒ ὠ (2.28)  

This implementation assumes that elements are square in shape and does not consider the 

degree of surface available for corrosion. Therefore this ñsizing termò cannot accurately 

describe geometric characteristics of elements regarding corrosion. Corrosion models 

implementing this ñsizing termò have a high degree of mesh sensitivity, whereby altering the 

mesh density/structure will influence shape/rate of corrosion within the model. Additionally, 

many models, through the improper implementation of parameters have created inherent 

dependencies between the parameters controlling corrosion rate and shape of corrosion, 

whereby altering shape parameters effected the overall corrosion rate.  

2.5 Models of Fixators in Orthopaedic Applications  

2.5.1 Models of Permanent Fixators in Orthopaedic Applications  

Since the initial introduction of FEM there have been rapid advancements in computing speeds, 

finite element methods, soft and hard tissue mechanical properties and image-processing 

techniques [278]. Within FEM the goal of fracture repair simulations is to inform the design 

and optimisation of implantable orthopaedic devices and treatment strategies. A range of 

studies [279-281] have been implemented using fracture healing algorithms to investigate the 

role of permanent fixators on healing performance. Several of these studies have demonstrated 

that a reduction in fracture healing time is possible with fixators of increasing stiffness [279-

281]. However, a limitation of such modelling approaches is that the final remodeling phase of 

bone repair is rarely fully considered. Separately, numerous studies [106, 170, 173, 282] have 

implemented bone remodeling algorithms, with the primary optimization goal to minimise the 

bone reabsorption due to implant stress shielding. In fact, the majority of studies that have 
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implemented bone remodeling algorithms have not been used to investigate fixation devices, 

but instead examine other permanent implants, such as total hip or knee replacements [283]. In 

the context of fixation devices, fracture healing and bone remodeling algorithms have been 

implemented independently and have provided limited insight into the long-term bone 

remodeling following that occurs post-fracture union. 

2.5.2 Models of Biodegradable Fixators in Orthopaedic Applications  

There are limited examples of magnesium-based corrosion models being used to address 

orthopaedic applications. One of the first examples of a model to address the role of a 

biodegradable fixator in an orthopaedic application was by Mehboob et al. [284] who analysed 

the performance of phosphate glass fibre/poly-lactic acid (biodegradable) composite bone 

plates and predict the healing performances of bone plates through the use of a deviatoric strain 

mechano-regulatory algorithm. These models predicted that the biodegradable composite bone 

plates had considerable better healing performance, this model did not consider long-term bone 

remodeling [284]. 

Mohammad et al. [89] extended the phenomenological approach to include a diffusion-based 

term, which was used take into account pitting, for biodegradable Mg scaffolds manufactured 

by laser power bed fusion. Elements in which the concentration of Mg was below a certain 

threshold (representative of the formation of ὓὫὕὌ ) after the corrosion simulation were 

deleted with good correlation with experimental results (see Figure 2.22). This study only 

examines the mechanics of scaffold corrosion without considering biological healing. More 

recently, a silico model was developed to assess bone regeneration following porous Mg-bases 

scaffold implantation informing scaffold design. Here a mechano-regulatory model was 

coupled with a phenomenological magnesium corrosion model to investigate how temporal 

changes in mechanical properties impacted fracture repair [285]. Songyun et al. [76] 
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implemented the corrosion framework developed by Grogan et al. [83] and biphasic bone 

fracture model developed by Huiskes et al. [135]. Modelling the temporal changes in tissue 

phenotypes over 16 weeks, as the magnesium plate degrades losing mechanical integrity (see 

Figure 2.22B). 

 

Figure 2.22 ï (A) Diffusion-based corrosion of Mg scaffolds taken from in Mohammad et al. 

[89] . (B) Development of tissues within fracture callus as the mechanical integrity of 

biodegradable plate and screws decrease, taken from Songyun et al. [76] .
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CHAPTER 3  

Theory 

This chapter outlines the theoretical background on continuum mechanics, the finite element 

method and the mechanoregulation of fracture healing and remodeling. Continuum mechanics 

provide predictive mathematical models that relate complex loading to the materials motion 

and deformation [286], with the relevant equations are presented in Sections 3.1-3.3. 

3.1 Continuum Mechanics 

3.1.1 Notation 

The notation used within chapter is outlined for clarity. Vectors and scalars are denoted by 

lower case letters, while tensors and matrices denoted by capital letters. Vectors, tensors, and 

matrices are shown in bold font, and their components are displayed in italics. Einsteinôs 

notations were implemented to compact the representation of vector equations. The repetition 

of an index implies summation over the specified range of the index, therefore the dot product 

of two 3D vectors (╪, ╫) may be written as: 

 

Ἶ ╪ Ȣ╫ ὥὦ ὥὦ ὥὦ ὥὦ (3.1) 
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where Ὥ ρȟςȟσ represents the x, y and z axis. Within a second order tensor the location of 

each component is described by two subscripts, Ὥ and Ὦ. Therefore, a tensor component ═ȟhas 

a position in the Ὥ  row and Ὦ  column.  

3.1.2 Strain Measures 

 

 

Figure 3.1ï Schematic depicting a volume of matter undergoing motion from the reference to 

current configurations. 

Consider Figure 3.1 which displays a body undergoing motion and deformation. Initially at 

ὸ ὸ, the body is in its reference configuration (ɱ ) and undergoes a motion (╤ to a 

deformed configuration (ɱ ) following a progression in time (ὸ ὸ). As the volume of matter 

in the reference configuration is disturbed, the initial position of material particles in the 

reference configuration (X) move to a new position in the current configuration (●) which is 

described by: 

 ● ὼἦȟÔ (3.2) 
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Within Figure 3.1 material particles are mapped through a position vector ╧ (Lagrangian), 

while position vector ● describes the spatial (Eulerian) coordinates. Lagrangian specification 

implements a particle-based reference frame based on the initial position of particles, while 

Eulerian specification describes the motion of a particle based on a fixed reference frame. The 

displacement ◊ of material particle ὖ is the difference between its coordinates at the current 

and reference configurations: 

 ◊ ● ╧ (3.3) 

The deformation gradient ╕ transforms the infinitesimal line element ‏ὢ between points ὖ 

and ὗ in the reference configuration to ‏ὼ in the current configuration:  

 
╕

●‏

╧‏
 έὶ Ὂ

ὼ‏

ὢ‏
 (3.4) 

Substituting Equation (3.3 into (3.4 the deformation gradient can be rewritten as Equation (3.5 

where ╘ denotes the second order identity tensor. 

 
╕
‬◊

Ὠ╧
╘ (3.5) 

Infinitesimal strain theory, also known as small deformation theory, is a mathematical approach 

whereby the deformations of a solid body are assumed to much smaller than the relevant 

dimensions of the body (see Figure 3.2) 
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Figure 3.2 - ï Two-dimensional geometrical deformation of an infinitesimal material 

element. 

The geometric linearization of the Lagrangian (E) (see Equation (3.6), and the Eulerian (e) 

strain (see Equation (3.7)) tensor simplifies the equations of motion for small deformation 

problems, removing the second order (non-linear) term: 

For infinitesimal strains, the linearisation of the Lagrangian and Eulerian are approximately the 

same, therefore it can be assumed that material displacement gradient and spatial gradient 

components are approximately equal, giving the infinitesimal strain tensor: 

 
╔ ▄ Ⱡ

ρ

ς
όȟ όȟ  (3.8) 

Substituting Equation (3.5 into (3.8 the infinitesimal strain can be written as: 

 
╔

ρ

ς

Ὗ‏

ὢ‏

Ὗ‏

ὢ‏

Ὗ‏

ὢ‏

Ὗ‏

ὢ‏
 
ρ

ς

Ὗ‏

ὢ‏

Ὗ‏

ὢ‏
 (3.6) 

 
▄

ρ

ς

ό‏

ὼ‏

ό‏

ὼ‏

ό‏

ὼ‏

ό‏

ὼ‏
 
ρ

ς

ό‏

ὼ‏

ό‏

ὼ‏
 (3.7) 

 
Ⱡ
ρ

ς
╕ ╕ ╘ (3.9) 
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While the strain ranges in this thesis are considered small strain and linear elastic material 

properties implemented, all models are enabled with non-linear geometric effects requiring a 

finite deformation framework, with the all-user subroutines implemented based on the 

logarithmic strain components within Abaqus. The right- and left-hand Cauchy-Green tensors 

expressed by ╒ and ║ respectively provide meaningful evaluations of stretch, given by: 

 ╒ ╕╕ and ║ ╕╕ (3.10) 

The polar decomposition theorem states that any second order tensor whose determinant is 

positive ÄÅÔὊ π can be uniquely decomposed into an orthogonal rotational tensor ╡ and 

symmetric left and right stretch tensors, ╥ and ╤ respectively: 

 ╕ ╡Ͻ╤ ╥Ͻ╡ (3.11) 

These stretch tensors can be related back to the Cauchy-Green tensors through the following 

expressions: 

 ╥ ║ and ╤ ╒ (3.12) 

The decomposition is not unique. It is made unique by choosing ╤ to be a symmetrical tensor. 

The eigenvalues of the right stretch tensor provide the principle stretches ‗ȟ‗ȟ‗ , whereas 

the logarithmic strain can be derived from ╥:  

 ‐ ÌÎ╥ (3.13) 

For an isotropic material, the strain energy density function can be expressed uniquely in terms 

of the principle stretches or regarding the invariants of the Cauchy-Green tensors: 

 Ὅ ὸὶ╒ ‗ ‗ ‗  (3.14) 

 
Ὅ

ρ

ς
Ὅ ὸὶ╒ ‗ ‗ ‗ ‗ ‗ ‗  (3.15)  

 Ὅ ÄÅÔ╒ ὐ ‗ ‗ ‗  (3.16)  
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The velocity of a material describes the rate of change of spatial position ὼ with respects to the 

current coordinates as a function of time: 

 
○
●‏

ὸ‏
 (3.17) 

The relative velocity of neighbouring material points P and Q in Figure 3.1 can be expressed 

as: 

 
○‏

○‏

●‏
●‏  (3.18) ●‏╛

Where the spatial velocity gradient tensor ὒ
○

●
 is related to the deformation gradient, 

therefore making it possible to convert from Lagrangian to Eulerian modes: 

 
╛
○‏

╧‏
Ͻ
╧‏

●‏

╕‏

ὸ‏
Ͻ╕ ╕Ͻ╕  (3.19) 

Where ╕  is the inverse of ╕. The velocity gradient can be further decomposed into symmetric 

rate of deformation tensor ╓ and anti-symmetric spin tensor ⱷ  parts as follows: 

 
╓

ρ

ς
╛ ╛  (3.20) 

 
ⱷ

ρ

ς
╛ ╛  (3.21) 

Logarithmic strain also referred to as natural strain, arises from the time integration of the rate 

of deformation tensor, described in the Abaqus User Manual [287] (DS SIMULIA, RI, USA) 

by the following:  

 ‐ὸ ᷿╓ Ὠὸ or ╓ ‐ (3.22) 

 

Octahedral strain ‎  provides a useful scalar quantity of strain at a point within a body, 

considering the three-dimensional nature of strain, including all normal and shear components. 
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‎

ς

σ
‐ ‐ ‐ ‐ ‐ ‐  (3.23) 

 

3.1.3 Stress Measures 

Upon a material being subjected to external loading, we assume that internal forces are 

distributed continuously through the material. These forces can be characterised into two major 

groups: body forces and surface forces (see Figure 3.4). Traction ◄ is the force per unit area 

that acts on the defined infinitesimal surface element ╢ and is presumed to depend continuously 

on the unit vector ▪. The Cauchy stress Ɑ is described by: 

 ◄ Ɑ▪ (3.24) 

 

 

Figure 3.3 ï Schematic depicting a traction vector ◄ acting over an infinitesimal surface area 

▀╢ of a body cut by a plane with surface normal ▪.  Traction components on coordinate 

surfaces. 
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The symmetry of the Cauchy stress tensor allows for its decomposition into two parts: the 

deviatoric stress ╢ which acts to change the shape only, and the hydrostatic or dilatational 

stress ὖ which acts to change the volume only: 

 Ɑ ╢ ὖ╘ (3.25) 

with: 

 
ὖ

ὝὶⱭ

σ
 (3.26) 

where ὝὶⱭ „. The von Mises equivalent stress Ɑ are useful in the study of homogenous 

elastic-plastic materials is defined as: 

 

Ɑ
σ

ς
ὛὛ  (3.27) 

 

 

3.1.4 Equilibrium Equations and Principle of Virtual Work  

Virtual work can be described as the total work done by the applied forces and internal forces 

as it moves through a set of virtual displacements. Virtual work is considered a ñweak formò 

of equilibrium equations used to solve finite element models. The virtual work statement can 

be written as: 

 
◄Ͻ‏○ ὨὛ █Ͻ‏○ Ὠὠ Ɑȡ

○‏‬

●‏
Ὠὠ (3.28) 

The accurate solution to finite element models requires that both force and moment equilibrium 

be always maintained over the volume of the body. The ñweak formò of virtual work requires 

only that equilibrium be maintained in an average sense over a finite division of the body 

volume. This approach provides a more robust mathematical basis than the alternative method 
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of direct discretization of the derivative in the differential equation of equilibrium at a given 

point. 

3.2 Material Constitutive Behaviours 

3.2.1 Isotropic Linear Elasticity Theory  

Within an isotropic material, the stiffness tensor has no preferred direction and can be described 

by: 

 „ ‐‏‗ ς‘‐ (3.29) 

where ‗ is called the Lamé constant and ‘ refers to the shear modulus or modulus of rigidity 

and ‏  is the Kronecker delta. Stress-strain relations may be inverted to express strain in terms 

of stress as written as: 

 
‐

ρ ὺ

Ὁ
„

ὺ

Ὁ
„ ‏  (3.30) 

where Ὁ  and is described as elastic modulus, and ὺ  is referred to as the 

Poissonôs ratio. Additionally for elastic deformation in an isotropic material the bulk modulus 

ὑ and shear modulus Ὃ can be related to stress through: 

 
ὑ

Ὁ

σρ ςὺ
 (3.31) 

 
Ὃ

Ὁ

ςρ ὺ
 (3.32) 

Elastic strain contains a deviatoric ‐Ƕ and hydrostatic ‐ǿ components, whereby hydrostatic is 

closely related to volume change, while deviatoric regards deformation at a constant volume: 

 
Ⱡ 

ρ

σ
‐ ‏  (3.33) 

 
‐Ƕ ‐

ρ

σ
‐ ‏  (3.34) 
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3.2.2 Poroelasticity  

Within this thesis, the tissues outlined in Chapter 4 & Chapter 6 are modelled using biphasic 

poroelastic theory. Within continuum mechanics, it is usually assumed that pore structures are 

uniformly distributed within the material at a length scale that is several orders of magnitude 

lower than that of the bulk material. Pore fluid is freely transported within the interconnected 

porous microstructure. Under mechanical stress, the fluid filled pore experience pressure, 

which drives fluid motion, see Sadd et al. [288] for further details. The change of fluid volume 

(‒ per unit material volume is described as: 

 ‬‒

‬ὸ
ήȟ 

(3.35) 

Where ήȟ denotes a specific discharge vector. Ignoring body forces, the fluid transport within 

the interstitial space is controlled by Darcyôs law: 

 ή  ​ὴ (3.36) 

Where   describes the permeability coefficient, which is generally a function of pore geometry 

and fluid viscosity and ὴ is the fluid pore pressure. The fluid imparts a pore pressure that 

produces material dilatational deformation. Therefore, the total medium stress is considered a 

combination of solid and fluid portions as shown in Figure 3.4.  

 

Figure 3.4 ï Schematic depicting dual stress distribution in poroelastic media. 
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Combining Equations (3.35&(3.36 creates a fluid diffusion term:  

 ‬‒

‬ὸ
‖ɳ ὴ (3.37) 

Combining this diffusion model with linear elastic theory, Biot proposed a linear elastic 

constitutive law of the form: 

 
‒

ρ

σὌ
„

ρ

Ὑ
ὴ (3.38) 

where material constants Ὄ and Ὑ characterise the coupling between the solid and fluid stress 

and strain fields. The stress-strain relationship can be inverted to produce: 

 „ ‗ Ὃ‐ ‏ ς‘‐ ‌ὴ‏  (3.39) 

where ‌  as is referred to as Biotôs coefficient of effective stress. The constitutive relations 

are decomposed into volumetric and deviatoric terms respectively:  

 ‐ǿ   (3.40) 

 
‐Ƕ

„

ς‘
 (3.41) 

When considering the behaviour of fluid filled porous materials, it is important to understand 

the response for the undrained and drained cases. For the undrained cases the fluid is assumed 

to be trapped  ‒ π. For the drained case the pore pressure gradient is zero ​ὴ π, whereby 

there is no change in pore pressure in response to external loads as the fluid freely flows in and 

out of the pores. Under undrained conditions, the volumetric case can be described as: 

 
‐ǿ ‐

ὖ

ὑ
ȟὑ   ρ

 Ὑ

Ὄ  Ὑ
 (3.42) 

where ὑ  is considered the undrained bulk modulus of the material. The undrained case 

produces a higher volumetric stiffness than the drained ὑ ὑ .  
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3.2.3 Continuum Damage Mechanics  

Continuum damage mechanics theory is used to model damage mechanisms in materials, by 

assuming that the nucleation of micro-cracks or voids cause a reduction in the resisting area of 

the material.  Although these local mechanisms are not directly modelled, their effects are 

accounted for by introducing a generalized damage tensor or a scalar damage field (D) to 

describe internal geometrical discontinuities, such as micro-cracks and void formation. For 

surface-based corrosion models, continuum damage mechanics accounts for loss on the 

material on the corroding surface and/or the nucleation of pits representing surface-based 

corrosion. Here, the scalar damage field variable has a value between 0 and 1. When, D = 0 

the material element is undamaged and no corrosion is present, while when D = 1, the material 

element is completely corroded and can be removed from the simulation. Fully corroded 

material D = 1 implies a complete loss in mechanical integrity, whereby the material can no 

longer sustain or carry load.  The equation below describes the relationship between the true 

stress („) and „ the effective stress and the scalar damage variable,  

 „
„

ρ Ὀ
 (3.43) 

Continuum damage theory allows non-uniform geometric discontinuities to be modelled, 

without explicitly capturing volume/mass loss. 

3.3 The Finite Element Method 

The characteristic feature of the finite element (FE) method is that the body is subdivided into 

a finite number smaller parts (elements), which are connected at nodes at the element boundary 

(see Figure 3.5). Characterising the behaviour of each element generally requires the creation 

of partial differential equations for the problem and its weak form. The overall behaviour (e.g., 

stress, strain, displacement) of the body can be characterised through the combination of 

individual element equations to obtain a system of equations, which are incrementally solved. 
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The Abaqus commercial FE code (DS SIMULIA, USA) was implemented within this thesis to 

solve continuum mechanical models. The subsequent overview of the FE method references 

topics outlined in our overview of continuum mechanics in Section 3.1. More detailed analysis 

of the FE method related to this work are available in Belytschko et al. [289, 290], and the 

Abaqus Theory manual (DS SIMULIA, USA). 

 

Figure 3.5ï Solid body discretised into a finite number of points to create a mesh object. 

Individual elements are connected to adjoining elements at junctions called nodes. 

 

3.3.1 Implicit Finit e Element Method 

Each element within the mesh is assigned governing partial differential equations, which 

collectively represent the behaviour of the body. As outlined in Section 3.1.2, the principle of 

virtual work states that sum of all forces on a body in static equilibrium equate to zero, 

providing the underlying equation for the finite element method: 

 

ⱠⱭὨὠ‏  ὨὛ (3.44)◄◊‏

were ὠ and Ὓ represent the reference volume and surface associated with the reference volume 

respectively, Ɑ and ◄ represent the stress and surface traction respectively, ‏Ⱡ and ‏◊ the virtual 
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strain and displacement vectors. Quantities such as displacement ό and strain ‐ are calculated 

throughout the body from nodal displacements applied through boundary conditions: 

◊‏  ◊‏╝  (3.45) 

Ⱡ‏  ◊‏║  (3.46) 

where ╝  and ║  are shape function matrix and shape function gradient matrix respectively, 

and  ‏◊  is a column vector that represents nodal displacements. The finite element 

approximation of virtual work is assembled by substituting Equation (3.44 into Equation (3.47: 

 
◊Ɑ║◊‏ Ὠὠ  ὨὛ (3.47)◄╝◊‏

The global form of equation can be written as: 

 
║Ɑ◊Ὠὠ ╝◄ὨὛ (3.48) 

where ║  and ╝  are the global shape function matrix and shape function gradient matrix 

respectively, and ◊ is the global nodal displacement. The principle of virtual work for rigid 

bodies assumes that external virtual work applied to the body equals the internal virtual work. 

Any residual force Ὃ can be expressed as the difference in internal and external virtual work: 

 
Ὃ◊ ║Ɑ◊Ὠὠ ╝◄ὨὛ (3.49) 

An implicit finite element iteration is completed when the residual force within the body is 

sufficiently small Ὃ◊ π, with solution at time ὸ Ўὸ and displacement ό Ў. 

Abaqus/Standard implicit implements the Newton-Raphson technique, whereby an initial 

guess at nodal displacements ό Ў is taken at the end of the previous increment ὸ. For any 

given increment, an approximation difference in the approximate and exact solutions can be 

described by: 
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◊‏ ◊ Ў ◊ Ў

‬╖◊ Ў

‬◊
╖◊ Ў  (3.50) 

The time increment is reduced such that: 

 ╖◊░
◄Ў◄ ὸέὰὩὶὥὲὧὩ (3.51) 

Equation (3.51 can be expressed regarding the tangential stiffness matrix ╚: 

 ╚◊ Ў ‬◊ ╖◊ Ў  (3.52) 

The tangential element stiffness matrix ╚  can be expressed in terms of displacement: 

 
╚◊

‬╖◊

‬◊

‬

‬◊
║Ɑ◊Ὠὠ ╕  (3.53) 

 
╚◊ ║╣╓◄╪▪║Ὠὠ

╥

 (3.54) 

Where ╓  represents the Jacobian of the constitutive law: 

  
╓  

⸗ⱭⱠ

⸗Ⱡ
 (3.55) 

The Newton-Raphson method provides an accurate and rapid solution, allowing for relatively 

large time steps. Large deformations induce geometric non-linearity, leading to changes in the 

global stiffness matrix, consequently requiring the Newton-Raphson method to capture the 

effects of large displacements or rotations, ensuring accurate solutions in non-linear finite 

element analysis. However, complications can arise within Abaqus/Standard implicit when 

simulating large deformations or high contact/impact simulations, which prevents residual 

force Ὃ from converging in which case alternative explicit solution methods may be used.
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CHAPTER 4  

A Coupled Computational Framework 

for Bone Fracture Healing and Long-

term Remodeling: Investigating the 

Role of Permanent Internal Fixation on 

Bone Fractures 

4.1 Introduction  

Secondary bone fracture repair is a four-stage process [13] that begins with an inflammatory 

response and haematoma formation, resulting in granulation tissue formation 3-7 days after the 

initial fracture. After 2-4 weeks, a fibro-cartilaginous soft callus is produced from the 

granulation tissue, which subsequently leads to the development of an ossified hard callus of 

woven bone surrounding the fracture region after 2-4 months. Over the next several months to 

years, remodeling of the woven bone takes place to achieve the original pre-fracture 

morphology [13, 14]. Assuming the fracture site receives an adequate supply of blood, 

hormones and growth factors [16], fracture healing is largely dictated by the biomechanical 

conditions in the fracture callus [291, 292]. To enhance the repair process, various types of 

internal fixation devices are available, whose role is to stabilise the fracture and minimise inter-
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fragmentary movement in the early phases of healing. Many complications in bone repair, such 

as non-union, implant failure, and delayed healing, are derived from instability in the fracture 

region [19]. However, fixation devices themselves can cause late-stage problems in the repair 

process, as bone resorption can take place around overly stiff fixators in the remodeling phase, 

which can increase the likelihood of implant failure [293]. The ideal fixation device should 

reduce inter-fragmentary movement in the early phases of healing to minimise damage to the 

callus tissue but should enable load-transfer back to the bone itself once the remodeling phase 

has initiated to avoid unwanted effects of stress shielding [62]. Understanding the 

biomechanical performance of these devices represents a challenging mechano-biological 

problem which should consider in detail the device-tissue interaction throughout all stages of 

the bone repair process.  

Computational models have been used extensively to understand bone fracture healing, 

whereby the iterative finite element method has been used to determine the mechanical 

environment at the site of fracture and local tissue formation proceeds according to appropriate 

mechano-regulation theories [13, 14, 21, 158]. Typically, these models account for a range of 

biophysical stimuli at the fracture site, including combinations of strain, stress, fluid flow, 

streaming potentials and acceleration [294], that drive biological processes and cellular 

activities, including migration and proliferation of mesenchymal stem cells (MSCs) from the 

external environment, their differentiation into fibroblasts, chondrocytes or osteoblasts and 

tissue formation. While these models require careful calibration of numerical parameters, they 

have provided a detailed understanding of how local factors, such as mechanical stimuli and 

cellular activities, affect tissue production following a bone fracture without fixation [13, 14, 

21, 158]. Several studies have also used similar frameworks to explore the role of implant 

design and fixation conditions on fracture healing response [60], with studies that identify 
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reductions in healing time are possible with fixators of increasing stiffness [60].  However, a 

limitation of such modelling approaches is that the final remodeling phase of bone repair is 

rarely fully considered. Instead, these models tend to examine the role of fixation on inter-

fragmentary movement in the early phases of healing, but do not consider the long-term bone 

remodeling following that occurs post-fracture union [13, 60-62]. Healthy bone tissue actively 

remodels its apparent bone density in response to the local mechanical environment. The 

remodeling of bone from the cellular to organ scale results in the optimisation of bone density 

to accommodate the loading environment according to Wolffôs law. Bone remodeling 

algorithms are widely used to provide numerical estimates of boneôs apparent density due to 

daily loading according to the theory of mechanostat [25]. Numerous bone remodeling theories 

have been proposed, with theories using strain-derived [34, 99, 295] and/or damage-based [66, 

73, 171, 296-299] stimuli to describe cellular activity [65, 66] and drive the remodeling 

process. While these theories support the concept that bone remodeling is a targeted mechanism 

to simultaneously preserve bone mass and prevent fractures, bone remodeling also plays a vital 

role in the final stage of the fracture repair process, as woven bone is gradually replaced with 

orientated lamellar bone to return to original pre-fracture morphology. However, these 

remodeling processes are rarely incorporated within fracture healing algorithms, neglecting the 

long-term tissue response. The ability to predict the response of bone tissue to adaptations in 

mechanical loading [300] is of vital significance when considering how the introduction of 

load-bearing implant will affect the structural architecture. Identifying a fixation device that 

has optimal stability in the early phases fracture repair and an appropriate design to minimise 

stress shielding requires computational models of fracture repair that consider both fracture 

healing and subsequent remodeling responses. These approaches could be particularly relevant 

given the ongoing development of bioabsorbable fixation devices, which provide the potential 

to control both spatial and temporal load-bearing performance during healing.  
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The objective of this study is to develop a coupled modelling framework for bone fracture 

repair that predicts both fracture healing and remodeling phases of the tissue over a period of 

12 months. During the fracture healing phase, the model predicts tissue production based on a 

combination of the biophysical stimuli and cellular concentration in the fracture callus. The 

remodeling phase is only initiated once a suitable fracture union is achieved and considers both 

damage and strain-energy density (SED) based tissue remodeling. The coupled modelling 

framework for bone fracture repair is used to investigate the role of an internal fixation plate 

on the long-term healing performance under a range of loading conditions.  

4.2 Material and M ethods 

4.2.1 Model Geometry  

Three-dimensional finite element models of non-plated and plated long-bone tibia fractures 

were developed, according to dimensions provided in Figure 4.1. The tibia was simplified as a 

smooth co-axial cylinder composed of cortical bone and bone marrow at the centre (see Figure 

4.1A), with the shape and dimensions based on previous studies [148, 158, 301]. The fracture 

callus was divided into three zones, (1) outer callus, (2) callus focus and (3) inner callus. 

Several fracture gaps (x=0.75mm, 2.5mm, 5mm, 8mm and 12mm) were considered. For the 

plated models, six self-locking screws fastened a titanium bone plate to the tibia [302] (see 

Figure 4.1C-D). The cortical bone, callus, bone marrow and screw-plate system were modelled 

with 32,076, 17,750 and 15,7108-noded linear brick, trilinear displacement, pore pressure and 

temperature, reduced integration elements (C3D8RPT), respectively. Geometric non-linearity 

was enabled for all models, enabling the simulation to account for finite deformations. 
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Figure 4.1 - Geometric information on human tibia implanted and external fixator; (A) bone 

plate; (B) callus regions; (C) top-down view of plate without pins; (D) side view of plate with 

pins. All measurements were recorded in millimetres. 

 

4.2.2 Bone Repair Model 

4.2.2.1 General Overview 

The bone repair model is represented schematically in Figure 4.2, whereby an iterative 

approach that considers both (a) fracture healing and (b) remodeling phases of bone repair was 

developed. For the fracture healing component (see Figure 4.2A), a fracture callus comprised 

of granulation tissue is infiltrated by considering angiogenesis and migration of mesenchymal 

stem cells (MSCs) from the adjacent undamaged cortical ends (see Section 4.2.2.2). As the 

patient gradually loads the fractured bone, biophysical stimuli acting on the cells drive 

differentiation and tissue production process, with gradual changes from one phenotype to 

another enabled by a smoothing process within the fracture healing algorithm (see Section 

4.2.2.3). Once adequate woven bone has formed in the ñcallus focusò region (see Figure 4.2B), 
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the entire fracture callus automatically enters the bone remodeling algorithm, whereby both 

damage and strain-energy density (SED) based remodeling is predicted. The remodeling 

algorithm updates the bone material properties according to one of four processes; (1) damage-

based remodeling; (2) positive SED remodeling; (3) negative SED remodeling; (4) no 

remodeling (see Section 4.2.2.4). The apparent bone density continuously remodels to achieve 

the homeostatic bone energy density. The model is implemented in the Abaqus/Standard finite 

element framework through a series of user-defined field Subroutines (USDFLD).  

  

Figure 4.2 - Iterative calculations for tissue development for bone fracture repair and bone 

remodeling; (a) Bone fracture repair algorithm and (b) SED/damage-based bone 

remodeling. 

 

4.2.2.2 Blood Vessel Growth/Cell Migration and Proliferation 

A diffusion model was implemented in the fracture callus to model the infiltration of MSCs 

and the development of blood vessels according to:  
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 Ὠὧ

Ὠὸ
Ὀ​ὧ   (4.1) 

where ὅ  is the cell concentration of MSCs, D is the mass diffusion coefficient. This diffusion 

model was implemented in Abaqus using a thermal analogy, given the similarity between the 

thermal diffusion and mass diffusion (Fick's 2nd law) equation. This approach has been applied 

by other studies, with further details of the implementation process available in [14]. Briefly, 

the diffusion model assumes that the movement of the cells is random and non-directional, with 

the local relative cellular concentration (ὧ  ranging from π  ὧ ρ. The source of the 

progenitor cells was the surrounding soft tissue, bone marrow and inner cambial of the 

periosteum (see Figure 4.3A) [70]. At the beginning of simulations (ὸ π, the callus does not 

contain any MSCs ὧ π and consists of only granulation tissue. The cell concentration ὧ  

changes with respect to time according to Equation (4.1). The diffusion coefficient was 

determined by a hit and trail method implemented by previous studies [65, 66, 299] whereby a 

steady state cell concentration was achieved after 112 days, by using a diffusion coefficient of 

D=0.3mm3/day. The diffusion model was used to describe the migration of all cells under the 

assumption that cell movements were random and non-directional. Cell concentration at the 

integration points were calculated by interpolating nodal cell concentrations. Previous studies 

[14, 76] applied the maximum cellular concentration ὧ ρȟὝ ρȟͽ ὸ π at the 

boundaries shown in Figure 4.3A. However, this results in the integration points of these 

elements having a cellular concentration equal to half of the applied cellular concentration at 

time zero ὧ πȢυȟͽ ὸ π, and causes these elements to stiffen much quicker than the rest 

of the elements within the fracture callus. Therefore, using Equation (4.2), a temporal non-

linear magnitude was created (Figure 4.3B) and applied to the surface of the fracture callus 

highlighted within Figure 4.3A:  
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  ὧ ὧ Ὀὧ ὧ ᶻὨὸ (4.2) 

 

 

Figure 4.3 - Overview of diffusion model used to describe the infiltration of 

MSCs/development of blood vessels; (A) MSCs invading the fracture callus from the 

surrounding soft tissue, bone marrow and inner cambial of the periosteum; (B) Cellular 

concentration magnitude applied to surface shown in  Figure 4.3A. 

 

4.2.2.3 Fracture Healing Mechano-Regulation Algorithm 

The biphasic mechano-regulation theory described by Prendergast [146] was used to govern 

MSC differentiation and tissue phenotype under mechanical loading within the callus tissue 

(see Figure 4.4A). It was assumed that the tissue was biphasic, and completely saturated, such 

that the sum of the volume fractions of the solid (ὠ ) and fluid (ὠ ) phase must equal one: 

 

ὠ ὠ ρ 

 

(4.3) 

Mechanical loading produced a deviatoric strain (shear deformation) and a fluid flow 

throughout the fracture callus. The effective pore fluid velocity (ύ ) was calculated as the 

velocity of the fluid phase ὺ  with respect to the solid phase ὺ . 
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ύ  ὺ ὺ 

 

(4.4) 

The fluid flow velocity ύ  was calculated using Equation (4.5). The deviatoric strain ‐   

was calculated using Equation (4.6), which considers this term as a function of the principal 

strains (Ů1, Ů2, Ů3). The local elemental stimulus Ὓ (see Equation (4.7) taken directly from 

biphasic mechano-regulation theory [73], which was defined as the sum of the equivalent 

deviatoric strain and the interstitial fluid velocity in which ὥ πȢπσχυ and ὦ σ‘άȾί [303]:  

 ύ ύȢύ  (4.5) 

 
‐  

ς

σ
‐ ‐ ‐ ‐ ‐ ‐  (4.6) 

 
Ὓ

‐

ὥ

ύ

ὦ
 (4.7) 

The local stimulus within an element controlled whether the MSCs within that element 

differentiated into fibroblasts, chondrocytes or osteoblasts. As a rule, high levels of mechanical 

stimuli 3 σ resulted in the formation of fibrous tissue, intermediate levels of 

stimulation ρ 3 σ promoted cartilaginous tissue, lower levels of stimulus resulted in 

formation of immature bone πȢςφφχ3 ρ, while woven bone was formed between when 

the stimulus was πȢπρ 3  πȢςφφχ. For very low stimuli πȢπρ 3 callus resorption 

occurs, whereby osteoclasts removed non-loaded bone tissue [14]. These mechano-regulation 

rules were implemented considering fuzzy zones [160] that allowed for gradual changes in 

tissue properties as differentiation occurred, whereby two tissue phenotypes could be produced 

simultaneously, allowing for smoother transitions between cell phenotypes. Sapotnick and 

Nackenhorst altered the range of their fuzzy zones from 50% to 400% with minimal effects on 

healing outcomes. A relatively conservative approach was taken here when determining the 
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width of the fuzzy zones, whereby the range was determined by taking 10% of the threshold 

stimulus 3 σȟ3 ρȟ3 πȢςφφχȟ3 πȢπρ. 

 

 

Figure 4.4 - (A) The mechano-regulation model based on deviatoric strain and fluid velocity. 

(B) Smoothed mechanobiological regulation based on Sapotnick et al.[160]. 

Tissue membership Ὕὓ was determined by the biophysical stimulus (Figure 4.4A). The 

tissue membership level-controlled cell differentiation and tissue production. The local TM for 

fibrous, cartilage, immature bone and mature bone ranged from π  Ὕὓȟȟ ȟ ρ. 

Maximum tissue membership (Ὕὓ ρ of a phenotype resulted in complete recruitment of 

available cells, while zero tissue membership Ὕὓ π resulted in no recruitment. The 

evolution of fibroblasts, chondrocytes, immature bone cells and mature cells and their 

associated tissues are described by Equation (4.8)-(4.11) [304]. Here  ὧȟὧȟὧȟὧ  and ὧ  are 

normalised mesenchymal, fibroblast, chondrocyte, immature bone, and mature bone cell 
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densities, respectively, ὊȟὊȟὊ and Ὂ  are cell differentiation rates. The differential 

potential of MSCs, fibroblasts, chondrocytes, immature bone cells and mature cells was 

ordered from highest to lowest respectively. Cells were allowed to differentiate into different 

cell phenotypes of lower differential potential. As shown in Equation (4.9), given Ὕὓ π, 

MSC (ὧ  and fibroblasts ὧ  differentiated into chondrocytes. However, if Ὕὓ π or 

Ὕὓ π, chondrocytes were differentiated into immature or mature bone cells respectively:  

 Ὠὧ

Ὠὸ
Ὂ Ὕzὓ ρ ὧ ὧ Ὂ Ὕzὓ ρ ὧὧ Ὂ Ὕzὓ ρ ὧ ὧ Ὂ

Ὕzὓ ρ ὧ ὧ 

(4.8) 

 Ὠὧ

Ὠὸ
Ὂ Ὕzὓ ρ ὧ ὧ ὧ Ὂ Ὕzὓ ρ ὧ ὧ Ὂ Ὕzὓ ρ ὧ ὧ (4.9) 

 Ὠὧ

Ὠὸ
Ὂ Ὕzὓ ρ ὧ ὧ ὧ ὧ Ὂ Ὕzὓ ρ ὧ ὧ  

(4.10) 

 Ὠὧ

Ὠὸ
Ὂ Ὕzὓ ρ ὧ ὧ ὧ ὧ ὧ   

(4.11) 

Tissue production and replacement is regulated by the corresponding cells, tissues themselves 

and TM. The volume fraction of fibrous tissue (ά , cartilage (ά , immature bone (ά , and 

mature bone (ά  are described by Equations (4.12)-(4.15). Granulation tissue, fibrous 

tissue, cartilage, immature bone and mature bone were given priority in order respectively. 

Therefore, allowing cartilaginous tissue to replace fibrous tissue within the fracture callus, 

however cartilaginous tissue cannot replace immature or mature bone (see Equation (4.14)). 

Initially Ὕ π, the entire fracture callus consisted of granulation tissue (ά ρ. 

Granulation tissue was replaced by according to Equation (4.16): 

 Ὠά

Ὠὸ
ὗ Ὕzὓ ρ ά ὧ   (4.12) 

 Ὠά

Ὠὸ
ὗ Ὕzὓ ρ ά  ά ὧ Ὕὓ ὗ ὧ ά ά  

(4.13) 

 Ὠά

Ὠὸ
ὗ Ὕzὓ ρ ά  ά  ά ὧ Ὕὓ ὗ ὧ Ὕὓὗ ὧ άά  

(4.14) 
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 Ὠά

Ὠὸ
ὗ Ὕzὓ ρ ά  ά  ά  ά ὧ Ὕὓ ὗ ὧ Ὕὓὗ ὧ Ὕὓὗὧάά  

(4.15) 

 ά ρ ά ά ά ά  (4.16) 

A time control ɝÔ  within the fracture healing algorithm was implemented to ensure 

the change in tissue volume fraction did not exceed the maximum threshold value ɝÍ

πȢπυ for any given time increment. If Ὠά ȟὨά ȟὨάȟὨά ɝÍ  the time 

increment was updated according to Equation (4.17), ensuring model accuracy regarding bone 

fracture repair was maintained: 

 

ɝÔ
ɝÍ

άὥὼὨά ȟὨάȟὨάȟὨά
ȟ

Ὠὸ ɝÔ Ὠzὸ  

(4.17) 

The rule of mixtures (RoM) was used to calculate the predicted elastic modulus of the elements 

within the fracture callus for each increment using Equation (4.18). The RoM calculated the 

predicted elastic modulus before smoothing occurred: 

 Ὁ ά ᶻὉ ά ᶻὉ ά ᶻὉ  ά

ᶻὉ ά ᶻὉ  

(4.18) 

The implementation of this mechano-regulation algorithm also included a further smoothing 

strategy, whereby the elastic modulus (Ὁ  was calculated by obtaining a time averaged 

value of the elastic modulus from the previous 10 days according to:  

 

Ὁ  
ρ

ρπ
Ὁ ᶻὨὸ  (4.19) 

Many previous studies have implemented time averaging using a fixed increment size [14, 280, 

304]. However, using a variable time step with custom time controls allows for greater 

accuracy and versatility as the time step ɝÔ  is controlled by changes in cellular 
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concentration and prevents abrupt changes in cell/tissue concentrations. Fracture healing 

continued within the callus until the ñcallus focus" region was connected by differentiated 

woven bone and the change in elastic modulus due to SED surpassed the change in elastic 

modulus due bone fracture repair. Following this, the fracture callus underwent bone 

remodeling whereby strain energy density (SED)/micro-damage were the controlling stimuli. 

4.2.2.4 Coupled Strain/Damage- based Remodelling. 

The coupled strain- & damage-adaptive algorithm outlined by McNamara and Prendergast [73] 

was used to simulate bone remodeling. Strain-based remodeling used strain energy density 

(SED) as the remodeling stimulus (‪ ὟȾ”, where Ὗ is the strain energy, ” is the apparent 

bone density. A site-specific approach was implemented whereby each bone element tried to 

reach a homeostatic state of SED. The homeostatic SED reference point ‪  was calculated 

according to Equation (4.20) (see Figure 4.5A): 

 
‪

„

ς Ὁ ”
 (4.20) 

Where „ȟὉȟ ”  are the homeostatic values for stress, elastic modulus, and density, which 

have values of 6.6MPa, 17000MPa and 1.649g/cm3 respectively. This however can cause 

difficulties as it creates a dependency between the final converged solution and the initial state 

and width of lazy zone ύ  [168]. Bone elements remodel towards the upper ‪  and lower 

‪  SED values, therefore the formulation ‪  was modified (see Equation (4.21)) to allow 

bone to positively remodel to its homeostatic elastic modulus under normal loading conditions:  

 
‪

„

ς Ὁ ”
ᶻ

ρ

ρ ύὭὨὸὬ
 

 

(4.21) 

The upper and lower reference point for SED was were described by Equations (4.22)-(4.23). 

Within this modified approach altering the value of ύ only altered the positions of ‪  and 
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 ‪ , while  ‪  remains constant. The region of reabsorption due to SED could be increased by 

decreasing ύ, while increasing ύ resulted in the opposite effect: 

  ‪ ‪ ᶻρ ύ  (4.22) 

  ‪ ‪ ᶻρ ύ  (4.23) 

The width ύ  value controlled the size of the lazy zone, and the degree of reabsorption. The 

width ύ   had no effect on the value of ‪  as it has no dependency. In line with previous 

studies, a dimensionless width of 0.15 was chosen [283]. Bone remodeling was simulated as a 

change in apparent bone density. Carter and Hayes found that the elastic modulus of cortical 

and trabecular bone is approximately proportional to the cube and square respectively of the 

apparent bone density [305], this relationship between density (g/cm3) and elastic modulus 

(MPa) is described by: 

 Ὁ σχωπ” (4.24) 

The rate of remodeling is affected by the amount of free surface area, as remodeling occurs at 

the pore surfaces. Martin [177] determined the internal free surface area as a function of the 

apparent density ὃ”. The internal free surface area per unit volume ὥ” ὃ”Ⱦὠ is shown 

in Figure 4.5B. At maximum bone density ” ρȢχσὫȾὧά and the minimum bone density 

” πȢπρὫȾὧάȟ no bone remodeling occurs, as the free surface area equals zero. The 

remodeling rules and formulae that determine the rate of remodeling are shown in Figure 4.5C. 
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Figure 4.5 -  (A) Bone remodeling algorithm using SED as the mechanical stimulus for the 

implant;(B) Surface area density of bone ὥ”  as a function of bone density [306]. 

A strain remodeling rate was determined from ὅ ὥ”†, where † is a time constant with a 

value of † ρσπὫάά ὐ  per month, and ὥ” is the specific surface area [72]. Time 

controlled incrementation ῳὸ  was implemented such that for any given iteration the 

maximum allowable density change ɝʍ  was πȢρχυὫȾὧά per month. If the density 

changes for any given iteration exceeded the allowable maximum, then time increment Ὠὸ  

was reduced according to: 

 
ῳὸ  

ɝʍ

ὥʍ ʐzz 3 Ὓȟ Ὠzὸ
ȟ Ὠὸ ῳὸ Ὠzὸ  (4.25) 

Damaged bone tissue within bone is constantly removed and replaced with healthy bone tissue. 

At equilibrium, damage ‫  exists within bone due to the cyclic loading of bone tissue. 

Damage is calculated within each element using the remaining life approach, whereby 

undamaged bone is denoted by ‫ π, while fracture bone is denoted by ‫ ρ [182]. It is 

assumed within healthy bone tissue that damaged is removed at a constant rate which is denoted 

by ‫ . If the damage formation rate exceeds the repair rate ‫ ‫  damage is accumulated 

within the bone tissue, it will create damage remodeling stimulus ῳ:as shown below ‫ 
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ῳ‫  ‫  ‫ Ὠὸ (4.26) 

The damage formation rate was assumed to be linear and was implemented using Minerôs rule 

[307], which determined the damage formation rate and repair rate ‫ ‫ . Previous 

experimental data by Carter et al. [186] provides the number of cycles to failure (ὔ) for several 

different stress levels. Using Equations (4.27)&(4.28), the damage and repair rates were 

calculated, where „ is the stress in MPa, T the temperature (37 °c) and H, J, T and M are 

empirical constants: 

 
‫  

ρ

ὔ
 (4.27) 

 ÌÏÇὔ ὌὰέὫ„ ὐὝὑ” ὓ (4.28) 

Once the accumulated damage exceeds a critical damage threshold (‫ , damage-based 

resorption occurred. The critical damage level was determined at 3500ɛҢ, with  ‪  located at 

1500ɛҢ. Therefore, the critical damage threshold is situated 2000 ɛҢ above ‪  or approximately 

1.3 times the strain of  ‪ . Damage can exist within the bone without activating damage-based 

reabsorption, until the damage critical ‫  damage threshold is exceeded. Similar to SED-

based remodeling, a damage-based time control (ῳὸ  was implemented (see Equation 

(4.29). A damage rate constant of ὅ πȢρὩ was used [72]. Simulations considered cases 

with damage (D) and without damage (ND) based remodeling for the plated models. Within 

the combined fracture healing/remodeling algorithm the smallest value of 

ῳὸ ȟῳὸ  ὥὲὨ ῳὸ  was always implemented to determine the new time 

increment Ὠὸ : 

 
ῳὸ  

πȢππφςυ

ὥʍ ὅz .z ‫z
ȟ Ὠὸ ῳὸ Ὠzὸ  (4.29) 
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4.2.3 Boundary Conditions 

Post-operative loading of the tibia contained four different loading phases (1) indirect loading, 

(2) walking with crutches, (3) imperfect gait and (4) perfect gait (see Figure 4.6) [280]. The 

body weight of a healthy patient was assumed to be 70kg. All loading conditions were applied 

as scaled uniaxial compression. An initial load of 10% of body weight (BW) was applied for 

the first 28 days to simulate indirect loading. From days 28 to 56, the tibia was loaded to 

simulate the patient walking with crutches, gradually transferring more load through the injured 

tibia. The load transferred through the tibia continually increased between days 56-112 as the 

patient walked with an imperfect gait. Following 112 days, a normal gait of 300% BW was 

implemented. The initial loading conditions (LC) were altered between 0 ï 112 days, according 

to several different conditions described by LC(A) ï LC(H), as shown in Figure 4.6. LC(B) ï 

LC(D) exists between LC(A) and LC(E) and have an initial load of 87.5N, 105N, 122.5N. The 

distal end of the tibia was fixed in all directions [280]. 

 

  

Figure 4.6 - Post-operative loading conditions. 
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4.2.4 Material Properties 

During the healing process, the MSCs within the fracture callus differentiate into fibroblasts, 

chondrocytes and osteoblasts [308]. All materials were assumed to be isotropic. The material 

properties of the different tissues used in the bone fracture repair and bone remodeling 

algorithm are listed in Table 4.1. 

Table 4.1 ï Material properties for bone plate and bone. 
 Elastic 

Modulus 

[MPa]  

Permeability 

[m4/Ns] 

Poissonôs 

Ratio 

Initial 

Porosity 

Solid Bulk 

Modulus 

[MPa]  

Fluid 

Modulus 

[MPa]  

Cortical bone 17,000 [148]  1E-17 [148] 0.37 

[148] 

0.04 [148] 20,000[14] 2,300[14] 

Marrow 0.0247[309] 1E-14 [148] 0.167 

[148] 

0.8 [148] 2,300[14] 2,300[14] 

Granulation tissue 0.001-2 [14, 

148] 

1E-14 [148] 0.167 

[148]   

0.8 [148] 2,300[14] 2,300[14] 

Fibrous tissue 0.2 -5 [148]    1E-14 [148] 0.167 

[148]   

0.8 [148] 2,300[14] 2,300[14] 

Cartilage 5 ï 500 [148]    5E-15 [148] 0.167 

[148] 

0.8 [148] 3,400[14] 2,300[14] 

Immature bone 500 ï 1,000 

[148]    

1E-13 [148] 0.3 [148] 0.8 [148] 20,000[14] 2,300[14] 

Intermediate bone 1,000 ï 2,000 

[148]    

3.7E-13 [148] 0.3 [148] 0.8 [148] 20,000[14] 2,300[14] 

Mature bone 2,000 -6,000 

[148]    

3.7E-13 [148] 0.3 [148] 0.8 [148] 20,000[14] 2,300[14] 

Titanium (Grade 2) 110,000 [310] - - - - - 

 

4.2.5 Fracture Healing Model Calibration 

A 3mm mid-diaphyseal osteotomy was induced in the metatarsus of a sheep and stabilised with 

a unilateral external fixator. The geometry used for fracture healing model calibration (see 

Figure 4.7D) was adapted from Claes et al. [16] to create a three-dimensional model which 

included bone marrow. An initial displacement of 1.13mm was induced through the application 

of a 500N force. Calibration of the model produced the following model parameters: cell 

differentiation rates Ὂ  = 0.15day-1, Ὂ  = 0.15day-1,  Ὂ = 0.3day-1, Ὂ = 0.02day-1, tissue 

production rates ὗ  = 0.1day-1, ὗ  = 0.1day-1, ὗ = 0.2day-1 and ὗ  = 0.12day-1. Using these 

parameters, the model was accurately able to reproduce the interfragmentary strain obtained 
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by Claes et al. [16]. Here, the model does not predict the formation of a complete bony bridge 

after 50 days in the osteotomy gap, leaving a portion of the callus filled with fibrous and 

cartilage tissue, which corresponds with the experiments carried out by Claes et al. [16].  

Mesh sensitivity for fracture healing was carried out using a global seed (GS) of 1.5, 1 and 0.5, 

which resulted in 4,256, 12,547 and 91,256 elements. Element size had minimal effect on the 

healing outcome as shown in Figure 4.7A. For all simulations, a global seed of 1.5 was 

implemented.  

 

 

Figure 4.7 - (A) Predicted IFM by FE-model versus healing time of an osteotomy of a sheep.  

(B)  Histology section of a well-healed mouse at day 26. (C) Histology section of a mouse 

with mixed healing at day 26. Stained with Hallôs and Bruntôs Quadruple (HBQ) stain and 

false-coloured. Blue = cartilage, yellow = trabecular bone, purple = fibrous/amorphous 

tissue, red = cortical bone, black/white = bone marrow [306].(D) Geometrical dimensions of 

one quarter of FE-model of the callus region used fracture healing model calibration [16] . 

4.3 Results 

4.3.1 Fracture Repair- Effect of Loading Conditions (Non-Plated) 

Figure 4.8A-B shows the predicted mean elastic modulus in the callus focus region (e.g., 

between both cortex ends) over the course of 365 days, based on the coupled fracture healing 

and bone remodeling algorithms, under a range of different loading conditions. For the non-

plated 3mm fracture gap, the rate of healing was reduced when higher loading regimes were 
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applied. Here, it is shown that the formation of a bony bridge occurred at 16.6 days for LC(A), 

which was the smallest loading regime, resulting in the fastest rate of healing with fracture 

union achieved at 120 days. For increasing loading magnitudes, the time to form a bony bridge 

and fracture union was progressively longer. For excessive loading conditions in LC(D) and 

LC(E), there is little or no increase in elastic modulus over the first 120 days. The higher loads 

inhibited the formation of a bony bridge, preventing the stabilisation of fracture callus region 

and resulted in the formation of a non-union. 

The coupled fracture repair framework only allowed the callus to enter SED based remodeling 

once a fracture union had formed between the cortical ends. During remodeling, the 

SED/microdamage framework caused the outer and inner callus to be predominately negatively 

remodelled and reabsorbed. Meanwhile, the callus focus region underwent positive remodeling 

as shown in Figure 4.8E. The undamaged cortical bone initially negatively remodelled under 

the reduced physiological load, however as loading returns to normal, the undamaged cortical 

bone was positively remodelled and returned to homeostatic levels (see Figure 4.8E). 
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Figure 4.8 - Elastic modulus of fractured tibia over a 1-year time period with a constant 

fracture gap and different loading conditions; (A) fracture callus healing performance over 1 

year; (B) fracture callus healing performance over 112 days; (C ï D) contour plots of 

fracture callus; (E) SED/micro-damage-based remodeling. 
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4.3.2 Fracture Repair & Remodeling- Effect of Fracture Gap 

 

Figure 4.9 - Elastic modulus of fractured tibia over a 1-year time period with a constant 

loading condition and different fracture gaps; (A) fracture callus healing performance over 1 

year; (B) fracture callus healing performance over 112 days; (C ï D) contour plots of 

fracture callus; (E) SED/micro-damage-based remodeling. 
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Figure 4.9 shows the predicted elastic modulus in the callus over the 365 days, based on the 

coupled fracture repair framework for loading condition LC(A) and fracture gaps of 3mm, 

4mm, 6mm and 8mm. Here, the fracture healing performance was directly related to the 

fracture gap size, with the 3mm showing the fastest rate of healing. Increasing the fracture gap 

size slowed the rate of fracture healing as there was a slower infiltration of cells to fracture site, 

in addition to an increased biophysical stimulus due to geometry. Remodeling proceeded like 

before, with the inner and outer callus undergoing negative remodeling, while the callus focus 

region underwent positive remodeling. Where a union is successfully formed, the elastic 

modulus of the remodelled tissue is very similar across all cases after 365 days. 
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4.3.3 Fracture Repair ï Effect of Plating 

The effects of the implantation of a titanium plate on fracture healing and remodelling was 

investigated for LC(A), LC(F) ïLC(H). Figure 4.8B shows that the predicted elastic modulus 

in the callus during the 365 days of repair for these loading conditions, while Figure 4.9B shows 

the predicted elastic modulus during repair for different fracture gap sizes for LC(A). Figure 

4.8B shows that the introduction of a titanium plate allowed the tibia to undergo successful 

healing at much higher loading conditions, compared to the un-plated versions. Non-union 

occurred for the un-plated case under LC(C) (0.33MPa), while the plated version successfully 

healed up to LC(H)(6.6MPa), which had substantially higher magnitudes applied (see Figure 

4.6). The introduction of a stiff plate increased the overall rate of fracture repair, which is clear 

when comparing the plated/un-plated models utilizing LC(A). Figure 4.10 shows the healing 

profile of the callus itself, where the presence of the plate affects the spatial progression of 

healing. Tissues positioned closer to the plate stiffened and were reabsorbed quicker than tissue 

positioned further away for the plate. While the plated cases showed faster healing rates, their 

performance was substantially different once they entered the remodelling phase, with all 

plated cases remodelling to a much lower elastic modulus than any of the un-plated loading 

cases (see Figure 4.8). The introduction of a titanium plate allowed for successful fracture 

healing to occur at much larger fracture gaps, although with a delayed healing performance 

with increasing fracture gaps (see Figure 4.9).   
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Figure 4.10 - Contour plots of plated fracture callus; (A ï C) fracture callus with a constant 

fracture gap and different conditions; (D ï E) fracture callus with a constant loading 

condition and different fracture gaps; (E) wireframe representation of callus and plate 

positions. 

In Figure 4.11, posterior, medial and anterior cuts of the tibia at 150, 200, 250, 300 and 350 

days show the stress shielding and damaged-based remodelling that occurs due to introduction 

of the plate. The remodelling framework considered cases with damage (D) and with no 

damage (ND). The highest degree of stress shielding occurred anteriorly (see Figure 4.11A), 

while the least amount of stress shielding occurred posteriorly as seen in (see Figure 4.11C). 

Stress concentrations were created locally, mainly in the interfacial regions between the 

titanium pins and cortical bone. Models containing damage (D) led to damage-based 

reabsorption around the pins, while the models without damage (ND) the high stresses resulted 
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in positive SED remodelling around the pins. A significantly higher degree of stress shielding 

around the plate was observed for the models containing ñno damageò than the models 

containing ñdamageò (see Figure 4.11A). 

 

Figure 4.11 - Elastic modulus within cortical bone and fracture callus focus for plated tibia 

with 3mm fracture gap under LC(A) at 150, 200, 250, 300 and 350 days. Simulations were 

run with damage (D) and with the no damage (ND). 
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4.4 Discussion 

In this study, a coupled biphasic model for bone fracture repair was developed that considers 

both fracture healing and remodelling phases of repair to investigate the performance of a 

fractured tibia in both non-plated and plated conditions. It was found that introduction of a 

titanium plate allowed the tibia to undergo successful healing at higher loading conditions and 

fracture gaps, compared to the non-plated versions. While these plated cases showed faster 

rates of repair in the healing phase, their performance was substantially different once they 

entered the remodelling phase, with all plated cases remodelling to a much lower elastic 

modulus than any of the non-plated loading cases, with the coupled modelling framework 

predicting substantial regions of stress shielding. This framework is one of the few 

implementations of coupled fracture healing and remodelling algorithms and included several 

innovative approaches to smoothing, time-averaging and time incrementation in its 

implementation, thereby avoiding any unwanted abrupt changes in tissue phenotypes. Previous 

papers [69] implemented time averaging within a static time increment Ὠὸ ρ, therefore the 

updated elastic modulus was always updated over 10 increments (see Equation (4.19). No study 

has implemented time averaging with a variable time step allowing for greater flexibility, 

control and convergence when modelling. 

This coupled model provides a better representation of tissue development in the fracture callus 

and cortical bone when compared with fracture healing alone and provides novel platform to 

investigate the long-term performance of orthopaedic fixation devices. This would include the 

more effective design of permanent fixators and provide an opportunity to optimise both spatial 

and temporal behaviour of bioabsorbable implants to limit unwanted effects of stress shielding.  

The coupled fracture repair model was shown to provide very good correlation to animal 

experiments carried out by Claes et al. [311], in terms of both predicted inter-fragmentary strain 

(see Figure 4.7) and the time sequence of the repair [306]. During the fracture healing phase, 
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the simulations generally predicted the formation of the cartilaginous callus 2-3 weeks from 

the start of the healing process [14]. The extremities of the fracture callus experience lower 

biphasic stimulus and stiffen more quickly. The bony bridge provides mechanical support 

lowering the biphasic stimuli at the fracture site, allowing for bone formation to occur in other 

regions such as near the bone marrow and fracture gap. The formation of a complete ñbony 

bridgeò was a pivotal aspect in achieving successful healing (see Figure 4.8 & Figure 4.10), 

and the coupled fracture repair model used this feature as the criteria that determined whether 

the bone remodelling phase would be initiated (the time at which this occurred was not 

prescribed apriori). Upon successful fracture healing, the non-plated models remodelled 

positively, tending towards the original density of cortical bone (ɟ = 1.649g/cm3, E = 

17,000MPa). This was largely driven by the fact that a homeostatic load of 6.6MPa was 

assumed to be acting on the tibia after day 112 for all conditions, resulting in similar bone 

densities for the non-plated models. Due to the geometry of the non-plated models, they were 

remodelled in a symmetric manner, with the inner and outer callus undergoing negative 

remodelling, while the callus focus region underwent positive remodelling (see Figure 4.8). 

During all transitions, the coupled fracture repair algorithm was implemented in such a way 

that abrupt changes in tissue modulus due to local stimuli were avoided. This was achieved 

through the implementation of several time incrementation controls and smoothing techniques 

(see Section 4.2.2.3). For the latter, the change in elastic modulus due to the biphasic stimulus 

and SED were time averaged over 10 days. Therefore, a change in the elastic modulus of an 

element was due to its stimulus history, opposed to a single time instance as was commonly 

employed in other studies [178, 312, 313]. 

The implantation of a titanium plate played a critical role in healing and remodelling phases of 

bone repair, creating an uneven stress distribution across the fracture callus that resulted in 

substantially different healing outcomes between the plated and non-plated models. During 
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fracture healing, regions directly adjacent to the plate experience lower biophysical stimuli than 

regions on the opposite side. Based on the mechano-regulatory framework, these elements 

transitioned through tissue phenotypes more quickly, leading to local stiffening, with some 

regions even being absorbed due to the lack of a biophysical stimulus during fracture healing 

(see Figure 4.10). Upon entering the remodelling phase, most of the stress is distributed through 

the implant, as it has a stiffness of approximately 6.5 times greater than cortical bone, thereby 

shielding the adjacent region. The proximity of the surrounding tissue to the titanium plate 

heavily influenced the degree of stress-shielding. The highest degree of stress shielding 

occurred anteriorly, while the least amount of stress shielding occurred posteriorly (see Figure 

4.11). This subsequently resulted in the anterior portion of the ñcallus focusò region to 

negatively remodel, while the posterior portion remodelled positively producing a cortical 

shell. Most of the bone loss around the titanium plate occurred between 0 ï 6 months for the 

ñdamageò models with a significant reduction in bone loss following the 6-months, matching 

experimental tests of an implanted titanium stem carried by Jaffe and Scott [314]. Interestingly, 

during the remodelling phases, the plated models also predicted further resorption in stress 

concentration regions where screws were fastened to the bone. The stress concentrations were 

generated due to (i) the dissimilar stiffness of titanium (ET = 110GPa) and cortical bone (Ec = 

17GPa) and (ii) the geometry of hole generated by the titanium pin. In this study, the role of 

damage-based reabsorption was during remodelling was considered. Within the ñno-damageò 

models, the high stresses generated around the pins led to high levels of positive remodelling. 

This subsequently led to higher levels of stress being redistributed through the titanium plate 

increasing the stress-shielding effect. On the contrary, when damage was included in these 

models, these high stresses led to damage-based reabsorption in these regions. Interestingly, 

the effect of this damage-based resorption redistributed stress away from the pins and 

subsequently the plate, thereby substantially reducing the stress shielding effect. Damage-
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based reabsorption occurs much more rapidly than negative SED remodelling, which may 

cause implant failure as the interfacial bone around the pins is reabsorbed, resulting in bone 

plate slippage.  

The healing performance for both the plated and non-plated simulation were directly impacted 

by the loading conditions (see Figure 4.8 & Figure 4.10) and fracture gap size (see Figure 4.9). 

For simulations in which the fracture gap was altered the loading condition LC(A) was 

implemented for all simulations. Under different loading regimes in the first 28 days, it was 

found that the time at which the ñbony bridgeò formed was different in both plated and non-

plated scenarios. The plated models were able to successfully heal at much higher loads (e.g., 

LC(H)) when compared with the non-plated models (e.g., LC(C)). An increase in fracture gap 

size decreased the healing performance for both plated and non-plated simulations. Larger 

fracture gaps increased the biphasic stimulus induced within the fracture region for the same 

loading conditions. For all fracture gaps the diffusion coefficient remained constant at 

0.3mm/day. This, in turn, influenced the time taken for the callus focus region to become 

confluent in MSCs, and thus slowed the healing response. The simulated results obtained here 

mimic that of experimental results seen in a rat model conducted by Meeson et al [315], 

whereby a femoral osteotomy of different sizes (1mm, 1.5mm and 2mm) resulted in delayed 

healing over a 5-week period.  

The prediction of long-term outcomes of bone fracture repair represents an extremely 

challenging problem that involves highly complex interaction between physical, chemical, and 

biological processes taking place at the fracture callus. This implies that the coupled healing 

and remodelling framework presented here is subject to several limitations. Both the fracture 

healing and remodelling algorithms rely on sets of phenomenological rules to drive cellular 

activity, according to a series of thresholds that dictate tissue formation at different stages of 

the process. For these, threshold parameters have been chosen based on existing experimental 
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and computational literature for bone fracture repair [119] and bone remodelling [173], with 

novel numerical implementations such as smoothing, time averaging and automatic time 

incrementation preventing abrupt changes in tissue phenotype. In validating the coupled 

framework, the model predictions showed excellent agreement with inter-fragmentary 

movement (IFM) from an animal experiment, with differences below 0.1 mm seen throughout 

the healing phase. The model also produced typical patterns and appropriate time sequences 

that have been observed in both bone healing and bone remodelling phases across animal and 

human studies [16, 306]. Therefore, this coupled model provides a suitable platform to 

investigate bone fracture repair and the long-term performance of orthopaedic fixation devices. 

To simulate fracture healing and bone remodelling effectively several simplifications were 

made regarding model geometry and boundary conditions. The idealized geometry allowed for 

a great reduction in the number of elements, reducing computational cost. Additionally, loading 

was modelled as one loading cycle per day, therefore ignoring the accumulative effect of 

repetitive cyclic loading. Both simplifications would prevent the model outlined in this paper 

capturing the actual stress distribution of a fractured tibia in vivo. Additional limitations 

include limited experimental data and a lack of experimental case studies for clinical 

applications. [316]. Ideally mechanoregulatory models should be patient specific: the 

geometry, boundary conditions and model parameters.  

The results outlined within this paper provide a valuable resource into orthopaedic device 

design. Numerous studies when considering bone fracture repair only consider plating for the 

first 3 ï 6 months, not considering the considering the long-term effects of permanent platting. 

The algorithm outlined within this paper provides a quantifiable output to analyse the effects 

platting has on short-term bone fracture repair and long-term bone remodelling providing a 

more realistic result. Therefore, allowing for greater scope when optimising implanted 

orthopaedic device design. 
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4.5 Conclusions 

In this study, a coupled biphasic model for bone fracture repair was developed that considers 

both fracture healing and remodeling phases of repair and investigates the performance of a 

fractured tibia in both non-plated and plated conditions. It was found that introduction of a 

titanium plate allowed the tibia to undergo successful healing at higher loading conditions and 

fracture gaps, compared to the non-plated versions, but resulted in substantial regions of stress 

shielding at later stages of repair. It was found healing time was increased when increases in 

either loading conditions or fracture gap size were considered. This model representation of 

tissue development in the fracture callus and cortical bone provides novel platform to 

investigate the long-term performance of orthopaedic fixation devices. This approach could be 

used to optimise the spatial and temporal load-bearing performance of bioabsorbable fixation 

devices, to enhance repair outcomes. 

Data Availability  

The model is implemented in the Abaqus/Standard finite element framework, with several user-

defined subroutines written to predict fracture healing and bone remodeling. A set of example 

files have been included in the GitHub repository link.

https://github.com/tedvaughan/Fracture-Healing-and-Remodelling-Model-.git


 

 

124 

 

CHAPTER 5  

An Enhanced Phenomenological Model 

to predict Surface-based Localised 

Corrosion of Magnesium Alloys for 

Medical Use 

5.1 Introduction  

Magnesium alloys show promising potential in both orthopaedic and cardiovascular implant 

applications as they avoid long-term complications associated with permanent metallic 

implants. Several materials used in permanent metallic implants suffer from the release of toxic 

metallic ions through wear or corrosion [317-320], which results in inflammatory cascades and 

tissue loss [189, 269]. Magnesium on the other hand is biodegradable such that its by-products 

are metabolised by the body [321] and play an important role in all living organismsô dietary 

systems [322]. However, magnesium-based implants present certain challenges as its high 

corrosion rate in a physiological environment [323-326] can lead to rapid deterioration of 

mechanical properties, leading to implant failure before tissue repair has completed [243, 326].  
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Magnesium is the least noble material of the galvanic series with a standard electronic potential 

of -2.37V [231], making it highly susceptible to galvanic corrosion. Magnesium along with 

many other light metals especially when alloyed undergoes non-uniform surface corrosion, 

therefore understanding and predicting its mechanisms are pivotal to developing implantable 

magnesium devices. Galvanic corrosion usually occurs due to the presence of impurities or the 

accumulation of secondary cathodic phases in the microstructure. This generally occurs when 

the metal contacts a more noble material inside a conductive medium, which leads to localised 

corrosion around the contact area. Since magnesium is the least noble metal, it is always 

consumed by anodizing, whereby electrons migrate from the magnesium alpha (Ŭ) phase to 

different cathodes releasing magnesium ions (anodic reaction). These magnesium ions either 

diffuse to the surface to form corrosion products or are dissolved in the surrounding aqueous 

environment [220]. Internal galvanic corrosion is due to the existence of grains of impurities 

and alloying elements at the grain boundaries, schematically represented in Figure 5.1A. 

External galvanic corrosion occurs due to contact with a nobler metal as shown in  Figure 5.1B. 

The Ŭ grains consist of either pure magnesium, or a solid solution of magnesium and alloying 

elements such as Al, Zn, Ca, Mn, and other rare earth metals [220]. Alloying elements can form 

secondary particles which facilitate corrosion or enrich corrosion products inhibiting corrosion 

[234]. Impurities such as Fe, Cu, Ni and Co [327] are the four main elements that significantly 

influence the corrosion resistance of magnesium [220]. Pitting corrosion is the second most 

common corrosion type of magnesium and its alloys, defined as localised and random severe 

corrosion on the surface of the magnesium alloy [220].  

Modelling corrosion mechanisms of magnesium alloys has been widely implemented within 

finite element (FE) frameworks and applied to medical implants to predict in vitro and in vivo 

performance [90, 328] using either physically based or phenomenological model frameworks. 
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Physically-based models consider the electrochemical interactions and physics of species 

interaction [189] and these approaches have been applied to magnesium [83] through either 

activation-controlled [269] or transport-controlled degradation [269]. Activation-controlled 

models describe the potential difference between the anodic material and the solution. Initially, 

activation effects were the dominant factor in corrosion, however long-term degradation has 

been found to be independent of the activation effects [329]. Meanwhile, transport-controlled 

corrosion models consider the diffusion of magnesium ions from the corroding surface into the 

corrosive environment. While physically based corrosion models capture the chemical 

processes taking place, they have mainly been used to model uniform corrosion of the whole 

implant [87] or localised in small samples to study individual pit growth [87-89]. Physical 

models are not easily applicable to medical implants due to the difficulty associated with 

carrying out experimental based calibration for model parameters and the high computational 

cost associated with modelling electrochemical reactions [322]. The more widely used 

approach is phenomenological frameworks, which use combinations of a continuum-based 

damage (CDM) mechanics and/or element removal on the corroding surface to simulate mass 

loss. These models capture reductions in mechanical strength due to geometrical discontinuities 

through the definition of a scalar field to quantify the distribution of damage within the model. 

Many recent corrosion models of this type [87, 88, 90-92, 267, 322], have been based on the 

approaches proposed by both Gastaldi et al. [322] and Grogan et al. [83], whereby a random 

distribution function is used to prescribe weighted probabilities across the corroding surface 

that enable localised pits to form and evolve. While these models can accurately mimic the 

corrosion rates reported in the experimental literature, they are subject to several limitations. 

Firstly, very few of these models have been directly compared to experimental samples 

undergoing corrosion and few, if any, actually capture the severity and spatial distribution of 

pitting features on the corroding surface [260]. The underlying reason is the geometric 
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simplicity in their approach, whereby corrosion of the model volume is based only on the 

parameters prescribed to the initial corrosion surface. This limits how corrosion can evolve and 

means that models are unable to capture multi-directional or sub-surface pitting, which is a 

phenomenon that is well-described in experimental literature [32]. Furthermore, these models 

do not produce any variation in pit morphologies on the corroding surface, with models only 

producing a characteristic V-shaped pits [83]. Finally, these models tend to a high degree of 

mesh sensitivity, whereby the initial model discretisation will dictate the overall pit shape/size 

and, more critically, will influence the overall corrosion rate. To better capture localised 

corrosion mechanisms, more advanced modelling frameworks are required.  

In this study, an enhanced phenomenological model for pitting corrosion of magnesium alloys 

is presented, which extends the original surface-based model that was presented by Grogan et 

al. [83]. This model provides a robust, more effective numerical framework for capturing non-

uniform corrosion in metals. The numerical approach implemented using a method that 

considers corrosion evolution due to the presence of impurities and accumulation of secondary 

cathodic phases throughout the material (ɓ-phase), that enables the prediction of multi-

directional pitting and a range of pit morphologies. The introduction of new parameters to 

control time incrementation and track excess damage, allows for a reduction in computational 

cost while retaining model accuracy. The innovative approach development in determining 

mesh sizing parameter and pitting parameter values allowed for the elimination of mesh sizing 

effects and provides independence of pitting parameter values and corrosion rate:  

Table 5.1 - Chemical formulation of corrosion process on Mg alloy surface 

 ὓὫ
         
ựὓὫ ςὩ  (Anodic Reaction) (5.1) 

 
ςὌπ ςὩ

         
ựςὕὌ Ὄ  

(Cathodic 

Reaction) 
(5.2) 
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ὓὫ ςὕὌ

         
ựὓὫὕὌ  

(Product 

Formation) 
(5.3) 

 

 

 

Figure 5.1- Magnesium alloy/Ŭ phase (grey). Impurities/ɓ phase (yellow). (A) Internal micro-

galvanic corrosion. (B) External galvanic corrosion. (C) Schematic of pitting corrosion. (D) 

Visual representation of different types of pitting corrosion; (i) Deep & narrow, (ii) elliptical, 

(iii) wide & shallow, (iv) subsurface, (v) undercutting, (vi) horizontal and (vii) vertical. 

Image adapted from [242]. 

 

5.2 Methodology  

5.2.1 Surface-based Corrosion Modelling 

This study uses a phenomenological approach to pitting, based on continuum damage 

mechanics theory. The introduction of a scalar damage field (D) ranging from 0 to 1 was used 

to describe internal geometrical discontinuities (pits, cracks, etc.) representing surface-based 

corrosion. When D = 0 the material element was undamaged, while when D = 1, the material 

element was completely corroded and removed. Continuum damage theory allows non-

uniform geometric discontinuities to be modelled, without explicitly capturing volume/mass 
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loss. This was achieved using Equation (5.4, whereby „ is the true stress and „ the effective 

stress: 

 „
„

ρ Ὀ
 (5.4) 

Surface-based uniform corrosion can be considered through a uniform distribution of micro-

galvanic cells, with each element on the corroding surface having the same probability of 

corroding. This approach describes the corrosion kinetics outlined in Gastaldi et al. [322] and 

Grogan et al. [83]. Grogan et.al [83] developed the damage evolution law (see Equation (5.5) 

by assigning each element on the corroding surface a random probability, which was capable 

of modelling non-uniform pitting. Pitting parameter values were only applied to surface 

elements through the following relation:    

 ὨὈ

Ὠὸ

ɿ

ὒ
Ὧʇ (5.5) 

where Ὧ was the corrosion rate parameter, ɿ  and  ὒ were the material and element 

characteristic lengths, respectively. By assigning a set of random numbers ʇ  to the surface 

elements based on a Weibull distribution function, this model can capture non-uniform 

corrosion, which is principally governed by the random distribution initially generated on the 

exposed surface. Following element deletion, the adjacent elements inherited a portion (‍ of 

the removed elements pitting value: 

 ‗ ‍‗  (5.6) 

 

5.2.2 Enhanced Surface-based Corrosion Framework 

The enhanced surface-based corrosion model developed within this study extends the finite 

element model developed by Grogan et al. [83] by considering the role of ɓ-phase components 

throughout the material volume during the evolution of the corroding surface. Magnesium 
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alloys contain an Ŭ-phase (magnesium) and ɓ-phases (alloying metals/impurities) throughout 

the material volume. The ɓ phase catalyzes the corrosion of the Ŭ-phase. The products of the 

chemical reaction are precipitated onto the cathode protecting it from corrosion. Pitting occurs 

when the Ŭ and ɓ phases are not uniformly distributed, leading to breakdown of the protective 

layer. The model outlined within this paper phenomenologically captures the different pit 

morphologies shown in Figure 5.1D that arise due to micro-galvanic corrosion and breakages 

in the passivation layer cause by aggressive chloride ions [260]. The key difference between 

our model is that we extend the approach of Grogan et al.  [83], whereby we prescribe a set of 

continuous random numbers ‗  to the entire material volume. This enhanced surface-

based corrosion model accounts for ɓ-phase components within the material to enable non-

uniform and multi-directional evolution of corrosion. Here, we provide an updated damage 

evolution model that can be described by equation: 

 ὨὈ

Ὠὸ
 ὒ Ὧ‗  (5.7) 

Where Lactive is an updated term that to accurately account for the characteristic element 

dimensions. Lactive is an updated term that accurately accounts for the characteristic dimensions 

of the element. The model workflow is represented schematically in Figure 5.2, which begins 

with a pre-processing step (see Section 5.2.2.1) that defines the model parameters, which 

ultimately control the rate and shape pitting corrosion within the simulated models. Model 

parameters can be categorised into two groups: shape parameters (ɔ (Weibull shape), ὶ  

(Characteristic pit radius) and RS (Random seed)) and rate parameters (Ὧ (Degradation Rate) 

and Ὀ  (Time increment control), described in more detail below. Each element in the finite 

element mesh is assigned a random number ʇ , which was used to create a continuous 

distribution of pitting values (see Section 5.2.2.2). The algorithm cycles through each element 

within the model until it finds an exposed magnesium element, resulting in damage 
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accumulation at that location (see Section 5.2.2.4) determined by an active length parameter 

(see Section 5.2.2.3) and local shape and rate parameters. An element removal scheme is 

implemented, whereby an element is removed when the critical damage threshold Ὀ ρ is 

reached (described in Section 5.2.2.4). The algorithm cycles through all elements, which 

enables progressive mass loss on the corroding surface to be captured.  

 

 

Figure 5.2 - Overview of enhanced surface-based corrosion damage algorithm. 
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5.2.2.1 Pre-Processor 

Prior to running a degradation step within Abaqus, a pre-processing step was implemented 

through Abaqus using python scripting. The pre-processing step extracted model information, 

initialised model parameters, and generated the random numbers used for corrosion. The pre-

processor generated; (A) node labels, nodal coordinates, initial corroding surface, element 

connectivity and (B) pitting parameter values, as shown in Figure 5.3. 

   

Figure 5.3 - Basic overview of operations that occur within pre-processor. (A) Stored node 

labels, nodal coordinates, element connectivity and set initial corroding surface. (B) 

Calculates the normalised pitting parameter values ‗ . 

5.2.2.2 Pitting Parameter Value Generation 

The generation of pitting parameter values occurs within the pre-processor, represented 

schematically in Figure 5.3B. The distribution of random pitting parameter values ʇ  was 
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controlled through the implementation of a Weibull distribution-based random number 

generator, which used a random seed. The probability of ʇ lying between [a, b] for each 

element was described by: 

 
0Òὥ ʇ ὦ ὪὼὨὼ (5.8) 

Where Ὢὼ denotes the standard Weibull distribution probability density function (PDF) 

described by:  

 Ὢὼ ‎ὼ Ὡ  (5.9) 

The shape parameter ‎ controls the degree of heterogeneity of the pitting parameter ‗. 

Increasing the shape parameter leads to a more uniform distribution, while decreasing the scale 

parameter leads to more severe pitting, represented schematically in Figure 5.4D. 

 

Figure 5.4 - (A) Pitting parameter values initially assigned to each element within the 

degrading magnesium sample: (B) Visualization of redistribution of pitting parameters based 

on Equation (5.8-(5.10: (C) Corroding surface updating following element removal: (D) The 
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PDF for a standard Weibull distribution. Decreasing ɔ leads to a more heterogenous 

corrosion: (E) Redistribution of pitting parameter values from initial assignment ‗  to 

redistributed pitting parameter values ‗ . 

Based on the generated Weibull distribution, each element within the corroding part was 

assigned a random number ʇ through an external python script (see Figure 5.3). This initial 

assignment of pitting parameter values determined the position and strength of the pit nuclei, 

from which the pit propagated from Figure 5.4E. However, by assigning values in this way, a 

discontinuous spatial distribution of pitting parameters resulted across the mesh. A smoothing 

step was included to re-distribute the pitting parameters to a continuous distribution across the 

mesh. For this, a fraction of each elementôs initial pitting parameter value (ʇ  was stored 

based on the distance between its element and other elements within the mesh Ὠ  for all 

elements in the mesh (i =1:element number), as represented in Figure 5.4B. The characteristic 

pit radius (ὶ ) was a pre-assigned model parameter that controlled the range of influence of 

pit nuclei. Individual pits may merge to form a pit larger than ὶ : 

 
‗ ‗ ‗ Ὠ

ρ

ὶ
 (5.10) 

The maximum stored pitting parameter value became the active pitting parameter (‗ ) value 

(see Equation (5.11), where i =1: element number). This created a continuous distribution of 

pitting parameter values as shown in Figure 5.4E:  

 ‗ ÍÁØ‗ȟ‗ȟ‗ȟ‗ȟ‗ȟȣ‗  (5.11) 

In addition, the sum of pitting parameter values within a part can vary dramatically depending 

on the shape parameter ‗ and characteristic pit radius (ὶ ) selected. This, in turn, would 

affect the overall corrosion rate. Therefore, the pitting parameter values were normalised across 

all elements according to Equation (5.12, whereby ὲ denotes the number of magnesium 

elements in the degrading part:  
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‗

‗ ὲ

В ‗
   (5.12) 

 

 

5.2.2.3 Active Length ╛╪╬◄░○▄ 

Within previous studies [82, 267, 322], the characteristic element length ὒ was used to 

describe the sizing effect of elements within the mesh. The characteristic element length of a 

brick/quadrilateral element can be described with Equation (5.13, where ὠ and ὃ describe the 

element volume and area respectively:   

 ὒ ὠ (5.13) 

Gao et al. considered the effect surface area had on corrosion rate [85] by recoding the number 

of exposed surfaces on each element. However, both these methods assumes that the elements 

were cubic in shape. When meshing more complex geometries, element shape can vary 

dramatically, which cannot accurately be described by Equation (5.13 and results in ñmesh 

effectsò that results in sensitivity of the corrosion rate to the discretised geometry. In this model, 

a sizing parameter was introduced within the framework to geometrically represent the 

continuous process of corrosion in a discretised manner, while avoiding unwanted sizing 

effects. A new active length parameter (ὒ ) was introduced at element level to describe the 

ratio of exposed element surface area to element volume. This required the steps outlined in 

Figure 5.5, and below, to calculate the ὒ  parameter. 
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Figure 5.5 - (A) Processes involved in the calculation of ὒ  on exposed surface. (B) Node 

connectivity numbering for brick elements within Abaqus. (C) 2-D representation of irregular 

element face with required variables for calculating element face area. 

Node labels and nodal coordinates for each element were extracted within the pre-processing 

step Figure 5.3A. The nodal connectivity for brick/quad elements (from Abaqus) is represented 

schematically in Figure 5.5B. In terms of node ordering, nodes 1, 2, 3 and 4 will always lie on 

the same element face Figure 5.5B. Upon element removal, the shared nodes in adjacent 

elements were activated. Given all the nodes on element face were active, the surface area was 

calculated using Equation (5.14&(5.15. To calculate the area of an irregular quadrilateral, 

positional vectors from each node A, B, C and D and two opposites angles —Ǫ—  were 

required as shown in Figure 5.5C: 

 
—  ÃÏÓ

ὄ ὃȢὈ ὃ 

ȿὄ ὃȿȿὈ ὃȿ
 (5.14) 

 ὃ πȢυὒ ὒz ὛὭὲ— πȢυ ὒ ὒz ὛὭὲ—  (5.15) 

The total exposed area (ὃ  and active length (ὒ  was calculated for each element using 

Equation (5.16&(5.17 respectively:  




























































































































