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Abstract

A square matrix M represents a graph I' if its nonzero off-diagonal entries encode
the adjacencies of I" according to a fixed vertex ordering. Over the field of two el-
ements, we study the distribution of ranks within the affine space of all matrices
representing a particular graph. The motivating question is which graphs of or-
der n are represented by more matrices of rank n — 1 than of rank n. This reflects
the fact that the most frequently occurring rank is not n but n — 1 in the space
of all n x n matrices over F,, a property which is exceptional to F,. This thesis
focuses on connected graphs that have a path or cycle as a subgraph induced on
all but one vertex (called the extra vertex).

The path graph P,, serves as the starting point of this study. The path graph
is fundamental in the related and widely studied minimum rank problem, and
provides a foundation for our later analysis of the set G” of graphs containing an
induced path on all but one vertex. A main result is a characterisation of all such
graphs that are represented by more matrices of rank n — 1 than rank n over F,.
This is achieved by first examining the vectors in the nullspace of each matrix
representing P,,. An expression for the difference «(I") between rank n — 1 and
rank n representations of a given graph I' € G¥ is determined in terms of these
nullspace vectors. A recurrence is then established, expressing «(I") in terms of
« for graphs in G” for which the extra vertex has lower degree than in I'. We
classify all ' € G satisfying «(I") < 0 by first classifying those for which the extra
vertex has degree 1, then using that to simplify and classify the degree 2 case, and
continuing like this until it is shown that no such graphs exist for degree > 6.

We then turn to the analogous problem for the cycle graph. We show that half of
all F>-matrices representing C,, have rank n — 1, approximately one-third have
rank n, and approximately one-sixth have rank n — 2 . We then investigate the
set of graphs containing an induced cycle on all but one vertex, denoted by G¢.
Our analysis reveals essential structural contrasts between the classes G" and
GC: while the degree of the extra vertex is bounded in the path case, it can be
arbitrarily large in the cycle case. An infinite family of graphs called alternat-
ing wheel graphs demonstrate this contrast, as there exists an alternating wheel
graph ' € G¢ with an extra vertex of any even degree d > 4 satisfying «(I") < 0.



Chapter 1

Introduction

Given a field F and a simple undirected graph I' with vertices x1,%3,...,%n, @
symmetric matrix M with entries in I represents I (with respect to this ordering
of the vertices) if, when i # j, the (i,j)-entry of M is 0 if and only if there is no
edge between x; and x; in I'. The diagonal entries of M are not subject to any
constraints, and therefore there are many matrices representing I" over IF. Since
the non-zero off-diagonal entries may vary through the non-zero elements of F,
subject to the constraint of symmetry, and the diagonal entries are freely chosen
from F, the set S(F, T") of all symmetric matrices over F representing I" is a union
of affine spaces of dimension n.

Example 1.0.1. Figure|1.1{shows the path graph Ps together with the general form of a
matrix representing Ps over a field F.

d1 * 0 O O
* dz * 0 0
M=|0 x d3 * 0
0 0 * d4 *
— e—9—0o 0 0 0 * ds
dy,...,ds € F, each * denotes a nonzero
Path graph Ps element of F, and M is symmetric.

Figure 1.1: P5 and the general form of a matrix M representing Ps.

1.1 The minimum rank problem

Definition 1.1.1. The rank of a matrix is the number of linearly independent rows
(equivalently, columns).

Lemma 1.1.2. Let A be a symmetric n X n matrix of rank v < n, with entries in a field
F. Then one may alter a single diagonal entry in A to another element of F to obtain a
symmetric matrix of rank r + 1.



CHAPTER 1. INTRODUCTION

Proof. Since rank(A) = r < n, some row of A is a linear combination of the others.
Without loss of generality, suppose that the first row has this property. Let d be
the entry in the (1, 1)-position of A, let v be the vector with entries equal to the
last n — 1 of column 1 of A, and let A’ be the submatrix obtained by deleting the
tirst row and column of A. Then

(345

Since the first row is a linear combination of the others, there exists some w €
F1 with w' (v|[A’) = (dlv"). Suppose u € F™! satisfies u'A’ = v'. Then
(wh —uT)A’ = 0, and since v is a linear combination of the rows of A’, this
implies that (W™ —u")v = 0. Therefore u'v =w'v = d, and so (d’|v") is not a
linear combination of the rows of (v|A’) for any d’ # d. So, for any d' # d,

d’ VT
()
is symmetric and has rank r + 1. O

Since changing a diagonal entry does not change the graph represented by a sym-
metric matrix, it follows from Lemma that for every graph I" the set of all
ranks of matrices in S(IF,T") is an interval of the form {r € N: m < r < n}. The
positive integer m is called the minimum rank of I' over F. The problem of deter-
mining m is known as the minimum rank problem for graphs.

An informative survey of the extensive literature on the minimum rank problem
for graphs (until 2007) is provided by Fallat and Hogben in [5]. A second survey
by Hogben in 2010 [9] situates the minimum rank problem for graphs in a wider
combinatorial context. The minimum rank generally depends on the choice of
tield F. The case F = R has been the subject of particularly concentrated and
sustained attention, but the case of finite fields offers scope to determine more
detailed information, due to the availability of combinatorial and enumerative
methods. For every positive integer k and prime power ¢, a description of the
structure of all graphs whose minimum rank over F is at most k is given in [8].
Every simple graph whose minimum rank over I is at most k is a blowup of
one of a finite family of graphs, determined by congruence classes of symmetric
k x k matrices over F (possibly with some isolated vertices added). A blowup of
a graph is obtained by replacing every vertex with a finite collection of copies so
that the copies of two vertices are adjacent if and only if the originals are. Simple
undirected graphs with minimum rank 2 over a finite field are characterized in
[2]. For finite fields of characteristic different from 2, Theorem 11 of this paper
characterizes such graphs as those that are free of nine specified induced sub-
graphs. For finite fields of characteristic 2, the analagous theorem has a list of
nine forbidden induced subgraphs, which reduces to seven in the special case
of the field of two elements. It is shown in [4] that analogous characterizations
via forbidden induced subgraphs exist for higher values of the minimum rank.
It is demonstrated that for any finite field F and any integer k, the set of graphs
whose minimal rank over F is at most k can be described via a list of finitely

2



CHAPTER 1. INTRODUCTION

many forbidden induced subgraphs. Each of these forbidden subgraphs has at
most (|F| - k/2 4 1)? vertices. The average minimum rank of all labelled graphs of
order n over a finite field is investigated in [7]. This work also studies the min-
imum rank of undirected simple graphs that contain a clique of size k over any
finite non-prime fields of characteristic p. The paper shows that when k =n —2
and the order of the graph is at least 4, this class of graphs has minimum rank at
most 3 over Fy with g > 4. In contrast, over the field 3, the minimum rank is
greater than 3 for every graph of order at least 10. The paper also considers the
case k = n — 3 and shows that this class of graphs has minimum rank at most 4
over finite fields IF; with q > 4.

A number of papers focus specifically on minimum rank problems over the field
[F, of two elements, which is exceptional in many ways and is the main focus of
this thesis. For example, the relationship between the minimum rank of a simple
graph over I, and the minimum cardinality of a subgraph complementation system
of the graph is studied in [3]. A subgraph complementation system in a graph I" with
vertex set V is a collection € of subsets of V with the property that the vertices
u and v are adjacent in I" if and only if they occur together in an odd number of
sets in C. The analysis shows that the minimum cardinality of such a collection
equals the minimum rank of the graph over F, when the minimum rank of the
graph over I, is odd or the graph is a forest. Otherwise, the difference between
these two parameters is at most 1. Graphs with minimum rank at most 3 over [,
are characterized in [1]], via a list of 62 minimal forbidden subgraphs of order at
most 8. The paper also explores how this list of all minimal forbidden subgraphs
for this class of graphs extends to arbitrary fields.

We denote the minimum rank of a simple graph I' over a field F by

mr(F, ") = min{rank A | A € S(F,T")}.

Example 1.1.3. Figure[l.2|shows a graph T and corresponding matrix A.

di * % % O]
x do x x O

* x d3z *x %
x k% k dg *
0 0 x x* ds]

Figure 1.2: A graph I" and the general form of A € S(F,T'), adapted from [8].

Suppose we replace each * in the off-diagonal of A in Figure|l.2|with a nonzero element
from T, (i.e F =1TF,). Then we notice that any A € S(IF,, ") has the form

3



CHAPTER 1. INTRODUCTION

d 1 1 1 0
1 d 1 1 0
1 1 d3 1 1
1 1 1 dy 1

0 0 1 1 ds

and the rank of any such A > 3 [8ll. This is because the matrix A contains at least three
linearly independent rows. For instance, we can see rows 2,4, and 5 are linearly indepen-
dent since the 3 x 3 submatrix occupying these rows and columns 1,3,5 has determinant
1 for either choice of ds. There are matrices in S(IF,, I") with rank exactly 3. For example
with (dq, dy, d3, dyg, ds) = (0,0,1,1,1), we have

01110
10110
A=|11111
11111
00111

Here, row 3 is equal to row 4. Additionally, row 1 is the sum of rows 2, 4, and 5. Hence,
the rank is 3.

The minimum rank of the path P,, over any field is n — 1, and this is the unique
graph of order n with this property. The minimum rank of the cycle C,, over any
tield is n — 2. See [5] for a discussion of these points.

Since the maximum rank of a graph is always the order of the graph, there is
not much interest in the analogous maximum rank problem. However, compar-
ing the number of symmetric matrices of each rank from minimum rank to full
rank over a given finite field is wider problem that can be studied. Over any in-
finite field, the number of symmetric matrices representing a particular graph is
infinite, and the number of matrices of different ranks can not be compared. If
the field F is finite, then there are a finite number of matrices that may be used
to describe a certain graph over F and the rank distribution can be calculated in
principle. This opens the door to a more thorough investigation of the distribu-
tion of the matrices” ranks over finite fields.

1.2 Rank distributions

We begin by counting the number of matrices representing a particular graph
over a given finite field.

Theorem 1.2.1. Let " be a simple graph with n vertices and E(T") edges. The number of
symmetric matrices over a finite field F with |F| = q that represent T is

S(q,T) =q™(q—1)F"L.

4



CHAPTER 1. INTRODUCTION

Proof. There are q™ possible ways to select the diagonal entries (each of the n po-
sitions can be any of the q elements). For the entries above the main diagonal
corresponding to edges of T, there are (q — 1)'®(")! possible choices, since each
such entry must be a nonzero element of IF. Entries above the main diagonal cor-
responding to non-edges must be 0. By symmetry, the entries below the main
diagonal are determined. Thus, the total number of symmetric matrices repre-
senting I is q™(q — 1)/E(M. O

For the finite field F; of order g, one can investigate the number of matrices of
each rank in the finite set S(F4, I'). For k < n, we write Ry 4(T") for the number of
matrices of rank k in S(Fq,T').

Definition 1.2.2. Let I" be a graph of order n. The rank distribution of I" over the finite
field IF o is the list Ry o(T'), ..., Ry, q(T"), where m is the minimum rank of T over IF,.

Example 1.2.3. The following table demonstrates that the rank distribution of a graph
over IF, may or may not be a strictly increasing sequence. These rank counts were obtained
using SageMath by generating all symmetric Fymatrices representing Ps and Cs.

Rank |3 | 4 | 5
Ps 11 | 21
Cs 5116 | 11

Table 1.1: Rank distribution of P5 and Cs over Fj.

Example 1.2.4. The following table demonstrates that the rank distribution of a partic-
ular graph may or may not be a strictly increasing sequence over different fields. These
rank counts were obtained using SageMath by generating all symmetric Foymatrices rep-
resenting Cs.

Rank | 3 4 5
F, 5 16 11
5 320 | 2592 | 4864

Table 1.2: Rank distribution of the cycle Cs over F, and Fs.

In this thesis, we focus on rank distributions over F,. One reason for this is that
I, is the only finite field over which the list of numbers of n x n matrices of rank
0,1,2,...,nis not a strictly increasing sequence, as discussed below. The same is
true when restricting to symmetric matrices.

Another reason that the field of two elements is exceptional in this context is that,
subject to a fixed ordering of the vertices, the off-diagonal entries of the matrix
representing a graph are fully determined. This means that the set of all such
matrices is an affine subspace of M, (F,) of dimension n.

Fisher and Alexander [6] provide the following formula for the number
M(n, k, q) of all n x n matrices of rank k over the field I (not restricted to sym-
metric matrices), where 0 < k < n.
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k—1 5
[T (a"—d')

M(n/k/ q) - J:El
(q —q))

L n i\ 2 n k Zk_l n i 2 ha n 2
[(q"—a)" (a"—a)" 1 (q" — ) (q" — g’ [T (" —d')
M(n, k+1 = = — —

( q) K k+1 __ k+1 K k __ —1 qk+1 pst k __
I1(q q') g~ IT(g*—qg—1) [T (gc—¢q)
j=0 j=0 j=—1

2k —k 2 1:[ ( )2 k —k
lj q“—q’)

) . qk(qn—k_1)2
M(n,k,q) > M(n,k +1,q) if and only if — T

q2n—k _zqn _ qk+1 + qk + 1<0.

< 1. Rearranging gives

fk<n—2:

q2n7k_2qn_qk+l+qk+1:anfk_zqn_i_(l_q)qk_i_l

> " —2q" + (1—q)q™ 2 +1
>q +2_2qn_qnfl+qn72_’_1
>q"?(q*—2¢>°—q+1)+1>0

Ifk=n-1:

n+l

q2n—k_2qn _ qk+1 + qk+1 =q zqn _ qn + qn—l
=q" (¢"—3q+1)+1

This expression is positive for q > 3. However, if q = 2, itis equal to 1—2""'. For
fixed q > 3 and fixed n > 1, we conclude that M(n, k, q) strictly increases with
k, for 0 < k < n. For fixed n > 2, M(n,k,2) increases with k for0 < k <n—1
but M(n,n —1,2) > M(n,n,2). Therefore, the most frequently occurring rank in
M (F,) isnot nbutn — 1.

Example 1.2.5. Let A be any square matrix with order n. = 5 over a finite field IF. It is
clear that if F is a finite field, then the general linear group GL,,(F) of all invertiblen x n
matrices over F has only finitely many elements. If F = I3, then the proportion of 5 x 5
matrices with full rank is 0.561, whereas the proportion of full rank 5 x 5 matrices over F,
is 0.298. Therefore the probability that an arbitrary matrix has full rank is much higher
over 5 than IF,.
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Example 1.2.6. Let n = 2. The total number of 2 x 2 matrices with entries in 5 is
IM,(F,)| = 222 = 16.

There are three possible ranks, with 1 matrix of rank 0, 9 of rank 1, and 6 of rank 2.

.

Rank 0 : 0 0]

Rank 1 - 1 0] [0 1] [0 o] [0 o] [1 1] [0 0] [1 0] [0 1] [1 1
"0 0]/l0oo0]/[1 0”0 1|0 0] |1 1|71 0]"[0 1|"|1 1
1 0] [o 1] [1 1] [1 0] o 1] [1 1

Rank2: o 1)1 o] Jo 1)7[1 1] [1 1) |1 o

Over M, (F,), we see that matrices of rank 1. — 1 occur more frequently than matrices of
rank n. Table[I.3|shows how this compares to the rank distribution of 2 x 2 matrices over
Fs.

Rank 0 1 2 Total
F, 1 9 6 16
3 1 32 48 81

Table 1.3: Number of 2 x 2 matrices of each rank over [, and [F3.

When we restrict attention to symmetric matrices, F, is again an exception.
MacWilliams [10, Theorem 2] provides the following formulae for the number
N(n,r, q) of symmetric n x n matrices over F of rank r = 2s and rank r = 25 +1,
seN.

S 21 2s—1 .
N(n,2$,q):Hq2f'_l Jl @ -1).,2s<n (1.1)
i=1 i=0
s qu 2s _
N(n,25+1,q):Hq21_1.H(q“_l—l),Zs—f—lgn. (1.2)
i=1 i=0

Again we compare these counts for consecutive ranks.

Supposer =2s 4+ 1 < n:

|

s 2i 2s .
Nn,2s+1,q) = H | H (g™t —1)
i=1 i=0
s qu 2s—1 .
) T TT =1 = (1) N2
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Suppose 1 = 2s < 1

s 2i 2s—1 4
N(n,2s,q) = H qZ?— o H ("t —1)
i=1 i=0
s—1 : 2s—2
q’s n—(2s—1) q* n—i
21 1) [l =11 (q" " —1)
(14 g ) @) N2 1)

Setting q = 2, we observe that
N(n,n,2) =N(n,n—1,2)

for odd n, and

2n —1

for even n. Otherwise, if 1 < n or q > 2, then N(n,r,q) is a (> 2) multiple of
N(n,r—1, q). For this reason, we generally expect a connected graph of order n
to be represented by at least as many matrices over F of rank r as of rank r — 1.
This suggests that exceptions to this pattern may be prevalent in the case q = 2
and v = n. Over finite fields of order greater than 2, we know of no connected
graph whose rank distribution is not strictly increasing.

N(n,n,2) = (1+ )N(n,n—l,Z)

Example 1.2.7. Suppose n = 5. We can see in Table the number of symmetric
matrices of each rank over the finite fields F, and Fs. The number of matrices of rank
n — 1 and n matches over I, since n is odd. In contrast, over F5, the number of rank v is
more than double the number of rank v — 1 for all v € {1,...,n}. The numbers for each
rank in the following table were obtained using Equations[1.1jand

Rank | F, Fs
0 1 1

1 31 242

2 620 21780
3 4340 | 1698840
4

5

13888 | 4586868
13888 | 9173736

Table 1.4: Number of symmetric 5 x 5 matrices of rank r over F, and F;.

Example 1.2.8. Suppose n = 6. The number of symmetric matrices of each rank over I,
and F5 is given in Table Since n is even, the number of symmetric matrices of rank
n — 1 and n only differ slightly. Again, over 3, the number of rank n is at least double
the number of rank n— 1. The numbers for each rank in this example were obtained using

Equations[1.1|and

The goal of this thesis is to identify classes of connected graphs which are rep-
resented by more matrices over F, of rank n — 1 than of rank n. In the opening

8
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Rank IF, Fs
0 1 1
1 63 728
2 2,604 198,198
3 78,120 15,855,840
4 291,648 | 417,404,988
5 874,944 | 3,339,239,904
6 888,832 | 6,687,653,544

Table 1.5: Number of symmetric 6 x 6 matrices of rank r over F, and Fs.

chapters, we focus on connected graphs that have a path on all but one of their
vertices as an induced subgraph. This is motivated by the special role of the path
graph in the study of the minimum rank problem. Over any field F, the path P,
is the unique graph of order n whose minimum rank over Fis n — 1 [5]. In later
chapters, we turn our attention on connected graphs with an induced cycle on all
but one of their vertices.

To demonstrate the variety in rank distribution possible across different classes of
graphs, consider the examples of complete graphs, cycle graphs, and path graphs.
If M is a matrix representing K,, over F, with r zero entries on the diagonal, then
the rank of M is r + 1 if r < n. If r = n, then M has rank n if n is even, and rank
n —1ifnis odd.

So for r < n — 2, the number of matrices of rank r representing K, is the number
of ways to put r — 1 zeros on the diagonal, (.",). If n is even, the number of rank
n—1is (nTlZ) and of rank n is (ntl) + 1. If nis odd, the number of rank n — 1 is
(,,) +1land of ranknis ([",).

n—2
Theorem describes the rank distribution of the path graph P,,, and Theorem
describes the rank distribution of the cycle graph C,. The table below sum-
marises these results, along with the rank distribution of the complete graph K,,.
We use Ry to denote the number of matrices over I, of rank k representing I".

r Rl Rn—S Rn—Z Rn—l Rn

Kn (8) to (11114) (nTl3) (nTiZ) + 17(;1)n (nTll) + 1+(;1)n
Cn %(anl + (_1)71) 27171 %(271 4 (_1)7171)
Pl ] Lo+ ) [ )

So the most frequently occurring rank(s) in the rank distribution of K,, is 252 if
nis even, and 2! and ™2 if n is odd, while the most frequently occurring rank
for C,,isn — 1, and for P,, itis n.

The rank distribution of all symmetric matrices suggests that we can expect the
peak to be at rank n—1 or rank n for nearly all graphs, with comparable frequency.
This explains the focus on ranks n — 1 and n in this thesis. The complete graph

9
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K, provides an example where the peak occurs at a different rank, an exceptional
behaviour.

We remark that one may interpret an element of S(IF,, I') as the [F-adjacency ma-
trix of the graph adapted from I" by adding a loop at every vertex where the diag-
onal entry is 1. We refer to a graph constructed from I' by adding loops at distinct
vertices as a looped extension. Suppose that I'" and I'"” are looped extensions of T".
Then I'" and ' are isomorphic to each other if and only if some automorphism
of I' maps the set of looped vertices of T’ to the set of looped vertices of I'"". For
1<k<n-—1,the (L‘) matrices that represent K,, and have rank k are those hav-
ing n — k + 1 non-zero entries on the diagonal. All of these matrices correspond
to isomorphic looped extensions of K,,, with n — k + 1 loops. In the row corre-
sponding to the complete graph in the above table, each entry corresponds to a
single isomorphism class of looped graphs (except that one of the last two entries
corresponds to two classes). The complete graph is an extreme case, since up to
isomorphism there is only one way to extend a complete graph by adding a fixed
number of loops at distinct vertices. In the case of the path and cycle graphs, the
situation is more complex. The automorphism group of the path graph has order
2. Most isomorphism types of looped extensions of P,, are counted twice by the
numbers in the final row of the above table, except for those few whose loops
are preserved by the non-trivial automorphism of the path P,. The automor-
phism group of C,, is dihedral of order 2n. Every isomorphism type of looped
extension of C,, is counted up to 2n times by the numbers in the table above,
depending on the number of orbits of the set of looped vertices under the action
of the automorphism group of C,,. Most graphs whose F,-rank distributions are
considered in this thesis have trivial automorphism group, which means that all
distinct choices for the diagonal entries of a representing matrix correspond to
mutually non-isomorphic looped extensions.

In this work, we restrict our attention to connected graphs because the rank dis-
tribution of any graph can be determined by the rank distributions of its con-
nected components. The vertices of a disconnected graph can be ordered such
that each matrix representing it is block-diagonal with blocks corresponding to its
connected components, and so the rank of a matrix representing a disconnected
graph is the sum of the ranks of the blocks corresponding to its components.
Therefore, studying connected graphs captures all the essential complexity of the
general case.

We have seen that the number of symmetric n x n matrices over IF, of rank 1 is
at least double the number of rank r — 1 for all r € {1,...,n} with (q,r) # (2,n),
while the number of rank n — 1 and of rank n are approximately equal over [F,.
Since every symmetric matrix represents some graph, it cannot be true for every
positive integer n that R, (I") > R,,_1(I') for every graph I' of order n. There exist
graphs of order n represented by more matrices over F, of rank n — 1 than of
rank n. Disconnected graphs alone do not account for this. There are more con-
nected graphs of order n than disconnected graphs because the complement of a
disconnected graph is connected, but the complement of a connected graph is not
necessarily disconnected. The rank distribution of a disconnected graph is equal
to the discrete convolution of the distributions of its connected components. Con-

10



CHAPTER 1. INTRODUCTION

sequently, the more connected components a graph has, the more likely its most
frequently occurring rank is to be strictly between its minimum and maximum
rank. This is true over any finite field, and therefore does not account for the
exceptional rank distribution of all symmetric matrices over I,.

The rest of the thesis is arranged as follows. In Chapter 2, we analyse the rank
distribution for the path graph P,,. Chapter {3 presents an analysis of the rank
distribution for the class G¥ of graphs with an induced path on all but one vertex,
tirst by describing formulae for the number of [F,-matrices representing graphs of
order n in G” of rank n — 1 and n in terms of the nullspace vectors of matrices
representing P,,, and then by establishing recurrences for these formulae. We
classify graphs in G” for which the extra vertex has degree 1, then extend the
classification step-by-step to degree 2, then 3, 4, 5, and prove that none exist for
degree > 6. The full statement of these results appears in Theorem In
Chapter 4, we describe the rank distribution for the cycle graph C,,. Chapter
presents an analysis of the rank distribution for the class GC of graphs with
an induced cycle on all but one vertex, again expressing counting functions for
the number of F,-matrices representing graphs of order n in §§ with rank n — 1
and rank n in terms of nullspace vectors of matrices representing C,,_;. Among
graphs in §¢, we fully describe which have more matrix representations of rank
n — 1 than rank n for those with extra vertex of degree < 3. Theorem proves
that, for any positive even integer d, there exists a graph in G with extra vertex
of degree d which is represented by more matrices of rank n — 1 than rank n,
highlighting the vast difference in behaviour between G and €. Throughout
this thesis, we write Gf (resp. GY) for the class of connected graphs that contain
an induced path (resp. cycle) on all but one vertex and for which the extra vertex
has degree d.

11



Chapter 2

Rank distribution for the path graph
Pn over [y

For a positive integer n, we write P,, for the path graph on n vertices. We write
X1,X2, ..., Xn for the vertices of P,,, where x; and x,, are the two vertices of degree
1, and x; is adjacent to x;41 for 1 < i < n — 1. Over any field F, every matrix
that represents P,, with respect to this vertex ordering is tridiagonal with nonzero
entries in the super-diagonal and sub-diagonal; therefore, it has rank at least n—1.
Over any field I, it is routine to check that if the nonzero off-diagonal entries of
a matrix representing P,, are all 1, then the diagonal entries may be completed to
obtain a matrix either of rank n or of rank n — 1. The path P,, has a special role in
the minimum rank problem for graphs; for n > 1 and for every field F, P,, is the
unique graph whose minimum rank over F isn — 1 (see [5]).

We define an indeterminate matrix over F to be a matrix in which each entry is
either an element of F or an indeterminate. A completion of an indeterminate
matrix M over F is a matrix that results from an assignment of elements of F to
the indeterminates of M. We say a symmetric indeterminate matrix M represents a
graph I'if, for alli # j, My; = 0if and only if x;x; is not an edge of I'. Therefore any
symmetric completion of M in which off-diagonal indeterminates are assigned
non-zero values represents I".

We define M(P,,) to be the indeterminate matrix over F, with all entries in the
first superdiagonal and the first subdiagonal equal to 1, indeterminates on the
main diagonal, and zeros elsewhere.

dd 1 0 -~ 0
1 dy 1
MPr)=10 1 d; 0

1
0 0 1 d,

12



CHAPTER 2. RANK DISTRIBUTION FOR THE PATH GRAPH P,, OVER F,

Our goal in this chapter is to determine R, (P,) and R,_1(Pn), the number of
[F,-completions of M (P,,) of ranks n and n — 1, respectively. We denote the ith
standard basis vector by e;.

Lemma 2.0.1. Let A be a completion of M(Py,). Then A has rank nif and only if e; € F}
is in the column space of A. Equivalently, A has rank n if and only if e, € FY is in the
column space of A.

Proof. If A has rank n, then its column space is F}* which includes e;. On the other
hand, suppose that e; belongs to the column space of A. Since the first column of
A has the form ae; + e; for a € I, it follows that e; is also in the column space of
A. Applying this reasoning to each successive column of A, we observe that all
the standard basis vectors of [} belong to the column space of A, so A has rank
n. The same argument applies to e,, starting with column n. O

The following theorem shows that approximately one-third of F,-matrices repre-
senting P,, have rank n — 1, with the remainder having rank n.
1 1

Theorem 2.0.2. R,, (P,) = 3 2™+ (1)), R (Pn) = 3 2™ + (-1t

Proof. Let A’ be a completion of M(P,,_1). Then A’ hasrankn —1orn —2. Let A
be the partial completion of M(P,,) that has A’ as its lower right (n —1) x (n —1)
submatrix, and the indeterminate d; as its upper left entry.

First, suppose that A’ has rank n — 2. By Lemma the first standard basis
vector of F} ! is not in the column space of A’, nor is its transpose in the row
space of A’. It follows that the matrix consisting of the last n — 1 columns of A
has rank n —1 and that both completions of A to an element of M,, (IF;) have rank
n, since the first column is independent of the remaining columns, regardless of
the value assigned to d;. So A has rank n for both choices of d;, which means that

every rank n — 2 completion of M(P,,_1) corresponds to two rank n completions
of M(P,.).

Now suppose that A’ has rank n—1. Deleting the first row of A leaves an (n—1) x
n matrix of rank n — 1, whose right nullspace contains a unique non-zero vector
u € F3. The first entry of uis 1, since the columns of A’ are linearly independent.
The first entry of Au is d; + u,, and it follows that one choice of a value of d;
determines a completion of rank n — 1 of M(P,,) that has u in its right nullspace,
and the other determines a completion of rank n. Therefore, each rank n — 1
completion of M(P;,_1) corresponds to one rank n completion and one rank n—1
completion of M (Py,).

We conclude that
Rn(Pn) =2- Rn—Z(Pn—l) + Rn—l(Pn—l)/ Rn—l(Pn) - Rn—l(Pn—l)- (21)

The result follows by induction on n, noting that R, (P,) =3 and R; (P;) = 1.

13



CHAPTER 2. RANK DISTRIBUTION FOR THE PATH GRAPH P,, OVER F,

Definition 2.0.3. For an integer n > 0, we define

Fin) = 32" 4+ (1)),

For n > 1, it follows from Theorem that F(n) is equal to the number of F,-
matrices of rank n that represent P,,, and the number of rank n that represent
P..11. We note the following properties of F(n), which will be useful in Sections

B.2land 3.3

Lemma 2.0.4.

1. F(n) is the number of completions of the matrix consisting of the last n. rows of
M(P,. 1), whose rowspace avoids e] .

2. F(n) is the number of completions of the matrix consisting of the first n rows of
M(Pr1), whose rowspace avoids e, ;.

Proof. Deleting the first row from a completion of M(P;,;1) of rank n leaves an
n x (n+ 1) matrix of rank n, whose rowspace avoids e; by Lemma On the
other hand, let A be a completion of the last n rows of M(P,,1) whose rowspace
avoids e . The rowspace of A intersects (e], e, ) in a 1-dimensional subspace that
contains exactly one of e, and e] + e, . Hence, the insertion of an additional row
at the top can extend A in exactly one way to a completion of M(P,, 1) of rank
n. These observations establish a bijective correspondence that proves the first
statement. The second is proved in a similar way:. O

The following Lemma presents several expressions involving F(n), which will be

used in subsequent proofs.

Lemma 2.0.5. For all positive integers p and q, the function F satisfies the following
recurrence relations.

1. 2F(p —1) = F(p) + (—1)P+L.
2. 4F(q — 1)F(p —1) = F(q)F(p) + (=1)P"'F(q) + (=1)9*'F(p) 4 (—1)P*a
3. 4F(p —2) =F(p) + (—=1)P

Proof. 1. We express 2F(p — 1) as follows.

2F(p—1) = ol (2P + (=P 1) =

: (2 + (1))

WIN

Distributing the factor £, and noting (—1)P~! = (—1)P™!, we obtain

2 2
2F(p —1) = 2P + Z(—1)P !
(p—1) 3 +3( )
1 2
— Zoptl L Z(_q)pt+l
3 +3( )

14



CHAPTER 2. RANK DISTRIBUTION FOR THE PATH GRAPH P,, OVER F,

We now split the second term as follows.

2F(p—1) = (%2"“ — %(—1)19“) 1 (—1)PH

Recognizing the first group of terms as F(p), we conclude

2F(p—1) =F(p) + (—1)P*".

2. We begin with identity
2F(p —1) = F(p) + (1P
Therefore
4F(p — F(q —1) = (F(p) + (=1)""") (F(q) + (~1)9™")
=F(p)F(q) + (=1)*"'F(p) + (=1)""'F(q) + (-1)"*1.
3. We express 4F(p — 2) as follows.
4F(p—2) =4 (327" +3(-1)7?)
— loptl  4(_q)p
=1 (2" 4 (-1)P) + (-1
= F(p) + (-1)°
This completes the proof.
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Chapter 3

Graphs with a long induced path

This chapter is concerned with the class G of connected graphs on n vertices
containing P,,_; as an induced subgraph on all but one vertex (called the extra
vertex) . The motivation for studying this class of graphs is provided by Theo-
rem which fully describes the F,-rank distribution of P,,. For a graph I'" of
order n in G, we investigate the relationship between the rank of an F,-matrix
representing I' and that of its submatrix corresponding to an induced subgraph
isomorphic to P,_;.

For any graph I" of order n in GP we list the vertices of I" as x, X1, . .., Xn_1, Where
the subgraph induced on {x;, ..., xn_1}is a path with edges x;x;;; for1 <i < n—-2

(see Figure[5.2).

Figure 3.1: A graph I with a long induced path

We write M(T') for the indeterminate matrix that generically represents I' with
respect to this vertex ordering. Then

M(T) = do ‘ vl
v [ M(Poy) )

where the upper left entry d, is an indeterminate and the vector v € F3 ! records
the incidences at the vertex x, meaning v; = 1 if and only if x; is adjacent to x.
Since every Fr-completion of M (P;,_;1) has rank at least n — 2, every F,-matrix
representing I" has one of three possible ranks: n —2,n —1 or n.

The following theorem details how the rank of a completion of M(P,_1) deter-
mines the ranks of its two extensions to completions of M(T").
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

Theorem 3.0.1. Let A be a completion of M(P_1) and let Ay and A, be the completions
of M(T") respectively given by

AOZ ’ Alz

Then

1. Ifrank(A) =n — 1, then one of Ay and A; has rank n — 1 and the other has rank
n.

2. Ifrank(A) =n—2and v" ¢ rowspace(A), then both A¢ and A, have rank n.

3. Ifrank(A) =n—2andv' € rowspace(A), then one of Ag and A1 has rank n—2
and the other has rank n — 1.

Proof. Let M denote the indeterminate matrix obtained from M(TI") by completing
M(P,,_1) to A, and retaining the indeterminate d, in the (1,1) position.

1. Suppose that rank(A) = n—1. Then Ay and A; both have rank at least n —1.
Let A’ denote the (n—1) x n submatrix of M consisting of rows 2 throughn,
which are linearly independent in F}. The rows of A form a basis of F} !,
and there is a unique w € F} ' for which w'A = v'. Then w' A’ is either
equal to the first row of A, or of A;, and exactly one of Ay and A; has rank
n — 1. The other has rank n, since its first row is not a linear combination of
subsequent rows.

2. Now suppose that rank(A) = n —2 and that v’ is not in the rowspace of A.
Then (since A is symmetric) v is not a linear combination of the columns of
A. Therefore (v|A) is an (n — 1) x n matrix of rank n — 1. Since v' is not in
the rowspace of A, it follows that (dy[v") is not in the rowspace of (v|A) for
either choice of dy. It follows that extending A to either A or A; increases
the rank from n — 2 to n.

3. Since v' is a linear combination of the rows of A, either (Ov'") or (1jv") is
a linear combination of the rows of the (n — 1) x n matrix (v|A), which has
rank n — 2. Hence at least one of Ay and A; has rank n — 2. Both have
rank n — 2 if and only if the transpose of e; € F} belongs to the rowspace
of (v]A), which means u' (v|A) = e/ for some u € Fy. This is impossible,
sinceif u’ A =0thenu'v = 0 also, as v is in the column space of A.

]

When the matrix A of Theorem 3.0.1has rank n —2, there exists a unique nonzero
right vector u in the right nullspace of A. In this case, it is useful to determine
whether the vector v is orthogonal to u or not. If u'v = 0, then M(T") has one
completion each of rank n —1 and n — 2. If u'v = 1, then both choices for d,
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

result in a rank n completion of M(T"). As a result, we restrict our attention to
completions of M(TI") for which the lower-right (n — 1) x (n — 1) submatrix has
rank n — 2.

For a graph ' in the class ¥, we write A(T) and B(T") respectively for the numbers
of matrices of rank n and n — 1 that represent I" over [F, with respect to the vertex
ordering {x, X1, ..., Xn_1}, and for which the lower right (n—1) x (n—1) submatrix
corresponding to the path on x;, ..., xn_1 has rank n — 2. From Theorem it
follows that

Rn(T) = Rna(T) = A(T) — B(T).

We write «(I") = A(T") —B(T"), and proceed to identify those I' € G¥ for which «(T")
is negative.

The first case (1) of Theorem establishes that completions of M(T") whose
lower right (n —1) x (n—1) submatrix has full rank contribute equally to R,,_(I")
and R, (I'), and these contributions cancel in «(I"). The simplifying effect of this
cancellation is crucial to the methods that are applied throughout this thesis, and
it is particular to the field F,. Over the finite field IF, the analogous statement
to item 1 of Theorem is that one choice of the indeterminate in the (1,1)-
position corresponds to a matrix of rank n — 1, and the remaining q — 1 choices
correspond to matrices of rank n. For q > 2, the contribution over Fq to R, (')
arising from full rank completions of M(P,,_1) exceeds the corresponding contri-
bution to R,,_1(T") by a factor of q — 1.

3.1 Vectors in the nullspace of completions of M (P,,)

We now consider which column vectors over [, may occur as the unique nonzero
element of the right nullspace of a matrix representing P,, in M, (F).

Lemma 3.1.1. Suppose that Au = 0, for a matrix A € M,,(IF,) that represents P,,, and
a nonzero column vector w. Then the first and last entries of w are both 1, and u has no
pair of consecutive zero entries.

Proof. We write dy, ..., d, for the diagonal entries of A, and w,...,u, for the
entries of u. Since Au = 0, we have the following:

e diu;+u, =0
.ui_1+diui+ui+120, for 2<is<n—1
®* U, 1+ dnun =0
If u; = 0, then from the first of the above equations, it follows that u, = 0. Ap-

plying the second equation to the successive triples (u;_1,ui, uiy1) from i = 2,
it follows that u; = 0 for all i. A similar argument applies if u,, = 0, working
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through the triples in the opposite order. Thus, the zero vector is the only vec-
tor with the first or last entry equal to zero in the nullspace of any matrix that
represents P,,.

Suppose now that u; = u;; = 0forsomeiwith2 <i<n—-2. Thenu;_;and ui,»
are also equal to zero, since u;_1 + dju; + w1 = 0and uy + dipq Ui + Uigr = 0.
Repeating this argument, it follows that u = 0. O

For a positive integer n, we write U,, for the set of vectors in [} that have no
consecutive zero entries and have first and last entries equal to 1. Lemma [3.1.7]
shows that every non-zero vector that is in the nullspace of a completion of M(P,,)
belongs to U,,. In the next lemma, we show that U, is exactly the set of non-
zero vectors that occur in the nullspace of some rank n — 1 completion of M(P,,),
and determine the number of such completions with a particular 1-dimensional
nullspace.

Lemma 3.1.2. Let u € U, and let z(u) be the number of zero entries in w. Then the
number of matrices A that represent P, and satisfy Au = 0 is 22",

Proof. We write u,...,u, for the entries of u, and note that u; = u,, = 1. Let
A be a completion of M(P,,), and write d, ..., d, for the diagonal entries of A.
Then Au = 0 if and only if the following conditions are satisfied.

e di+u, =0
e For2<is<n—1,uy1+du+uy1 =0

* Uy 1+dn=0

The first and last equations above are satisfied if (and only if) d; = u; and d,, =
Un—1. For 2 < i < n—1, we consider the cases u; = 1 and u; = 0 separately.
If uy =1, then ui_; + diu; + w4 = 0 is satisfied only by di = ui_1 + wiyq. If
u; =0, thenu;_ 1 +uiy1 =1+ 1 =0, and the equation is satisfied by both d; =0
and d; = 1. It follows that every element of U, belongs to the nullspace of some
completion of M(P,,) of rank n — 1, and that for a particular u € U, with z(u)
zero entries, the number of choices for the diagonal entries of such a completion
is 221, H

Example 3.1.3. Consider a symmetric matrix A that represents Ps over F, with
nullspace vectoruw = (1,0,1,1,1)".

i 1 0 0 0 1 0 d; =0
1 & 1 0 0 0 0

Au=|0 1 d3s 1 0 1l=]0]|= dy=1
00 1 d 1 1 0 dy=0
|0 0 0 1 ds|[1]| |O] ds =1
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Four of the diagonal entries are determined, whereas d, remains free to choose. The num-
ber of such matrices is therefore 22(W) =21 =2,

The statements and proofs of Lemmas [3.1.1)and (3.1.2| have a particularly simple
form over the field FF,, but the same methods establish analogous results over I
for any prime power . A non-zero vector in Fy is in the 1-dimensional nullspace
of a matrix representing P, over F if and only if it has non-zero first and last
entries and has no consecutive pair of zero entries. For a vector u with these
properties, the number of matrices that represent P, over F4 and have nullspace

spanned by u is q*(*)(q — 1) 172(W). In the case q = 2, this expression is just
22w,

The following lemma expresses F(n) = %(2’“rl + (—=1)™) as a sum over all
nullspace vectors of M(P;,41).

Lemma 3.1.4. Let U,, be the set of vectors in F} whose first and last entries are equal to
1 and with no consecutive zeros. Then, for every positive integer n,

Fn)= ) 2#W

uelng

Proof. For each vector u € U, 1, Lemma implies the number of matrices A
that represent P, ; and satisfy Au = 0 is 27 W where z(u) denotes the number
of zero entries in u. Since F(n) counts all matrices of rank n representing P, 1, as
noted immediately after Definition it follows that the total number of such

completions is
Fin)= ) 2.
u€lnig

[]

For any positive integer n, we write S,, for the set of vectors in F} that have
no zero entries in consecutive positions (with no conditions on the first and last
entry). We note that S,,_; is in bijective correspondence with U,, 4, via a corre-
spondence that deletes the first and last entry (both 1) from an element of U, 4,
or (in the other direction) appends a 1 as the first and last entries of an element of
Sn—1. This correspondence preserves the number of zero entries, so the following
is an immediate consequence of Lemma [3.1.4]

Corollary 3.1.5. For every positive integer n,

Fnj= Y 22w,

UESHL 1

Remark. Define U = U,, U{0}. Since the rank of any completion of M(P,,) is at
least n — 1, no completion has a nullspace of dimension greater than 1. Addition-
ally, all such nullspaces are subsets of U. The set U is not a subspace of F} because
adding distinct non-zero vectors in U produces a non-zero vector whose first and
last entries are 0, which therefore does not belong to U. No 2-dimensional sub-
space of F}' lies entirely within U for the same reason. This observation allows us
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to understand why no completion of M(P;,) has rank less than n — 1 solely from
the description of the vectors in the nullspaces of its completions.

Lemma [3.1.2] allows us to characterise A(T") and B(T") in the following way. For
column vectors in F}', we write L for the relation of orthogonality with respect to
the standard scalar product.

Theorem 3.1.6. Let ' € G” have order n, and let v be the vector in Fy—! consisting of
the last n — 1 entries of the first column of M(T"). Let z(u) be the number of zero entries
inu. Then

1AM = Y 220w+
ueljinfl

2.B(N= Y 220
uelinfl

Proof. Letu € U, _1, and let T(u) be the set of completions of M(I") whose lower
right (n —1) x (n — 1) submatrix is a completion of M(P,,_;) with nullspace (u).
By Lemma u is in the nullspace of 2204 rank n—2 completions of M(P,,_1),
each of which extends to two elements of T(u) through the choice of a value for
do. Hence |T(u)| = 22W*1 Note thatu | v <= v u =0, meaning u | v if and
only if v is in the rowspace of every rank n — 2 completion of M(P,,_;) whose
nullspace contains u.

If u £ v, then it follows from Theorem that every element of T(u) has rank
n. If u L v, then it follows from Theorem that 22(%) elements of T(u) have
rank n — 1 and 2*(*) have rank n — 2. Together, these imply the result. O
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3.2 Recurrences for A(I') and B(I")

pt+2

Figure 3.4: T

LetT € G7, with vertices x, x1, ..., Xn_1. Let p be the minimal non-negative integer
with x,,1 adjacent to x, so that p is the number of edges in the path x; ... x, 1. Let
I be the graph obtained from I" by deleting x;,...,x, and their incident edges,
and deleting the edge xx,1 ( see Figure[3.3). Let I'; be the graph obtained from
I by deleting the vertex x,,,1 and its incident edge ( see Figure[3.4). In this sec-
tion we establish expressions for A(I") and B(T") in terms of the corresponding
quantities for I} and I5.

The degree of the vertex x in both I} and I is deg.(x) — 1, allowing for recursive
analysis of «(T") in terms of the degree of the vertex x for graphs in G”.

For a positive integer t > 2, we define S(t) to be the (t — 1) x t indeterminate
matrix obtained from M (P.) by deleting the first row. Every F,-completion of
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S(t) has rank t — 1 and has a 1-dimensional right nullspace in F}. For a vector
v € F,, we define I'(v) to be the graph on t + 1 vertices whose indeterminate
matrix is

We denote this matrix by M(v).

Theorem 3.2.1. Let I' € G°. Then for Ty, I, and p defined as above:

1. A(T) = 2F(p)B(Ty) + 2F(p — 1)A(TY).
2. B(T) = 3F(p)A(I) + 2F(p — 1)B(I%).

The proof of Theorem is presented in a series of steps. We recall that A(T")
and B(T") are respectively the numbers of completions of M(T") of rank n and rank
n — 1, in which the lower right (n — 1) x (n — 1) submatrix is a completion of
M(P,,_1) of rank n — 2. We write v for the vector in F} ! consisting of the last
n — 1 entries of the first column of M(I"), which records the neighbours of x in T
We note that the first p entries of v are zeros, and the first nonzero entry of v is in
position p + 1.

We write C(v) for the set of completions of rank n — 2 of M(P,,_;) whose
columnspace contains v, and C(v) for the set of rank n—2 completions of M(P,,_4)
whose columnspace excludes v. Suppose that M’ is a completion of M(T') that
contributes either to A(T") or B(I"), and let M be the corresponding completion of
M(Py,_1), which has rank n—2. Theorem[3.0.1]implies that M’ contributes to A(T")
if M € C(v) and to B(T") if M € C(v). Every M € C(v) extends in two ways to
a rank n completion of M(T'), since both choices for the upper left entry result in
matrices of rank n. However, every M € C(v) extends in only one way to a rank
n — 1 completion of M(I"), since the two choices for the upper left entry result in
one matrix of rank n — 1 and one of rank n — 2. Hence

A(T) =2[C(v)|, B(T) =IC(W)l. (3.1)

To prove Theorem we need to express |C(v)| and |C(v)] in terms of p and the
graphs I and ;. Each element M of C(v) or C(v) has a unique nonzero vector
upm in its right nullspace. The entry um [p + 1] in position p + 1 of up, is either 1
or 0. We define

GV =MeCM :umlp+1 =1}, Colv)={MeCv):umlp+1 =0}
Civ)=MeCW) :umlp+11 =1}, Co(v)={M € CW):umlp+1] =0}

The proof of Theorem depends on enumerating the elements of the four
sets above in terms of 7 and TI5.
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Lemma 3.2.2. Fort > 2and e,,v € F},

1. B(T'(v)) is the number of completions of S(t) whose rowspace includes v’ and not
T

e .
2. %A(F&v)) is the number of completions of S(t) whose rowspace includes neither v’
nor ey .

Proof. The matrix M(v) has M(Py) as its lower right t x t submatrix and S(t) as
its lower right (t —1) x t submatrix. Let S be a completion of S(t). If the rowspace
of S includes e/, then it follows from Lemma that both extensions of S to
completions of M(P) have rank t. Since A(T'(v)) and B(T'(v)) count completions
with lower-right t x t submatrices of rank t — 1, the extensions of these matrices
to completions of M(v) do not contribute to either A(T'(v)) or B(I'(v)).

If the rowspace of S does not include e, then S has a unique extension to a
completion S’ of rank t — 1 of M(P,), whose rowspace is equal to that of S. The
two extensions of S’ to completions of I'(v), determined by assigning a value from
[F, to the upper left entry, potentially contribute to A(TI'(v)) or B(I'(v)). If v does
not belong to the rowspace of S’ (or equivalently S), then Theorem implies
that both of these extensions have rank t + 1, and both contribute to A(T'(v)). On
the other hand, if v belongs to the rowspace of S’, then Theorem[3.0.1]implies that
one extension of S’ to a completion of S has rank t — 1 and the other has rank t,
the latter of which contributes to B(I'(v)).

By Lemma every completion of M(v) that is counted by either A(T'(v)) or
B(T'(v)) has a lower right (t—1) x t submatrix whose rowspace excludes e; . There-
fore among the completions of S whose rowspace excludes e; , the number whose

rowspace includes v’ is B(T'(v)), and the number whose rowspace excludes v' is
%A(F(v)). ]

Lemma 3.2.3. |Cy(v)| = 2F(p — 1)B(I}) and |Co(v)| = F(p — 1)A(IL).

Proof. Let M be a completion of M(P,_;), and let L and R respectively denote its
upper left p x p submatrix and its lower right (n—p —2) x (n—p —2) submatrices,
which are respectively completions of M(P,,) and M(P,,_,_»). Suppose that M €
Co(v) U Co(v). The right nullspace of M contains a unique non-zero element u,
with u[p + 1] = 0 and u[p] = ulp + 2] = 1. Then Lu; = 0 and Ru, = 0, where
u; and u, are respectively the elements of F} and Fj P2 consisting of the first
p and the last n — p — 2 components of u. We define v; and v, similarly. Since
neither u; nor u, is the zero vector, it follows that L and R are both rank deficient.
The vector v’ belongs to the rowspace of M if and only if va u, = 0, which occurs
if and only if v, is in the rowspace of R.

On the other hand, let L be any completion of rank p — 1 of M(P,,) and let R be
any completion of rank n —p — 3 of M(P,,_,_»). Let u; and u, be the non-zero
elements of the right nullspaces of L and R respectively, and note that the last
entry of u; and the first entry of u, are both 1. If the upper left p x p submatrix
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of M(Py,_1) is completed to L and the lower right (n —p —2) x (n —p —2) region
is completed to R, then both assignments of a value to the indeterminate in row
p + 1 result in a matrix of rank n — 2, whose right nullspace contains the vector
u = [u; 0 up]. Hence every choice for L and R contributes twice either to [Cy(Vv)|
or to |Co(Vv)], according to whether v, belongs to the rowspace of R or not. The
number of choices for L is R,_1(P,) = F(p —1). Since I, = I'(v,), the number
of choices for R with v, in its rowspace is B(I;), and the number of choices for
R with rowspace excluding v, is %A(Fz). Hence |Cy(v)| = 2 x F(p — 1)B(Iz) and
[Co(v)l =2 x F(p —1) x 3A(T2) = F(p — DA(TY). u

Lemma 3.2.4. |C;(v)| = 1F(p)A(I7) and |C1(v)| = F(p)B(I).

Proof. Let M € C;(v)UC;(v), so M is a completion of M(P,, 1) of rank n—2, whose
right nullspace includes a single non-zero vector u with 1 in position p + 1. Then
e}, is not in the rowspace of M, since e, ;1 = 1. The vector v belongs to the
rowspace of M if and only if v u = 0, which occurs if and only if v u, = 0, where
v, and u, are the vectors in Fy '~ respectively consisting of the last n — 1 —p
entries of v and of u. Let R be the submatrix of M in rows p + 2 through n — 1
and columns p + 1 through n — 1. Then R has rank n — p — 2 and its rowspace
comprises exactly those vectors w' with w'u, = 0. It follows that v’ belongs to
the rowspace of M if and only if v, belongs to the rowspace of R. Let v} be the
element v, + e; of F;*pfl, which differs from v, only in its first entry, which is
0. Then (v})" is in the rowspace of R if and only if v; is not. Thus M € C;(v)
if and only if (v4)" is not in the rowspace of R. Alternatively M € C;1(v), which
occurs if and only if (v})" is in the rowspace of R. Since I = T'(v3), if follows
from Lemma that the number of possibilities for R in an element of C;(v) or
C;(v) are respectively bounded above by B(I}) and %A(Fl). If L is the upper left
p x (p + 1) submatrix of M, then the rowspace of L excludes eg 41 and L occurs as
the first p rows of a unique completion of M (P, 1) of rank p. It follows that the
number of possibilities for L is at most Ry, (Py1) = F(p).

On the other hand, let L’ be a completion of the first p rows of M(P,, 1) whose
rowspace does not contain e, 1, and let R’ be a completion of S(n —p — 1) whose
rowspace does not contain e; . Let the non-zero vectors in the right nullspaces of
L’ and R’ be u; and u, respectively. Noting that the last entry of u; and the first
entry of 1, are both 1, let u be the vector in F} ! that coincides with w; in its first
p + 1 entries and with u, in its last n — 1 — p entries. Completing the upper left
region of M(P,_;) to L’, and the lower right region to R’ leaves a single choice
for the indeterminate in row p + 1, to ensures the resulting matrix M’ satisfies
M’u = 0 and hence belongs to C;(v) U C;(v). Thus the pair (L’,R’) determines a
unique element M’ of C;(v) U C;(v), which belongs to C;(v) if (v;) T is not in the
rowspace of R’ and to C;(v) otherwise. Since the number of possibilities for L’ is
F(p), the conclusion follows from Lemma O

We complete the proof of Theorem [3.2.1]by noting that
AT = 2[Cv)| = 2[Ci(v)| +2(Co(v)| = 2F(p)B(T) + 2F(p — DA(TS),
1
BN = ICOVI =G+ ICM)I = SF(pIA(M) +2F(p — 1)B(T2).
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3.3 Characterising all graphs in G” with negative «

Recall x(I') = A(T") — B(T") counts the difference in the number of matrices of rank
n and n — 1 representing I' € G” over F,. Using Theorem we derive the
following expression for «(I').

«(T") = 2F(p)B(I) + 2F(p — 1)A(T2) — %F(P)A(ﬂ) —2F(p —1)B(T2)

- %F(P)(ALB(H) — A1) +2F(p — 1) (A(T2) — B(y))

To simplify the recurrence, we replace A(I,) — B(I;) with x(I,) and define 3(I") =
4B(T') — A(T). The recurrence relation then becomes «(I") = %F(p)(&(l}) + 2F(p —
De(T).

By Theorem we derive the following recurrence formula for 3(T').

—4 (%F(p)A(H) +2F(p — 1)B(Fz)> — (2F(p)B(I1) + 2F(p — 1)A(T))

p) (A(T1) —B(N)) +2F(p — 1) (4B(I7) — A(T7))
plo(Ty) + 2F(p — 1)B(T13)

We summarise these recurrences in the following lemma.

Lemma 3.3.1.

1. «T) = 3F(p)B(T1) +2F(p — D e(T)

2. () =2F(p)a(T1) + 2F(p — 1)B(T2)

In this section, we use these recurrences to determine all ' € G” with «(T") < 0.
For an integer d > 1, we write 9‘; for the class of graphs in GP in which the vertex
that does not belong to the induced path has degree d. If I' € G} for d > 1, the I}
and I, belong to G _;. The recurrence relations above express the values of « and
(3 for a graph in 9‘; in terms of corresponding values for graphs in 9571.

Figure 3.5: I'(to, t1, - - , t4)
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We write I" (to, t1, ..., tq) for the graph in Gf] with the following properties, where
x is the vertex not in the induced path P = x;x; ...x,,_1, and the i" neighbour of
x is the neighbour of i least index in P. Each t; represents the number of edges
in the path P lying between two neighbours of x. More precisely:

* t; > 01is the number of edges in P between x; and the first neighbour of x.

* Foreachi € {1,...,d — 1}, the value t; > 1 is the number of edges of P
between the i and (i+ 1) ™ neighbours of x.

* t4 > 0is the number of edges of P between the last neighbour of x and the
endpoint x,_.

ForT =T(tg, t1,...,ta), we write x(tg, ty,...,tq) = «(I'), and similar for 3, A, and
B.

The function 3 plays an important role in determining whether «(I") is negative
for given I' € G, since Lemma implies that «(TI") can only be negative if
either 3(I7) < 0 or «(I;) < 0. This allows us to determine which I' € G§ have
«(T") < 0solely in terms of graphs in G_;. We begin by classifyingall " € G} with
o(T") < 0 and all with B(I") < 0. We then use the results from G} to determine all
I e G5 with «(T") < 0 and all with 3(T") < 0, continuing similarly for G, G7, and
GP. Finally, we show that no ' € G§ has «(I") < 0 or B(I') < 0 for d > 6. These
results are then summarised in Theorem which describes fully all graphs in
GP represented by more matrices of rank n — 1 than rank n.

Theorem 3.3.2. The following are all graphs in G¥ represented by more matrices of rank
n — 1 than rank n ( see Figure :

I'0,s,t) with min(s, t) even.

e ['(s,2,t) with min(s, t) even.

I'o,s,1,t) with min(s, t) odd.

I'(s,1,1,t) with min(s,t) even.

I'0,s,2,t,0) with min(s, t) even.

Io,s,1,1,t,0) with min(s, t) even.
The following outlines some methods used throughout this section.

* I'(to, t1,...,ta_1,ta) isisomorphic to I'(tq, ta_1,..., t1, to) by symmetry. This
means that «(tg, t1,...,tq_1,ta) = «(tg, ta_1,...,t1,to), and similar for .
We use Lemma on both forms of « (or ) to find pairs of conditions
which must be satisfied simultaneously, since one form is negative if and
only if the other form is negative. These pairs often contradict one another,
reducing the number of cases that need to be checked.
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e While ty,tq > 0 for any graph I' = I'(to, t1,...,tq—1, ta), all internal values
ty,...,ta—1 > 1. This is because the number of edges between the first (or
last) vertex in the induced path P of I" and the first (or last) neighbour of the
extra vertex x in P may be 0, but the number of edges between any pair of
neighbours of x in P must be at least 1. Many of the conditions for o or {3 to
be negative require at least one of t; or t4 to be 0. When determining when
o and P are negative in G} using the results from G ; and Lemma
this often requires an internal value to be 0, which is impossible. This again
allows us to reduce the number of cases that need to be checked.

* If we have shown that « or {3 is equal to an expression involving terms with
a power of —1 as a coefficient, and we want to prove « or {3 is positive for
all values in this case, we may use the fact that it is greater than or equal to
the expression resulting from letting all powers of —1 be negative simulta-
neously.

e For positive t; and t4, we note that «(to,t,...,ta) = «(0,to,...,tq,0)
and B(to, t1,...,ta) = B(0,t0,...,tq,0). This can be deduced directly from
Lemma using a symmetry argument, or from the arguments of Section
It is a consequence of the fact that the vector (e; + e, 1) u = 0 for
allu € U,,_4, since every u € U, has 1 as its first and last entry. For a
graph I' of order n in G”, changing the adjacency status of the vertex x with
both x; and x,_; has no effect on the values of A, B, « or 3. In particular, if
I' € GF has two vertices x; and x,,_1 of degree 1, then the graph I'" € Gf ,,
obtained from I' by adding the edges xx; and xx,,_; satisfies x(I'"') = «(I")
and (") = B(I).

* Expressions for o and 3 are found using identities in Lemma Calcu-
lations were done by hand and checked against a SageMath [11] program
which is included as an appendix.
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3.3.1 Degreel

In this subsection, we study graphs of the form I'(s, t) € G} for positive integers

s and t(see Figure 3.6).

Figure 3.6: I'(s, t)

Recall F(n) = %(2TL+1 + (—=1)") and note F(0) = F(1) = 1, F(2) = 3, F(3) = 5,
F(4) =11, F(5) = 21.

Lemma 3.3.3. Let s and t be positive integers.

(s, t) =2F(s)F(t) —2F(s — 1)F(t —1)
B(s,t) =8F(s —1)F(t —1) — 2F(s)F(t)

Proof. The number of rank-deficient completions of M(Ps,.,1) whose right
nullspace contains a vector with 1 in position s + 1 is 1A(s, t). To form such a
completion of M(Ps.41), we may complete the upper left s x (s + 1) region to a
matrix L whose rowspace avoids e/ ;, and complete the lower right t x (t + 1)
region to a matrix R whose rowspace avoids the vector e in Fy*'. If u; and ug
are the unique non-zero vectors in the right nullspaces of L and R respectively,
then the last entry of u; and the first entry of ug are both 1. There is one way
to complete row s + 1 so that it is orthogonal to the vector u € F3*"! whose
tirst s + 1 and last t + 1 entries respectively coincide with u; and ug. By Lemma
the number of choices for L and R are respectively F(s) and F(t), hence
A(s,t) =2F(s)F(t).

The number of rank-deficient completions of M(P; (1) whose right nullspace
contains a non-zero vector with 0 in position s + 1 is B(s,t). To form such a
completion, we complete the upper left s x s region to a completion of M(P;) of
rank s — 1, complete the lower right t x t region to a completion of M(P) of rank
t — 1, and assign either value to the indeterminate in row s 4+ 1. The number of
choices for the upper left and lower right matrices are respectively F(s — 1) and
F(t — 1), hence B(s,t) = 2F(s — 1)F(t —1).

Since x = A — B and 3 = 4B — A, this implies the result. O

Theorem 3.3.4. o(s,t) is never negative and is zero if and only if s =t = 1.

Proof. From Lemma (s, t) = 2F(s)F(t) — 2F(s — 1)F(t — 1). Since F(s) >
F(s—1) and F(t) > F(t—1), it follows that x(I") is always non-negative. Moreover,
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«(T') is equal to zero if and only if s = t = 1, since F(n) = F(n — 1) only for
n=1. ]

We now identify when (s, t) is negative, which is used later to determine when
(r,s,t) <O0.

Theorem 3.3.5. (3(s,t) < 0 if and only if min(s, t) is even.

Proof. From Lemma[3.3.3] B(s, t) = 8F(s —1)F(t —1) —2F(s)F(t). By Lemma[2.0.5,

we derive:
B(s,t) =2 [(—1)*""F(t) + (=) 'F(s) + (—1)°*"]

Therefore (3(s, t) can be negative, and this happens exactly when min(s, t) is even.
L]

3.3.2 Degree 2

In this subsection, we study graphs of the form I'(r, s, t) € G} for positive integers

r, s, and t (see Figure[3.7).

Figure 3.7: I'(1,s, t)

Theorem 3.3.6. «(r,s,t) is negative if and only if either:

Case 1: v = 0 and min(s, t) is even, or t = 0 and min(s, r) is even

Case 2: s = 2 and min(r,t) is even

Proof. By Lemma and since x(1,s,t) = «(t, s, 7):

x(r,s,t) = %F(r)ﬁ(s,t) +2Fr—1a(s —1,1)

1
= EF(t)B(S,r) +2F(t—1)x(s —1,7)
By Theorem the « terms are not negative for any values of 1, s, t. Therefore
(1, s, t) can only be negative if both 3 terms are negative. By Theorem this

happens if and only if min(s, t) and min(s, r) are both even.
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Case 1: Suppose v = 0. Then «(r,s,t) = %F(O)B(S,t) +2F0—1ax(s —1,t) =
%[5 (s, 1), which is negative if and only if min(s, t) is even. Similar for t = 0.

Case 2: Suppose 1,t > 0. Then 1,s,t > 2 since min(s,t) and min(s, ) are both
even.

Suppose first that s > 3. Then F(s) > 5, F(r) > 3 and F(t) > 3. Then «(r,s,t) can
be expressed as follows, using the identities in Lemma

3F(r)F(s)F(t) 4+ 3(—1)* " F(r)F(s) + 3(—=1)" " F(s)F(t) + 9(—1)s"'F(v)F(t)

1
(r, s, t) = 1

+ 5(_1)s+tF(r) + (_1)r+t+1F(S) + 5(_1)r+sF(t) + (_1)s+r+t+1:|

If s is odd, then r and t are both even, giving the following.

x(r, s, t) = {3F(r)F(s)F(t) — 3F(r)F(s) — 3F(s)F(t) — F(s) + 9F(r)F(t) — 5F(r) — 5F(t) + 11

N
1

F(r)F(s)F(t) — 3F(r)F(s) + F(r)F(s)F(t) — 3F(s)F(t)}+ F(r)F(s)F(t) — F(s)

~
>0since F(t)>3 >0 since F(r)>3 >8F(s) since F(r),F(t)>3

+ 2F(r)F(t) — 5F(r) —|—gF(r)F(t) — 5F(t) +5F(r)F(t) + 11

N N
>F(r) since F(t)>3 >F(t) since F(r)>3

[8F(s) + F(r) + F(t) + 5F(r)F(t) +1] >0

=

N

If s is even and r is odd, then F(s) > 11, giving the following.

x(r, s, t) > [3F(T)F(S)F(t) — 3F(r)F(s) + 3F(s)F(t) — 9F(r)F(t) — 5F(r) — F(s) — 5F(t) — 1]

AN TN
| — |

F(r)F(s)F(t) — 3F(r)F(s) +f(r)F(s)F(t) —9F(r)F(t) + F(s)F(t) — F(s)

NV
>0 since F(t)>3 >2F(r)F(t) since F(s)>11 >2F(s) since F(t)>3

+ F(r)F(s)F(t) — 5F(r) — 5F(t) — 1 +2F(s)F(t)]

>0 since F(s)>11

> —[2F(r)F(t) 4 2F(s) + 2F(s)F(t)] >0

N

By symmetry, «(r,s,t) is positive if s is even and t is odd. For s, r, t even, we
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have the following.

1

x(r,s, t) = 1

{BF(r)F(s)F(t) — 3F(r)F(s) — 3F(s)F(t) — 9F(r)F(t) 4+ 5F(r) — F(s) + 5F(t) — 1}

1
== lF(T)F(s)F(t) — 3F(r)F(s) + F(r)F(s)F(t) — 3F(s)F(t)+ F(r)—1
>0 since F(t)>3 >0 since F(r)>3 >2 since F(r)>3

11 11

>0since F(s)>11 Q%F(s)since F(r),F(t)>3

+ 2F(r)F(s)F(t) — 9F(v)F(t) + EF(r)F(s)F(t) — F(s) +4F(r) + 5F(t)}

1 7
> 1 {2 + HF(S) +4F(r) +5F(t)| >0

So x(r,s,t) > 0if r,t > 0and s > 3. If s = 2, the formula for «(r, s, t) simplifies
as follows.
«(r,2,t) = (1) 'F(t) + (=D F(r) 4 (1)

This is negative exactly when min(r, t) is even.

Theorem 3.3.7. (3(1, s, t) is negative if and only if s = 1 and min(r, t) are odd.

Proof. By Lemma and since B(r,s,t) = B(t,s,1):

B(r,s, t) =2F(r)ox(s,t) +2F(r—1)p (s — 1, 1)
=2F(t)o (s, 1) +2F(t—1)B (s —1,71)
By Theorem «(s,t) and «(s,r) are never negative. Then (3(r,s,t) can be

negative only if both B(s —1,t) and B(s — 1,7) are negative. By Theorem [3.3.5,
this implies min(s —1,t) and min(s — 1, r) are both even.

If r =0, then 3(0,s,t) = 2«(s, t), which is always positive. Similarly, 3(r,s,t) >0
ift=0.

If r,t > 1, we simplify B(r,s,t) using 2F(n — 1) = F(n) + (—1)™"! from Lemma
2.0.5as follows.

B(r,s,t) =3F(r)F(s)F(t) + 3(—1)SF(r)F(t) + (—1)""*F(s)
_2(—1)S+tF(T) _2(_1)s+rF(t) (_1)s+t+r

First suppose s > 2. Then s > 3 and t > 2, since min(s—1, t) is even. This implies
F(t) > 3 and F(s) > 5. As a result, 2F(r)F(s)F(t) + 3(—1)SF(r)F(t) > 7F(r)F(t)
giving the following.

B(r,s,t) = F(r)F(s)F(t)+7F(r)F(t)+(—1)"""F(s)+(—1)* " —=2(=1)*""F(r)—2(-1)"""F(t)

We note that 7F(r)F(t) > 2F(r) + 2F(t) + 1 and F(r)F(s)F(t) > F(s). Hence
B(r,s,t) >0fors > 2.
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It only remains to consider s = 1. We simplify 3(r, s, t) using Lemma as
follows.

B(r,1,t) = 3F(r)F(t) — 3F(r)F(t) + 2(=1)'F(r) + (=1)""" +2(=1)"F(t) + (~1)""
=2 [(=1)"F(r) + (=1)"F(1)]

Thus B(r, s, t) is negative if and only if s = 1 and min(r, t) is odd.

3.3.3 Degree 3

In this subsection, we study graphs of the form I'(q, 1, s, t) € G} for positive inte-
gers , 1, s, and t (see Figure3.8).

& - --¢---6---o---0

Xn-1

Figure 3.8: T'(q, 1, s, t)

Theorem 3.3.8. «(q,1,s,t) is negative if and only if either:

Case 1: (q,s) = (0,1) and min(r,t) is odd, or (t,v) = (0,1) and min(q, s) is odd.

Case 2: s =1 =1and min(q,t) is even.

Proof. Since «(q,1,s,t) = «(t, s, 1, q), we have

x(q,7,s,t) = %F(q)ﬁ(r,s,t) +2F(q—1)a(r—1,s,t)

_ %F(t)ﬁ(s,r,q)+2F(t—1)cx(s—1,r,q)

Case 1: If q = 0, then Lemma implies «(0,1,s,t) = 1B(r,s,t). By Theorem
this is negative if and only if s = 1 and min(r, t) is odd. By symmetry, t = 0
gives the other result in Case 1.

Case 2: If q,t > 1, Theorems and and the above equations for
x(q,1,s,t) imply that it can only be negative if both of the following hold.
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e s =1 and min(r,t)is odd, or r—1=0and min(s,t)iseven, or
B (r,5,t)<0 w(r—List)<0

s =2 and min(r —1,t) is even.

NV
x(r—1,s,t)<0

e r=1and min(s, q) is odd, or s—1=0and min(r,q)iseven, or

-~

(
B(s,r, q)<0 x(s—1,r,q)<0
r=2and min(s —1, q) is even.

-~

a(s—1,7,q)<0

Therefore we need only consider the cases in which either r € {1,2} or s € {1, 2}.

r = 2: We simplify «(q, 1, s,t) using 2F(n—1) = F(n) + (—1)"*! from Lemmam
as follows.

x(q,2,s,t) = % 12F(q)F(s)F(t) 4+ 3(—1)9" F(s)F(t)

+2(=1) ST IR(q) 4 (1) 9THF(s) + 7(—1)9TSF(t) + 3(_1)q+s+t+1]

If g =1, then «(q, 2, s, t) simplifies as follows.

«(1,2,5,t) = % 15F(s)F(t) + (=1)"F'F(s) + 7(—=1)°*"F(t) + (—1)S+t}
> % _15F(S)F(t) — F(s) — 7F(t) — 1}
> 5 [ISFIsIF(t] — F(s)Flt) — 7FIs)F(t) — Fs)Fln)| > 3 [6F(s)Fin)] >0

If g > 2, then F(q) > 3, and «(q,2, s, t) simplifies as follows.
(4, 2:5,8) = 3 [F@F(SIF(E) + 20-1)° (g
+ 10F(q)F(s)F(t) +3(—1D) 9 F(s)F(t) + (—1) 9T F(s) + 7(—1)9TSF(t)

+ 3(_1) q+s+t+1]

[2F(q)F( JF(t) —2F(q) +§OF(S)F(t) —3F(s)F(t) —F(s) = 7F(t) =3 | >0

/

I\)IH

-~

>0 >16F(s)F(t)

Therefore x(q,1,s,t) > 0if r = 2. Similarly, by symmetry, x(q,1,s,t) > 0if s = 2.

r = 1: We simplify «(q, 1, s, t) using 2F(n—1) = F(n) + (—1)™"! from Lemma
as follows.

«(q,1,s,t) = % 3F(q)F(s)F(t) + 3(—1)°F(q)F(t) + 3(~1)""'F(q)F(s)

+ (=1)"FHTR(Q) + 2(=1) T F(s) 4 2(—1) T F () 4 2(—1) e
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

We have dealt with s = 2 previously, so we now separately consider s = 1 and
s > 3.

Suppose s > 3. Since r = 1, it follows from the bullet points above that for
a(q,1,s,t) < 0, min(s, t) is even and min(s, q) is odd. This means that t > 2.
Separating the 3F(q)F(s)F(t) term in the expression for «(q,1,s,t) to dominate
the potentially negative terms gives the following.

2c(q,1,s,t) = [F(q)F(s)F(t) +3(—1)°F(q)F(t) + 2(—1)q+SF(t)}

+ [FQF(SIF() +3(-1)F(q)Fls)| + | SFaF(sIFD) + 20197455

[ SFIQIFSIFIL) + (-1)° 0 F(q) + 20-1)975

> {SHq)F(t) 3RQ)F(Y) —2F(t)] ; {3F(q)F(sJ —3F(q)F(s)}

~
>0 >0

+ [ZF(q)F( )—ZF(S)} + {?F(q) —F(q) —2} >0

S
20 >2F(q)

Similarly, by symmetry, «(q,7,s,t) >0if s =1and r > 3.

Now suppose s =1 = 1.

a(q,1,1,t) = 5 |3F(q)F(t) — 3F(q)F(t) +3(~1)""'F(q)

1
2

+ (=D'F(q) + 2(=1) 9T 4 2(=1)9F(t) + 2(—1)9 "t
= (=1)"'F(q) + (—1)9F(t) + 2(—1)9*"

This is negative if and only if min(q, t) is even.

Theorem 3.3.9. 3(q,,s,t) is negative if and only if either:

Case 1: (q,s) = (0,2) and min(r, t) is even, or (t,r) = (0,2) and min(q, s) is even.

Case 2: q =t =0, and min(r, s) is even.

Proof. Since 3(q,1,s,t) = (t,s,1,q), we have

B(q,7,s,t) = 2F(q)x(r, s, t) +2F(q—1)3(r—1,s,t)
= 2F(t)a(s,r,q) +2F(t—1)B(s—1,7,q)
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

If ¢ =0, then 3(0,1,s,t) = 2x(r, s,t) which is negative if s = 2 and min(r,t) is
even (Case 1), r = 0 and min(s, t) is even (not possible since r > 1), or t = 0 and
min(s, ) is even (Case 2). Similarly, if t = 0, then 3(q,1,s,0) is negative if r = 2
and min(s, q) is even (finishing Case 1), s = 0 and min(r, q) is even (not possible
since s > 1), or ¢ = 0 and min(s, 1) is even (Case 2).

If q,t > 1, and since 1, s > 1, Theorems|3.3.6/and [3.3.7|and the above expressions
for 3(q, 7, s,t) imply that it can only be negative if both of the following hold.

e s =2and min(r,t)iseven,ors =1and min(r —1,t) is odd.

~"

x(r,s,t)<0 B(r—1,s,t)<0

e v =2and min(s, q) is even, or r = 1 and min(s — 1, q) is odd.

g ~\~

x(s,r,q)<0 B(s—1,1,q)<0

We therefore may restrict our attentiontor, s € {1,2}.
r =s = 1: We simplify 3(q, 1, s,t) as follows.

B(q,1,1,1) =2[6F(q)F(t) + (=1)IF(t) + (1) ""'F(q) + (~1)9*"]
> 2[6F(q)F(t) — F(t) — F(q) — 1] > 2-3F(q)F(t) > 0

r =1, s =2: We simplify 3(q, 1, s, t) as follows.

B(q,1,2,t) = 2[6F(q)F(t) +5(=1)9F(t) + (—=1)*F(q) + (_1)q+t+1}
= 2[5F(q)F(t) + 5(—1)1*"F(t) + (~1)9" "1 + F(q)F(t) + (~1)'F(q)]

-~ -~

>0 >0

r = s = 2: We simplify 3(q, 7, s, t) as follows.

B(q,2,2,t) =2[6F(q)F(t) + 7(—1)9"F(t) + 7(—1)"""F(q) + 3(—1)9*"]

If g =1, then 3(q, 2,2, t) simplifies as follows.

B(1,2,2,t) = 2[13F(t) + 10(—1)*""] > 2-3F(t) > 0

By symmetry, 3(q,2,2,1) > 0.
If g, t > 2, then F(q), F(t) > 3, and we rearrange 3(q, 2,2, t) as follows.

B(q,2,2,t) = 2[3F(q)F(t) + 7(—1) 9T F(t) + 3F(q)F(t) + 7(—1)"*'F(q) + 3(—1)9""]
> 2[9F(t) — 7F(t) 4+ 9F(q) — 7F(q) — 3] = 2[2F(t) +2F(q) — 3] > 0

Therefore 3(q,r,s,t) > 0forall q,t > 1. O

36



CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

3.3.4 Degree4

In this subsection, we study graphs of the form I'(p, q,1,s,t) € G} for positive
integers p, q, 7, s, and t (see Figure[3.9).

& - -

ol

---®

—
q Xn-1

®- - -
x; p

Figure 3.9: T'(p, q,1,s,t)

Theorem 3.3.10. «(p,q,7,s,t) < Oifand onlyifp =t = 0,v = 2 and min(q, s) is
even.

Proof. By Lemma and since «(p, q,1,s,t) = «(t,s,7,q,p):

1
x(p,q,7,s,1) ZEF(p)B(q,T, s,t) +2F(p —1a(q—1,1,5,1)

:%F(t)ﬁ(s,r, q,p) +2F(t—1a(s—1,7,q,p)

First suppose p = 0. Then «(0, q,1,s,t) = %B(q,r, s, t),s0 «(0,q,1,s,t) can only
be negative if 3(q,1,s,t) is negative. By Theorem and since q,1,s > 1, this
means p =t =0, r = 2, and min(q, s) is even. Similarly, this is the only case for
which «(p, q,1,s,0) is negative.

Suppose p,t > 0. Theorems [3.3.8| and (3.3.9| and the above expressions for
a(p, q,1,s,t) imply that it can only be negative if both of the following hold.

e q=s=1and min(r,t)isodd, orr =s =1and min(q — 1, t) is even.

VT NV
x(q—1,7r,s,t)<0 x(q—1,7r,s,t)<0

e q=s=1and min(r,p)isodd,orr =q =1and min(s —1,p) is even.

NV NV
x(s—1,r,q,p)<0 x(s—1,r,q,p)<0

From the above cases, x(p, q,1,s,t) can only be negative if ¢ = s = 1.
«(p,1,7,1,t) =3F(p)F(r)F(t) — 3(=1)"F(p)F(t) — (—=1)"""F(p) — (=1)P*"F(t) — (—1)P"*F(r)

If r =1, we obtain the following.
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

«(p, 1,1, 1/t) 6F(p)F(t) + (=1)'F(p) + (—1)PF(t) — (=1)P ™
6F(p)F(t) —F(p) —F(t) —1 > 3F(p)F(t) > 0
t)

If r > 1, we simplify oc(p, q,1,s,t) as follows.

«(p,1,7,1,t) =F(p)F(r)F(t) — 3(—1)"F(p)F(t)
+ F(p)F(r)F(t) — (=1)"""F(p) — (=1)P""F(1)
+ F(p)F(r)F(t) — (=1)P"F(r)
>3F(p)F(t) 3F(p)F(t) + 3F(p)F(t) — F(p) — F(t) + F(p)F(r)F(t) — F(r)

=0 >F(p)F(t) =20

Therefore x(p, q,1,s,t) is negative if and only if p =t =0, r = 2, and min(q, s) is
even.

Theorem 3.3.11. 3(p, q,71,s,t) is negative if and only if either:
Casel: p=0,vr=s=1and min(q,t) iseven,ort =0, q =1 =1 and min(p, s)
is even.

Case2: p=t=0,r=1and min(q, s) is odd.

Proof. Since 3(p, q,1,s,t) = B(t,s,1,q,p), we have

B(p,q,7,s,t) =2F(p)alq,,s,t) +2F(p—1)B(q —1,7,5,1)
=2F(t)(s,1,q,p) +2F(t —1)B(s—1,7,q,p)

Ifp=1t=0,since x(0,q,7,5,0) = x(q,,s), this is negative if and only if r = 1
and min(q, s) isodd (Case 2). If p = 0and t > 0, then 3(0, q,1,s,t) =2x(q, 1, s, 1).
Since q,1,s > 1, this is negative only if r = s = 1 and min(q, t) is even. Similarly
ift=0andp >0, then 3(p, q,7,5,t) < 0if and only if ¢ = r =1 and min(p, s) is
even (Case 1).

If p,t > 0, then Theorems and and the above expressions for
B(p,q,T,s,t) imply that it can only be negative if both of the following hold.

e r =5 =1and min(q,t)is even, or (q,s) = (1,2) and min(r,t) is even.

~
x(q,r,s,t)<0 B(g—1,7,s,t)<0

e 1 =g =1and min(s,p) iseven, or (s, q) = (1,2) and min(r,p) is even.

x(s,r,q,p)<0 B(sfl,;fq,p)<0
If r =s = q = 1, then min(s,p) = min(1,p) must be even, which contra-

dicts p,t > 0. If (v,s,q) € {(1,1,2),(1,2,1)}, then either min(r,t) = min(1,1t)
or min(r,p) = min(1,p) must be even. This again contradicts p,t > 0, and so
B(p,q,T,s,t) is not negative for p,t > 0. [l
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

We conclude that the only graphs T" € G for which either «(T) or 3(T') is negative
arise from the addition of two edges to graphs in G}, between x and the vertices
at the ends of the long induced path.
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

3.3.5 Degree5

In this subsection, we study graphs of the form I'(k,p, q,7,s,t) € G for positive
integers k, p, q, 1, s, and t (see Figure 3.10).

Figure 3.10: I'(k, p, q, 1,5, 1)

Theorem 3.3.12. «(k,p, q,1,s,t) is negative ifand only ifk =t =0,q =71 =1, and
min(p, s) is even.

Proof. By Lemma and since a(k,p,q,1,s,t) = «(t,s,7,q,p, k):

1
a(k,p,q,1,58,t) = EF(k)B(p, q,7,s,t) +2F(k—1)a(p—1,q,1,s,t)

- %F(t)B(S, T, quz k') + 2F(t - 1)06(8 - 1,T', q’p’ k)

Suppose k = 0. Then «(0,p,q,1,s,t) = %B(p,q,r, s,t). By Theorem 3.3.11| and
since p,q,7,s > 1, then 3(p, q,1,s,t) is negative if and only if t = 0, = q =1,
and min(s, p) is even. By symmetry, the same holds if t = 0.

Next, suppose k,t > 0. By Theorems[3.3.10|and [3.3.11} and since p, q, 1, s > 1, the
above expressions for «(k, p, q,1, s, t) imply that it can be negative only if both of
the following hold.

e t=0,r=q=1and min(p,s)iseven,ort =0,p =1,r =2 and min(s, q) is even.

B(p,q,7,s,t)<0 x(p—1,q,7,s,t)<0

* k=0,r=q=1and min(s,p)iseven,ork =0,s =1,q =2 and min(r,p) is even.

-~

-~
B(S/T/q/p/k)<0 “(S_lrriq/prk)<0

B(p,q,1,5,t) < 0implies q = 1and x(s —1,1,q,p, k) < 0 implies q = 2, and
therefore they cannot hold simultaneously. Similarly, (s, r, q,p, k) < 0 and «(p—
1,q,1,s,t) cannot hold simultaneously due to contradicting requirements for r. If
both «(p —1,q,71,s,t) and (s — 1,7, q,p) are negative, min(s, q) = min(1,2) is
not even, another contradiction.
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

If (p,q,7,s,t) <0and B(s,r,q,p, k) <0, this means that k = t = 0. Therefore,

1 1
O('(O/pl CI;T'/ S, 0) - Eﬁ(p/ q/Tz SIO) - EB(OI s, T, q/P) = (X(SIT/ qu) — O‘(Pz qlrls)l

which is negative if and only if ¢ = r = 1 and min(p, s) is even. O

Theorem 3.3.13. 3(k,p, q,71,s,1t) is positive for all k,p, q,7,s,t € N.

Proof. By Lemma and since 3(k,p,q,1,s,t) = B(t,s,7,9q,p, k):

B(k,p,q,1,st)=2FK)x(p,q,1,51t)+2F(k—1)B(p—1,q,7,5,1)
=2F(t)«(s,1,q,p,k) +2F(t —1)B(s —1,7,q,p, k)

If k = 0, then 3(0,p,q,7,5,t) = 2x(p, q,7,s,t). By Theorem [3.3.10, and since
p > 1, it follows that «(p, q, 1, s, t) is never negative. By symmetry, 3(k,p, q,1,s, 1)
is never negative if t = 0.

Suppose k,t > 0. By Theorems 3.3.10| and 3.3.11} and since p,q,1,s > 1, the
above expressions for 3(k, p, q, 1, s, t) imply that it can be negative only if both of

the following hold.

e p=r=s=1and min(q,t) is even.

B(p—1,q,7,5,t)<0

e p=q=s=1and min(r, k) is even.

~
B(s—1,7,q,p,k)<0

But since r = q = 1 in this case, min(q,t) = 1 and min(r,k) = 1, which con-
tradicts the requirement that both are even. Therefore 3(k,p,q,7,s,t) > 0 for all
k,p,q,7,s,te N O]

We conclude that the only graphs I' € Gf for which «(T") is negative arise from
the addition of two edges to graphs in Gf, between x and the vertices at the ends
of the long induced path.
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

3.3.6 Degree > 6

In this final subsection, we prove that any graph of the form T (to, t1,...,tq) € G}
is represented by more matrices of rank n than rankn — 1, for d > 6.

Theorem 3.3.14. o(to, t1,--- ,ta) and B(to, t1,-- -, ta) are positive if d > 6.

Proof. Induction on d. From Lemma we have the following.

1
(X’(tOItll' . '/td) = EF(tO)B(tlltZII' . -/td) +2F(t0 - ].)OC(tl - 1/t2/- . -/td)

B(to, t1,...,ta) = 2F(to)x(t1, t2, ..., ta) + 2F(to — 1)B(t1 — 1, ta, ..., ta)

Suppose d = 6. Theorem implies that B(t;, ty,---,tq) and B(t; —
1,t5,- -+, tq) are never negative. Since t; > 1, Theoremimplies that «(t; —
1,t,--- ,ta) and x(ty,t2 - - -, tq) are never negative. Therefore x(ty, t1, - -, t4) and
B(to, t1,- -, ta) are positive for d = 6.

Now suppose x(tq,t,- -, tq) and B(ty, to, - - -, tq) are positive for some d > 6. By
the induction hypothesis, each term on the right-hand side of the above equations
is positive. Therefore (to,t1,---,tq) and B(to,t1,---,tq) are positive if d > 6.

O

The following theorem summarizes all cases possible studied in the graph fami-
lies G, that satisfy «(T") < 0.

Theorem (3.3.2). The following are all graphs in G¥ represented by more matrices of
rank n — 1 than rank n ( see Figure[3.11).

e ['(0,s,t) with min(s, t) even.

e ['(s,2,t) with min(s,t) even.

e 1'(0,s,1,t) with min(s, t) odd.

e ['(s,1,1,t) with min(s, t) even.

e [0,s,2,t,0) with min(s, t) even.

e ['0,s,1,1,t,0) with min(s, t) even.

The following figure summarises all graphs in " represented by more comple-
tions of rank n — 1 than rank n.
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CHAPTER 3. GRAPHS WITH A LONG INDUCED PATH

s 2 t
min(s, t) is even min (s, t) is even
r'o,s,t) T(s,2,t)
x
x
Y J Y J ) " Y 2 Y I\ T . Y )
s 1 t s 1 t
min(s, t) is odd min(s, t) is even
F(U, S,].,t] r(sl 11 1: t)

._ -
L 1 J\ T I\

T | |
s 1 1 t

min(s, t) is even

min(s, t) is even

r(or szltl 0) F[OI S, 1: lrtr 0]

Figure 3.11: Graphs in G" represented by more completions of rank n — 1 than
rank n

While G” contains many examples of graphs I' on n vertices for which R,_1(T") >
R ("), many such graphs exist outside of §”. In the following chapters, we con-
sider graphs containing a long induced cycle.
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Chapter 4

Rank distribution for the cycle graph
Cn over [fr

For a positive integer n, let C,, be the cycle graph with vertices x;,...,xn and
edges x1x,, and xixi;1 for 1 <i <n — 1. Over any field [F, every matrix that rep-
resents C,, with respect to this vertex ordering has nonzero entries on the super-
diagonal and sub-diagonal, as well as positions (1,n) and (n, 1). Therefore, it has
rank at least n — 2. It is routine to check that if the nonzero off-diagonal entries of
a matrix representing C,, are all 1, then the diagonal entries may be completed to
obtain a matrix of either rank n, rank n —1, or rank n —2. The cycle graph C,, has
a special role in the minimum rank problem for graphs; for n > 3 and for every
tield IF, C,, is the graph whose minimum rank over F is n — 2.

The indeterminate matrix that represents C,, over F; is denoted M(C,,) and has
entries equal to 1 in the first super diagonal, the first sub diagonal, and in the
(1,n) and (n, 1) positions, indeterminates on the main diagonal, and zeros else-
where.

d 1 0 -- 0 1
1 d, 1 0
0 1 d;
M (Cn) -
1 0
0 1 do1 1
1 O 0 1 dn

We see that the indeterminate sub-matrix of M(C,,), after deleting the first row
and column, is M(P,,_;). Since every completion of M (P, _1) has either rank n—1
or n — 2, the rank of every completion of M(C,,) is eithern —2, n —1, or n. Our
goal in this section is to determine R,, (C,,), Rn—1 (Cy), and R, (C,,), the number
of F,-completions of M (C,,) of ranks n, n — 1 and n — 2, respectively.
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CHAPTER 4. RANK DISTRIBUTION FOR THE CYCLE GRAPH C,, OVER F,

The next theorem gives a complete description of the F»-rank distribution of the
cycle C,,.

Theorem 4.0.1.
1 1
R (Cr) = 5(2“ + (=)™, Rua(Cn) =21, Rua(Ch) = 3(2“*1 +(=1)™)

Proof. Let A’ be a completion of M(P,,_1) and let M’ be the indeterminate matrix
obtained from M(C,,) by completing the last n — 1 indeterminates so that the
lower right of the submatrix is A’. Let the vector v consist of the last n—1 entries of
the first row of M’, which has 1 as its first and last entries and otherwise consists
of zeros. Recall that U,, ; consists of all vectors in Fy! with first and last entries
equal to 1 and no consecutive entries both equal to zero. Every element of U,,_4
is orthogonal to v.

If rank(A’) = n—1, then v is in the rowspace of A’. By Theorem one choice
for the upper left entry of M’ gives a completion of M(C,,) of rank n — 1, and the
other gives a completion of rank n.

If rank(A’) = n — 2, then v is again in the rowspace of A’ since v is orthogonal to
the element of U,,_; that spans the nullspace of A’. By Theorem one choice
for the upper left entry gives a completion of M(C,,) of rank n — 1, and the other
gives a completion of rank n — 2.

So every matrix that represents P,,_; and has rank n — 1 contributes one to both
Rn(Cyn) and Ry_1(Cy,), and every matrix that represents P,,_; and has rank n — 2
contributes one to both R,_;(C,,) and R,_»(C,,). From Theorem we con-
clude

* Ru(Cn) = Ru(Pn1) = 32"+ (—D)™).
® Rnfl(cn) = Rn(Pnfl) + Rnfl(Pnfl) =21

® Rn72(cn) = Rnfl(Pnfl) = %(zn—l + (_1)n)
O]

Thus half of all F,-matrices representing the cycle C,, have rank n — 1, approxi-
mately one-third have rank n, and approximately one-sixth have rank n — 2.
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Chapter 5

Graphs with a long cycle as an
induced subgraph

This chapter looks at the class G of connected graphs containing an induced
cycle on all but one vertex ( called the extra vertex). The cycle C, itself is not in
g€, but Theorem which gives the F,-rank distribution of C,,, is the starting
point for our work here. Just as the rank distribution of the path was the starting
point for Chapter 3] we now adapt Theorem to study this wider class of
graphs. For a graph T' of order n in §¢, we begin by exploring how the rank
of an [F,-matrix representing I' relates to the rank of a submatrix representing an
induced subgraph isomorphic to C,, ;.

Figure 5.1: A graph I with a long induced cycle C,, 4

For any graph I" of order n in G¢, we label the vertices of T" as X, X1, ..., Xn_1,
where the subgraph induced on the set of vertices {xy,...,xn_1} forms a cycle
Cn—1 with the edge set E = {xixi+1,1 <1 <n—2}U{xn_1x1}. We write M(T") for
the indeterminate matrix that generically represents I with respect to this vertex
ordering. Then

46



CHAPTER 5. GRAPHS WITH A LONG CYCLE AS AN INDUCED SUBGRAPH

d() ‘ \)T

M(T) =
v | M(Cui)

7

where the upper left entry dy is an indeterminate, and the vector v € Fy! de-
scribes the incidences of the vertex x. Since every [F,-completion of M(C,,_1) has
rank at least n — 3, every F,-matrix representing I' has one of four possible ranks:
n—3n—2,n—1,orn.

The following theorem details how the rank of a completion of M(C,,_1) deter-
mines the ranks of its two extensions to completions of M(T").

Theorem 5.0.1. Let A be a completion of M(C,,_1) and let Ay and A4 be the completions
of M(T") respectively given by

0f[vl 1 (v’
AO - 7 Al -
v| A v| A

Then

1. Ifrank(A) =n — 1, then one of Ay and A; has rank n — 1 and the other has rank
n.

2. Ifrank(A) =n—2andv' ¢ rowspace(A), then both Ag and Ay have rank n. If
rank(A) =n—2andv' € rowspace(A), then one of Ag and A; has rank n — 2
and the other has rank n — 1.

3. Ifrank(A) =n—3andv' ¢ rowspace(A), then both Ag and A have rank n—1.
Ifrank(A) =n—3andv' € rowspace(A), then one of Ay and Ay has rank n—2
and the other has rank n — 3.

Proof. 1. Let M denote the indeterminate matrix obtained from M(T") by com-
pleting M (C,,_1) to A. Suppose that rank(A) = n — 1. Then Ay and A4
both have rank at least n — 1. Let A’ denote the (n — 1) x n submatrix of M
consisting of rows 2 through n, which are linearly independent in §. The
rows of A form a basis for Fy !, and there is a unique w € Fy ! for which
w'A =v'. Then w' A’ is either equal to the first row of A, or of A, and
exactly one of Ay and A; has rank n — 1. The other has rank n, since its first
row is not a linear combination of subsequent rows.

2. Suppose that rank(A) = n—2 and thatv' is not in the rowspace of A. Then,
since A is symmetric, v is not in the columnspace of A. Therefore (V|A) is
an (n — 1) x n matrix of rank n — 1. Since v' is not in the rowspace of A,
it follows that (dolv") is not in the rowspace of (v|A) for either choice of do.
So extending A to either Aj or A; increases the rank from n — 2 to n.

If v isin the rowspace of A, thenv' is a linear combination of the rows of A.
Either (Ojv") or (1jv") is a linear combination of the rows of the (n — 1) x n
matrix (v|A), which has rank n — 2. Hence, at least one of Ay and A; has
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rank n — 2. If both (Ov") and (1jv") are in the rowspace of (v|A), then
e/ = (1v") — (0lv") is in the rowspace of (v|A), where e; € F}. So both
Ao and A; have rank n — 2 if and only if u" (v|A) = e] for some u € Fy .
Since v is in the columnspace of A, any u that satisfies u’ A = 0 also satisfies
u'v = 0. Therefore e, is not a linear combination of the rows of (v|A), hence
one completion has rank n — 2 and one has rank n — 1.

3. Suppose that rank(A) = n — 3. Let U be the nullspace of A, which has
dimension 2. If v ¢ rowspace(A), then both Ay and A; have rank n — 1. If
v € rowspace(A), then v € UL, In this case one, of Ag and A; has rank n —3
and the other has rank n—2. The arguments are similar to those of 2. above.

This completes the proof. O

Theorem allows us to infer the possible rank distribution of M(TI") over F,
from the known rank distribution of M (C,,_1). When the matrix A in Theorem
has full rank n — 1, adding a new row and column produces two possibili-
ties: one of Ay and A; has rank n — 1 and the other has rank n. This means the
numbers of completions giving rank n — 1 and rank n are the same, an outcome
that depends crucially on the choice of I, as the ground field, as in Theorem[3.0.1}
Since our goal is to study situations where one rank occurs more often than the
other, we do not need to consider this case further. When the matrix A of The-
orem has rank n — 2, its right nullspace is one-dimensional. Over F,, this
nullspace contains exactly one nonzero vector, which we denote by u. In this
case, it is useful to determine whether the vector v is orthogonal to u or not. If
v'u = 0, then M(T") has two possible completions, one of rank n — 1 and one of
rank n — 2. If viu = 1, then both choices for dy result in a rank n completion of
M(T'). If the matrix A has rank n — 3, then its right nullspace U is 2-dimensional.
In this case:

1. If v € U+, then M(T") has exactly one completion of rank n — 2 and one
completion of rank n — 3.

2. If v ¢ U*. In this situation, both choices of dy yield completions of rank
n—1

As a result, we restrict our attention to the completions of M(I") for which the
submatrix of the lower right (n — 1) x (n — 1) has rank n — 2 or rank n — 3.

For a graph I in the class §¢, we write A(T") and B(T') respectively for the numbers
of matrices of rank n and n — 1 that represent I' over I, with respect to the order
of the vertex of I, and for which the lower right (n — 1) x (n — 1) submatrix
corresponding to the cycle C,,_; has rank n — 2 or n — 3. From Theorem it
follows that

Rn(T) = Rna(T) = A(T) — B(T).

We let «(T") = A(T") — B(T"). The goal of this chapter is to identify those I' € G for
which «(T') is negative.
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5.1 Vectors in the nullspace of completions of M (C,,)

We now examine which nonzero column vectors over F, can occur in the right
nullspace of a matrix representing C,, in M,, (F,). Note that, unlike in the case of
M(P,,), such a matrix may have nullspace of dimension greater than one.

Definition 5.1.1. Two entries of a vector are said to be cyclically consecutive if they
are consecutive or if they are the first and last entries.

Lemma 5.1.2. Suppose that Au = 0O, for a matrix A € My, (F,) representing C,, and a
non-zero column vector w € F3'. Then, no pair of cyclically consecutive entries in u are
both zero.

Proof. We write d;, dy, ..., d, for the diagonal entries of A. Let u be a vector with
entries uy, Uy, ..., u, such that Au = 0. Then

L d1u1+u2+un:0
e u 1+diui+u 1 =0for2<is<n—-1

If w; = u, = 0, then from the first of the above equations, it follows that u, = 0.
Applying the second equation to the successive triples (u;_1, ui, Ui41) fromi =2,
it follows that u; = 0 for all i. This implies that all entries u;, uy, ..., u, are zero.
However, this contradicts u being a non-zero vector. Therefore, u,, and u, are not
both zero.

Suppose now that u; = u;; = 0forsomeiwith2 <i<n—1. Thenu; ;andui,
are also equal to zero, since u;_1 + diu; + uiy1 = 0and u; + diyq Uit + Ui = 0.
Repeating this argument, it follows that u = 0, and the zero vector is the only
vector in the right nullspace of a completion of M(C,,) that has zero entries in
cyclically consecutive positions. O

For a positive integer n, we write T,, for the set of vectors in F}' that have no
pair of cyclically consecutive entries, both equal to zero. Lemma shows that
every non-zero vector that is in the nullspace of a completion of M(C,,) belongs
to T,.

Remark. Let T = T, U{0}. Then T is not a subspace of 3", since the sum of two vectors in
T may produce a nonzero vector with cyclically consecutive entries equal to zero, which is
not in T. Furthermore, T does not contain any 3-dimensional subspace of F3. If U C F}
with dim U = 3, then it contains seven nonzero vectors. Looking at any two consecutive
entries of a nonzero vector in T, only three patterns are possible, namely (1,1),(1,0), and
(0,1). Since the number of vectors is greater than this, two vectors must share the same
pattern. The sum of these vectors is a nonzero vector with a consecutive pair of zeros in
those positions, which is therefore not in T.

49



CHAPTER 5. GRAPHS WITH A LONG CYCLE AS AN INDUCED SUBGRAPH

In the next lemma, we show that T, is exactly the set of nonzero vectors that occur
in the nullspace of some rank n —1 completions of M(C,, ), and we determine the
number of such completions with a particular 1-dimensional nullspace.

In the following statement, we interpret uy and u,; respectively as u,, and u.

Theorem 5.1.3. Let uw € T, and let z(u) be the number of zero entries in u. Let A
be completion of M(C,,) with diagonal entries dy,...,dn. Then Au = 0 if and only if
di =ui_1 +uiqq forall i with w; = 1. The number of completions of M(C.,,) satisfying
Au = 0 is 27w,

Proof. Au = 0if and only if ui_; + diws + w1 =0, forl1 < i< n. Ifu =1,
then d; = wi—1 + uis1. If uy =0, then u;_; = ui4q = 1, since u has no cyclically
consecutive zero entries. Therefore u;_; + diju; + w1 = 0 is satisfied for either
choice of value for d;. Hence the number of choices for (d,...,d,) to ensure
Au = 0is 27, O

Similarly to Lemmas 3.1.1)and [3.1.2} results analogous to Lemma and Theo-
rem exist over [P, for any prime power (.

To sum up, we have shown that the only nonzero vectors that belong to the
nullspace of a completion of M(C,,) are exactly the vectors in T,. This gives a
complete description of the possible nullspace vectors for the matrix represent-
ing C,,.

5.2 Completions of M (C,,) and their ranks

We now consider the ranks of the completions of M(C,,) whose nullspace con-
tains a particular u € T,,.

Theorem 5.2.1. Let u € T,, with z(w) > 1. Then half of the 2" completions of M(Cy,)
whose nullspace contain w have rank n — 1 and half have rank n. — 2.

Proof. We consider how many 2-dimensional subspaces of [F}' that are contained
in T,, include wu. If u is in such a 2-dimensional subspace, then it contains exactly
3 non-zero vectors u, v, and w, where u + v = w. Consider the matrix M with
u,v,w as columns. Since no column of M has a pair of consecutive zero entries,
no row of M consists entirely of zero entries. This is because the rows above and
below would then have each entry equal to 1, contradicting w = u + v. It follows
that every row has a single zero entry and two entries equal to 1. In each of the
z(u) positions where u has a zero entry, the corresponding row of M is (0,1,1).
Between two successive appearances of the row (0,1, 1), the rows of M alternate
between (1,0,1) and (1,1,0). The matrix M is fully determined by the choice of
either (1,0,1) or (1,1,0) for each row immediately after a row that is equal to
(0,1,1). Therefore there are 2" choices for the matrix M. Swapping the second
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and third column of M results in a distinct matrix corresponding to the same 2-
dimensional subspace. Therefore u is in exactly 22(*)~1 subspaces of F} that are
contained in T,,.

Let U be one of these subspaces, and let {u, v} be a basis of U. We now show that
U is the nullspace of exactly one completion of M(C,,).

We consider the choice of diagonal entries for a completion A of M (C,,) that
satisfies Au = Av = 0. By Theorem the equation Au = 0 determines the
diagonal entries of A in those positions where the entries of u are 1, and imposes
no further constraints. Similarly, the equation Av = 0 determines the diagonal
entries of A in those positions where v has entry 1 in the same position in u. Since
there is no position with zero entry in both u and v, it follows that there is at most
one completion A of M(C,,) whose nullspace contains U.

It remains to show that in any position where the entries of u and v are both 1,
the values of the corresponding diagonal entry determined by Au = 0 and by
Av = 0 coincide. Let i be such a position, so that u; = vi = 1. By Theorem
the values for the ith diagonal entry d; of A determined by the equations Au =0
and Av = 0 are respectively given by d; = ui_1 + w41 and di = vi_1 + viy1.

Since u+v has no cyclically consecutive zero entries, u;_1 # vi_1 and Wi1 # Vii1.
It follows that u; 1 +wi 1 =Vvi 1+ Viy1.

We conclude that U is the nullspace of exactly one completion of M(C,,). There-
fore u belongs to the nullspace of 22(*)~! completions of M(C,,) of rank n — 2,
and hence to the same number of completions of rank n — 1.

O

Note that the only vector u € F} with z(u) = 0 is the all-ones vector u =
(1,1,...,1)T, which we denote by j. We now consider a completion A of M(C,,)
with j in its nullspace. By Theorem each diagonal entry of Ais 1+ 1 = 0.
Hence, exactly one completion of M(C,,) has j in its nullspace.

Theorem 5.2.2. Let j = (1,1,...,1)" € F} and let A be the unique completion of
M(C,,) with j in its nullspace. Then A has rank n — 1 if nis odd and rank n — 2 if n is
even.

Proof. We consider whether j extends to a 2-dimensional subspace contained in
T,. Suppose j is the sum of a pair of non-zero vectors v,w € T,,. By Lemma
v and w must have no cyclically consecutive zeros. The only way for v and w
to sum to j and avoid cyclically consecutive zeros is for their entries to alternate.
Without loss of generality, suppose the first entry of v is 1 and the first of w is 0.

If n is odd, then w ¢ T, since it begins and ends with 0. In this case, no such v
and w exist, and the nullspace of A is (j). Hence, A has rank n — 1 if n is odd.

If n is even, then w € T,. Both v and w belong to the nullspace of A, since
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Vic1 +Viy1 = Wi +wi =0forallie{1,...,n}. In this case, the nullspace of A
is the 2-dimensional space (j, v). Hence, A has rank n — 2 if n is even.

]

5.3 The rank distribution of graphs in G©

For column vectors in F}, we write L for the relation of orthogonality with re-
spect to the standard scalar product over F,. Recall that T,, is the set of vectors in
7 with no pair of cyclically consecutive entries which are both equal to zero.

Theorem 5.3.1. Let I' € G€ have order n, let v € IFZ“’l consist of the last n — 1 entries
of the first column of M(T), and j € F; ! be the vector with all entries equal to 1. Then

2, ifnisevenandj L v,

1. AMN=vy+ > 22, y= _
ueTh_1\{j} 0, otherwise.

ufv

1, ifnisevenandj L v
22BN =8+ Yy 2271 §=21, ifnisoddandij f v

ueTn 1\{j} 0, otherwise

Proof.

1. By definition, A(T") only counts a completion of rank n of M(T') if its lower-
right (n — 1) x (n — 1) submatrix A has rank n — 2 or n — 3. For fixed A,
Theorem implies that there are 2 rank n completions with A as lower-
right submatrix if rank(A) =n —2 and v ¢ rowspace(A), and that no other
completions have rank n. Let u € T, \ {j}. Theorem implies that
there are 22("W~1 rank n — 2 completions of M(C,, 1), and u / v if and
only if v & rowspace(A). Therefore each u € T,,_1 \ {j} corresponds to 2"
rank n completions of M(T') if and only if u / v. Theorem implies the
completion of M(C,,_1) with j as its non-zero nullspace vector has rank n—2
if and only if n is even. Therefore j corresponds to two rank n completions
of M(T') if and only if nis even and j £ v.

AN =y+ Y 2¢

u€Th1\{j}
utfv

2. By the definition, B(T") only counts a completion of rank n — 1 of M(T') if its
lower-right (n — 1) x (n — 1) submatrix A has rank n —2 or n — 3. Let B;(I")
denote the number of completions of M(I') of rank n — 1 where rank(A) =
n — 2 and B,(I") denote the number of completions of M(TI') of rank n — 1
where rank(A) =n — 3.
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B(I') = B1(T") + By(T")

To determine B4(T"), suppose A is a rank n—2 completion of M(C,,_1). M(T")
has 2 completions with A as its lower right (n — 1) x (n — 1) submatrix. If
v ¢ rowspace(A), both of these have rank n. If v € rowspace(A), then
Theorem implies that one completion has rank n — 1 and the other
has rank n — 2. Note that B;(I") is the number of rank n — 2 completions of
M(C,,—1) whose non-zero nullspace vector is orthogonal to v.

Let u € T, 1\ {j}. Theorem implies that there are 2(*)~1 rank n — 2
completions of M(C,,_;) and u L v if and only if v € rowspace(A). Conse-
quently, each u € T, _; \ {j} corresponds to 2(*)~! rank n — 1 completions
of M(T") if and only if u L v. Theorem implies that the completion of
M(Cy—1) with j as its non-zero nullspace vector has rank n —2 if and only if
n is even. Thus, j corresponds to one rank n — 1 completion of M(T') if and
onlyifnisevenandj L v. Let 8 = lif nisevenandj L v, and equal 0
otherwise.

ueT,1\{j}

ulv
To determine B, (T"), suppose A is a rank n—3 completion of M(C,,_1). M(T')
has 2 completions with A as its lower right (n — 1) x (n — 1) submatrix. If
v € rowspace(A), neither of these have rank n—1. If v € rowspace(A), then
Theorem implies that both completions have rank n — 1. Conse-
quently, B,(T") is twice the number of rank n — 3 completions of M(C,,_1)
whose nullspace is not a subset of v--. Since each 2-dimensional space con-
tained in T,,_; is the nullspace of a unique such completion, B,(I") is twice
the number of 2-dimensional spaces contained in T,,_; that are not subsets
of v*.

Let ube a vector in T,,_; \ {j} for which u /£ v. By Theorem the number
of 2-dimensional subspaces U C T, _; containing w is 2*(*)~!, and each such
U is the nullspace of a unique completion A of M(C,,_;). Let the other
non-zero elements of U be w and u +w. Then v'u = 1, and therefore
v (u+w) =1+v'w. Sovis orthogonal to exactly one of w or u+w, and is
therefore not orthogonal to exactly two elements of U. Therefore summing
22w~ gver u € T,_; \ {j} counts each eligible U exactly twice, with one
possible exception: if n is odd and j £ v, then the subspace containing j is
counted only once in this sum. Let §, = 1if nisodd and j [ v, and equal 0
otherwise.

Byl =& + » 22!

u€Th\{j}
ufv

Note that 6 = §; + d,.
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Recall the following corollary, where S, _; C F3 ! is the set of vectors with no pair
of consecutive zero entries, and z(u) is the number of zero entries of the vector wu.

Corollary For every positive integer n.

Fin)= ) 2=

uesS, 1

Recall from Lemma m that U,, . is the set of vectors in F;‘“ with no consecu-
tive zero entries whose first and last entries are equal to 1. By observation, S,,_4
is in bijective correspondence with U, 1, via a correspondence that deletes the
tirst and last entry (both 1) from an element of U,,;, or (in the other direction)
appends a 1 at the first and last entry of an element of S,,_;. This correspondence
preserves the number of zero entries, so

F(TL) — Z Zz(u) — Z 2z(u) _ %<2n+1 + (_1)71)

ueun+1 LLESTL,1
Lemma 5.3.2. Let I" be a graph of order nin G€. Then
1 1
B(F) _ 2n72 + E(_1)nfl + E(_1)n+d,

where d is the degree of the extra vertex of I' that does not belong to the long cycle.

Proof. By Theorem we have the following.

1, ifnisevenandj Lv
BN =5+ » 227 §=<1, ifnisoddandj /v
ueTna\{j} 0, otherwise

Recall S, is the set of vectors in F}* with no consecutive zero entries. Note that
Tao1 C Sa—1, where T, is the set of vectors in F}' with no cyclically consecutive
zeros. Any vector u € Sy, \ T,y has 0 as the first and last entries, and 1 as the
second and second-last entries. Deleting all four of these entries in u results in a
vector u’ € S,, 5. Furthermore, every u’ € S,,_5 can be extended uniquely to give
avectoru € S, 1\ Ty, and z(u) = z(u’) 4 2. By Corollary 3.1.5, we have

PR Y S O 2201 = L(En) —af(n - 4)).

T2
ueTy 1 ueS, u€eSn 5

Returning to the expression for B(I'), we have

BN =5+ » 2w

ueTh1\{j}
= (6 —270)71) 4+ ~F(n) — 2F(n — 4)
_ _1 11 n+1 ny __n»n, = n—3 1 \yn—
= (5 2)+2 3(2++( D) —2- - (2" + (-1
1 PR DR
=@-)+2" (=)
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Since
ifnisevenandj L v
, ifnisoddandj L v ,

=1
27

p—
N= N—=
~

otherwise

the term (5 — 1) simplifies to (—1)™"<. Substituting this into the previous ex-
pression gives

(_1)n+d

N~

(D" +

N —

B(M) =22+
O

So, given a graph ' € G§ of order n, the value of B(I") depends on whether d is
even or odd:

e If d is even, the last two terms cancel, and we obtain
B(I') =22

e If dis odd, then
2"2 11, ifnisodd,
B(T") =
22 _1, ifniseven.

In particular, B(TI") does not depend on the structure of I': it is determined only by
nand d.

Recall x(I") = A(T") — B(T") counts the difference in the number of completions of
rank n and n — 1 representing a graph I' € G§ of order n over F,. From Theorem
we derive the following expression for o(I").

=v+ Z yz(u) _ & -+ Z 2z(u)1)

ueTnf\{j} ueTy 1\{j}
uftv
= (y—28)+ Z (ZZ(u) _ ZZ(u)—l) . Z pz(u)-1
ueT, 1\ {j} ueTy 1\{j}
ufv ulv

This gives us the following expression for «(T").

O((r) _ ('Y . 5) + Z zz(u)fl . Z Zz(u]fl (51)
weTh 1\{j} ueTh_1\{j}
ufv ulv

2, ifnevenandj £ v
where y —8=4¢—1, if(nevenandj L v)or (noddandj tv)
0, ifnoddandj L v
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The results in this section explain how the vectors in T,,_; determine the number
of completions of ranks n, n—1, and n—2. Moreover, A(I") depends on the specific
choice of v, while B(T") is essentially independent of the structure of I', depending
only on n. The expression for «(I") captures how the counts of different ranks are
affected by v.

5.4 Investigating the sign of « for graphs in G©

In this section, we analyze which T in certain subclasses of ¢ satisfy «(T') < 0.
In the case of graphs with a long induced cycle, we do not have a step-by-step
method to move from one degree to the next as we had in Chapter 3| Instead, we
consider a family of examples that highlight an important difference between the
behaviour of the parameter « in the classes §” and €. We write G for the class
of graphs in G© in which the vertex that does not belong to the induced cycle has
degree d. If ' € G and «(T") < 0, then the maximum possible degree of a vertex
in I"is 5, by Theorem In this section we show that there is no upper bound
on the maximum degree of a vertex in a graph ' € §§ with «(T") < 0.

The first three subsections of this section analyze the cases where the extra vertex
x has degree 1, 2, or 3. Subsection presents the main result of the section,
Theorem which describes an infinite family of graphs in §¢ containing a
graph with extra vertex of degree d for any d > 3 and with negative o.

For d > 1 and positive integers ti, t,,...,tq, we define I'(t3, 15, ..., tq) to be the
graph in G§ constructed as follows. Let Cbe a cycle on t; + t, + ... + tq vertices,
and let x be the extra vertex not in C. The neighbours of the extra vertex x divide
the cycle into d intervals of length t;, t,, ..., t4, each containing at least one edge.
Without loss of generality, let x; be the first neighbour of x. Then there are t;
edges between x; and the second neighbour of x, then t, edges until the third
neighbour of x, and so on around the cycle.

In this section, we aim to determine a condition solely in terms of t;, t5, ..., t4 for
whether «(I") is positive or negative. We find expressions for A(T") and B(T") in
terms of the parameters t; and the function F. However, it is not always possible
to decide the sign of «(I") from these expressions. We present complete results in
the cases where deg(x) € {1,2,3}. These cases will be the focus of the following
subsections.

5.4.1 Degreel

In this subsection, we study the class §$ consisting of all graphs in §¢ where the
vertex x not belonging to the long induced cycle has degree 1. For t > 3, we
consider graphs of the form I'(t). Note that I'(t) is the unique graph in §$ of
order n =t + 1. Its vertex set is {x, X1, Xy, ..., X}, and its edges are xx; together
with the cycle edges x1x2, X,X3, ..., and x¢x; (see Figure .
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Let v € F} describe the incidences at the vertex x on the cycle C,. Here, we have
v =(1,0,...,0). Let T, be the set of vectors with no cyclically consecutive zeros
defined in Lemma We write A(t), B(t), and «(t) respectively for A(T(t)),
B(I'(t)), and o(I'(t)).

X2

Figure 5.2: T'(t)

Recall that F(n) is defined in Definition 2.0.3|by

Fin) = 2 (2™ + (—1)").

In the next Theorem 5.4.1 we use F(n) to determine A(t) and B(t).

Theorem 5.4.1. Let t > 3 be a positive integer.

Proof. 1. By Theorem

Al)=y+ Y 220

ueT\{j}
ufv

where z(u) denotes the number of zero entries in u, and vy is as follows.

)2, iftisodd
Y= 0, iftiseven
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For any vector u = (uy,...,u) € Ty,
ulv<e=uy =0 and ufv<=u =1.

Hence, the vectors in T; that are not orthogonal to v are exactly those with
first entry equal to 1. Equivalently, such vectors can be written as

=(1,u'), whereu €S .

Then by Corollary
y o 22w= y 2= = Ft
ueT, weSi 1
utfv

Since the j = (1,...,1) is excluded from the sum in the expression for A(t),

> 2oy -1
ueT\{j}
ufv

Hence,

F(t)+1, iftisodd

Alt)=v+F1t) 1= {F(t) —1, iftiseven

This can be written as follows.

— %(2t+1 + (_1)’[ +3(_1)t+1)
2. Since d =deg(x) =1land t =n —1, Lemma implies
B(t) — 2(t+l 1) (t+1)—1 + l(_l)(t+1)+l

2
_2t1 (

+5(=
2
D' 45 (=1)"
:2‘[ 1 ( )t

Corollary 5.4.2. Let t > 3. Then «(t) > 0.

Proof.

R
—
—+
—
|
—
—+
—
|
os]
—
—+
~—

N
pt

( t+1> (2t—1+(_1)t)
(

4. 2’( 1+2 1)t+1_3_2t71+3(_1)t+1>

UJIHUJIHUJII\) pY

(2t 1+5( 1)’(71)’

which is clearly positive for all t > 3.
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5.4.2 Degree 2

In this subsection, we study the class G5 of graphs in §© where the vertex x not
belonging to the long induced cycle has degree 2.

For positive integers s < t, we consider the unique graph I'(s, t) in G5 for which
the neighbours of x have paths of lengths s and t between them in the long
induced cycle. The vertex set of I'(s, t) is {x,x1,X2,...,Xs+t}, and its edge set is

{xx1, XX 41} U{X1X2, X2X3, . . . , Xs+t—1Xs+t, Xs+t X1} ( see Figure 5.3).

X1
X
X 2
t+s x
0. .0
* *
* *
0‘ ‘0
* *
* 4
0. ’0
0. ’0
0. ’0
* . .0
+* .0
Xs+1

Figure 5.3: '(s, t)

Let v € F5** describe the incidences at the vertex x on the cycle C . Here, we
havev = (1,0,...,0,1,0,...,0), where the vi = v¢,1 = 1. Let T, be the set of
vectors with no cyclically consecutive zeros defined in Lemma We write
A(s,t), B(s,t), and «(s, t) respectively for A(I'(s,t)), B(I'(s,t)), and «(T'(s, t)).

Theorem 5.4.3. Let s < t be positive integers. Then

1 Als,t) = & (25— 25(—1)t — 2¢(—1)* + (—1)5+1).
2. B(s,t) =2s+t1,

Proof. Letv € F5"" be the vector with vi = vy, = 1 and v; = 0 otherwise.

By Theorem it follows that.

2, ifs+t+1lisevenandj t v,
Alst)=y+ Y 2V, y= L e
. 0, otherwise.
ueTs+t\{]}

ufv

1. For any vector u = (uy,... Usq¢) € Toiy,
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u 7{ VvV — (ulzuerl) € {(110)/ (0/ 1)}

Hence, the vectors in T, that are not orthogonal to v are exactly those for
which u; # u,1. Equivalently, such vectors can be written as

u=(1,14,1,0,1,u”) or u=(0,1,1v,1,u",1)

where W’ € S, , and u” € S;_,. Note that 22(%) = 2.2z(w") . 22(4") Then, by
Corollary we have

ESEEE el I e Rt (P [ ISy
UEISth ueSs u”’eS , u'eSs » u’eS¢ »
LV

=4F(s —1)F(t —1).
Since j L v, the above expression for A(s, t) is the same whether the sum in-
cludes j or not, and y = 0. Consequently, we can express A(s, t) as follows.
A(s,t) =4F(s —1)F(t —1)
1 1

—4 2 (2= (1)) 5 (2= (1))
= g (23+t . 25(_1)t o zt(_l)s + (_1)s+t)

2. Sinced =2andn=s+t+1, Lemma implies B(s, t) = 2n2 = 2t+s—1,

]

Theorem 5.4.4. Let s < t be positive integers. Then «(s,t) is positive if and only if
s=1landt#2,0ors=23andtisodd.

Proof. By Theorem we have

Als,t) = % (257t —25(—1)t —28(—1)° + (—1)°**Y), and B(s,t) =2+,

We can determine «(s,t) as follows.

OC(S,t) — g (23+t _25(_1)’: _2t(_1)s + (_1)s+t) o (25+t71)
— g (28(_1)t+1 4 2t(_1)s+1 + (_1)S+t o 2t+573)
1. Ifs=1:
a(l,t) = = (2(=1)HF 28 4 (—1)HH —2t2)

= (3 .ot=2 +3(_1)t+1) _ g (Zt—z + (_1)t+1)

If t is odd, then «(1,t) > 0. If t is even, then «(1,t) is positive for all t # 2,
since the 272 term dominates. For t = 2, however, x(1,t) = 0.
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2. Ifs=2:

a(2,t) = 5 (4D =2t + (-1 -2
t+ -1y _ 4
(-1 =321 =

4
9
§ ((_1)t+1 o ztfl)
Hence «(2,1) =0and «(2,t) < 0 forall t > 2.

3. If s =3:

«(3,t) = = (8(=D)" + 2" + (1) = 2) =4(—1)

o Ol

Therefore «(3,t) < 0 when t is even, and «(3,t) > 0 when t is odd.

4. If s > 4.

First, suppose t = s = 4. Then «(s, t) = 3 (1 —16 — 16 —32) < 0.

Now suppose t > 5 and s > 4. Then

4
(s, t) < 5 (28 +20+1—2.2t54)
4
= = (25 — 2t+574 + 2t - 2t+sf4 + 1)
9
4 4
<@ -2 -2 <5120 <0

]

Remark. There exist graphs T'(s,t) with «(s,t) < 0 or «(s,t) > 0 whenn = 2o0r 3
(mod 4).

Example 5.4.5. Let I and I'; be the two graphs in G5 of order 6 in Figure

I

Figure 5.4: Two graphs of order 6, each containing an induced Cs.

Recall the rank distribution of the cycle Cs over F», given in Table
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Rank 31415

#IF,-completions for Cs | 5 | 16

Table 5.1: Rank distribution of F,-completions of M(Cs).

Table 5.2| shows the rank distributions of I and I5,. Recall that for a graph T’ €
G€ of order n, each completion A of M(C,,_1) extends to two completions of
M(T). The relationship between the rank of A and the ranks of the completions
of M(T") is described in Theorem The colours in the tables keep track of
which matrices of each rank representing Cs contribute to the counts for matrices
representing I and I5.

Rank 3 4 5 6
#,-completions for I7 | 2 | 10+2=12 +10+6=27 +12 =23
#F,-completions for I; | 0 6 +6 + 10=27 +20=31

Table 5.2: Rank distributions of F,-completions of M(T7) and M(I3).

We see (written in orange) that each rank n matrix representing Cs corresponds
to a matrix of rank n — 1 and a matrix of rank n for both graphs. The other
values (written in teal and pink) correspond to A(T") and B(T'). In particular, note
that B(I') = 2571 = 24 forboth ' = I} and T = T, as per Theorem The
behaviour of the ranks of the remaining matrices (those not in orange and not
corresponding to rank(I") = 5) is what determines the sign of «(s, t).

5.4.3 Degree3

We now study the class G5, consisting of all graphs in §© where the unique vertex
not belonging to the long induced cycle has degree 3.

Let, s, t be positive integers with r < s < t. Recall that I'(r, s, t) is the graph in 9;3
consisting of a cycle (x1x; ... X1 s4+¢X1) and an additional vertex x with neighbours
X1, Xr+1, and X, 41 (see Figure[5.5).

Letv € F5"*** be the vector with entries equal to 1 in positions 1, 1+ 1, 7+ s+ 1
and equal to 0 in all other positions. Thus v describes the incidences at the vertex
x on the cycle Cyygy+.

Let T, s+ be the set of vectors in F5"*** with no cyclically consecutive zero
entries, as in Lemma We write A(r,s,t) and B(r,s,t) respectively for
A(T(r,s,t)) and B(T'(r,s,t)), where I'(r, s, t) is the graph in §§ whose long in-
duced cycle has v + s + t vertices.

In the following Theorem, we find the form of A(r, s, t) and B(r, s, t).

Theorem 5.4.6. Let 1, s and t be positive integers with v < s < t. Then
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X1

X2

Xr+s+1 Xr+1

Figure 5.5: I'(r, s, t)

1. A(r,s,t) = F(r)F(s)F(t) +4F(r — 1)F(s —2)F(t — 1) + 4F(r — 1)F(s — 1)F(t —2)
+4F(r—2)F(s — 1)F(t — 1) + (—1)r s+t

2. B(T, S,t) — 2r+s+tfl + (_1)r+s+t

Proof. 1. Letr,s,t > 1, and let
v=(10,...,0,1,0,...,0,1,0,...,0) € F3 "=+
where the entries at positions 1, r + 1, and r + s + 1 are 1. These correspond

respectively to the vertices x1, X;1, and X, 51 of the cycle C, 5.

For any vector u = (uy,...,Ur;151¢) € Trysit, the inner product over F,
satisfies

U-V=1U + Upp1 + Uptpst1.
Then

utfv <= (w,ur,une1) €{(1,1,1),(1,0,0),(0,1,0),(0,0,1)}.

We write Ty, Ty, T; and Ty for the subsets of T, s+ consisting of those vectors
whose triples of entries in positions 1,7 + 1 and r + s + 1 are respectively
(1,1,1),(1,0,0),(0,1,0) and (0,0,1). By Theorem

1‘ s, t Z 2z _ Z (Z 2z ) )r+s+t+1

ueTrys4t i=1 \ueT;
ufv

The terms (—1)"+s*t*! arises from the term vy in Theorem and the fact
that the sum here is taken over all u £ v in T,,_;, including j.
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An element of T is determined by independently choosing elements of S,
Ss—1 and Sy_1, respectively for the strings from position 2 to position r, from
position r4-2 to position v+ s, and from position r+s+2 to position r+s+t.
Hence

Zzz(u): Z ZZ(u’)_ Z ZZ(UN), Z Zz(u/”).

ueT uw' eSS, 4 u”eSg 4 u”eSy 4

By Corollary this expression is equal to F(r)F(s)F(t).

Every element of T, has the entry 1 in positions 7,1+ 2,7 +s and r + s +
2. An element of T, is determined by independently choosing elements of
S+—2,Ss-3 and S;_,, respectively for the strings from position 2 to position
T —1, from position r + 3 to position r + s — 1 and from position r + s 4 3 to
position r + s + t. Since an element of T, has zero entries in positions r + 1
and r + s + 1, we have

I SN N TN
ueT, u’'eS, o u’eSg 3 u”eSy_»

— 4F(r—1)F(s — 2)F(t — 1),

again applying Corollary By similar arguments,

D 22 =4F(r—DF(s —1)F(t—2), and ) 2*) =4F(r—2)F(s — F(t—1).

ueTs ucTy

This completes the proof of 1.

2. We use Lemma to determine B(r, s, t) in degree 3 as follows.

2

B(r,s,t) = 2rFsttl  L_qyrdstt L 1 qyrstt
— 21”+s+t71 +

2
(_1)r+s+t
O

We write «(r,s,t) for x(I'(r,s,t)). We now use the expression of «(r,s,t) in the
following theorem to determine the sign of o.
Theorem 5.4.7. Let 1, s, t be positive integers withr < s < t. Then «(r,s,t) < 0 if and
only if one of the following holds.

1. r=1ands # 2.

2. vr=1,s =2and tis odd.

3. r =3and s is odd.
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Proof. We note that «(r,s,t) > 0if and only if A(r,s,t) > B(r, s, t),ie. A(r,s,t) >
2rsti=l 4 (—1)r+s+t Expanding the expression for A(r,s,t) in Theorem m
we have

28 o, (=Dt (—1)* (="
A(r,s,t) = _2r+5+t1 21’+s+2 2r+t+2 25+t+2
(s t) = 5 T T t
(_1)s+t+1 (_1)r+t+1 (_1)r+s+1 14
2r+2 25+2 2t+2 — (=1 T+s+t
i 27 + 27 + 27 27( )

Subtracting B(r, s, t) = 2" st 14 (—1)7s*t from the above expression (and mul-
tiplying by 27), we observe that the sign of «(r, s, t) is the same as that of

w(r,s,t) — 2r+s+t—1+(_1)t2r+s+2+(_1)52r+t+2+(_1)r25+t+2 (52)
+(_1)S+t+12r+2 4 (_1)T+t+128+2 + (_1)T‘+s+12t+2+41(_1)1’+S+t+1

Step 1 Our first step is to show that w(r, s, t), hence x(r, s, t), is positive if r > 4.
First suppose r = 4.

W(4,5,1) =3 x 2577 4 60(—1)'2° + 60(—1)°2" + 105(—1)"+= 1,

We write 3 x 2t+s+2 = pt+s+2 4 ptds+2 | ot4s+2 Gince s > 4 and t > 4, we have
2EFsH2 > 64 % 2t > 60 x 2%, 2HFSH2 > 64 x 25 > 60 x 2% and 2452 > 105. Hence
w(4,s,t) and «(4,s,t) are positive forall t > s > 4.

Now suppose r > 5. Then 1, s, t are all at least 5, and it follows that the expres-
sions 27772 27712 and 2542 are all bounded above by 1277s*t~1, Similarly, the
expressions 272, 272 and 22 are all bounded above by %271 It follows
that forr > 5,

w(r,s,t) > 2Tt Borrsrtn _ 12_82r+s+t1 4,

4
which is certainly positive for t > s > r > 5. This completes Step 1.

We proceed to consider the casest =1,r =2 and r = 3.

Step 2 Letr = 1. Fromit follows that

w(l,s,t) = —3 x 25Tt 4 12(—1)52" + 12(—1)'2% + 33(—1)t**.

Since 2' > 2%, w(1, s, t) is clearly negative if s is odd. Suppose that s is even and
write s = 2k. Then

w(1,2k,t) = =3 x 22Tt 112 x 2t 4+ 12(—1)%2%% 4+ 33(—1)".
Ifk >1,thent > 4,2% > 16 and

22+t > 16 x 2V =12 x 24 +4 x 2t > 12 x 2t 4 33.
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Alsoif k > 1, thent > 4 and 2 x 2%kt > 2t+122k 5 12 » 22k Tt follows that

w(1,2k,t) = =2 x 22 Ft 4 12(—1)%2%k 4 (—22%Ft 112 x 2t 4 33(—1)t.

N '
<0 <0

Hence w(1,s,t) < 0 provided that s # 2.

Finally we consider w(1,2,t) which is an unusual case: w(1,2,t) = 81(—1)%,
which is negative if t is odd and positive when t is even. It follows that
«(1,2,t) = 3 for all even values of t > 2 and «(1,2,t) = —3 for all odd values of
t > 2. This completes Step 2 which includes items 1. and 2. in the statement of
the theorem.

Step 3 Let r = 2. From we note that
W(2,5,1) = 6 x 25 £ 12(—1)t2° 4+ 12(—1)%2¢ — 57(—1)t+5,

It is clear that w(2,2,t) = 36 x 2t +9(—1)*"! is positive for all t > 2.

Suppose s > 3. Thent > 3 and 2571 > 16 x 25. Also 257+ > 16 x 2%, and
2s+t+1 5 57 Tt follows that 6 x 25+t > 12 x 25 +12 x 2t +30 and hence (2, s,t) > 0
forallt > s > 2.

Step 4 Let r = 3. From again, we find that w(3,s,t) has an exceptionally
simple form.

w(3,s,t) =36(—1)"2° +36(—1)°2" +9(—1)**".

Suppose first that t = s. Then w(3,s,s) =72(—1)%2°4+9, s0 w(3, s, s) is negative if
s is odd and positive if s is even. Alternatively if t > s, then 36 x 2* > 36 x 2°+9
and w(3, s, t) has the same sign as 36(—1)%2". We conclude that «(3,s,t) < 0 if
and only if s is odd.

]

5.4.4 Higher degree

We define the alternating wheel graph of order n, denoted by W2, to be the
graph with vertex set {xi,Xp,...,Xn_1,X}, whose edges consist of the cycle
{x1%2,X2X3, ..., Xn—2Xn_1,Xn—1X1}, together with the additional edges xx; for all
odd indices j. In other words, the extra vertex x is adjacent to every second ver-
tex of the cycle, following an alternating pattern (see Figure[5.6).

We look at the alternating wheel graph because it gives us a clear picture of how
graphs with long induced cycles behave differently from graphs with long in-
duced paths. In particular, for the alternating wheel graph, the sign of « follows
an interesting pattern depending on n mod 4, which is our reason for introducing
this family. The main purpose of this section is to prove the following theorem.
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Xn—1

~
~

”~ [ X
/
/
x—;‘— X2

Figure 5.6: Alternating wheel

Theorem 5.4.8. Let n > 9. Then

a(Wa) <0 ifn=00r1 mod4, (W) >0 ifn=20r3 mod 4.

In particular, this (along with Theorem means that for any positive even
integer d, there exists I' € §© with an extra vertex of degree d and «(T") nega-
tive. Similarly, for odd d > 5, there exist graphs I' € G€ with an extra vertex of
degree d and «(I") positive. Theorem demonstrates the existence of graphs
in G§ with negative «. For each d > 2, we expect that G§ contains graphs with
both positive and negative «. Theorems 3.3.2| and [5.4.§)illustrate the contrast in
behaviour between the classes G” and G°.

As a first step to proving the theorem, we define A, and B,, by

An= > 220, B,= ) 2207 (5.3)

'LLGTTL,I LLETn,1
ufv(n—1)

where T,,_; is the set of all vectors in F5~! with no cyclically consecutive zeros
and

v(n—1)=(1 010 ...)Tewg‘—l.

The vector v(n — 1) records the incidences of the vertex x in W4tt. Note that A,
and B, closely resemble A(WStt) and B(W2l), differing only in that they do not
account for the special role of the vector j, as detailed in Theorem We will
account for this later. We then define x,, = A,, — B,. Note similarly that «,, is
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almost the same as « (Walt), differing by at most 2 due to the terms y and 5 as

stated in Theorem

We define D,, = 2B,, — A,,. Therefore

We choose to work with A,, and D,, rather than A,, and B,, because A,, and D,,
are sums over two sets of vectors which partition T,,_;, namely those that are not
orthogonal to and those that are orthogonal to v, respectively. This makes it easier
to find a direct recurrence relation.

Next, define 3,, = A,, — D,,, and note that «,, and 3,, have the same sign because

D, =2B, — A, <= 2A,+D, =A,+2B, < 2(A,—B,)=A,—D,.

To set up recurrence relations for A, and D,,, recall the set S, consisting of all
vectors in [F7* with no two consecutive entries equal to 0. Note that this is different
from the set T,,,, which consists of all such vectors with the additional condition
that the first and last entries are not both equal to 0. For the alternating wheel
graph W2kt the relevant set will be S,, ;. We also define the alternating vector

.
vim)=[1010 -] eF

We now introduce two quantities A], and D’ , which are closely related to A, and
D,,, but are instead defined over the set S,,_;.

Ap= > 22, D= Y 220 (5.4)

u€ESH ueSn 1
ufv(n—1) ulv(n—1)

To obtain the recurrence relations for A/, and D’,, we split their sums according
to whether the last entry of each vector in S,,_; is 1 or 0. This approach allows us
to relate A/, and D!, to the corresponding quantities for smaller values of n.

Lemma 5.4.9. Letn > 4. Then

ifniseven: A =Dj_;+2A]_,, D/ =A,_;+2D;_,,
ifnisodd: Al =A!_,+2D! D/ =D/ ,+2A/ ,.

n—2s

Proof. Every u € S,,_; has either 1 or 0 as its last entry. Since vectors in S,,_; do
not contain consecutive zeros, we can write S,,_; as the disjoint union of S,,_;[1]
and S,,_1[0], where

Snfl[l] = {(ulrl) tu' e San}/ Snfl[o] = {(LLN, 1/ O) cu” e Snf3}/
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We now define A’ [1], A’ [0], D;,[1], D [0] as follows.
All= ) 20 All= ) 2,

ueS,_1(1] ueS,_110]
ufv(n—1) ufv(n—1)
Dil= ) 2*, Dioj= ) 2%
uesS, 1] ueS,_11[0]
ulv(n—1) ulv(n—1)

It follows that
Al =A/ 1]+ ALl0], D, =D/ 1]+ D,[0].

n

We now consider separately the cases when 1 is even and when n is odd.

1. Suppose n is even and let u € S;,_1[1]. Then u = (u/,1) where u’ € S,
and z (u’) = z(u). Since v(n — 1) has 1 in the last position, u L v(n — 1) if
and only if u’ £ v(n —2). It follows that

A= )  2M=Dp,,  Dill= ) 22M=AL,
uw'eSn o u'eSn
u'lv(n-2) u' fv(n-—2)

Now letu € S,,_1[0], sou = (u”,1,0) withu” € S,_3 and z(u) = z(u”) + 1.
Since v(n — 1) has 0 in the second-last position and 1 in last position, u L
v(m) if and only if u” L v(n — 3). Therefore

A= Y 22ft=pAr , DLOj= ) 22 =2D;
ul/esn73 ul/esn73
u” fv(n—3) u” 1v(n-3)

Combining these, for n even we obtain
Al =D/ _+2A] ,, D/ =A/ ,+2D/ ,.
2. Suppose n is odd and let u € S;,_4[1]. Then u = (u/,1) withu’ € S;,_»

and z(u) = z(u’). Since v(n — 1) has 0 in the last position, we have that
ulvn—1)ifand onlyif u’ L v(n —2). Thus

A= Y 20 =Ar,, D= ) 220=D/,
uw'eSn o uw'eSn o
u' Yv(n-2) u'lv(n-2)

Now letu € S,,_1[0], thenu = (u”,1,0) withu” € S,,_3 and z(u) = z(u”) +
1. Since v(n — 1) has 1 in the second-last position and 0 in the last position,
we obtain that u | v(n — 1) if and only if u” } v(n — 3). Hence

ALll= ) 2 =2DL,  DilOl= ) 22 =2l
u’eSn_3 u’eSn_3
u”1lv(n—3) u” fv(n—3)

Therefore, when n is odd, we obtain
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This completes the proof. O

Define 3] = A} — D},. We now use the previous result to solve for {3;,.

Lemma 5.4.10. Let k > 1

k k
) —51—-5V17 [ -1+ 17 —51+5V17 [ -1 —+/17
Barcrs = 34 2 + 34 2
k k
, 17 —9v17 [ -1+ 17 17+9V17 (-1 —17
Bacrs = =34 2 Ty 2

Proof. From Lemma we gain that

3 _a D ~Bhat 2Bl neven
T T B~ 2Bh ., modd
Consequently, B/, = (—1)" 1B/ _; +2(—=1)"B. .

This recurrence can be also written in matrix form as follows.

By (=Dt 2(=1)n ’

n n—1

/ 1 0 /

n—1 n—2

-1 2 1 -2
where the transition matrix alternates between ( ) and ( ) asn
10

is even or odd. Let k > 0. Then

B4 Y e 1 -2 Bori2 2 B2
Blx+3 Lo Lo B I =2 B

1 2
Let M = ( ) . Repeating this step gives
1 -2

k
Bék+4 o 1 2 Bzi -3

B£k+3 1 =2 Bé 1

since3; =A;,—D;=4—-7=-3andpB;=A;—D;=3-2=1.

The eigenvalues of the matrix M are A\; = ’1%@ and \, = %ﬁ The matrix of
the eigenvectors that correspond to these eigenvalues is
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@
2
7
N

S )
—

s ) _ 1 (22 = (a0 ) (1 =2 (s
Bhis V17 1 1 0 Ak 1 37 1

The result follows.

/ —51-5v17yk | —51+5vV17yk
sz+3 34 )‘1 + 34 )‘2
/ 17—9v17+k | 1749v17+k

sz+2 3—4)‘1 + 3—4)‘2

]

We now turn to the relationship between A, and D,, and the corresponding
quantities A} and D;,.

Lemma 5.4.11. Letn > 6. Then

Al —4A! _,, meven, D! —4D! _,, neven,
A, = D, =
Al —4D! M odd, D) —4A! _,, modd.

n—4s

Proof.
A, = Z 2z(u) _ A7/1 _ Z nz(u)
ueT, €S\ Tno
ulv(njl) uu,)év(it—l) '

Letue S,,_1\T_1. Thenu = (0,1,u/,1,0), where u’ € S, _s.

Suppose n is even. Then the last two entries of v(n — 1) are (0,1). Note that
u-v(n—1)=u'-v(n—>5). Furthermore z(u) = z (1) + 2.

An=AL— Y 2M=Al— ¥ 2R oA 4A],
ueSH_1\Th1 u'esSn s
ufv(n—1) u’' fv(n—>5)

Suppose n is odd, then the last two entries of v(n—1) are (1,0). Thenu-v(n—1) =
u -v(n—>5) +1. Again, z(u) = z(u') + 2.

An=AL— Y 2M=Al— ¥ 22WP=A, 4D/,
uesnfl\Tnfl uIESn,5
ulv(n—1) u’' Lv(n->5)
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Now for D,,.
D= ¥ 2wepp- ¥z
ueTh u€eSn 1\Th1
ulv(n—1) ulv(n—1)

* Suppose n is even. Then the last two entries of v(n — 1) are (0,1), and
u-v(n—1)=u"-v(n—>5). Again, z(u) =z (u’) + 2.

D,=D,— > 22 =D,—4 > 22" =D, —4D/_,
ueSn-_1\Th1 UESH 1, u1=un_1=0
ulv(n-1) u'1lv(n->5)

* Suppose n is odd. Then the last two entries of v(n — 1) are (1,0), and u -
vin—1)=u'-v(n—>5) + 1. Again, z(u) =z (u’) + 2.

D,=D,—- > 22 =D,—4 > 22 =D, —4 A/,
ueSn1\Th1 UESH 1, u1=Un_1=0
ufv(n—1) u’' fv(n—>5)
O

Using the previous result, we derive expressions for (3, in terms of (3;, as follows.

If n is even:
Bn - An - Dn
= (A —4A] ,)— (D, —4D; _,)

n

= (A/ - D;) - 4(A;174 - D;74)

n

=B —4Bn s

If n is odd:
Bn — An - Dn

= (A} —4D; _,) — (D] —4A] )
= (A, —Dy)+4(A,_,—D;_,)
=B, +4B)

We summarise this result as follows.

Corollary 5.4.12. Let n > 2. Then

Brn = Bn + 41" B,

We now use this corollary, together with Lemma [5.4.10| to determine the sign of
B, foralln > 6.

Lemma 5.4.13. Let n > 9. Then.
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* Bn<0ifn=00r1 (mod 4).

* B >0ifn=20r3 (mod 4).
Proof. Suppose n is odd. Lemma 5.4.10|implies B3, .5 = P1 A¥ + P2 Ak, where

17 — 917 17 + 917

o _17-9v17  17+49V17
LY 27 34

Corollary 5.4.12|implies

sz+3 = B£k+3 +4 Békq
= PIAY + PoAS + 4(PIAY 2 + PoAS 2)

=P1 (AT +4) Af 2+ P2 (A +4)A5 2

Let Q1 = P1(7\% —+ 4) and Qz = Pz(?\% —+ 4)
Then,

Pokss = Q17\11<72+Q27\]2<72
B (13—5@) (—1+\/1_7>k_2+ (13+5\/ﬁ> (—1—\/1_7>k_2

2 2 2 2

Since A; > 0 and Q; ~ —3.81 < 0, the term Q;A\}? is negative for all k. Since
A2 < 0and Q, ~ 16.81 > 0, the sign of QA5 ~* depends on the parity of k.

Therefore:
* For even k: the first term in 35,3 is negative and the second is positive and
dominant for all k > 0. Hence B3 > 0.
¢ For odd k, the second term is negative in addition to the first term, hence
Boris < 0.
It follows that 3., is positive if n =3 mod 4 and 3, is negativeif n =1 mod 4.
Now suppose n is even. Lemma 5.4.10/implies B}, ., = S1 AF + Sy A5, where

_51-5V17 o 5145V17

o1 34 2 34
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=14+ V17

M 2 2

Corollary 5.4.12/implies
Bokia = SIAY + SoAS —4(SIAT 2+ SoA5 %) = RiAF 2+ RoAy 2,

_17428V17

17 — 2317
=LV 20
34

Ri=S;(A\>—4
1= S$1(A] —4) eV

0/ RZ = 320\% - 4)

Substitute R; and Rj in Boy 4.
Bokrs = Rl)\lf_z + R27\]2<_2

(1742317 (14+vA7\ (172317 (1 A7\
N 34 2 - 34 2

where R; &~ 3.29 and R, ~ —2.29.

Therefore:

e If k is even, the first term is positive and the second term is negative. Since
A2| > A;, the term with 7\;‘_2 dominates for all k > 4. So Box 4 < 0.

e Ifkisodd, then 7\12“2 < 0, and the second term is positive. Therefore Boy4 >
0forall k > 1.

Consequently, forn > 9,

keven <= n=0 (mod4) = B. <0, kodd < n=2 (mod4) = B, >0.

Therefore B, <0ifn=0o0r1 (mod 4) and 3, >0ifn=2o0r3 (mod 4). O

Now, we use Lemma [5.4.13| to complete the proof of Theorem[5.4.8|

Theorem 5.4.8. Let n > 9. Then

a(Wil) <0 ifn=0o0rl mod 4, (WA >0 ifn=2o0r3 mod 4.

Proof. Recall

An= > 22, B,= ) 220 D =} 2=

ueT, 1 ueT, 1 ueT, 1
ufv(in—1) ulv(n—1)
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Theorem asserts the following relationships between A, and A (W2'*) and
between B,, and B (Wg't).

AWRY) =v+ 3 2M=y+(Au—x),

ufv(n—1)
ueTn1\{j}

5 ifni . 1 ifi
where Y:{, ifnisevenandj L v and K:{, ifj Lv

0, otherwise 0, ifjLlwv )

From Theorem vy =2ifj f vand nis even, and vy = 0 otherwise. It follows
that A (W) € {A,, —1,An, A, + 1} foralln > 6.

BWa) =5+ ) 2“““6+%(Z 2z(u)1)

u€Tn1\{ j}

where
1, ifnisevenandj Lv
=41, ifnisoddandj L v
0, otherwise
Then

o (W) = A (W3t — B (Wih)

—(An—Ba)+ ((r=1) = (6= 3))

Since Ay, — By, = &y, then a(WEH) = o + ((y — k) — (6 —3))

Since Bn = 20y, ((WRY) = 3Bn + ((v — k) = (6 — 3))

The absolute value of (y — k) — (6 — %) is no greater than %, sincey —«k € {—1,0,1}
and § € {0,1}. Therefore, this term cannot change the sign of o, (W2') when
n>o9.

Consequently,
sign (o(W2Y) ) = sign(o,) = sign(Bn).
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Chapter 6

Conclusion

The motivation for this research was the aspiration of characterizing connected
graphs of order n, which are represented by more matrices of rank n — 1 than
of rank n over F,. In the general setting, this goal remains aspirational. How-
ever, the work presented in this thesis has achieved advances for two particular
classes of graphs, and given some indication of the likely complexity of the gen-
eral problem. Counts of symmetric matrices over I, by rank, detailed in Chapter
1, suggest an expectation that the events «(I") > 0 and «(I") < 0 should occur with
comparable frequency as I' ranges through all connected simple graphs. The re-
sults of Chapters 3 and 5 explore this expectation for two classes of graphs, and
Theorem in particular is consistent with it. The results of Chapter 4 indi-
cate that almost all graphs with an induced path on all but one vertex have more
F>-representations of full rank than of rank n — 1. The work presented in this
thesis might be seen as initial steps in a more comprehensive study of the sign of
the difference « between the numbers of rank n — 1 and rank n representations
across extensive classes of connected graphs, a topic that abounds with opportu-
nities for further investigation and connects to the substantial research literature
on rank problems for matrices representing graphs (see, for example, [5] and the
references therein).

The following contributions and outcomes from this thesis are noted.

* The rank distribution of the path graph over F, was determined in Chapter
2. One-third of all matrices representing the path graph have rank n —1,
while the remainder have rank n.

* The study of the path graph was extended to connected graphs containing
an induced path on all but one vertex. The vectors in the nullspaces of
matrices representing the path graph were characterized. Based on this,
Theorem provides explicit expressions for the functions that count the
number of matrices of rank n — 1 and n representing graphs with a long
induced path.

* The recurrence relations in Theorem were developed to investigate the
rank distribution of graphs in G}, providing a way to compute these values
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from the corresponding results for G ;.

* Theorem presents the complete classification of graphs with a long
induced path with more [F,-representations of rank n — 1 than rank n.

e The rank distribution of the cycle graph was determined in Chapter 4l Half
of all matrices representing C,, have rank n—1, roughly one-third have rank
n, and around one-sixth have rank n — 2.

* The investigation was extended to graphs containing an induced cycle on
all but one vertex. The relationship between the rank of the matrix repre-
senting this class of graph and the rank of its submatrix representing the
long induced cycle is investigated and proved in Theorem

¢ The 1-dimensional and 2-dimensional nullspaces of matrices representing
the cycle graph were identified, and their properties were analysed. Theo-
rem provides explicit formulae, expressed in terms of these nullspace
vectors, for the number of matrices of rank n —1 and n representing graphs
in G€.

¢ Graphs with more F,-representations of rank n — 1 than rank n in Slc, 95,
and G are classified in Theorems|5.4.2}5.4.4, and |[5.4.7,

* The sign behaviour of «(I') was determined for the class of graphs in ¢
called alternating wheel graph, as stated in Theorem It is proven that
the sequence (« (Wa')) _  shows a periodic sign pattern with period 4.

As a consequence, unlike in the case of G, there is no upper bound on the
degree of the extra vertex in I' € §¢ with a negative «(T").

* Another future work could be considered other type of graphs with mini-
mum rank n —2 such as 2-connected graph. Since as this type of graphs has
high minimum rank. This property might be helpful to use to extend with
graphs with

During our work on this study, we used Sagemath and Maple software for com-
putation. It was used to test small cases, identify patterns, verify formulas, and
formulate conjectures.

Some limitations of this study and possible directions for future research are also
noted.

¢ Future research could investigate graphs with an induced path on all but
two or more vertices, though such cases are likely to require a more re-
fined combinatorial construction. For graphs with one extra vertex, the re-
currence relations in Theorem were derived from smaller graphs by
increasing the degree of the unique extra vertex by 1. In contrast, when
there are multiple extra vertices, it is far more difficult to identify a recur-
rence relation. Similarly, our approach of analysing the nullspace vectors of
matrices representing the long induced path would become far more com-
plicated, as their orthogonality to multiple incidence vectors would need to
be considered.
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e A limitation of this study lies in the increasing complexity when extend-
ing the analysis from path to cycle. The methods developed for the classes
Gy, 65,65 do not extend to higher degrees in the same way as those for G
in Chapter 3l As the degree of the extra vertex increases, the formulas for
the rank distributions become substantially more complicated and we were
unable to identify recurrence relations.

* Extending the results for graphs with an induced cycle to higher degrees
remains an open problem. The approach that worked well for graphs with
a long induced path could not be adapted here. As previously mentioned,
we were unable to identify recurrence relations, but we also proved that
there is no bound on the degree of the extra vertex in a graph in g€ with
negative «.

* We studied graphs on n vertices containing either P,_; or C,_; as an in-
duced subgraph. These classes were particularly amenable to the methods
developed in this thesis, because the rank distributions of path graphs and
cycle graphs are simple and well understood, and because such graphs have
high minimum rank. These features might be exploited for further classes,
for example graphs of order n with an induced subgraph on n — 1 vertices
consisting of disjoint paths. This might be feasible but would be compli-
cated by the fact that a matrix representing a disjoint union of k paths has
k + 1 possible ranks.

* A natural direction for future work is to study the F,-rank distribution and
sign of o for graphs that have minimum rank n — 2 over F,. This class
includes the cycles C,, and all (non-path) graphs with a long induced path
but is not limited to these. Additionally, it may be possible to to extend the
ideas of Chapter 5 to further examples of graphs of order n that have an
induced subgraph whose minimum rank is n — 3.

* The work presented in this thesis focuses on the sign of the parameter
rather than its magnitude. It would be of interest to know the maximum
and minimum values of x(I') over all graphs I'" of fixed order n, and the
graphs that achieve these extreme values.

* In the final section, we focused on the alternating wheel graphs, where the
connections at the extra vertex follow a periodic pattern. Future work could
study how the rank behaviour changes when the incidences at the extra ver-
tex follow some other periodic pattern, since the regularity of the incidence
vector appears to drive the observed sign changes in . For example, do all
periodic incidence patterns exhibit this behaviour, with & changing in sign
periodically as n increases?

* A possible direction for future work is to consider the F,-rank distribu-
tion over all isomorphism classes of looped extensions of a graph I' rather
than all distinct matrices representing I', considering non-zero entries on the
main diagonal to represent loops. The extreme case of the complete graph
shows that these two viewpoints can yield quite different results. However,
there is no difference for graphs with trivial automorphism group.
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Appendix

The following Sage program verifies the calculations in Subsections [3.3|and
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[1]: # Set k,m,p,q,7,s,t to be "symbolic" variables (without specified values)
var('kmpgr s t')
# Set F to be a symbolic function that takes one argument
F = function("F", nargs = 1)

# f(z, d) allows the program to caluclate F(z-d)
def f(x, d):
# If © i©s a number, then just evaluate F(z-d) and return that
if type(x) == type(1):
return (1/3)*(27(x-d+1) + (1)~ (x-d))
# f(z,0) = F(z)
if d == O:
return F(x)
# f(z,1) = F(z-1)
if d ==
return (1/2)*(F(x) + (-1)7(x-1))
# Otherwise, recursively define f(z,d) in terms of f(z,d-1)
return (1/2)*(f(x,d-1) + (-1)"(x-d))

# Defining alpha, again keeping track of the deficits d
# For example, alpha([r,s,t], [0,1,2]) = (r, s-1, t-2)
def alpha(L, d=[]1):
# If the user inputs no deficits, then each deficit is 0
if 4 == [I:
d = len(L)*[0]
# If alpha is given two arguments, evaluate in terms of F
if len(L) == 2:
return 2*f(L[0], d[0])*f(L[1], d[1]) - 2*xf(L[0],d[0]+1)*f(L[1],d[1]+1)
# Otherwise, recursively define alpha in terms of alpha and beta with oney
< fewer argument
return (1/2)*f£(L[0], d[0])*beta(L[1:], d[1:1) + 2%£(L[0],d[0]+1)*alpha(L[1:
<1, [d[11+1]1+d[2:1)

# Beta 1s defined simtlarly to alpha
def beta(L, d=[1):
if d == [I:
d = len(L)*[0]
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if len(L) == 2:
return -2xf(L[0], d[0])*£(L[1], d[1]) + 8x£(L[0],d[0]+1)*£f(L[1],d[1]+1)
return 2*f(L[0], d[0])*alpha(L[1:], d[1:]1) + 2+£(L[0], d[0]+1)*beta(L[1:],,
o [d[1]+11+d[2:1)

[2]: | # Theorem 3.3.5
show(alpha([r,s,t]).expand())

T CVEY D 4 2 ) FE) - ) D FG) — S ()R F() +
) F0) ] GO F@F() 5 (<) Fs)F () + 5 F(r)F(5) F (1)

1

[3]1: | # Theorem 3.3.5
show(alpha([r,2,t]) .expand())

— (1) (=)' = (=)' F (r) = (1) F (t)

[4]: # Theorem 3.3.6
show(beta([r,s,t]) .expand())

)" (D' (=)' = 2(=D'D'F() 4+ ) (D) F@e) — 2D (D) F@) +
3(=1)°F(r)F(t)+3F (r)F(s)F(t)

[5]: | # Theorem 3.3.6
show(beta([r,1,t]) .expand())

2 (=)' F(r)+2 (=1) F(¢t)

[6]: # Theorem 3.3.7
show(alpha([q,2,s,t]) .expand())

S ) - (D P@ 4 (DD EG) b L D) R -
VTR F()+6F (@) F(s) F (1)
[7]1: | # Theorem 3.3.7
show(alpha([1,2,s,t]) .expand())
1 s ¢ 1 t 7 s
5 (1 D = (CD F ()~ () F () + 3 F(s) F(1)
[8]: | # Theorem 3.3.7
show(alpha([q,1,s,t]) . .expand())
S D) - D D F@ 4 (D)) — S () F@F(s)

(1 (1 F (045 (<1 F @) F )+ 3 F () F () F (1)
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[9]:

[10]:

[11]:

[121:

[13]:

[14]:

[15]:

Appendix

# Theorem 3.3.7
show(alpha([q,1,1,t]) .expand())

2 (—1)7(-1) = (=1)" F(¢) — (-1)" F ()

# Theorem 3.3.8
show(beta([q,1,1,t]).expand())

2 (-1)"(=1)" =2 (1) F(q) — 2 (-1)" F (t) + 12 F (q) F (t)

# Theorem 3.3.8
show(beta([q,1,2,t]) .expand())

—2 (=) (=) +2 (=) F(q) =10 (=) F (t) + 12 F (q) F (t)

# Theorem 3.3.8
show(beta([q,2,2,t]) .expand())

6 (-1 (=1) =14 (=)' F(q) =14 (=) F (t) + 12 F (¢) F (t)

# Theorem 3.3.8
show(beta([1,2,2,t]) .expand())

—20 (—1)"' + 26 F (1)

# Theorem 3.3.9
show(alpha([p,1,r,1,t]) . .expand())

— (1) (=)' F (p) = (=1’ (=1)' F (r) = (=1)" (=1)" F (t) =3 (=1) F (p) F (t) + 3 F (p) F (r) F (t)

# Theorem 3.3.9
show(alpha([p,1,1,1,t]) .expand())

— (=) (=1 + (=)' F(p) + (~1)" F (t) + 6 F (p) F (t)
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In [7]: | # Define symbolic variables
var('s t')
# Define A(s,t)
def A(s, t):
return (4/9) * (2**(s + t) - 2%*s * (-1)**t - 2%¥*t * (-1)**s + (-1)**(s
+ 1))
# Define B(s,t)
def B(s, t):
return 2**(s + t - 1)
# Define alpha(s,t)
def alpha(s, t):
return A(s, t) - B(s, t)

# ====== INSERT YOUR VALUES HERE ======
s_value = 1 # <--- change this
t_value = t # <--- and this

#Theorem 5.4.4
show(simplify(alpha(s,t)))
1 1

_5 . 2t+2(_1)s _ 5 . 2s+2(_1)t _

In [8]: | # Theorem 5.4.4
show(simplify(alpha(1,t)))

4

1 5 8
5 g 2t (D) 5 (1
In [9]: | #Theorem 5.4.4
show(simplify(alpha(2,t)))
1 11 4 16
__2t+4___2t+1 __1t+2___1t
5 9 +g (1) o (71
In [11]: | #Theorem 5.4.4
show(simplify(alpha(3,t)))
4 t+3 32 t
—(—1 —— (-1
S (1) = 2 ()
In [12]: | #Theorem 5.4.4
show(simplify(alpha(4,t)))
1 19 4 64
Zogttb 29 ot+2 | = qytHd D% gyt
5 9 +g (1) o (71
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In [2]:

In [6]:

In [5]:

# Define symbolic variables
var('r s t")
# Define F(p) symbolically as a Python function
def F(p):
return (1/3) * (2**(p+1l) + (-1)**p)
# Define A(r, s, t)
def A(r, s, t):

terml = F(r) * F(s) * F(t)

term2 = 4 * F(r-1) * F(s-2) * F(t-1)
term3 = 4 * F(r-1) * F(s-1) * F(t-2)
termd = 4 * F(r-2) * F(s-1) * F(t-1)
term5 = (-1)**(r + s + t + 1)

return terml + term2 + term3 + termd4 + term5
# Define B(r, s, t)
def B(r, s, t):
return 2**(r + s + t - 1) + (-1)**(r + s + t)
# Define alpha(r, s, t)
def alpha(r, s, t):
return expand(A(r, s, t) - B(r, s, t))
# Symbolic form (it won't simplify fully, but shows structure)
show(alpha(1, s, t))

1 4 4 11

— = 2% 2N (—1) 4 = 20 (— 1) 4+ = (—1)%(-1)°
S22 452 (1) 52D+ S (1))
# Theorem 5.4.7

show(alpha(1, 2, t))

3(-1)*

# Theorem 5.4.7

show(alpha(3,s,t))

4 4 1

_'2t_13 __28_1t __ls_lt
2D 4 52 () 4 5 (D)D)
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