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Abstract

We consider shear wave propagation in soft viscoelastic solids of rate type. Based on objective stress rates, the consti-
tutive model accounts for finite strain, incompressibility, as well as stress- and strain-rate viscoelasticity. The theory
generalises the standard linear solid model to three-dimensional volume-preserving motions of large amplitude in a
physically-consistent way. The nonlinear equations governing shear motion take the form of a one-dimensional hy-
perbolic system with relaxation. For specific objective rates of Cauchy stress (lower- and upper-convected derivatives),
we study the propagation of acceleration waves and shock waves. Then we show that both smooth and discontinuous
travelling wave solutions can be obtained analytically. We observe that the amplitude and velocity of steady shocks are
very sensitive to variations of the stress relaxation time. Furthermore, the existence of steady shocks is conditional.
Extension of these results to the case of multiple relaxation mechanisms and of the Jaumann stress rate is attempted.
The analysis of simple shearing motions is more involved in these cases.
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1 Introduction

Soft solids are materials that can be easily deformed
through the application of external forces. In Physics and
Engineering, this term is commonly used for highly de-
formable materials such as elastomers [Haupt and Lion,
2002], bitumen [Filograna et al.,, 2009], dough [Phan-
Thien et al., 1997], as well as soft biological tissues [Ber-
jamin and Chockalingam, 2022]. Due to their low stiff-
ness, soft solids are routinely subjected to large deforma-
tions and dynamic motions of arbitrary frequency.

The mechanical modelling of soft solids has been ap-
proached both by the fluid mechanics and solid mechan-
ics communities. In both cases, incompressibility is com-
monly assumed, thus restricting the motion to volume-
preserving deformations (e.g., simple shear or pure tor-
sion). Over the years, various incompressible viscoelas-
ticity theories have also been proposed to describe the
dynamic behaviour of soft solids, including the modelling
of dissipation. Plastic deformations are usually neglected
in soft solids for most applications given their large yield
strength.

Due to the occurrence of large deformations, related
continuum theories must be formulated within the finite
strain theory [Holzapfel, 2000], in general. The simplest
model consists of a Newtonian viscous stress added to an
elastic stress contribution [Berjamin, 2023], which results
in a nonlinear three-dimensional version of the classical
Kelvin—Voigt viscoelasticity theory. Unfortunately, such a
model is valid in the low frequency range only, and it is not

able to reproduce relaxation of stress [Banks et al., 2011,
Carcione, 2015].

To overcome these issues, several versions of stress-
and strain-rate incompressible viscoelasticity are found
in the literature. Generalising Cormack and Hamilton
[2018] to three-dimensional motions, Saccomandi and
Vianello [2021] introduce a three-dimensional Maxwell
theory similar to the models presented by Haupt and Lion
[2002]. In all these cases, the constitutive law is aug-
mented by an evolution equation for the viscous stress
that reduces to the Kelvin—Voigt model in a given limit. As
pointed out by Morro and Giorgi [2020], the process lead-
ing to stress rate viscoelasticity theories is very similar to
the derivation of the Maxwell-Cattaneo—Vernotte hyper-
bolic theory of heat conduction.

Another popular approach, known as quasi-linear vis-
coelasticity (QLV), does not include any explicit constitu-
tive assumption for the description of the viscous stresses.
Instead, the viscoelastic stress response is directly de-
duced from the inviscid elastic response by means of a
hereditary integral (Boltzmann superposition). The latter
can be converted into linear differential equations when
the hereditary integral is based on a Prony series [Ber-
jamin and Chockalingam, 2022]. In this case, connections
with the Simo model can be established, see the discus-
sions in Yagimli et al. [2023].

One feature of the dynamic response of nonlinear vis-
coelastic materials is the existence of travelling wave solu-
tions in shear, aka steady progressive waves. These waves



have the particularity of keeping an invariant wave pro-
file throughout the motion which occurs at a suitable con-
stant speed. Similarly to other solitary waves, those per-
manent waveforms result from the interaction between
nonlinearity and dispersion (here of dissipative nature).

In the Kelvin—Voigt case, smooth travelling wave so-
lutions can be derived exactly, making this one of the
few examples of a purely analytical solution in nonlin-
ear viscoelasticity [Berjamin, 2023]. Implicit analytical
expressions can also be obtained for a specific history-
dependent material model [Pucci and Saccomandi, 2015].
In the QLV case, the study of solitary waves in shear is less
straightforward. Nevertheless, smooth travelling wave
solutions can still be obtained numerically [De Pascalis
etal., 2019].

For the model considered by Pucci and Saccomandi
[2015], it was reported that the wave profile can be-
come multi-valued under certain conditions, suggesting
the existence of weak discontinuous solutions in shear.
Discontinuous travelling waves were also described by
Cormack and Hamilton [2018] based on an approxi-
mate one-dimensional theory, which involves a gener-
alised Burgers-type equation that governs shearing mo-
tions [Berjamin, 2023].

The existence of steady shock waves in compression
is extensively discussed in the review by Schuler et al.
[1973], which covers various theoretical and experimental
results related to the study of such waves. In particular, it
was shown that the theory of steady shocks correlates well
with one-dimensional experimental results obtained in a
specific configuration. Furthermore, similar discontinu-
ous wave profiles were obtained in torsion by Sugimoto
et al. [1984a] based on a thin rod approximation [Sugi-
moto et al., 1984b].

In relation with the above literature, we consider
shear wave propagation in materials of rate type gov-
erned by the three-dimensional theory of Saccomandi
and Vianello [2021], whose properties are summarised
in Section 2. We rewrite the equations of motion as a
one-dimensional hyperbolic system of conservation laws
with relaxation, in the particular case of the lower- and
upper-convected objective stress rates [Haupt and Lion,
2002]. The propagation of shear acceleration waves and
shear shock waves is studied in Section 3, and travel-
ling wave solutions are detailed in Section 4, including
smooth kinks and steady shocks. Finally, we reconsider
these derivations in the case of multiple relaxation mech-
anisms (Section 5) and in the case of the Jaumann stress
rate (Section 6).

In summary, we show that steady shear shock waves
can propagate in soft solids of rate type, by exploiting
the simplifications provided by the lower- and upper-
convected stress rates [Saccomandi and Vianello, 2021].
This way, fully analytical travelling wave solutions are
obtained, including discontinuous solutions. These re-
sults are obtained using a three-dimensional theory spe-
cialised to simple shear motions, but without relying on
any further approximation, see Berjamin [2023] for a pre-
sentation of common approximations used in nonlinear
acoustics. Moreover, we provide elements indicating that
a similar behaviour might be obtained for multiple relax-

ation mechanisms and for the Jaumann stress rate, even
though the complete mathematical derivations are less
simple in these cases.

2 Basic equations

2.1 Constitutive model

Let us introduce the deformation gradient tensor F =
0x/0X, which is the gradient of the current position x of
a particle with respect to its reference position X. We in-
troduce also the displacement field # = x — X. In incom-
pressible materials, volume change is not allowed, so that
F is unimodular (detF = 1). Moreover, the mass density
p > 0 is constant. Here, the spatial and temporal coordi-
nates are omitted, but we implicitly assume F = F(X, 1),
etc.

We assume that the Cauchy stress tensor T may be de-
composed additively as
T=-pI+TE, TE=T°+T", 6))
where T*€ is an elastic contribution, TV is a viscous one,
and their sum T¥ is the extra stress. The first term of
(1)4 involves the identity tensor I and a scalar Lagrange
multiplier p = p(X, t) accounting for the incompressibil-
ity constraint. The undetermined stress —pI is presented
in Section 6.3 of Holzapfel [2000] in the elastic case; the
same principle holds in the viscoelastic case [Haupt and
Lion, 2002].

We assume that the elastic stress contribution is of

Mooney-Rivlin—-Yeoh type:
T¢=2C (1+B(trB-3))B-2C, B}, )
where B = FF' is the left Cauchy-Green strain tensor.
Here, C;, C, are the Mooney parameters and S is a co-
efficient of nonlinearity. The infinitesimal shear modulus
equals u =2 (C; + C,) > 0. The above constitutive law has
been used in relation with the modelling of brain tissue
[Berjamin and Chockalingam, 2022], but other choices of
elastic response are possible.

The evolution of the viscous stress is governed by

the Maxwell-type differential equation [Saccomandi and
Vianello, 2021]
TV +12(T") =2nD, 3)
where 1 > 0 is the shear viscosity and 7 > 0 is a charac-
teristic time. Here, the strain rate tensor D = %(L +LT)
is the symmetric part of the Eulerian velocity gradient
L = FF!, which involves the material time-derivative F
of F. The tensor Z(T") is a rate of viscous stress to be
specified subsequently. By virtue of incompressibility, we
note that the tensors L, D are trace-free.

In Eq. (3), the stress tensor TV is objective or frame-
indifferent, meaning that it does not depend on the mo-
tion of the observer [Holzapfel, 2000]. Furthermore, while
F and L are not objective, the strain rate tensor D is ob-
jective. Thus, to ensure the consistency of Eq. (3) with re-
spect to objectivity, the stress rate Z(T") therein needs to



be objective as well. In general, Z(T") should not be re-
placed by TV, which is not objective.

Suitable choices for Z(T") are not unique. Here, we
consider an objective rate defined by

2 =T+ (LT+TL)+ 42 (LT T+ TL) @

where ¢ € {~1,0,1}. The expression (4) combines the
‘upper-convected’ Oldroyd rate for ¢ = —1 (also equiva-
lent to the Truesdell rate in the incompressible case); the
‘co-rotational’ Jaumann-Zaremba rate for ¢ = 0; and the
‘lower-convected’ Cotter—Rivlin rate for ¢ = 1, see defini-
tions in the monograph by Holzapfel [2000]. This way, one
ensures that the rate equation (3) is frame-indifferent.

Let us compute the objective rate (4) of the extra stress
TE, as defined in (1), Using the rate equation (3), we ar-
rive at

T+ 1 9(T%) = T® + 20D + 1 2(T°). (5)

This equivalent formulation of the above constitutive
model allows direct comparison with other approaches
found in the literature. In particular, Filograna et al. [2009]
do not include the term 7 2(T*) in the right-hand side of
(5), see Eq. (68).

The rate equation (3)-(4) with ¢¢ = —1 was also pro-
posed by Phan-Thien et al. [1997] to model the viscoelas-
tic behaviour of dough. For the cases ¢p = +1, thermody-
namic consistency is addressed by Haupt and Lion [2002]
and, therefore, the related stress-rate theories are physi-
cally admissible. Thermodynamic consistency is proved
by Morro and Giorgi [2020] in the case ¢ = 0. Essentially,
these results mean that there is no need for additional
restrictions of the material parameters to avoid physical
inconsistencies for all ¢, which contrasts with the obser-
vations made by Farina et al. [2022] in tensile creep. We
discuss potential issues with the latter results in the Ap-
pendix A where the tensile creep problem is carefully re-
considered.

Up to a suitable redefinition of the arbitrary Lagrange
multiplier p accounting for incompressibility, we observe
that the constitutive law (1)-(3) can be rewritten as

T=-pl+T;+T},

v v (6)
T} +19(T")q = 21D,

where (¢)q = (o) — %tr(o)l defines the deviator operator. In
passing, it is worth pointing out that the deviator of an
objective second-order tensor is an objective quantity as
well. Thus, the evolution equation (6) is naturally frame-
indifferent and trace-free.

This evolution equation is slightly different to the one
in Liapidevskii et al. [2011], where the deviatoric stress
rate Z(T")q is replaced by

D(TY) = D(T")q + 3(Z(TNI - 1 D (tx(TV) D)
=2(T)q+ 3¢ ((T"D)I - x(T") D).

For this modified model, Pukhnachev [2010] selects the
Jaumann derivative ¢ = 0 in order to keep the evolu-
tion of deviatoric viscous stresses trace-free. Further-
more, thermodynamic consistency is proved in this spe-
cial case where the relationship Z(T}) = Z(T")q is satis-
fied. Therefore, this result is coherent with that obtained
by Morro and Giorgi [2020].

()

Eq. (3) can be integrated in time as [Goddard and
Miller, 1966]

(8)

Tv_z_n ! —(t—s)/rG) D @T d
= T /;ooe tls (s) tls A\
where @y, is defined as the fundamental matrix of the
initial-value problem

O4s= -5 10y - 2170y, Oy,=1. ©
This result can be verified by evaluation of TV from (8)
based on the Leibniz integral rule. Again, it should be
understood that the Lagrangian coordinates X are used
here.

We note that Egs. (8)-(9) correspond to the Johnson and
Segalman [1977] fluid model, whose parameter ‘a’ equals
—¢, see Eqgs. (2.18)-(2.25) therein. With this connection in
mind, the authors of the above study remark that ¢ = -1
agrees with the affine molecular model by Lodge [1974].
For other related models, the reader is referred to Chap-
ter 4 of Macosko [1994].

From the integral expression (8) of the viscous stress,
we observe that the tensor TV is a memory variable whose
current value at time ¢ depends on the motion’s history.
Using the relationship L = FF~!, direct integration of (9)
yields

-1 1 -
015 =~ 43 Fuo+ 43 Fy

¢==+1, (10)
where F;; = F (£)F~1(s) is the relative deformation gradi-
ent from the configuration at the intermediate time s to
the configuration at the current time ¢. For ¢ = +1, the
above expression provides useful simplifications of (8),
see also Haupt and Lion [2002]. Unfortunately, no such
formula is known in the case ¢ = 0, to the authors’ present

knowledge.

2.2 Equations of motion

The Lagrangian equations of motion in strong form read
[Holzapfel, 2000]

F=Vv, pv=V-P, (11)
where v = % is the velocity field, P = TF~T is the first
Piola—Kirchhoff stress tensor, and V is the gradient opera-
tor in the material description (i.e., partial differentiation
is performed with respect to the reference position X).
For the purpose of potential finite element implemen-
tations, the reader is referred to Chapter 8 of Holzapfel
[2000] where variational principles accounting for incom-
pressibility are presented.

According to Eq. (1), the first Piola-Kirchhoff stress ten-
sor can be decomposed as P = —pF~ "+ P¥, where —pF~ T
is a constitutively undetermined reaction stress that ac-
counts for incompressibility, and PE = TEF~T is the extra
stress contribution deduced from the constitutive law (2)-
(3). The divergence operator in Eq. (11) satisfies [V - P]; =
P;j ; where indices after the comma denote spatial dif-
ferentiation, and summation over repeated indices is per-
formed (Einstein notation).



Infinitesimal-strain limit. Let us linearise the equa-
tions of motion (11) with respect to the displacement gra-
dient tensor Vu = F — I about a stress-free undeformed
state. The Piola—Kirchhoff stresses satisfy P = T, and the
elastic stress contribution reduces to

T®=2pe, &=3(Vu+V'u), (12)
where € is the infinitesimal strain tensor. Given that the
stress rates satisfy Z(T) = T in the linear limit, the evolu-
tion equation (3) for the viscous stress becomes
TV + 1TV = 2né, (13)
for all ¢.

Next, we compute T + 1T using the decomposition
(1) and the linearised equations (12)-(13). Following the
application of the deviator operator (e)q introduced in
Eq. (6), we recover the tensorial Standard Linear Solid
(SLS) differential equation for the deviatoric stress,

n

Tq+1Tq=2u(eq+Tcéq), Te=T+—, (14)
u

where we have used the linearised incompressibility con-
dition tr € = 0.

Let us postulate the harmonic plane-wave form u o
el@¥n-X) ywhere o is the angular frequency, « is the wave
number, and n is a unit vector. Injecting this Ansatz in the
incompressibility condition tr € = 0 gives us the orthogo-
nality condition u - n = 0. Next, the linearised equations
of motion lead to the classical SLS dispersion relationship
[Carcione, 2015]

w? 1+iwt,

P H Triar M

g
1- , 15
°°( 1+iwr) (15
with poo = pts/tand g=1-1/7,.
Some related properties follow straightforwardly. In
fact, for a real angular frequency w > 0, the wave dissi-
pation factor deduced from (15) equals [Carcione, 2015]

_jm(Kz) _w(Te—1)
Re(x2)  1+w?T,.7

(16)

which is maximum at the frequency w, = 1/1/7,7. The
dissipation factor (16) should remain positive. Here, we
observe that the condition 7, > 7 ensuring dissipative be-
haviour is naturally satisfied given Eq. (14). Hence, we
have l/t. <w.<1/t.

The present model has two elastic limits correspond-
ing to low frequency, w « 1/7. (or long time), and high
frequency, w > 1/t (or short time). Using the above ex-
pression of the dynamic modulus (15), we observe that
the low-frequency equilibrium shear modulus equals g,
whereas the high-frequency instantaneous shear modu-
lus equals tioo.-

These properties can be inferred directly from the con-
stitutive law. In fact, for extremely slow motions (i.e., with
small velocity gradients and small stress rates), the evo-
lution equation (3) yields TV = 0. Thus, the extra stress
satisfies TE =~ T¢, whose effective shear modulus is .

For very fast motions (i.e., with large velocity gradi-
ents and large stress rates), the evolution equation (3) be-
comes Z(TV) = 2nD/7. Upon time integration, we there-
fore find TV = 2n/7 [’ ©,;D(5)® ds, which becomes
TF = 2ji€ in the infinitesimal-strain limit. The effective

shear modulus is po in this limit.

3 Plane shear waves

3.1 Governing equations

Given that the material is isotropic, let us consider a plane
shear wave u = u(X, t)e, propagating along X and po-
larised along Y, the first and second components of the
Lagrangian position vector in orthonormal Cartesian co-
ordinates. Hence, the components of the deformation
gradient tensor are

1 00
F=|y 1 o], 17)
00 1

where y = 0xu is the shear strain. For the present sim-
ple shear deformation, we note that x = X. Furthermore,
since det F = 1, the restriction to volume-preserving mo-
tions is naturally satisfied.

Now, we write the equations of motion (11) for the sim-
ple shear deformation (17). We introduce the shear veloc-
ity v = 0,u and the quantities

v ¢-1

_ §b+1 v
21 HS=—"3

11~ "7 122 (18)

pr =

deduced from the components of the viscous stress,
which correspond to rescaled viscous shear stresses or
viscous compression stresses, respectively. Thus, we ar-
rive at the first-order system of partial differential equa-
tions

Ye=Vx
PV =0y,

tre=(n/p+ts)ve—r, (19)

TSt = (gb2 —Drtrvy-—s,

where indices indicate partial differentiation. The shear
stress 0 = Py; = T»; deduced from the constitutive law
takes the form
0:y(y+by3+r), (20)
where b = C; /u is a parameter of nonlinearity.

Looking at the system (19), it appears that the case
¢ = +1 offers useful simplifications. In fact, we then have
s = sp(x) e T where s; is an arbitrary function to be de-
termined. Thus, these simplifications produce s = 0 if
the material is initially at rest, which will be true in most
of the cases considered hereinafter. Then, the system
(19) reduces to a first-order system of balance laws with
one memory variable describing the history of viscous
shear stresses, r. This system is very similar to the one-
dimensional model proposed by Cormack and Hamilton
[2018]. It is also similar to the quasi-linear viscoelas-
tic system (QLV) of Berjamin and Chockalingam [2022],



De Pascalis et al. [2019], although it is even simpler. In
fact, it involves only three partial differential equations
instead of four.

Dimensionless form. Let us introduce the reference du-
ration #; = n/u and distance x; = 1/ / p, where p is the
shear modulus. Thus, the scaled coordinates 7 = ¢/t and
X = x/x; are dimensionless. The scaling procedure is then
achieved by introducing the dimensionless quantities

vvb F=rvbh, i=-. @1)

X/ L‘r, Iy

7=yVb,

17 =
Thus, from Eqgs. (19)-(20) with ¢ = £1, we arrive at

,},f = Uy,
V= +y  + 1)y,

Try=0vVx—1,

(22)

in which all the variables should have an overbar (the lat-
ter is omitted here for the sake of simplicity).

The above dimensionless form obtained for ¢ = £1 will
be studied hereinafter. For this purpose, we introduce the
conservative system of balance laws with relaxation

q; +f(@)x =Rq, (23)
where q = [y,v,7]7,
v 00 0
fQ=-|y+y*+r|, R==]0 0 0 |. (24)
vit 0o 0 1/t

For this system, the eigenvalues of the diagonalisable Ja-
cobian matrix

0 1 0
5 of
A@=-[1+3y> 0 1f=— (25)
o 17 o] 9
equal {+c(y),0}, where the shear wave speed reads
cly) =\/1+3y2+1/1. (26)

Since these characteristic wave speeds are always real and
distinct, the system (23) is unconditionally strictly hyper-
bolic [LeVeque, 2002].

Note in passing that T — oo recovers perfect elastic-
ity, and that 7 — 0 recovers strain-rate viscoelasticity. In
the latter case, the shear wave speed (26) becomes infi-
nite. This feature is reminiscent of Maxwell-Cattaneo—
Vernotte hyperbolic heat conduction which entails infi-
nite wave speeds as the relaxation time tends towards
zero, i.e. in the limit of Fourier heat conduction.

In the upcoming subsections, we will discuss the prop-
erties of two types of singular nonlinear waves, namely
acceleration waves and shock waves. In both cases, we
consider right-going waves, i.e., waves that propagate to-
wards increasing x, into a region where the material is in
a given equilibrium state. In Figure 1, we represent the
typical evolution of the shear strain for acceleration and
shock fronts impinging upon an undeformed domain.
The analysis of acceleration waves and shock waves will
then be used to study travelling wave solutions that keep
an invariant profile throughout the motion.

woF F
I
co

==

Figure 1: Typical wave profile for an acceleration wave
(dashed line) and for a shock wave (dotted line) propa-
gating towards increasing x into an undeformed domain.

3.2 Acceleration waves

In a similar fashion to Berjamin and Chockalingam
[2022], let us analyse the evolution of acceleration waves
within the first-order system of balance laws (23) (i.e., sin-
gularities corresponding to jumps in the gradient q, of
the primary variables, while the primary variables q re-
main continuous, see dashed curve in Figure 1). Thus,
we introduce the notation [-] = ()* = ()~ for the jump
of a physical quantity across the surface of discontinuity
x = (1), where (-)* denotes respectively the right- or left-
sided values of that quantity. The perturbation is a dis-
continuity of the gradient q, impinging upon the equilib-
rium state q with 7 = 0. The case of a perturbation emerg-
ing from an equilibrium state can be analysed in a similar
fashion by performing the change of variable x — —x.

Speed. We consider a right-going acceleration wave
travelling at the speed Z = ¢(¢#) > 0, to be determined. By
definition of the jumps and of the surface of discontinuity,
the following kinematic relationship holds:

dlal=1&q] = [a.] +=[as],

where % = 0;+ X0, is the directional time derivative
along the wavefront. Due to the assumption [q] = 0, the
above quantity vanishes, so that the relationship [q,] =
-2 [qx] is obtained.

Next, evaluation of the jump of (23) shows that X is
an eigenvalue (26) of the Jacobian matrix A(q), and that
the jump of q, is proportional to the corresponding right
eigenvector r. Therefore, we have [q,] = ITr, where

1
1
e s
1/t

27)

21t
-3
1

r= , Z=cy). (28)

Here, we have introduced the wave amplitude I1 = [y,],
and the relevant left eigenvector 1 of A(q) such thatl.r = 1.
The sketch in Figure 1 corresponds to the special case
¥ = 0 for which the domain ahead of the wave is not de-
formed.

Evolution. In general, the wave amplitude is governed
by the Bernoulli differential equation IT = Q,I1% — Q1.



This result can be obtained by scalar multiplication of (23)
by a left eigenvector, spatial differentiation, and evalua-
tion of the jump across the wavefront, see Section 8.4 of
Miiller and Ruggeri [1998]. The coefficients are given by

1
Q=-1'Rr= ——;,
! 27232
- (29)
oc 3y
Qy=—or=-2,
0q )

where the above formulas were evaluated in the equilib-
rium state q. Thus, we conclude that steady accelera-
tion waves such that IT = 0 with nonzero amplitude II
might exist, where the wave amplitude is given by the ra-
tio Q1/Qp =— % (r2Z§)~!. Note in passing that such accel-
eration waves do not exist in the limit of strain-rate vis-
coelasticity T — 0.

3.3 Shock waves

Now, let us analyse the evolution of shock waves within
the first-order system of balance laws (23) (i.e., strong dis-
continuities corresponding to jumps in the primary vari-
ables q, see dotted curve in Figure 1). Here, we consider a
right-going wave that connects the left and right states q*
located on each side of the shock.

Speed. The Rankine-Hugoniot condition for a shock
wave with speed X = ¢@(#) > 0 governed by the conserva-
tive system (23) takes the form [f(q)] = £[q], see Section
17.12 of LeVeque [2002]. It follows that the shock wave
speed satisfies

Z:\/1+(y‘)2+y‘y++()/+)2+1/1, (30)
where y* are the shear strains to the right and left of the
shock. Furthermore, the jumps across the discontinuity
satisfy the relationship
[v] =-Z[y] = -tZ[r]. (31)

The existence of shock wave solutions is conditional.
Apart from the entropy growth condition [Boillat and
Ruggeri, 1998], the authors are not aware of a precise
shock admissibility criterion for the system (23). Never-
theless, one might want to verify the Lax entropy con-
dition [LeVeque, 2002], which requires that c(y™) > X >
c(y™). This inequality provides a heuristic criterion for the
existence of right-going shock waves. In fact, it reduces to
the condition Yy~ > y™ in the case of non-negative strains.

Evolution. We adapt the derivation of the results men-
tioned in Schuler et al. [1973], Chen and Gurtin [1970] and
follow the steps therein. First, we differentiate the first
equality of the Rankine-Hugoniot identity (31) in time, by
means of the product rule. Next, we expand the kinematic
relationship (27) for the jumps of y and v, and substitu-
tions are performed in the latter based on (22). This way,
we arrive at the general formula

2VELWEWD =22y - [y +73 + 1l (32)

which corresponds to the identity (2.10) in the study by
Chen and Gurtin [1970].

The Rankine-Hugoniot relations (31) tell us that the
jump of the difference A = y — 77 is uniformly equal to
zero. Thus, combining the kinematic relationship (27) for
A with (22) and (31) produces

[yl/T+Z[y«] - tZ[r:] =0, (33)

which allows us to eliminate the memory variable from
(32).

Let us now consider a right-going shock wave imping-
ing upon an undeformed material at rest, i.e. the wave
speed satisfies (30) where q* is equal to zero, see Figure 1
for an illustration. In this case, Egs. (32)-(33) yield

VI L(VEY) = (22 =) vz -73), (34)
where
Lo yletn 1 45

Ve sa g2 T T 2eyy-

is a critical strain gradient. We note that the shock wave is
steady for y; =7v;.

4 Steady progressive waves

4.1 Smooth kinks

Travelling wave solutions propagate at constant speed
without any distortion of the profile. Thus, solutions to
(19) are sought as functions of the non-dimensional re-
tarded time 6 = ¢ — x/%, where € > 0 represents the wave
speed. We emphasise that the neglect of the tensile mem-
ory variable s = sy(x)e”"/T after Eq. (20) applies to the
present situation as well, given that sy = 0 is required to
express s as a function of the retarded time 6.

The travelling wave Ansatz is injected in (22). Eq. (22),
is integrated once with vanishing integration constant af-
ter the variable v has been eliminated using (22),. The ex-
pression of r so-obtained is substituted into (22)., leading
to the differential equation
Y -t(@-3y%)y' -Qy+y’ =0, (36)
for the shear strain, where Q = % —1 = 0. Here, the
primes denote differentiation with respect to the retarded
time 6.

This differential equation can be simplified further by
setting ¥ = G(&)VQ where ¢ = Q6, see e.g. Berjamin
[2023]. This way,

)

=———, T(G=6-G,
1-al’(G)

(37
where the prime denotes differentiation with respect to
the argument (here, the explicit dependency of G on ¢ has
been omitted), and @ = Q1 = 0 is a parameter. This dif-
ferential equation is analogous to Eq. (5.6) of Pucci and
Saccomandi [2015].

From Eq. (37), one observes that travelling wave so-
lutions to the hyperbolic system (19) should connect



the equilibrium strains G = 0 and G = +1 by follow-
ing a smooth transition that depends on the parameter
a. Solutions are obtained by rewriting (37) in separable
form, and by performing a partial fraction decomposi-
tion. Upon integration, we find

3a\/§ Gl—a
¢{=In
8o (1-— G2)1/2+a

(38)

in implicit form, where we have enforced G(0) = % with-
out loss of generality. The waveform can be written in ex-

plicit form when a =0, i, 1, in which cases G(¢) equals

et 4e%13 O e——
» ) 1- Z_)e72£/3) (39)
V3+eX 3+9+16e8/3
respectively.

Figure 2 displays the kink waveforms obtained for sev-
eral values of the parameter @. We note that the smooth-
ness of the solution is impacted when a approaches one:
the slope G’ of the curve becomes infinite locally, while G
remains continuous. The smooth kink solution even be-
comes multi-valued for a > 1, thus revealing the presence
of a shock. This observation is consistent with anterior
works [Pucci and Saccomandji, 2015].

Figure 3 provides an alternative representation of this
phenomenon. Here, we display the evolution (37) of G/
in terms of G for the same values of a as in Figure 2. For
a = ‘3—1, a vertical asymptote located at G = 0.289 divides
the plane into two regions. This way, no smooth trajectory
along which G’ remains finite can connect G=0and G =
1.

4.2 Steady acceleration waves

We go back to the study of acceleration waves, see Sec-
tion 3.2. If the singularity travels at the same speed as the
kink, then 4 must be equal to the characteristic speed
¢(¥) in the equilibrium state q. The wave is steady if
its amplitude IT = [y,] is equal to the ratio Q;/Q; =
-+ (@27~ deduced from the coefficients in Eq. (29).

In terms of the rescaled variables used for the kinks, the
strain gradient satisfies —~¢y Q3’2 = G'. Thus, by com-
puting the jumps on each side of this equality, the expres-
sion of [G'] is deduced from the condition IT = Q;/Qs,.
Since the wave speed satisfies ¥ = c(GvVQ), we deduce
from (26) that the acceleration wave is steady if

1 -
=—) G=y/—. 40
602G 40

[¢]
The above equilibrium strain is in the range 0< G < 1/v/3
for all @ = 1. At the critical value a = 1, the equilibrium
strain G vanishes, and the jump [G'] becomes infinite.
Therefore, a vertical asymptote is obtained, as illustrated
in Figure 2 (dashed line).

4.3 Steady shocks

We refer to Section 3.3 for the study of shock waves enter-
ing an undeformed domain at rest. Since the singularity
travels at the same speed as the kink, the wave velocity ¢

must be equal to the shock speed X of Eq. (30). The wave
is steady if the strain gradient y; before the shock is equal
to the critical value y} in Eq. (35).

In terms of the rescaled variables, the definition of the
coordinate ¢ in Section 4.1 leads to an inversion of left
and right sides, thatis y~ = G* vQ, etc. The critical strain
gradient (35) satisfies —¢'y:Q3/2 = G'*, while the shock
wave speed is deduced from % = X with y~ = G*vQ and
¥* = 0. Therefore, the wave is steady if

I+ 1 + a-1

- 41
2a2Gt a “40)

The above value of the strain jump is in the range 0 < G* <
l1forall a > 1.

The strain gradient G'* ensuring shock stability is com-
patible with the differential equation (37) evaluated at
G*. Therefore a stable shock wave can be connected to
the smooth kink, under the conditions (41). It suffices
to truncate the multivalued smooth waveform (38) at the
coordinate ¢ where the solution reaches the critical value
G*.

This procedure is illustrated in Figure 4 where we have
set a = %. Thus, according to Eq. (41)p, the amplitude
of the discontinuity is given by G* ~ 0.378. The veloc-
ity of the shock is deduced from the relationship a = Qr
where Q = €2 — 1. In other words, we find 4 = V1+a/t
where 1/a =1 - (G*)2. The relationship between velocity
and amplitude is further explored in the next subsection,
including its implications in terms of the initial physical
variables.

4.4 Amplitude-velocity relationship

We note that the maximum amplitude sups(G) =1 of a
steady progressive wave travelling at speed % does not
depend on a. However, the amplitude G* of the discon-
tinuity depends on a according to (41)y,. This property is
illustrated hereinafter.

For this purpose, we express the previous results in
terms of the dimensionless variables and parameters of
(21)-(22). For a unit kink covering the range 0 < G < 1, the
corresponding shear strains y are bounded by the max-
imum value ygyp = VQ where Q = 42 — 1. Therefore, the
maximum strain amplitude does not depend on 7, but the
maximum strain is directly connected to the wave speed.

The condition a > 1 ensuring the formation of a steady
shock can be expressed in terms of the maximum strain
amplitude as ysup > V1/z. Therefore, singular travel-
ling waves may arise only beyond a critical dimensionless
strain, whose magnitude decreases with increasing values
of the dimensionless relaxation time 7, see the notations
of Eq. (22). For such a discontinuous wave, the amplitude
of the discontinuity y~ is linked to the wave speed ¢ ac-
cording to Eq. (30), which involves the parameter 7 explic-
itly.

Figure 5 represents the evolution of the maximum
strain ysyp and of the shock amplitude y~ in terms of the
relative wave speed % — 1 for several values of 7. The
condition ysup > v/1/7 leading to the existence of steady
shocks is marked by dotted lines. While the amplitude-
velocity relationship for the maximum strain is unaf-



0.8

0.6

0.4

0.2

Figure 2: Smooth kinks (38). Wave profile in terms of the rescaled retarded time for & =0
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,3,%,1,% (increasing values

marked by the arrow). Multivalued solutions are obtained for « > 1.
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Figure 3: Trajectories of the kink solution (38) for @ =
0,1,2,1,3. A singularity is obtained for a > 1.
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Figure 4: Singular kinks (38) governed by (40) and (41).
Evolution of the normalised strain in terms of the rescaled
retarded time for a = % where a steady shock develops
(solid line). The dashed line marks the critical case a = 1.
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Figure 5: Amplitude-velocity relationship for travelling
waves (38)-(41). Evolution of the maximum dimension-
less strain sup(y) and of the shock amplitude y~ with re-
spect to the velocity for several values of 7 = 0.01,0.1, 1 (ar-
row marking increasing values).

fected by variations of the parameter 7, the shock wave
amplitude is very sensitive to such variations.

In terms of the initial variables used in Eq. (19), the
physical shear strain satisfies

B Q L QX plu
Y—G(f)\/;, ¢=—(r m)

where we have used the definition of Q = an/(ru) and
the rescaling defined in (21). Therefore, for a given set of
physical material parameters p, u, b, 1, 7, the waveform is
completely determined by the provision of the parameter
a. In fact, given that 0 < G < 1, we note that the physi-
cal strain amplitude ysyp = v Q/b increases with increas-
ing values of a. The physical wave speed /(1 +Q)u/p in-
creases with a as well. Moreover, this quantity can be con-
nected to the strain amplitude, and we arrive at the ex-
pression 1 + bygup for the squared wave speed multiplied

(42)



by p/p. This equation provides a means to determine the
value of the parameter of nonlinearity b, but it does not
involve the viscoelastic parameters.

According to the discussions in the previous para-
graphs, discontinuous travelling waves might be used to
determine the viscoelastic parameters in a similar fash-
ion. In fact, the squared physical shock velocity multi-
plied by p/u equals 1+ b(y™)?+n/(ut), which involves the
parameters 7, T explicitly.

Above observations highlight the influence of the vis-
coelastic parameters for the existence of steady shocks
when one single relaxation mechanism is considered.
While the material parameters cannot be adjusted easily
in practice, we emphasise that real materials are better
described by a sequence of relaxation mechanisms cov-
ering a wide range of relaxation frequencies, see Carcione
[2015]. Thus, for any imposed strain amplitude, one of
the numerous relaxation times might be large enough for
the corresponding relaxation mechanism to contribute to
the development of singularities in the wave profile on
its own. Nevertheless, it remains to investigate the inter-
play between relaxation mechanisms with distinct char-
acteristic times before a more conclusive statement can
be made.

5 Multiple relaxation mechanisms

5.1 Governing equations

If two relaxation mechanisms are considered, then the
constitutive law (1)-(3) in Section 2 is modified. In this
case, a sum of two decaying exponentials is inserted in
Eq. (8), with the parameters 1,4, 7, for ¢ = 1,2 [Haupt and
Lion, 2002]. This procedure results in an additive decom-
position of the viscous stress,

TV =T} + T},

43
T} +7, 2(T}) = 21,D, “3)

(¢=1,2).

This decomposition involves two partial viscous stress
tensors T, governed by similar evolution equations as in
the previous case (3), which is recovered for Tg’ =0. Gen-
eralisation to an arbitrary number of relaxation mecha-
nisms is straightforward.

Let us linearise the equations of motion (11) about an
undeformed motionless state. Doing so, we note that the
linearised elastic stress (12) is unchanged when multiple
relaxation mechanisms are considered, and that the lin-
earised viscous stress (43), is still decomposed additively.
The partial viscous stress tensors T} in (43)p, are now gov-
erned by linear evolution equations which are similar to
Eq. (13).

Next, we form a specific linear combination of T and
its time derivatives. This way, we arrive at the following
differential equation for the deviatoric stress,

Td+TTd+V2Td :2u(£d+T5éd+V§éd), (44)

with the coefficients 7 = 7, + 72 and v? = 117, < T2/4, as
well as
(45)

Te=1+n/p,  VIVP=1+na N/p

The total viscosity reads 1 = 171 + 12, and the average re-
laxation frequency is defined as

@Y =0/m+G/t,  Le=non. (46)
Dispersion analysis provides the relationship
2 . .
w 1+iwt 1+iwT
=B e T (47)
k2 2\ 1l+iwt; 1+iwt,

where 7.y = 7y + 21,/u, which is a generalisation of the
SLS dispersion relationship (15).

Similarly to Section 3, we restrict the analysis to simple
shear motions (17), where the memory variable r = ry +1»
defined in Eq. (18) is decomposed additively. Here, the
reference coordinates t;, x; used to rescale the time co-
ordinates involve the total viscosity 7. Using these defi-
nitions, we introduce the same dimensionless strains and
velocities as in Eq. (21), as well as a similar scaling for the
relaxation times 7,. Thus, for ¢ = +£1, we arrive at

Yl’ = Vx:
V= +y 1)
To(re)e =Covx—ro, (=1,2).

(48)

Again, overbars have been omitted. This system can be
written in the form of a hyperbolic system of balance laws
(23) in terms of the variables q = [y, v, 1, 72] .

5.2 Acceleration waves

If we reproduce the steps of Section 3.2, we find that the
speed of a right-going acceleration wave is

S=c({)=1/1+3y2+ (1),

The coefficients governing the evolution of the slope in
(29) become

%) 3y
Q=reyr, Q=-2
'Tozz RPTUTR
where (t72) = {1 /71%+{2/72%. Therefore, steady accelera-
tion waves can be obtained in the present case as well.

(49)

) (50)

5.3 Shock waves

If we reproduce the steps of Section 3.3, we find that the
speed of a right-going shock wave is

s = \/1+(y‘)2+7/‘y++(y+)2+<r‘1>, (51)

according to the Rankine-Hugoniot shock conditions. In
particular, the relationships

[v] =2yl = -teZ[re]/e

with ¢ = 1,2 hold across the discontinuity.

The evolution of the shock amplitude is still governed
by Eq. (32). Here, we note that the quantities Ay =y —
T¢1¢/{, are continuous across the wavefront. Thus, by
following similar steps, we recover (34) with the critical
strain gradient

(52)

Lo Ty
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where c(y~), X are deduced from Egs. (49)-(51), respec-
tively. This equation generalises Eq. (35).




5.4 Smooth kinks

We proceed in a similar fashion to Section 4.1. Similarly
to the derivation of (36), we combine Eqgs. (48),-(48). to
arrive at a first-order differential equation for y that still
depends on r,. Substitution of r, in Eq. (48)4 then yields
the differential equation

ao(G)G" =T (G) + a1 (G)G' + a3(G)(G)?, (54)
where I'(G) = G- G® and
a(G) =% ((=H1Q-T'(@),

(55)

a(@)=al’(G) -1, a3(G) = 6°T"(G).

Here, @ = Q1 and § = Qv, see also the coefficients defined
in Egs. (45)-(46). We note that Eq. (37) is recovered for
0 = 0, and that smooth solutions to (54) should connect
the equilibrium strains G=0and G = +1.

Fully analytical expressions seem difficult to obtain
when multiple relaxation mechanisms are considered.
For 0 < § < a/2, travelling wave solutions can be com-
puted numerically by integration of (54) based on a suit-
able numerical method. By choosing the initial data such
that G(0) = 3 and G(0) is deduced from Eq. (37), we did
not manage to find a range of parameter values that leads
to smooth solutions, numerically. From these simula-
tions, we conclude that the emergence of singular trav-
elling wave solutions is very likely. Unfortunately, the full
analytical derivations carried out in Section 3 can hardly
be reproduced in a straightforward manner in the present
case. We can expect that the complexity of the governing
equations increases when an arbitrary number N > 2 of
relaxation mechanisms is considered.

6 The Jaumann model

6.1 Governing equations

We now consider the system (19) with the Jaumann ob-
jective rate ¢p = 0. In non-dimensional form (21), we thus
have
’)/t = Uy,
ve=(+yY + 1)
Tri=0+71p8)v—T,

(56)
TSt =—Tpl'Vx—S,

where we have introduced ) = 7/VD. Again, overbars
have been omitted in (56) for the sake of simplicity. This
way, the system (22) studied in the previous sections is re-
covered for 75, =0.

The first-order system of partial differential equations
(56) can be written in quasi-linear form

q:+A(q)qx =Rgq, (57)
where q = [y, v, 1,517,
0 1 0 0
143y 0 10
AD==1" " qsr,9ir 0 of’ (58)
0 —TprlT 0 0
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and
00 0 O
00 0 0

R==10 0 1z o (59)
00 0 1/t

Here, the eigenvalues of the diagonalisable matrix A(q)
equal {+c(y), 0,0}, where the shear wave speed satisfies

cly,8) = \/1+3y2 + (L4 1p9)/7. (60)

Since the wave speed could possibly become complex at
large |s| unless 75, = 0, the system (57) is only conditionally
hyperbolic.

In theory, waves do no longer propagate if hyperbolic-
ity is lost, thus restricting the validity of the present re-
sults. In practice, the memory variable s in Egs. (56)-(60)
might not be able to take arbitrarily large values, even
though this outcome does not seem totally impossible at
first sight. Furthermore, a loss of hyperbolicity might only
happen at very large strains where plastic behaviour or
other physics must be accounted for.

6.2 Acceleration waves

If we reproduce the steps of Section 3.2, we find that the
speed of a right-going acceleration wave is £ = ¢(¥,0),
where 7, § vanish in the equilibrium state q. Thus, the
speed of such an acceleration wave is the same as in
Eq. (28), see expression in Eq. (60) with s = 0. At equilib-
rium, the coefficients Q;, Q» governing the evolution of
the slope in Eq. (29) are unchanged too (note that these
expressions were evaluated in the equilibrium state q).
Therefore, steady acceleration waves can be obtained in
the present case as well.

6.3 Shock waves

Unfortunately, the steps in Section 3.3 can hardly be re-
produced for the system (56) due to the presence of non-
conservative products sv, and rvyx. Hence, the study
of shear shock waves is less straightforward in this case,
starting with the estimation of their speed [Le Floch, 1989,
Camacho et al., 2008]. To address this case, one might
seek a change of variables that yields a conservative form
of the equations of motion. Otherwise, analytical approx-
imations may prove useful, see Fu and Scott [1990].

6.4 Smooth kinks

We proceed in a similar fashion to Section 4.1. Similarly
to the derivation of (36), we combine Eqgs. (56),-(56); to
arrive at a first-order differential equation for y that still
depends on s. Substitution of s in Eq. (56)q then yields
the differential equation

U
aF(G)% =T(G) + a3(G)G' + a4(G)(G')?, (61)
where I'(G) = G- G® and
a3(G) =2al'(G) -1,
(62)

as(G) = a* (6°T(G) +17(G)).
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Figure 6: Jaumann model. Smooth kinks (61) obtained
numerically for a = % and several values of 6 = 0 (the ar-
row marks increasing values).

Here, we have introduced the coefficient § = Q327 /a
(other notations are unchanged). This differential equa-
tion is of the same type than the one studied by De Pas-
calis et al. [2019].

Under the condition that G”/G’ — 0 near equilibrium,
we find that I'(G) = 0 at equilibrium. Thus, most travelling
wave solutions to the hyperbolic system (19) should con-
nect the equilibrium strains G = 0 and G = £1 by follow-
ing a smooth transition. For ¢ > 0 and ¢ = 0, the second-
order differential equation (61) reduces to the case of Sec-
tion 4.1 (upon differentiation of (37) with respect to ¢), for
which analytical solutions are obtained in implicit form.

For 6 > 0, travelling wave solutions can be computed
numerically by integration of (61) based on Matlab’s
odel5s solver, or another similar method. Since the dif-
ferential equation (61) is of second order, resolution of the
initial-value problem requires that the values of G(0) and
G'(0) are provided. However, not every choice of this kind
will necessarily make G” /G’ decay at large rescaled times.
Here, the starting values are chosen such that G(0) = %,
and G'(0) minimises the quantity |G(—10)| + |1 — G(10)|
found numerically. For this optimisation, we use Matlab’s
fminsearch function, where the initial guess for G'(0) is
deduced from Eq. (37) with G = %

Figure 6 represents the solutions so-obtained for a = %
and for several values of § =0, 1,2,3 corresponding to the
initial strain gradients G'(0) ~ 0.45,0.48,0.59,1.15. From
these simulations, we observe that increasing values of
the parameter § have a wavefront stiffening effect, where
6 = 0 corresponds to the curve displayed in Figure 2. Ob-
servations made in the upper- and lower-convected cases
¢ = +1 suggest that steady shock wave solutions might ex-
ist in the Jaumann case ¢ = 0 as well.

7 Concluding remarks

We investigated the propagation of travelling shear waves
within a class of rate-type viscoelasticity models of soft
solid. The models based on the lower- and upper-
convected Cauchy stress rates provide useful simplifica-
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tions. Within this framework, we studied the propagation
of steady progressive waves, which can include discontin-
uous parts in some cases. Closed form analytical expres-
sions are obtained, both in the case of smooth wave pro-
files and of singular ones.

However, the study of shear shock waves is less
straightforward in the case of multiple relaxation mech-
anisms, as well as for stress rate models involving the Jau-
mann derivative. This is due to the emergence of higher-
order differential equations, or to the presence of non-
conservative products in the first-order system (19) that
would necessitate a suitable change of variables.

Let us reflect on possible constitutive modelling
choices to reproduce the nonlinear viscoelastic behaviour
of soft solids, including creep and stress relaxation. In the
spirit of Fung’s quasi-linear viscoelasticity theory (QLV),
a first modelling approach requires very little informa-
tion [Berjamin and Chockalingam, 2022]. In fact, the vis-
coelastic behaviour at large strains is directly deduced
from the nonlinear elastic response at long times, and
from time-dependent relaxation measurements at small
strains.

As shown in the Appendix A, the present modelling ap-
proach based on the works by Haupt and Lion [2002] and
Saccomandi and Vianello [2021] is the most natural for-
mulation of its kind, but it is slightly more complex than
QLV. One advantage is that the constitutive law involves
only objective quantities, and that Newtonian viscosity
theories are included in the model as a special case. How-
ever, one drawback is the need to select one objective
stress rate (4) among several options. The most suitable
parameter ¢ could be determined from the measurement
of compression stresses in simple shearing motions, see
Eq. (19). Alternatively, one might consider uniaxial tensile
motions, see Appendix A. The fact that upper- and lower-
convected rates simplify calculations is not a valid argu-
ment if laboratory experiments prove otherwise.
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A Comment on Farina et al. [2022]

The tensile creep problem considered by Farina et al.
[2022] for Mooney-Rivlin materials of rate type high-
lights physical inconsistencies when ¢ = +1 (‘third model’
therein). More specifically, additional restrictions on
the model parameters are proposed to ensure dissipa-
tive behaviour. This observation seems contradictory to
the thermodynamic consistency property established by
Haupt and Lion [2002]. To overcome this paradox, we



reconsider the tensile creep problem hereinafter. Con-
trary to the discussions in the introduction of Farina et al.
[2022], we emphasise that thermodynamic consistency is
crucial out of equilibrium, even for the study of ‘isother-
mal processes.

Let us assume that the deformation gradient tensor is
diagonal and of unit determinant. Its uniaxial component
Fj1 = A is the tensile stretch. Consequently, the stress
tensor T is diagonal, and the lateral stresses are equal,
T»» = T33. According to the above constitutive equations
(1)-(2) with 8 = 0 (Mooney-Rivlin material), we obtain the
following components of the elastic stress:

T8 =2C1 A2 —2C0 72,

-1 (63)
TS, = 2C1 A7 = 2CA.

Setting the total uniaxial stress 77; constant and making
the lateral stresses vanish, we arrive at Tj; = o€ + " with
o® =17, — T;,, by substitution of the pressure. In particu-
lar, the elastic stress contribution satisfies

0¢=2(C1A+C) (A-172),

(64)
0% =2C; (2A+A7%) +2C, (1+2173),

where the prime ' denotes differentiation with respect to
A. The evolution of the viscous stress components (3)-(4)
entails
(1+2¢7A) TY; + 1)) = 2nA, 65)

(1-¢7A) Ty + 713, = —nA,
where we have introduced A =InA. The above steps cor-
respond to Eq. (18) and to the first line of Section 4.3 in
Farina et al. [2022].

We now move on to formulating the creep problem in

differential form. For this purpose, we differentiate 77; in
time (777, = 0), and substitute (65) to get

(Bn+1Ao® -1 2T)) + T5p)) A= T11 — 0, (66)

where A = e®. This equation is equivalent to the one lead-
ing to Eq. (26) of Farina et al. [2022]. Therein, the coeffi-
cient of A is then required to be positive, which according
to the authors of the discussed publication, is only possi-
ble with ¢ = 0. This conclusion is somewhat hasty given
that the coefficient of ¢ in the left-hand side of (66) might
not take arbitrary values, see Eq. (65).

Let us examine this issue in more detail by considering
the differential system (65)-(66) as a whole. In terms of the
dimensionless time coordinate ¢/7, our system becomes

9 =201 -9 A -9,
% = (P9 — 1A -5,
_ -9,
3+m(A) —¢p 20y +9})’

(67)

where the dimensionless stresses 97 = 1T};/1 have been
introduced, and m(A) = tAc® /7 is positive. Upon sub-
stitution of A from the last line into the first two ones,
Eq. (67) takes the form of an autonomous dynamical sys-
tem Q = F(Q) for the vector Q = [19‘1’,19‘2’,A]T with a suit-
able function F. Its only parameters are ¢ and the rescaled
Mooney parameters 7C; /1.
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Obviously, the unique equilibrium state of the dynami-
cal system (67) is the vector Q = [0,0,A]", where A can be
deduced from the expression (64) of 0© evaluated at equi-
librium. This result matches Eq. (19) of Farina et al. [2022].
In the equilibrium state, the Jacobian matrix 6F/9Q of the
above dynamical system has the eigenvalues 0, —1, and
%, where m = m(A). Since none of these eigenvalues
has a positive real part, we conclude that the equilibrium
state is never asymptotically unstable, showing that phys-
ically admissible creep responses are possible. It is worth
pointing out that these stability properties do not depend
on the choice of objective derivative (parameter ¢).

Next, let us study the initial evolution of the stretch for
arbitrary imposed stresses T7;. Until loading starts, the
material is in the undeformed state, Q = 0. Eq. (66) re-
duces to (+Tu)A = %Tn in this state, thus showing that
the stretch begins to increase towards the new equilib-
rium for positive imposed stresses — the opposite evolu-
tion of A is obtained for negative imposed stresses. There-
fore, the creep response is both physically acceptable in
the initial state and near equilibrium with this model, for
all ¢.

Nevertheless, at first sight, nothing prevents the solu-
tion of the creep problem to blow up in finite time if ¢ =
+1, see the denominator of (67);. To carry out this anal-
ysis, one might prove that the total mechanical energy
is non-negative, and that it decays monotonously. This
process is equivalent to the local thermodynamic analy-
sis conducted by Morro and Giorgi [2020] in the case ¢ =0
and by Haupt and Lion [2002] in the case ¢ = £1, besides
the neglect of incompressibility and of the strain energy
therein, respectively. Given that the kinematic energy, the
strain energy and the viscous energy are positive quan-
tities, they must remain bounded as well. Hence, blow-
up is impossible. Contrary to the claim in Farina et al.
[2022], no restriction of the material parameters is needed
to enforce physically admissible behaviour for this model
when ¢ = +1.

The present analysis can be extended to the model
found in Filograna et al. [2009] (‘second model’ consid-
ered in the discussed studyl), which is based on the rate
equation

T + 7 9(T%) = T® + 20D (68)
for the extra stress T® = T + pI. For the simple ten-
sion problem with Mooney-Rivlin elastic stress described
above, the uniaxial stress is still given by T1; = o, where
we have used similar notations as earlier. Here, we arrive
at

(Bn-¢1 TE + Thy)) A = Th1 - 0°, (69)
which matches Eq. (25), of Farina et al. [2022]. Using
Eq. (17) therein, we obtain a differential system for Q =
[9%, 9%, A]T where similar notations were used as for the
previous model.

I Note the potential typo in Farina et al. [2022] where the study by Sac-
comandi and Vianello [2021] is linked to the model (68).This model is
referred to as “a different approach” proposed in Filograna et al. [2009]
by Saccomandi and Vianello [2021].



For this model, the unique equilibrium state is deter-
mined by the same value of A as previously. In terms of
the dimensionless time coordinate ¢/7, the correspond-
ing dynamical system is characterised by the eigenval-
ues 0, —1 and m/ (([) (219‘{ + 193) - 3), where the coefficient
of ¢ in the denominator can take arbitrary values, see
Eq. (63). Thus, the equilibrium state can potentially be-
come asymptotically unstable unless the Jaumann rate is
used. Finally, the conclusion drawn by Farina et al. [2022]
on the basis of disputable arguments is recovered: phys-
ically admissible behaviour can potentially only be ob-
tained for ¢ = 0 with this model.

The above discussions do not affect the analysis of the
model by Zhou [1991] in the discussed study either (‘first
model’ therein), for which
T+79(T)=-pl+T¢+2nD. (70)
Indeed, in this case, the creep problem is described by a
differential equation where the coefficient 3n —2¢1 T, of
A is constant, see Eq. (21) of Farina et al. [2022]. Since T
can take arbitrary values, this model is only admissible for
¢ =0, in general.

Based on a dynamic tensile problem, the discussed
study highlights also the need for the additional restric-
tion n/p > 7 in relation with the models (68)-(70) to en-
sure that the undeformed state remains asymptotically
stable. This property can be inferred directly from the in-
finitesimal strain limit of (68)-(70). In fact, both constitu-
tive laws correspond to the tensorial SLS model (14)-(16)
with 7, = n/p at small strains. Thus, the above restric-
tion is nothing else but the classical requirement 7, > 7
required for such rheologies [Carcione, 2015].
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