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Abstract

On the basis of the nonlinear theory of elasticity, the general constitutive equa-
tion for an isotropic hyperelastic solid in the presence of initial stress is derived.
This derivation involves invariants that couple the deformation with the initial
stress and in general, for a compressible material, it requires 10 invariants, reduc-
ing to 9 for an incompressible material. Expressions for the Cauchy and nominal
stress tensors in a finitely deformed configuration are given along with the elasticity
tensor and its specialization to the initially stressed undeformed configuration. The
equations governing infinitesimal motions superimposed on a finite deformation are
then used to study the combined effects of initial stress and finite deformation on
the propagation of homogeneous plane waves in a homogeneously deformed and
initially stressed solid of infinite extent. This general framework allows for vari-
ous different specializations, which make contact with earlier works. In particular,
connections with results derived within Biot’s classical theory are highlighted. The
general results are also specialized to the case of a small initial stress and a small
pre-deformation, i.e. to the evaluation of the acoustoelastic effect. Here the formu-
las derived for the wave speeds cover the case of a second-order elastic solid without
initial stress and subject to a uniaxial tension [Hughes and Kelly, Phys. Rev. 92
(1953) 1145] and are consistent with results for an undeformed solid subject to a
residual stress [Man and Lu, J. Elasticity 17 (1987) 159]. These formulas provide a
basis for acoustic evaluation of the second- and third-order elasticity constants and
of the residual stresses. The results are further illustrated in respect of a prototype
model of nonlinear elasticity with initial stress, allowing for both finite deformation
and nonlinear dependence on the initial stress.
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1 Introduction

The presence of initial stresses in solid materials can have a substantial effect on their sub-
sequent response to applied loads that is very different from the corresponding response
in the absence of initial stresses. In geophysics, for example, the high stress developed
below the Earth’s surface due to gravity has a strong influence on the propagation speed
of elastic waves, while in soft biological tissues initial (or residual) stresses in artery walls
ensure that the circumferential stress distribution through the thickness of the artery wall
is close to uniform at typical physiological blood pressures. Initial stresses may arise, for
example, from applied loads, as in the case of gravity, processes of growth and develop-
ment in living tissue or, in the case of engineering components, from the manufacturing
process, either by design to improve the performance of the component or unintentionally
(which can lead to defective behaviour). Here we use the term initial stress in its broadest
sense, irrespective of how the stress develops. This includes situations where the stress is
due to an applied load leading to an accompanying finite deformation from an unstressed
configuration, in which case the term prestress is commonly used, and situations in which
the initial stress arises from some other process, such as manufacturing or growth, and
is present in the absence of applied loads. If an initial stress is present in the absence of
applied loads (body forces and surface tractions) it is referred to as residual stress, as in
the definition adopted by Hoger (1985).

In the context of finite deformation elasticity theory much motivation for the study
of initial stresses, more especially residual stresses, comes from soft tissue biomechanics,
and for a recent discussion of residual stresses in artery walls we refer to Holzapfel and
Ogden (2010) and references therein. The development of constitutive laws for residually
stressed materials has been a focus of much of the work of Hoger, as exemplified by Hoger
(1985, 1986, 1993) and Johnson and Hoger (1993); see also the recent paper by Saravanan
(2008). In the context of acoustoelasticity the work of Man and Lu (1987) was based on
the developments of Hoger, and it also relates to the much earlier work of Biot. Biot’s
work was developed within the geophysical context and he was particularly concerned
with the effect of initial stress on the propagation of small amplitude elastic waves. He
developed a static theory of small deformations influenced by initial stress (Biot, 1939),
followed by a corresponding theory for wave propagation (Biot, 1940), all of this work
being conveniently collected in his monograph (Biot, 1965).

Whatever the source of the initial stress and whether or not it is accompanied by a
finite deformation, of particular interest in many applications is the effect that the ini-
tial stress has on small deformations (static or time-dependent), specifically deformations
linearized relative to the initially-stressed state and often referred to as incremental de-
formations or motions. If there is an accompanying finite deformation then the theory
is often referred to as the theory of small deformations superimposed on large deforma-
tions. This theory requires knowledge of the associated elasticity tensor, which in general
depends on any finite deformation present and on the initial stress. Thus, part of the
purpose of the present work is to obtain the general form of the elasticity tensor for an ini-
tially stressed material that is subject to a finite deformation where the initial stress is not
itself associated with an initial finite deformation. We shall be concerned primarily with
the case in which the material possesses no intrinsic anisotropy so that any anisotropy
arises solely from the presence of initial stress, and we show how the components of the



elasticity tensor relate to those of the elasticity coefficients in Biot’s isotropic theory. In
the present paper we use the elasticity tensor to examine the effect of initial stress on the
propagation of small amplitude elastic waves for both finitely deformed and unstrained
materials, with reference to the associated strong ellipticity condition.

In Section 2, the basic equations for a (hyper)elastic material subject to initial stress
are summarized together with the equations governing equilibrium of the initially stressed
and finitely deformed initially stressed configurations. The equations of incremental mo-
tions superimposed on an initially stressed and finitely deformed equilibrium configuration
are then given in Section 3, wherein the elasticity tensor is derived and its general sym-
metry properties recorded. In Section 4 we then specialize the general theory and focus
on the development of the constitutive law for an initially stressed material that has no
intrinsic anisotropy such as might be associated with preferred directions, for example,
and any anisotropy in its response relative to the initially stressed configuration is entirely
due to the initial stress. The constitutive law of the material is based on a strain-energy
function (defined per unit reference volume) that depends on the combined invariants of
the right Cauchy—Green deformation tensor and the initial stress tensor. For a compress-
ible material there are 10 such independent invariants in the general three-dimensional
case, a number which reduces to 9 for an incompressible material. Expressions for the
Cauchy stress and nominal stress tensors and the elasticity tensor are given in general
forms for both compressible and incompressible materials and then specialized for spe-
cific applications by reducing the number of invariants involved while ensuring that the
effects of initial stress are adequately accounted for. Some details of the calculations are
relegated to Appendix A for convenience of reference.

In Section 5, the equations of motion are specialized in order to study the effect of
initial stress on the speed of infinitesimal homogeneous plane waves. First, we give results
for the situation in which there is initial stress but no finite deformation. It is noted,
in particular, that the wave speed depends in a nonlinear fashion on the initial stress.
Results are compared with those arising from Biot’s isotropic theory based on connections
between the components of the elasticity tensor used here and those used in Biot’s theory.
The general connection between these components, which was derived in a recent paper
(Ogden and Singh, 2011), is noted here for reference. Also, within the present framework,
by considering a linear elastic material, we confirm a formula given by Man and Lu (1987)
in the general linear theory, which they attribute to Biot, concerning the effect of initial
stress on the speed of homogeneous plane waves and the acoustoelastic effect. Next, for
the Murnaghan form of strain-energy function (Murnaghan, 1937), which is appropriate
for second-order elastic deformations, and specializing to the case of a material without
initial stress, we recover the results of Hughes and Kelly (1953) concerned with the second-
order correction for the speeds of longitudinal and transverse waves in an isotropic elastic
material. The final illustration introduces a prototype nonlinear model of an elastic
material with initial stress that allows for both finite deformation and nonlinear initial
stress.



2 Basic equations for an elastic solid with initial stress

Consider an elastic body in some reference configuration, which we denote by B,. Let
X be the position vector of a material point in B,.. Any subsequent deformation of the
body is measured from B, and we assume that there is an initial (Cauchy) stress 7 in
this configuration. This initial stress is symmetric (rotational balance in the absence of
intrinsic couple stresses) and satisfies the equilibrium equation

Divr =0, (2.1)

in the absence of body forces, where Div denotes the divergence operator with respect
to B,. If the traction on the boundary 0B, of B, vanishes pointwise then 7 is referred
to as a residual stress, and it is necessarily non-uniform (Hoger, 1985; Ogden, 2003). If
the traction is not zero then the initial stress may or may not be accompanied by some
prior deformation required to reach the configuration B, from a completely unstressed
configuration. Here we shall not be concerned with how the initial stress is produced.

Suppose now that the body is deformed quasi-statically into a new configuration B
with boundary 0B so that the material point X takes up the new position x given by
x = x(X), where the vector function x defines the deformation for X € B,.. The so-
called deformation x is required to be a bijection and to possess appropriate regularity
properties, which need not be made explicit here. The deformation gradient tensor,
denoted F, is defined by F = Gradx, where Grad is the gradient operator with respect
to B,, and the left and right Cauchy—Green deformation tensors are defined by

B=FF", C=F"'F, (2.2)

respectively.

Let o and S denote the Cauchy stress tensor and the nominal stress tensor, respec-
tively, in the configuration B. For equilibrium in the absence of body forces o and S
satisfy the equations

dive =0, DivS =0, (2.3)

and we note the standard connection o = (det F)"'FS. For a material without couple
stresses, o is symmetric and hence we have

FS =S'F". (2.4)

For an elastic material we consider a strain-energy function W defined per unit volume

in B,. This function depends on the deformation gradient F and the initial stress 7. If 7

depends on X, as would be the case for a residually-stressed material, then the material

is necessarily inhomogeneous, but if 7 is independent of X the material is homogeneous

unless its properties depend separately on X. In either case we make the dependence on
T explicit and write

W =W(F,T). (2.5)

Of course, by objectivity, W depends on F only through C = FTF, but otherwise this
form of W is completely general and no material symmetry is invoked. Note, however,
that in general, i.e. if 7 is not a hydrostatic compression or tension, the presence of 7
induces some anisotropy in the material, even if the material has no intrinsic anisotropy.
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Thus, T has an effect on the constitutive law analogous to that of a structure tensor in
anisotropic elasticity.

For a material not subject to any internal constraints, the nominal and Cauchy stresses
are given by

S = 5F —F,7), o=J FS=J" Fa—F(F T), (2.6)
respectively, where J = det F > 0. When evaluated in B,., these give the connection
ow
I 2.
= D), 27)

where I is the identity tensor.
For an incompressible material, the internal constraint

J=detF =1 (2.8)
must hold for all deformations and the counterpart of (2.6) in this case is

ow . ow
S = 5F —(F,7)—pF ", o=FS= F8_F<F T)—pl, (2.9)

where p is a Lagrange multiplier associated with the constraint. When evaluated in the
residually stressed configuration, these both reduce to

ow
(r)
T = 5F —(, ) — p'"1, (2.10)

where p() is the value of p in B,.

3 Incremental motion superimposed on an initially
stressed configuration subject to finite deforma-
tion

Superimposed on the equilibrium configuration B defined by x = x(X), we now consider
an incremental motion x(X,t), where ¢ is time. Here and in the following a superposed
dot indicates an incremental quantity, increments are consider ‘small’; and the resulting
incremental equations are linearized in the increments. Thus, X represents the displace-
ment from x, and we shall also express it in Eulerian form by writing the displacement
vector as a function of x and ¢, namely u = u(x,t). The corresponding increment in the
deformation gradient, F, is expressible as

F =LF, (3.1)

where L = gradu is the displacement gradient.
The (linearized) incremental nominal stress takes the forms

[ AF, (32)
| AF 4 pFIFFL - pF L, '

bt



for unconstrained and incompressible materials, respectively, where

O*W O*W

A= gropr A = OF0F;5’

(3.3)

is the elasticity tensor and, in component form, AR = Aaingjg defines the product
used in the above. Here and henceforth the standard summation convention for repeated
indices applies. We note in passing that (3.2) is applicable even if a strain-energy function
is not assumed, in which case the major symmetry ia <> j5 from (3.3) is lost; moreover,
the theory could be considered more general if the explicit dependence on structure
tensors such as 7 is omitted. The generality considered here, however, is sufficient for
Our purpose.
For an incompressible material the incremental incompressibility can be written in
either of the forms
tr(FF ') =trL =0,  divu=0. (3.4)

In the absence of body forces the incremental motion is governed by the equation
DivS = p,x 4, (3.5)

where p, is the mass density in B, and a subscript t following a comma signifies the
material time derivative, i.e. the time derivative at fixed X, so that x;, = u, is the
particle velocity and x; = uy the acceleration. The incremental counterpart of the
rotational balance equation (2.4) is

FS+ FS = STFT + STRT, (3.6)
or, on use of (2.6)y and (3.1),
FS + JLo = S"FT + JoL". (3.7)

On introducing the ‘push forward’ So of S, defined by Sy = J'FS, and the corresponding
push forward Ay of the elasticity tensor such that Sp = AyL (or AgL + pL — pI in the
case of an incompressible material) we may express (3.7) in the form

AL + Lo = (A)L)" + oL (3.8)
for an unconstrained material, and as
AL + L(o +pI) = (AL)" + (o + pI)LT, (3.9)
for an incompressible material. In component form .4y is related to A via
J Aopigi = FpaFypAais;, (3.10)

with J = 1 in the incompressible case.
For details of the background on the theory of incremental deformations superimposed
on a finite deformation we refer to Ogden (1984, 2007), for example.



From (3.8) we deduce that tr[(A¢L + Lo)W| = 0 for any skew symmetric second-
order tensor W, and since this and the corresponding result from (3.9) holds for arbitrary
L we deduce further that

AW = —-oW, AW = —(o +p)W, (3.11)

for an arbitrary skew symmetric W for unconstrained and incompressible materials, re-
spectively. A formula equivalent to (3.11); was derived by Hoger (1986) by a different
method and stated explicitly as the formula (2.2.2) in the latter paper for a residually-
stressed but undeformed configuration. Note that the derivation herein does not require
the existence of a strain-energy function. Another result in Hoger (1986) is recovered by
choosing L to be symmetric, which leads to

%[_AOE — (AE)"] = %(aE — Eo), (3.12)

for any symmetric E. This relation applies for both unconstrained and incompressible
materials and corresponds to the formula (2.2.3) in Hoger (1986), the right-hand side of
which contains a sign error.

Note that as well as possessing the major symmetry Agyiq; = Aogjpi, Which follows
from (3.3) and (3.10), A has the property

Aopigj + 0jpTiq = Aoipgj + 0ij0pq, (3.13)
for a compressible material, and
Aopigj + 0jp(0iq + Pdig) = Avipgj + 0ij(0pg + Pdpg), (3.14)

for an incompressible material. These formulas follow from (3.8) and (3.9), respectively.
Corresponding formulas for a pre-stressed material in the absence of residual stress were
given by Chadwick and Ogden (1971) and Chadwick (1997).
In Eulerian form, i.e. in terms of Sy and u, the incremental equation of motion (3.5)
becomes
divSy = pu 4, (3.15)

where p = p,J ! is the mass density in B. The (Cartesian) component form of this

equation may be written, for an unconstrained material, as
(Aopigjtjg) p = Pllit, (3.16)
and for an incompressible material as
(AopigjUjg) p — Pi + D jUji = prtige, With ;= 0. (3.17)

Suppose now that the material properties are homogeneous, implying, in particular,
that the initial stress 7 is uniform, and that the deformation in B is homogeneous. Then,
A, A, and p are constant, and the equations of motion (3.16) and (3.17) reduce to

Aopiaitjpg = PUist; (3.18)



and
AopiqjUjpg — Pi = Uiz,  Uii =0, (3.19)

respectively, and we note that p = p, in the latter case.

As already indicated, we are considering A to depend on the deformation through
F, on the initial stress 7, and on any material symmetry present in the configuration
B,. In what follows we consider the intrinsic properties of the material to be isotropic
relative to B, so that the only source of anisotropy is the initial stress. In order to
account for the initial stress in the expressions for the stress and elasticity tensors we
base the development in the following sections on scalar invariants involving the right
Cauchy-Green deformation tensor C and the initial stress tensor 7.

4 Invariant-based formulation

4.1 Invariants of C and T

The strain-energy function W of an initially stressed material depends on 7 as well as
the deformation gradient F, and, by objectivity, it depends on F only through C = FTF.
For a material that is isotropic relative to B, in the absence of initial stress, W can be
treated as a function of three independent invariants of C, which are commonly taken to
be the principal invariants defined by

I =trC, I =3[(trC)? — tr(C?)], I3 = detC, (4.1)

In the configuration B, these reduce to I = Iy = 3, I3 = 1. If there is an initial stress 7
in B, then, in general, the material response relative to B, depends also on the invariants
of 7 and the combined invariants of 7 and C. A possible set of independent invariants
of 7, including those that depend on C, is

trr, tr(r?), tr(7?), tr(rC), tr(rC?), tr(7*C), tr(r*C?). (4.2)

Together, there are thus at most 10 independent invariants of C and 7 in general, and
for an incompressible material we have I3 = 1 and hence there are at most 9 indepen-
dent invariants in this case. The number of independent invariants is reduced when the
dimension of the considered problem is reduced from three to two, as for a plane strain
setting, for example. In the reference configuration B, the fourth and fifth invariants
listed in (4.2) reduce to the first, and the sixth and seventh to the second. For relevant
background on invariants of tensors we refer to Spencer (1971) and Zheng (1994). For
subsequent reference we introduce the notation

Is =tr(7C), I; =tr(rC?, I[3=tr(t?C), Iy=tr(r°C?), (4.3)

for the invariants that depend on both C and 7, noting that the notations I, and I5 are
not used since these tend to be associated with a preferred direction in a transversely
isotropic material.

Although not immediately obvious, it is worth noting that invariants such as tr (CTCT)
and tr (CTC?7) may be expressed in terms of the invariants listed above. This may be
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shown by first applying the Cayley-Hamilton theorem to C + A1 for an arbitrary scalar
A. The coefficient of A yields the identity

C*r +C1C+ 7C? — [,(CT + 7C) — (tr7)C?
— []1(tI'T) — Iﬁ]C + ]27- — [IQ(tI'T) — 11[6 + I7]I =0. (44)
Then, by multiplying by 7, for example, and then taking the trace of the result leads to
tr(CTCT) = 2[1Ig — 21y — 21 I6(tr7) + 2I;(tr7) + I + L[(tr7)* — tr(7%)],  (4.5)

which shows how tr(C7C7) depends on the other invariants.
The expressions for the stress and elasticity tensors given in (2.6), (2.9) and (3.3)
require the calculation of

ow al;
i€l
and
*W ]Z-
OFOF Z aFaF Z Wi gp oF aF (4.7)

1€l

where we have used the shorthand notations W; = OW/dI;, W;; = 0*W/0I,01;, i,j € I,
and Z is the index set {1,2,3,6,7,8,9} (or {1,2,6,7,8,9} in the case of an incompressible
material). Although their derivatives with respect to F vanish and do not appear in the
above expressions, the invariants tr7, tr(72?) and tr(73) may nevertheless be included
in the functional dependence of W. In the following we give explicit expressions for the
stress tensors and the elasticity tensor based on these summations.

4.2 Stress tensors

For an unconstrained material the strain-energy function W depends on the seven deform-
ation dependent invariants Iy, Iy, I3, I, . . ., Iy together, in general, with tr7, tr(7%) and
tr(73). From (2.6) and (4.6) the nominal and Cauchy stresses are given by

ow ol; _ -1

1€

The corresponding expressions for an incompressible material are

oW . ol . B
S=—5 —1F ;W/Za—F—pF, o =FS. (4.9)

The required expressions for d1;/0F are listed for convenience in Appendix A. In partic-
ular, these enable the Cauchy stress to be expanded, so that
Jo = 2W,B + 2Wy([,B — B?) + 2L,W51 + 2Ws%
+ 2W7(EB + BX) + 23XB 'S + 2, (B 'EB + BEB'Y),  (4.10)
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where the notation ¥ = F7FT has been introduced and we recall that B = FFT is the
left Cauchy—Green tensor. For an incompressible material (4.10) is replaced by

o = 2W,B + 2W5(1,B — B?) — pI + 2%
+ 2W7(EB + BX) + 2B 'S + 211 (EB7'EB + BXB'Y),  (4.11)

with I3 = 1.
If we evaluate (4.10) in the reference configuration, it reduces to the appropriate
specialization of (2.7), namely

T = 2(W1 + 2W2 + Wg)I + 2(W6 + 2W7)’7' + 2(W8 + 2Wg)7‘2, (412)

where all W;, i € Z, are evaluated for [} = I, = 3, I3 = 1, Iy = I; = tr7, Iy = Iy = tr(7?).
This indicates that we should set

Wi+ 2Wo+ W35 =0, 2(Ws+2W7) =1, Wg+2Wy=0 (4.13)

there. In fact, if we require (4.12) to hold for all T then the conditions in (4.13) necessarily
follow. The corresponding reduction for an incompressible material yields

T = QW) + 4Wy — p"NI 4 2(Ws + 2Wo)7 + 2(Wy + 2Wo) T2, (4.14)
which specializes (2.10), and the counterpart of (4.13) is
OWy + AW, — pl =0, 2(Ws+2W;) =1, Wy +2W, =0, (4.15)

evaluated in the reference configuration.

4.3 The elasticity tensor

Next, we note that the elasticity tensor A is given by

92 021, o1, al,
= 3r0F — 2= Vigpar + 2_ Wigp © 55 (4.16)

ieT ijeT

This requires expressions for the second derivatives of the invariants, which are collected
together for reference in Appendix A in component form. Here we give the component

form of Ajy:

JAOpiqj = 2(W1 + ]1W2)qu5ij + 25 [QBpquj - Biqij - BPTBTq‘;ij - quBij]
+ 213W5(20;50,4 — 0ig0ip) + 2WeXpg0i5 + 2Wr (L0 Bij + Xpr Brgbij + BprXiq0ij
+ EijBPq + ijBiq + Ziquj] + 4WllBiijq
+ AWos (11 By — By Byy)(11Bjq — BjsBsg)
+ 4I5W338:,04 + 4W1a(211 Bip By — BipBjrBry — BjqBirBrp)
+ 4[3W13<Bip5jq + quéip) + 413 W3 [[I(Bipdjq + quéip> - 51'ij1"qu - 5quirBrp]
+ AWi6(BipLjq + BjgZip) + 4Wi7[Bip(3r Brg + BjrXrq) + Bjg(Li Brp + Bir24p)]
+ 4W26[(]lBip - BiTBTp)qu + (Ilqu - BjTBTq)Eip]
+ AWor[(11 Bip — BirBrp)(XjsBsq + BjsXsq) + (11 Bjg — BjrBrg)(XisBsp + Bis2sp)]
+ AL Ws6(0ip3jq + 0jqXip) + 413 War[0ip (35 Brg + BjrXig) + 0o (3ir Brp + BirXyp)]
+ dWesZipXjq + 4Wer[Xip(Ejr Brg + Bjrrg) + jg(Xir Brp + BirEip)]
+ AWz (85 Brp + BirXrp) (25 Bsq + BjsXsq), (4.17)
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and, in order to save space, terms involving derivatives with respect to Ig or Iy have not
been included. Note, however, that it is straightforward to include these terms, just by
repeating the terms involving derivatives with respect to Is and I;, replacing the indices
6 and 7 by 8 and 9, respectively, and replacing ¥ = FrFT by Fr?F'. When there is
no initial stress the above formula reduces to the result for a prestressed isotropic elastic
solid, as given in, for example, the classical paper by Hayes and Rivlin (1961); see also
Toupin and Bernstein (1961) and Truesdell (1961) for related basic theory.
The corresponding formula for an incompressible is obtained by setting J = 1 and

I3 = 1 and omitting the terms involving derivatives of W with respect to I3, and yields
AOpiqj = 2(Wl + IIWQ)qu(Sij + 2W2[2Bpquj - Biqij - Bprqu(Sij - quBij]

+ 2W62pq5ij + 2W7[quBij + Zprqu(Sij + BprE?"q‘Sij + ZJiszvq + ijBiq + Eiquj]

+ 4Wh1 By, By + 4Was (11 By, — By By, ) (11 Bj, — BjsBsg)

+ 4W19(211 B,y Bjy — BipBjr Brqy — BjyBir Byp)

+ AWi6(BipXjq + BjgXip) + AWi7[Bip(EX)rBrg + BjrXrg) + Bjg(3irBrp + BirXiyp)]

+ 4W26[(IlBip - BiTBTp)qu + (Ilqu - BjTqu)Eip]

+ 4W27[(IlBip - BiTBTp)(stBsq + BjsEsq) + (]lqu - BjTBTq)(EiSBSP + BiSZSP)]

+ AWesXipYijq + 4Wer [ Eip(Ljr Brg + BjrXrg) + Xjq(Lir Brp + BirXrp)]

+ AW (i Brp + BirXrp) (X5 Bsg + BjsXsq)- (4.18)

When evaluated in the reference configuration, the moduli (4.17), with the missing

terms included, reduce to

Aopigj = 01(0i0pq + 0ig0jp) + @20ip05q + 0ijTpg + B1(045Tpg + OpqTij + GigTjp + GjpTig)
+ 62(5@7}(1 + 5jq7_ip) + 637’1'1,7']‘(1 -+ Y1 ((Siijkaq + (Spq’Tikaj + (Siqukap + (SjpTikaq)
+ %2(0ipTjkThg + 0jqTirThp) + V3(TipTjkThg + TiqTikThp) ~+ VaTikThpTjkThq, (4.19)
where the o’s, 8’s, and 7’s are defined by

ay = 2(Wy + Wy), oy = 4(Why + 4Wig + 4Woy + 2Wi3 + 4Wo3 + Wag) — 201,

B = 2Wx, Ba = 4(Wig + 2Wi7 + 2Wag + 4War + Wig + 2Wsy),

B3 = 4(Wes + 4Wer + 4Wr7), 11 = 2W,

Yo = 4(Wis + 2Wig 4 2Wos + 4Wag + Wig + 2Wsy),

Y3 = 4(W68 + 2W69 + 2W78 + 4W79), Y4 = 4(W88 + 4ng + 4W99), (420)
all derivatives being evaluated in the reference configuration and use having been made
of the connections (4.13). Note that in general the expressions (4.20) may depend on the
invariants tr7, tr(72) and tr(73).

It is worth noting here that when referred to axes that coincide with the principal
axes of 7, the only non-zero components of (4.19) are given by

Agiiii = 200 + g + (14481 + 282)7; + B377 + 2271 + 72)77 + 29377 + Y47,
Aoiijj = o + Bo(Ti + 75) + Bamimj + Y77 + 7']2) + (7 + 75)TiT; + 747'1,'27j27
Aoijij = o1 + 1+ Bu(1i + 15) + Y (17 + 7']-2) = Aoijji + i, (4.21)
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where there are no sums on repeated indices, i # j, and 7; (i = 1,2, 3) are the principal
values of 7 (in general, 15 non-zero components of Ag in total). It is interesting, but
not surprising, to note that for a prestressed isotropic elastic material the only non-zero
components of Ay are also Aoiii, Aoiijj, Aoiji; and Ao ji, @ # j (see, for example, Ogden,
1984).
For an incompressible material there is a further reduction of (4.19), leading to
Aopiqi = 1(0ij0pq + 0ig0jp) + 0ijTpq + P1(0ijTpq + OpaTij + OigTjp + 0jpTiq)
+ ﬂ2(5ip7'jq + (quTip) + 537’1'1,7']‘(1 +7 ((5iijkaq + (Squikaj + 5iq7_jk7—kp + (SjpTikaq)
+ Y2 (0ipTinTrg + 0jqTikThp) + V3(TipTikThg + TiqTikThp) + VaTik TpTjkThq (4.22)

since the term involving as may be dropped because it vanishes from the expression for
the incremental stress by virtue of the incompressibility condition. Here oy, 51, 83, 71, V3
and 74 are unchanged, while Sy reduces to 4(Wig + 2Wi7 + 2Was 4+ 4Wa7) and 7, reduces
to 4(Wis + 2Wig + 2Was + 4Wag). The terms (20,7, and v2d;4Tix Ty also vanish from the
incremental stress for the same reason but are retained here since otherwise the major
symmetry would be lost. Note that the terms involving §;, in (4.22) do not contribute
to the equation of motion, again by virtue of the incompressibility condition.

5 The effect of initial stress on infinitesimal wave
propagation

Now consider incremental motions in an infinite homogeneous medium subject to homo-
geneous deformation and/or homogeneous initial stress. From Section 3 we recall that
the equation of incremental motion is

Aopiqjtipg = PUip, (5.1)
for a compressible material, and
Aopigiljpg — Pi = PUige, Uii =0, (5.2)

for an incompressible material.
Consider a homogeneous plane wave of the form

u=mf(n-x—uvt), (5.3)

where m is a fixed unit vector (the polarization vector), f is an arbitrary function of the
argument n - x — vt, n is a unit vector in the direction of propagation, and v is the wave
speed. For an incompressible material we also set

p=g(n- -x—uvt), (5.4)

where g is a function related to f. Substitution into the equation of motion (5.1) (after
dropping f”, which is assumed to be non-zero) leads to

Aopiginphgm; = pv’ms, (5.5)
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for a compressible material, and into (5.2)
Aopiginpngm; [* — g'ni = po*my f",  min; =0, (5.6)

for an incompressible material, where a prime on f or ¢ indicates the derivative with
respect to its argument. By multiplying the first equation in (5.6) by n; and using the
second equation, we obtain

g' = Agpianpnqmjnif", (57)

and upon substitution back in (5.6) for ¢’ and again dropping f” we arrive at
(AopiqjnpTy — Aophginpngnni)m; = pv*m;. (5.8)

It is convenient now to use the acoustic tensor Q(n), whose components are defined

by

Qij(m) = Aopigjnphg. (5.9)

Then equations (5.5) and (5.8) can be written in the compact forms
Q(n)m = pv’m, (5.10)
Q(n)m = pv’m, m-n =0, (5.11)

for unconstrained and incompressible materials, respectively, where, noting that Im = m,
with I = I — n ® n defined as the projection operator on to the plane normal to n, the
symmetric tensor Q(n) is defined as

Q(n) = IQ(n)L (5.12)

This is the projection of Q(n) on to the plane normal to n. The symmetrization of the
acoustic tensor in the incompressible case is attributed to Hayes in the Ph.D. thesis of
Scott (1974)1; see also Scott and Hayes (1985) and Boulanger and Hayes (1993).

For any given direction of propagation n we now have a symmetric algebraic eigenvalue
problem for determining pv? and m, which is three-dimensional in the compressible case
and two-dimensional in the incompressible case. Because of the symmetry there are
three mutually orthogonal eigenvectors m corresponding to the direction of displacement
in the compressible case and two in the incompressible case, corresponding to transverse
waves. The values of pv?, three and two, respectively, are obtained from the characteristic
equations

det[Q(n) — pv*I] = 0, det[Q(n) — pv*I] = 0, (5.13)

for compressible and incompressible materials, respectively.
If m is known then pv? is given by

pv? = [Q(n)m] - m, (5.14)

which applies for either compressible or incompressible materials.

"'We are grateful to a reviewer for bringing this reference to our attention.
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To examine plane waves in detail we need to calculate Q(n) for the forms of Ay given
in Section 4.3. We now do this explicitly for the reference configuration B,. From (4.19)
and (5.9) we obtain

Q(n) = [al + (14 61)(n-7n)+ v (n- Tzn)} I+ 67+ 72
+ (1 +anen+ 5+ ) M@ T+ T n) + SN QTN
_|_

(71 + 72)(11 T'n+7n® n) + 73(7'11 QTn+7’n® Tn) + 747-211 ® T°n
(5.15)

for compressible materials, and from (4.22), (5.9), and (5.12), we obtain

Q(n) = [041 +(1+81)(n-m)+y(n- T2Il)] I+ G171+ I
+ BIrn@Irn+ 9 Irn @ Ir*n + Ir*n ® Itn] + wIr”n @ Ir°n (5.16)

for incompressible materials. Note, in particular, the explicit nonlinear dependence of
the acoustic tensors on the initial stress 7 (not forgetting that the a’s, #’s, and 4’s may
themselves be nonlinear in 7).

Example 1: Longitudinal and transverse waves in compressible materials We
consider the possibility of a pure longitudinal wave in the reference configuration (initial
stress, no pre-strain), so that m = n. From (5.10) and (5.15) we obtain

(a — pv*)n+brn+ cm’n =0, (5.17)
where the constants a, b, ¢ are given by

a =20+ o+ (1426 + B2)(n - m0) + (11 +72)(n - 7°n),
b= 261+ P2+ f3(n-7n) + y3(n - 7°n),
c=2n+%+y(m-mn)+ - 7). (5.18)

Several distinct cases arise for which a longitudinal wave can propagate provided the ma-
terial parameters and the initial stresses are such that pv? > 0. First, for the degenerate
case in which b = ¢ = 0 we have pv? = a and a longitudinal wave can propagate in any
direction. Second, if ¢ = 0 and b # 0 then n is an eigenvector of 7. Recalling that
i, © = 1,2, 3, are the principal values of 7, a longitudinal wave can then propagate along
the 4-th principal direction, i = 1,2, 3, with speed v given by pv? = a + br;. Third, if
¢ # 0 then we refer (5.17) to the principal axes of 7, leading to

(a—pv* +br +ctP)n; =0, i=1,23. (5.19)

There are now different possibilities depending on the multiplicity of the eigenvalues of 7.
If 7; = 7 say, i = 1,2, 3, then pv? = a+ b7 +c7? and a longitudinal wave can propagate in
any direction. If two of the eigenvalues are equal but distinct from the third, say m = 7 =
T # 73, then a longitudinal wave can propagate along the 3 direction with speed given by
pv? = a+ b7z +c7? or in the principal (1,2) plane with speed given by pv? = a+ b1 + c72.
There is also a special case in which if b + ¢(7 4+ 73) = 0 then a longitudinal wave can
propagate in an arbitrary direction with speed pv? = a—c7r73. Finally, if the eigenvalues 7;
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are distinct then, for propagation in the i-th principal direction, the wave speed, expanded
in full, is given by

pv? =20y + g + (1 + 481 + 262)7; + (Bs + 371 + 292)77 + 279377 + a7y (5.20)

It is also easy to show that propagation is possible in any direction within an (i, 7)
principal plane if b 4 ¢(7; + 7;) = 0, in which case the formula for the wave speed is
pv? = a — c1.

Of course, a longitudinal wave is in general accompanied by a pair of transverse waves
with mutually orthogonal polarizations. In the case where a pure longitudinal wave exists
and n is aligned with the principal axis e; of 7, say, with ¢ = 1,2 or 3, it follows that the
expression (5.15) for the acoustical tensor reduces to

Q(ei) = a1 + (1 + B)7 + N7 T+ A + 7
t [on + a2 + 208y + Bo)7i + (Bs + 2 + 292)7 + 207 + ] e @ e (5.21)

Hence, for a corresponding transverse wave with polarization m and speed v, we have,

on use of (5.10),
[ + (14 B)7 + rilm + Birm + v 7°m = pv’m. (5.22)

In general it does not follow that m is also a principal axis of 7. However, in the special
case in which m s also a principal axis of 7 (in the plane normal to e;), let this correspond
to principal initial stress 7;, j # i. Then, the wave speed, denoted v;;, associated with
m = e; is given by

pul =i+ a1+ i+ 1) + (7 + 7). (5.23)

The difference
p(v; —v5;) = Ti — 75, (5.24)

recalls the universal relationship established by Man and Lu (1987) for the general lin-
ear theory. Note, however, that in Man and Lu (1987) the material was taken to be
orthotropic with the principal axes of 7 coinciding with the axes of orthotropy, whereas
here the orthotropy is associated with 7 itself and the underlying material is isotropic.
The principal axes are eigenvectors of Q in each case although the values of the compo-
nents @);; differ.

The situation is somewhat different if one starts by considering the existence of a
pure transverse wave. There is then no general result showing that such a wave must be
travelling and/or polarized along a principal axis of initial stress. We do not include here
the details of this case, and refer instead to Man and Lu (1987) for an example of a wave
polarized along one principal direction of stress and propagating in any direction in the
plane normal to the polarization.

In all the above examples, for a real wave to exist it is necessary that pv? > 0, which
puts restrictions on the parameters and initial stress components involved. In general
this requirement may be stated in terms of the strong ellipticity condition, i.e.

m - [Q(n)m] >0 for all non-zero vectors m, n. (5.25)

This also applies in the incompressible case, subject to the restriction m - n = 0.
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Example 2: Connections with the results of Man and Lu Suppose now that in
(5.15) the coefficients a1, as, 1, B are constants and only the terms that are linear in the
initial stress 7 are retained. In particular, the terms with coefficients s, v; (i = 1,2, 3,4)
are omitted. Then, referred to the principal axes of 7, the components of Q(n) can be
written compactly as

Qi = a1+ (a1 +ag)ni + (14 p1)(n-7n) + G171 + 2(B1 + Bo)Ting, i =1,2,3,
Qij = [on + g + (B1 + B2) (75 + 7))Ininy, i # j, (5.26)

where 7; (i = 1,2,3) are the principal values of 7. These formulas are consistent with
corresponding expressions for the components of the acoustic tensor (or Christoffel tensor)
obtained by Man and Lu (1987) [their eq. (18)] although this is not immediately clear
since the notation differs. The correspondence can be established by noting that the
tensor £ used by Man and Lu (1987) has components that are connected to those of Ay
by £ijkl = -AOijkl - 6leik-

Example 3: Connections with the classical theory of Biot In the classical theory
of Biot (1939, 1940, 1965) the incremental stress may be written (in the present notation)
as BL or in index notation as By,q;u; 4, Where the coefficients B,,,; satisfy the relations

Bpigj = Bipgj = Byijgs  Bpigj — Bajpi = 0ipTiq — 0jqTip (5.27)

the latter following from the existence of a strain-energy function. It was shown in Ogden
and Singh (2011) that the general connection between Ag,;,; and B, may be written in
the form

Aopigj = Bpigj — %51)3'7711' - %5pq7'ij - %5111'7—171‘ + %5ij7'pq + 0g; Tpi- (5.28)
It is worth noting that this connection does not depend on the existence of a strain-energy
function and is independent of any material symmetry. For the general expression (4.19)

to reduce to the Biot form for isotropic response the material parameters in (4.19) must
be specialized to

ap = W, Qg = )\7 ﬁl = _1/27 62 = 17 (529)

where p and A\ are the Lamé moduli, and the terms which are of order higher than 1 in
7 must be neglected. This corresponds to B,;,; having the form

Bhpigj = 11(0ij0pq + 0qi0p;) + Adpidgs + OpiTyj, (5.30)

which satisfies the conditions (5.27).

Clearly, the formula (5.30) relies on the special identifications (5.29), and is very much
a specialization of the more general theory discussed here. In effect, if one was to linearize
the general expression of the elastic moduli (4.19) with respect to the initial stress, then
the expansions

o) = U+ 6617-, ay = A+ 6527-7 61 = Bla 62 = 627 (531)

[{3)]

would be required, where “7” is a term of first order in 7, and the scalars with a hat are
constants, which cannot be determined a priori and must be measured experimentally.
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In conclusion, six material constants (A, p, aq, s, Bl, Bg) are required to describe the
isotropic response of a compressible material with a small initial stress, not just the two
Lamé coefficients as Biot implied. We refer to Man (1998) for a discussion of this point in
relation to Hartig’s law and a proof that four additional constants are needed to describe
the elastic response of currently known real materials.

Example 4: Second-order elasticity Here we consider an isotropic elastic solid
without initial stress and its specialization to second order in the components of the
Green strain tensor E = %(C —1I), where C is again the right Cauchy—Green deformation
tensor. An appropriate form of the elastic strain-energy function, which is correct to
second order, is that due to Murnaghan (1937). When expressed in terms of the invariants
of C given by (4.1) the Murnaghan energy function has the form

A
W= S -9+ %(112 96 — 2L, + 3)

[ 5 m

+ ﬂ(j 1— 3) + E

where A and p are the classical Lamé constants of linear elasticity and [, m, n are the

second-order constants of Murnaghan. For this energy function we have Wy, = W33 =

Wh3 = W33 = 0 and since we are not including initial stress the expression (4.17) reduces
to

(I, — 3)(I% — 31) + g(ll Lt I —1), (5.32)

J Aopiqj = 2(W1 + [iWa) Bpgbij + 2W2 (2B, By; — BigBjp — Bpr Brqdi; — By Bij]
+ 2[3W3(26zp5]q - 5qusjp) + 4W113@qu
+ 4W12(211 B, Bjy — BipBjrBry — BjoBirBryp), (5.33)
and the remaining coefficients Wy, Wy, W3, Wiy and Wi, are simply obtained from (5.32).
Then, with this specialization, the wave speed v is given by
pv® = Agpiginpngmim. (5.34)

In working with second-order elasticity the corrections to the classical longitudinal and

transverse wave speeds are obtained to first order in E. We have C = I 4+ 2E and

I, = 3+ 2F, exactly, which we use together with the linear approximations I, ~ 3 +4F,

I3 ~1+2F, B~ C =1+ 2E, and we also note that p ~ p.(1 — E), where E = trE.
To the first order in E we then obtain

W1:u+§n+%()\+2,u+2m)E, Wy = 1u—%n—%mE, Wgz%n,

T2
After some manipulations the above approximations enable us to obtain, to the first
order in E,
J Aopig; = 1(0ij0pg + Gigljp) + AipGjq + 240(2055 Epg + pg Eij + Sig Ejp + 0jp Eig)

+ ME0;j0pg + 20ipEjq + 20;4Eip) + 20E ;044
+ m[E(éijépq + 5iq5jp o 251’105]'11) + 2(5ipqu + 5quip)]
+ 51004 Epg + 0pg Eij + 0igEjp + 055 Eig — 203 Ejq — 2054 E;
- E<5ij5pq + 5iq5jp - 252‘175]'(1)]7 (5-36)
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and hence, for any m, n pair satisfying (5.10), the wave speed is obtained via

pr? = i+ (+ \)(m - )+ 24[2(n - En) + (m - Bm) + 2(m - n)(m - En))
+ A[E +4(m-n)(m - En)] + 2/E(m - n)*
+ m{E[l — (m-n)?|+4(m-n)(m-En)}
+ in{(n-En) + (m-Em) — 2(m - n)(m - En) — E[1 — (m-n)’]}.  (5.37)

For a longitudinal wave with m = n this reduces to
prv® = A+ 20+ (A+20)E + (10 + 4\ + 4m)(n - En), (5.38)
and for a transverse wave with m-n =0 and m x n =1,
prv® = p+2u(n-En) + (A + 2u+m)E — (4 + n)(1- El), (5.39)

where we have made use of the connection 1- E1+ m - Em + n-En = E. When n is
specialized to the axis e; and m is taken to be e, and es in turn, where e, e; and es
are principal axes of strain, then these results agree with those obtained by Hughes and
Kelly (1953) [their eq. (11)].

It is straightforward to show that a longitudinal wave actually exists if either n is
an eigenvector of E or the elastic constants satisfy A + 2u + m = 0. For the existence
of a transverse wave there are more options. First, in the special case when the elastic
constants are such that A + 2y +m = 0 and 4 +n = 0, a transverse wave exists for
any direction of propagation n. Second, if 4(A + 4+ m) —n = 0 and 4u + n # 0 then
a transverse wave exists only if m is an eigenvector of E. Third, if 4u +n = 0 and
A+ 2u+ m # 0 then a transverse wave exists for any n for which Em lies in the plane
normal to n. Finally, if none of these very special cases apply then the existence of a
transverse wave requires that m be an eigenvector of E.

Note that the case of incompressible materials is treated elsewhere; see Destrade et
al. (2010) and references therein.

Example 5: A simple nonlinear model The above examples have involved different
specializations that consider the strain and/or the initial stress to be small. In this final
example we consider a finite deformation from a configuration that is subject to an
initial stress that is nonlinear. For this purpose it suffices to adopt a simple prototype
incompressible form of strain-energy function, which is taken to be

W= u(l; — 3) + (I — tr7)* + 3 (I — trr), (5.40)

where the first term represents the classical (isotropic) strain-energy function of a neo-
Hookean material with shear modulus p, while the terms in I capture the effect of initial
stress and satisfy (4.15);. The constant i has dimensions of [stress|'. We recall that
Is = tr (C7), which may also be written as trX.

From (4.11) the Cauchy stress is then obtained as

o =B —pl+[1+2a(ls — tr7)]%, (5.41)
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and from (4.18) the components of A, reduce to
Aopigji = HBpgdij + [1+24(Ls — trT)]qu‘Sij A A2 g5 (5.42)

The corresponding components of the acoustic tensor are obtained from (5.9), and it is
convenient to write it in tensor notation as

Qn) =al+ f¥n® Xn, (5.43)
where for compactness of representation we have introduced the notations
a=pu(n-Bn)+[1+2iu(ls — tr7)](n - Xn), B =4p. (5.44)

Since we are considering an incompressible material we form the projection of Q(n)
on to the plane normal to n according to (5.12). This is

Q(n) = ol + fIZn ® I¥n. (5.45)
Next we solve (5.13), and find that the two solutions for pv? are
? = a, pv® =a+ B(n-Xm)? (5.46)
and equation (5.11) becomes
am + B(n - ¥m)IXn = pv’m, m-n = 0. (5.47)

Assuming that 8 # 0, for the solution pv?> = « this requires that either I¥n = 0 or
n-Ym = 0. If I¥n = 0 then n is an eigenvector of ¥ and both transverse waves
have the same speed v, given by pv?> = a. If, on the other hand, n- ¥m = 0 and
IXn # 0 then the wave speed corresponding to polarization m is given by pv? = a,
while for the second transverse wave, with polarization m’ say, the wave speed is given
by pv? = a + f(n - Xm’)%

As a simple illustration of the above results we now consider the initial stress to be
uniaxial, of the form 7 = 7 e; ® e;, where e; is a principal axis of B corresponding to
principal stretch A\;. Then, ¥ = 7\ e; ® e;. It follows that n - ¥m = 0 and

pv? = (p+ 1)+ 27 AI (A - 1). (5.48)

It now suffices to measure the wave speed for three different values of A\; to evaluate
the material constants p and fi, and the initial stress 71. If the deformation is achieved
by applying a uniaxial stress along e; then the associated principal Cauchy stress o; is
obtained from (5.41) as

o1 = (u+ 1) — p+2arP AT (N = 1). (5.49)

By symmetry, incompressibility and vanishing of the lateral stress it also follows from
(5.41) that p = pA;*. If this is used in the above then the expression for the wave speed
can be written simply as pv? = o1 + pA; "
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Appendix A

A1l. First derivatives of the invariants

Here we list the first derivatives of the invariants Iy, Is, I3, I, . . . , Iy with respect to the
deformation gradient. These are

8[1 812 8I3

T 2F T, YT 2(LF' — F'FF"), T 2LF !,
% =27F", % = 27F'FF" + 2F"FrF",
% = 27°F", % = 27°F'FF' + 2F Fr°F",

from which we obtain the expressions
F% = 2B, F% =2(I,B — B?), F% = 2[,1,
F% =23, F% =2¥B + 2B,
F% =2¥YB 'y, F% =2¥B'YB +2BYB 'Y,

required in the expansion of Cauchy stress, where ¥ = FrFT and B = FF'. In the
reference configuration B, these reduce to
ol o0l 013 0lg ol; 0lg , Ol

_— = _— = _— = _— = _— = _— = _— = 2
oF 21, oF 41, oF 21, oF 2T, oF 4T, o7 217, oF 47°.

A2. Second derivatives of the invariants

Here we present the second derivatives of the invariants in index notation, omitting the

details of the calculations. In the form required for the calculation of the components of
Ay we have

0%,
FpoFog——— = 2B,.0;,
j2 qﬁaFmaFjB pqVij
9?1,
FooFup g = 2By + 4BuByy = 2By By, = 2B, Brydyy = 2By By
0%,
Fpanﬁm - 4-[35ip5jq - 2]36iq5jp)
0?1
FooFg—— = 9% 5.
j2 qﬁaFmaFjﬁ pqVij
%1
FpoFyg=—— = 25, Bij 4 250 Bry0i; + 2BprTng0ij + 254 Bpg + 25, Big + 254 Bip-
OF ;o 0F ;5
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The second derivatives of Iy and Iy can be deduced from those of I and I, respectively,
by replacing T by 72, or ¥ by ¥B~!X. In the reference configuration B, these reduce to

0L — 26,6 O, = 28,01 4+ 40,8, — 2850
aﬂpaqu - pg=iy» aEpaF}q - pPq~y wpriq qg~ip»
82]3 82[6
= an = 40p0ie — 20i05p, e = 2Tpe0ij,
aFl-p(?qu pYiq qYjp (9Fip8qu pqQij
0*1;
OF. OF: = 07pg0ij + 27ij0pq + 2Tjp0iq + 2Tiq0jp-
p Jq
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