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ARTICLE INFO ABSTRACT
Keywords: This paper investigates the elastic instability behavior in soft periodic laminates subjected to
Nonlinear elasticity finite strains, with a focus on both macroscopic and microscopic instabilities. Considering the

Hyperelastic materials
Soft materials
Layered composites
Buckling

deformation-induced phase stiffening, the Gent model with a high bulk-to-shear modulus ratio
describes the behavior of incompressible phases. This non-Gaussian statistics-based model cap-
tures the non-linear constitutive results from the limited extensibility of polymeric molecular
chains. This paper derives an analytical prediction for the onset of macroscopic (or longwave)
instability and microscopic instability as functions of material parameters. Moreover, a numerical
Bloch-Floquet analysis is imposed on identifying the instability behavior under compression. We
consider a wide range of phase combinations and find that the relatively rapid stiffening of the
matrix compared to the stiff layer increases the stability of laminates by decreasing the critical
stretch ratio. Essentially, properly manipulating the stiffening parameters can produce an abso-
lutely stable region without observed instability. This paper also systematically illustrates the
changes in instability and the transition between macro and micro instability in fully Gent
laminates, which show higher stability than fully neo-Hookean laminates with larger critical
stretch ratios. The critical characteristics of instabilities, such as critical stretch ratios and critical
wavenumbers, can be controlled by the choice of stiffening parameters and other material
properties, enlarging the tuning of soft laminates for desired buckling patterns in practical
applications.

1. Introduction

Elastic instability can trigger structural transformations in soft microstructured materials [ 1-3]. This phenomenon has been applied
to designing materials with switchable functionalities and properties [4-7], including negative group velocity [8,9], tunable bandgaps
[10-13], energy-absorbing properties [14], and negative Poisson’s ratio or auxetic behavior [15-20].

The framework of the linearized small-amplitude motions superimposed on finite deformations (“small-on-large”) is frequently
employed to predict the onset of instability [21]. The loss of ellipticity condition can predict the onset of macroscopic (or longwave)
instability [22-24]. The effective elastic modulus tensor required by the analysis can be calculated via micromechanics [25,26],
numerical simulations [23,25,27-32], or phenomenological models [33-42].
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In microstructured materials, microscopic instability may develop at finite wavelengths comparable with the characteristic sizes.
Triantafyllidis and Maker [43] studied the microscopic instability in laminates by applying the Bloch-Floquet analysis. Note that the
longwave limit in the microscopic instability analysis is equivalent to the loss of ellipticity condition [44]. Slesarenko and Rudykh [45]
analyzed the transition between macroscopic and microscopic instabilities in three-dimensional fiber-reinforced composites (FCs) with
hyperelastic phases. Galich et al. [46] examined the influence of in-plane fiber arrangement on instability behavior and shear wave
propagation along the fiber orientation. Li et al. [47] conducted an experimental investigation on 3D printed specimens, observing the
transition between the microscopic buckling pattern and macroscopic mode. Recently, Arora et al. [48] evaluated the influence of
constitutive properties and fiber periodicity on buckling direction in FCs with a combination of simulation and experimental measures.
Bertoldi and Lopez-Pamies [49] studied the effect of interphases on instability in 2D fiber-reinforced composites. Arora et al. [50]
studied the influence of inhomogeneous interphases on buckling in the analogous layered composites. Li et al. [51] reported the
experimental observations of twinning microstructure development in the post-buckling regime in soft laminate. Chen et al. [52]
examined the instability of soft composites with varying in-plane distributions of the stiff phase; Chen et al. [53] further studied the
development of the patterns in the post-buckled domain.

Previous studies of the instability phenomenon in soft composites mostly considered a relatively simple neo-Hookean model to
describe the constitutive behavior of the phases [51,53,54]. This weakly non-linear hyperelastic model may not accurately capture the
behavior of soft materials [55-66]. Therefore, in this work, we consider a so-called non-Gaussian model for the composite phases and
analyze the influence of the strong nonlinearity manifesting in the stiffening effects on the instability of soft laminates. We employ the
Gent model [67] to capture the stiffening effects of the phases under finite deformation.

The paper is structured as follows. Section 2 introduces the theoretical background for wave propagation and prediction of
instability [21]. Section 3 starts by defining the problem and proposes an effective homogenized strain energy-density function (SEDF)
for laminates with Gent phases. Then, we provide a closed-form expression for the critical stretch of macroscopic instability (Section
3.1), which is followed by an analytical prediction for the microscopic instability analysis (Section 3.2). In Section 4.1, we exhibit
stress-stretch relationships of the Gent laminates with various material parameters, which is compared with numerical simulations. In
the following subsections, we analyzed the influence of the stiffening behavior on the instabilities by examining laminates with (i)
single Gent phase and (ii) two Gent phases. Finally, we provide a phase diagram summarizing the dependency of the critical pa-
rameters on the phase-locking parameters.

2. Theoretical background

The Cartesian position vector of material points in the solid is denoted as vector X in the undeformed (or reference) configuration
Qo while that in the deformed configuration Q is x. The displacement function for every material point in the body is characterized by

the mapping x = (X), with the deformation gradient defined as F = Grady. J = det(F) is the ratio between the volumes of an element
in the deformed and the undeformed configurations. Consider hyperelastic materials characterized by a scalar-valued energy-density
function W(F) such that
oW (F)
P="F

(€Y

where P is the 1st Piola-Kirchhoff (nominal) stress tensor.
For incompressible materials, Eq. (1) modifies as

oW(F)

P= o pFT, 2

where p is the Lagrange multiplier.
Correspondingly, the Cauchy stress tensor is

6 =J"'PF". 3
The equilibrium equations in the absence of body forces read as
dive =0, (€]
in the deformed configuration. In the reference configuration, the equilibrium equation is
DivP = 0. )

Following Ogden [21], we define the incremental deformation gradient as F = di1/dX, where u is the infinitesimal incremental

displacement. The corresponding increment in the first Piola-Kirchhoff stress P can be expressed through the linearized constitutive
relation as

P = CF, (6)

where C is the tensor of elastic moduli
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Iw
= SFoF )
The components of the push-forward counterpart of the tensor of elastic moduli, C° are
Coip =T FpuF i Cij. ®
The incremental first Piola-Kirchhoff stress P’ for incompressible material is
P=CF+pF FF7T —pFT, Q)
where p is an incremental change in the pressure term related to the incompressibility constraint.
The corresponding incremental updated stress quantity ¢ is derived as
6 = Cgradil + p(gradi)’ — pI, (10)
where gradu = FF~! and I is the identity tensor.
The incompressibility condition implies that
V-u=0. (11)
The incremental equilibrium equation in the deformed configuration for quasi-static loading is
dive = 0. (12)
Substituting Eq. (10) into Eq. (12), the equilibrium equation can be written as
Oy Op
iqkpm - 07)1:, =0 (13)
Seek a solution for Eq. (13) in the form
i = me™ p = ge*n 14

where m and n are unit vectors, k denotes the wavenumber and q is a constant. The incompressibility constraint Eq. (11) results in m -
n =0.
Substituting Eq. (14) into Eq. (13) yields

Qi + igh = 0, (15)

where Q is Qi = Cj); igT, is the acoustic tensor.
The corresponding strong ellipticity condition is

Quiiiy = € Ry, ighiy > 0. (16)

The condition is commonly used to identify the onset of macroscopic or longwave instabilities [28,31,34,35,38]. The prediction of
the microscopic instability in soft composites requires a more demanding analysis, usually employing the Bloch-Floquet technique (see
for example, Bertoldi and Boyce [10]).

- Stiff layer
[] soft matrix

€2

——
L%M) LgF)

Lo
Fig. 1. Schematic of undeformed laminate with periodic distribution of stiff layer aligned along es.
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3. Analysis and results

Consider a two-phase incompressible laminate with multilayered microstructures, as shown in Fig. 1. The aligned layers are
embedded in the soft matrix. Here then, the parameters and fields for phases are denoted by the superscripts ( - )? where r = M
represents the soft matrix, and r = F represents the stiff layer. The phases are homogenously hyperelastic material with energy-density
functions W, The volume fraction for each phase is c”. The initial direction of the stiff layer is denoted as unit vector N in this layer’s
plane and scalar Ly is the initial length of the periodic unit cell. The vector N is the same as the Cartesian basis vector e,. In the
deformed configuration, the direction of the stiff layer and length of the unit cell are n and L, respectively.

The total strain energy-density function (SEDF) of the laminate is

W(F) = (MW (F) + OWE(F), a7)
where the mean deformation gradient F = cMFM) 1 c(F)F®),
The jump condition for the deformation gradient is
[FIN =0, (18)
where [f] = (f)" — (f)~ denotes the difference between the values of any field quantity f on both sides of an interface.

The deformation gradient in each phase can be obtained by using this condition (see deBotton [68], Rudykh and Boyce [69], for
details).

M) _F (F)
{F =F(I+ac”"NoM) (19)

FO =F(I-ac®NgM)’

where M represents a vector normal to the stiff layer’s plane in the reference configuration; M - N = 0 and « is an unknown constant
determined through the stress continuity condition
[PIM = 0. (20)

Consider laminates with both phases characterized by the Gent strain energy density function (SEDF), namely,

") g M _3
W (F0) = £ log(l —— 1)

where IY) =tr(C") =FO . FO and ¢ = FOTE® is the right Cauchy-Green deformation tensor; p and J¥) are the initial shear

modulus and the locking parameter of phase r, respectively. In the limit of J,(,f)—wo, the Gent model reduces to the neo-Hookean one

(r)
WO (F) = "7 (1@ - 3) . (22)

The following effective homogenized SEDF for laminates with Gent phases can be constructed [68,70,71]

W(F):%(I,—Q—%(ME-M—%) (23)

where C = F'F. The effective shear moduli G and G are

(F)\ (~(F) _ oAFYGM)
a:G(M)(1+C )G +(1 ¢ )G .G =cMGM 4 (HGE), (24)
(1= c¢™)GP + (1 + cP)GM)

where G® denotes the tangent shear modulus for phase r, defined as

(r) 1y (r)
G0 = ‘]"17” (25)
a5 - (If” - 3)
In the limit of Jf,?—mo, Eq. (23) reduces to the SEDF for laminate with neo-Hookean phases [68,71-73]
~ I n—u — 1
WE) =L -3 - MM ), 26)
2 2 M-C ‘M
where

B 14 ) u® 4 (1 — )) 00

(M)( )7 ( e = M0 4 (0 F) 27)

P = dmyu® (1 4 ey #

For the effective SEDF (23), the macroscopic first Piola-Kirchhoff stress P read as
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P=GF F —(G-OfMaM+—— 2%  F'MaF'F'M 28)
(F'M-F M)
With J%) — oo, the expression reduces to
P—gF—pF  —(A-p)FMaM+———t  F 'MaF 'F'M, (29)
(F M-F M)

for the neo-Hookean laminates.
Next, we consider the longwave or macroscopic instabilities in the laminates with the phase stiffening behavior (Section 3.1). This
is followed by the microscopic instability analysis in the Gent layered materials (Section 3.2).

3.1. Macroscopic instability

In this subsection, we applied the effective homogenized SEDF for Gent laminates (23) in deriving the closed-form critical stretch of
macroscopic instability. Consider first the macroscopic deformation of the uniaxial compression with the deformation gradient defined
as

F:ﬂil/zel ®e1 +/{82®82 +ﬂil/283 ®23, (30)

where A is the stretch ratio along the stiff layer direction ey. In this paper, the deformation is applied along the vector N.
For the uniaxial compression (30), it can be shown that the onset of macroscopic instability in the laminates with Gent phases (23)
occurs when the stretch ratio exceeds the critical value given by

G\ 13
AM=(1-= . 31
(1-2) (31
In the limit of J%'—co, the expression for critical stretch ratio reduces to that corresponding to the neo-Hookean laminates [70]
173
pra (1 - ﬁ) . (32)
73

Next, we consider the in-plane compression (or pure shear). The corresponding macroscopic deformation gradient is

F=1"¢e, Qe +le, e, +e;Qes. (33)

For the in-plane deformation, the critical stretch ratio corresponding to the onset of longwave instability in the Gent laminates is

o\ 4
AMM=(1-=) . 34
( G> (34)
For neo-Hookean laminate, Eq. (34) reduces to [43]
~\ 1/4
g (1 _é> . 35)
i

3.2. Microscopic instability

To predict the microscopic instability in the defined Gent laminate, we employ the “small-on-large” approach in which small
amplitude motions are superimposed on the finitely deformed state [21]. Here the analysis is performed for the laminates undergoing
in-plane deformation (or pure shear) with the deformation gradient (33). We seek a solution for Eq. (13) in the following form

a” (x1,x2) = v (1 )exp(ikaxa) and[im (x1,x2) = q" (x1)exp(ikaxa), (36)

where v(')(xl) and q(r)(xl) are two undetermined functions of x; in phase r that are required to be solved; k; is the wavenumber along
the e, direction (ko > 0).
Substitution of " in Eq. (36) into the incompressibility constraint (11) leads to
a(')
ik + — =0 (37)

Substitution of Egs. (36), (37), and (10) into Eq. (12) with the nonzero components (see Appendix A) of the elastic modulus con,
leads to the system of linear ordinary differential equations
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dg") o 0 (o _ oo _ o\ D) 00 @V a0 0 00 ) 0
dr, + k" Cyipvi +11‘2( 1111_C1122_C1221)E:07 555} dx,? +k ( 212 T 2211_C2222)"z — itkag" =0, (38)

where VY), v(zr) and ¢ are unknown variables in each phase (r = M, F).

The nonzero components of V are

()]

0 0 0 2Cish + Coshy = Co i Lo 2000 ) 00 _ 00 _ )

T . r r) r . T r r . r) r) r

Viy = —iky, Vg =1, Vi =~k Tf Vi = lsz’ Var = =k Ciap, Viy = —iky <C1111 —Ciin — C(1)221>- (39
2121 2121

The differential equation system (38) is transferred into

dy")
dx,

V(r)y(r)7 (40)

where y — [Vl 0y, dat g0
The general solution theory of the ordinary differential equation systems (40) is

¥y () = WOZO g, (41)

where 4 x 4 matrix W® and Z" are defined as Z" = diag(exp(x: [z 2 20 27])), WO = i wl wl wi]. Here, 2 and w(i =1,

2, 3, 4) denote the eigenvalues and corresponding eigenvectors of the matrix V®; vector a® is a vector of unknown constants.
The solution (41) must satisfy

Y (x, + L) = y™ (x,)explik, L], (42)

where k; is a real number (0 < k; < 2rn/L).
For the incremental fields, the continuity conditions on the interface are

[u] =0 and [6]m = 0. (43)

Here, m = F~'M is normal to the layer-matrix boundary in the deformed configuration.
Substitution of Eq. (36), Eq. (12), and the Floquet relation (42) into continuity condition (43) yields

QMIWMIZM (LM)g) — QUIWIFIZE) (LM))g), (44)
and

Q(F)W(F)Z(F> (L)a(F) — Q(M)W(M)Z(M) (L)a(M) ) (45)
where the nonzero components of the matrix Q* are

o) =0 =1, oY) = ika (Clity — Y —p ), 01 = =1, 0f) = ikap'”, Q) = €41, (46)
where p(') can be determined from boundary conditions. Eliminating a® in Egs. (44) and (45) results in the following relation

((G<M>)"G<F>Z<F> (LD (GM) Gz (L) — exp[ile]I)a(m =0, (47)
where G = QPW®,

The condition for the existence of a nontrivial solution is

det[K — explik, L]I] = 0, (48)
where

K= (G<M))’1G<F> Z (L) (Gm)*l(;(m ZM (L), (49)
where detK = 1 (since Z?zlzg') = 0 for all phases). Here the matrix is the K characteristic matrix of the differential equation system.
The matrix K is the function of A and ky when constitutive relationships and geometry of laminate are defined. To detect the onset of
instability, we must check if any eigenvalue of the matrix K has a magnitude equal to 1 for some positive value of k. This is expressed

as |leig(K); ||=1 (i = 1,2,3,4). The result of the analytical solution is independently verified by the finite element simulations (see
Appendix B).

663



Q. Yao et al. Applied Mathematical Modelling 130 (2024) 658-675
4. Examples

In this section, we examine the effective behavior of Gent laminate and the onset of instability. The results calculated from the
analysis in Section 3 are compared with those from numerical simulations.

4.1. Effective behavior of the Gent laminates

Here, we illustrate the effective stress-stretch relationships of the laminates with various combinations of material parameters. For
pure shear deformation (30), the effective component of the Cauchy stress tensor is
G=0n—0n=*#-17)GC. (50)
The traction-free boundary condition in e; yields the expression of the effective stress component P = Py,
P=G(A—417). (51)
The dependence of the stress on the stretch ratio can be expressed explicitly, namely,
) g 1) 1) ) ) )

P= " +—
I — (R rar-2) B - (R -2)

(A-17). (52)

For neo-Hookean laminates, Eq. (51) reduces to P = fi(4 — 173 ).

(a) (b)

k, = 15,cF) = 0.06

2 ] | 2 | ]
—Ineo — Hookdan ! ! !
A
4700 01 . i I
1 I EJ'r(nF) — 01 /i i 1 I i /'II,' i J
S g Loa ; -
E 0 | / i E 0 | i
18 | | | & | |
i 5 i i ¢ i
e | ol |
-1t Vo 1 -7 oA D
| " | | lll' |
Vo i i i
D i | i
_2 (] L L 1 _2 T L L 1
0.8 0.9 1 1.1 1.2 0.8 0.9 1 1.1 1.2
A
(c) 7 (d) ; F
k, = 100, c*) = 0.06 k, = 60,c¥) = 0.08
2 — 2 ‘ ‘
i i i x iMicroscopic '_f i
i ;o Macroscopic /o
1t i 1t P
i £ i £
| R ! & oo
| A | I A = I
S - | =L |
5 i e ! & | |
ey i g ¥ |
1§ e i I 1 £ 1
a7 | N |
o f i b i
[ | la |
nof i ot i
2 [ - . 1 2 LB . 1
0.8 0.9 1 1.1 1.2 0.8 0.9 1 1.1 1.2
A A

Fig. 2. Normalized stress vs. stretch ratio for the Gent laminates with k, = pm/ p(M) =15and ¢ = 0.06 (@), ky =15 and P =01 (b), k, = 100, c®
= 0.06 (c), and k, = 60 and ¢ = 0.08 (d).

664



Q. Yao et al. Applied Mathematical Modelling 130 (2024) 658-675

Fig. 2 shows the normalized stress P/i computed by Eq. (52) for the laminates in four combinations: (i) all-neo-Hookean phases
(solid blue curves), (ii) Gent matrix (Jﬁ,’f ) = 0.1) and neo-Hookean stiff layers (black dashed curves), and (iii) neo-Hookean matrix and

Gent stiff layers (Jf,f ) — 0.1) (red dash-dot curves), and (iv) all-Gent phases (ng ) — Jf,f ) — 0.1) (orange dotted curves). The results are
shown for the composites with initial shear modulus contrast k, = 15 and volume fractions of the stiff layer P =0.06 (a), ky=15and
P —0.1 (b), k, = 100, ¢® —0.06 (c), and k, = 60 and ¢® —0.08 (d). The analytical expression (48) for the stress-stretch relations
(continuous curves) is plotted along with the corresponding FE numerical results (denoted by the discrete scatters of the same color).
The vertical dashed lines are locking limits for Gent material with J;; = 0.1; Aok = 1.17 for tension and Ajocx = 0.85 for compression.
The onset of instability points is marked by a cross and asterisk for microscopic and longwave instability, respectively. The results show
an excellent agreement between the analytical and numerical results.

The results illustrate that the laminates with either all-Gent phases or Gent-neo-Hookean ones experience a significant increase in
normalized stress as the stretch ratio approaches the locking limit. As expected, the all-Gent laminates display the most rapid stiffening
responses (see the orange-dotted curves and diamond dots with J,;; = 0.1 in Fig. 2. In Fig. 2 (a), the stresses in laminates with either

Gent matrix (Jﬁ,ﬂw) = 0.1) and neo-Hookean stiff layer, or Gent stiff layer (Jﬁf) = 0.1) and the neo-Hookean matrix have similar
magnitudes. The increase in stress magnitude due to matrix stiffening is on the approximate level as the stiff layer stiffening with ¢ =
0.06 and k,, = 15. Then, the stress P in laminate Gent matrix and neo-Hookean stiff layer is
P [ o T ek | (2 - 27%) (53)
= | —e——————+cC —-A7),

W — (a7 -2) !

while the stress P in the composite with Gent stiff layer and neo-Hookean matrix is

_ J®
P=|c™4clPp—eom (3 —27%). (54
I - (22t -2) ( )

With k,, - c® ~ c(M), the stress values in Egs. (53) and (54) are of similar values since Jﬁ,’l"” = J¥ and constant volume fraction of the
stiff layer in Fig. 2 (a). However, when the volume fraction of the stiff layer is increased to P —0.1 (see Fig. 2 (b)), the laminate with
Gent stiff layer shows a higher stress level than the one with Gent matrix (the P in Eq. (53) is significant that in Eq. (54))

Neo-Hookean laminates with k, = 100 and P =0.06 (c) and k, = 60 and P =0.08 (d) experience macroscopic instability, while
those with a lower shear modulus contrast, k, = 15 (see Fig. 2 (a) and (b)) buckle in the microscopic mode. The laminates with Gent
matrix and neo-Hookean stiff layer in Fig. 2 (a) and (b) do not undergo instability regardless of the deformation level applied; such
composites are referred to as absolutely stable. However, for high values of initial shear modulus contrast, such as k, = 100 (c) and k, =
60 (d), the laminates with Gent matrix and neo-Hookean stiff layer experience instability when the corresponding critical stretch is
reached. Similarly, the all-Gent laminates with k, = 15 are also stable, while those in Fig. 2 (c) and (d) experience instability.
Interestingly, the all-Gent laminates are more stable than their neo-Hookean counterparts, as evidenced by their smaller critical stretch
ratios when buckling in microscopic mode (see Fig. 2 (d)). The Gent stiff layer and neo-Hookean matrix laminates experience insta-
bility for all the combinations of initial shear modulus contrast and volume fraction of the stiff layer. Their critical stretches are larger
than that of their neo-Hookean counterparts. In particular, the laminate with Gent stiff layer buckles in microscopic mode at ¢ = 0.06

(a) 0.95 (b) 4.5 ] T T T ‘| kﬂl=15 ]
] 404<
O
0.92 35 1 O Gent matrix J*=0.5 |
] 3.0 | O  Gent layer J’=0.1
25 Gent laym J! F):G.S
7 O m
A0.89 2 ] < neo-Hookean ]
%q 2.0 —%O
] gg% —@— Gent matrix anM)=O.5- 1.5
0.86 9247, =0.1 T ~®— Gent layer J/=0.1 - 10l °3, '
| 1" oL Gent layer J77=0.5 | 1 Dd P 1
é —<— neo-Hookean 0.5 | o |
0.83 - - - - OO“—T&LHmHkﬁ—a—T—i
0 0.1 0.2 0.3 0.4 0 0.1 0.2 03 04
o o™

Fig. 3. Critical stretch ratio (a) and normalized critical wavenumber (b) vs. stiff layer volume fraction. The initial shear modulus contrast is k, = 15.
Dashed curves (a) and hollow marks (b) represent the microscopic instabilities; solid curves (a) and filled marks (b) correspond to the longwave
instability; half-filled marks show the transition point of instability modes.
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(a) while it buckles in longwave mode at ¢ = 0.1 (b). In summary, the stiffening of phases has the potential for tuning the instability
behavior, including inducing an absolutely stable state and controlling the appearance of buckling. We discuss the elastic instability in
the laminates and the mechanism of tuning it with phase stiffening in detail in the following sections.

4.2. Instabilities in neo-Hookean-Gent laminates

Here, we examine the stability of the “neo-Hookean-Gent” laminates with a phase described by the Gent model, and the other one
characterized by the neo-Hookean. The (i) critical stretch A" and (ii) normalized critical wavenumber kg are shown as the functions of
stiff layer volume fraction ¢® with initial shear modulus contrast k,=15inFig. 3 (a) and (b), respectively. Here, three combinations of
phases are considered: (i) all-neo-Hookean laminates (blue curve and blue triangles in (a) and (b)); (ii) Gent stiff layer with J,(,f ) — 0.1,
0.5 and a neo-Hookean matrix (red curves in (a), red squares and red circles in (b)); (iii) neo-Hookean stiff layer and Gent matrix with
J,(,Ilw )~ 05 (black curve in (a) and black circles in (b)). Here and thereafter, dashed curves and hollow marks denote microscopic
instability, while the solid curves correspond to the longwave (or macroscopic) instability; the half-filled marks denote the transition
point between the instability modes. A horizontal dashed line represents the locking limits for J,; = 0.1 with A = 0.8543.

For all combinations of phases, the critical stretch ratio increases with the rising stiff layer volume fraction while the normalized
critical wavenumber shows a decreasing trend (the critical wavelength increases). The transition point between macro-instability and
micro-instability appears on a certain volume fraction of the stiff layer ¢®): when the volume fraction of the stiff layer is larger than this
value (¢® > cg)), the laminate buckles in the macroscopic mode. For the laminates with phases (such as laminate with Gent matrix
and neo-Hookean stiff layer), the phase stiffening shows a complicated effect on the instability behavior. To discuss the mechanism of
tuning instability behavior with phases stiffening, we define the effective shear modulus contrast of stiff layer and matrix as

~ G

In laminates with Gent phases, the effective shear modulus contrast Eu is a function of deformation level A. Defining the stiffening
parameter of both phases as g@ = J® /(J© — (I — 3)), the Eq. (55) is transferred into

~ 7g(F)k
oL (M) R

(56)

Laminates comprising Gent stiff layer (J¥) = 0.1, 0.5) and neo-Hookean matrix buckles at larger compressive stretches and exhibits
longer critical wavelengths compared to all-neo-Hookean ones. Additionally, the laminates with lower locking parameters of stiff layer
buckle earlier (see red curves for J&) = 0.1 and J = 0.5 in Fig. 3 (a)). The stiffening of the stiff layer increases the effective shear
modulus contrast (E, >k, as gm in Eq. (56) increase) with deformation. Therefore, laminates with Gent stiff layer and neo-Hookean
matrix exhibit critical stretches that are larger than all-neo-Hookean ones with E, = k. Furthermore, the faster stiffening in stiff layers
with smaller locking parameters (such as JI) = 0.1 over J' = 0.5) further destabilizes the laminate and induces buckling at lower
strain levels. This destabilization mechanism shifts the transition point of instability mode in laminates with Gent stiff layer and neo-
Hookean matrix to a smaller volume fraction (c) ~ 0.08 at J©) = 0.1 and ¢!?) ~ 0.12 at J¥) = 0.5) compared to all-neo-Hookean
counterparts (c? ~ 0.136). This tendency agrees with that observed in neo-Hookean fiber-reinforced composites with increasing
initial shear modulus [45].

However, laminates with neo-Hookean stiff layer and Gent matrix (Jf,llw ) — 0.5) buckles at critical stretches smaller than the all-neo-
Hookean ones. During the compression, the stiffening parameter of soft matrix in (56) increases rapidly, and the effective shear
modulus contrast Eﬂ decreases. This stabilization effect requires an increased deformation level to trigger the buckling. Thus, laminates
with JM = 0.5 exhibit critical stretch ratios that are lower than the all-neo-Hookean counterparts. In the extreme situation, the rapid
matrix stiffening reduces effective shear modulus contrast to 1 (Eﬂ =1 or “stable condition”), resulting in the laminate equivalent to a
homogeneous neo-Hookean material. The neo-Hookean stiff layers and Gent matrix laminates with JM = 0.1and k, =15 are observed
to be absolutely stable for ¢ < 0.4. The rapid matrix stiffening at J = 0.1 is quick enough to prevent instability from emerging even
with a large volume fraction of the stiff layer. Thus, no curve is drawn for J = 0.1 in Fig. 3. In contrast, both instability modes and a
transition point are observed in laminates with J&” = 0.5. The transition point of instability mode occurs at a higher volume fraction
(Jf,y ) = 0.5, cg) ~ 0.132) than the all-neo-Hookean ones. Moreover, the laminates with volume fraction of stiff layer ¢® =0.11
experience instability, while those with ¢ < 0.11 are absolutely stable. The appearance of instability highlights the transition of
laminate from an absolutely stable state to an unstable one (transition of stability).

The stiff layer stiffening Fig. 3 shows that both the increase of layer locking parameter JP) (red curves) and soft matrix locking

parameter J,(,I,W) (black curve) shifts the curves of the critical stretch ratio and points of critical wavenumber closer to the all-neo-
Hookean laminates. This is in line with the fact that when locking parameters are sufficiently large (e.g., JM — jP° —1000), the
Gent model reduces to the neo-Hookean one. In Fig. 3, the all-neo-Hookean laminates (blue curve) serve as a boundary for separating

two stiff layer-matrix combinations. Overall, the stiffening of phases enables us to design absolutely stable laminates with particular
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initial shear modulus contrast (for instance, J2 = 0.5, ¢ = 0.1 and k, = 15). It provides the opportunity for us to tune the absolute

stable interval of stiff layer volume fraction and critical parameters by changing JM (such as adjusting JM between 0.1 and 0.5 for
laminates with k, = 15).

Fig. 4 shows the influence of the initial shear modulus contrast k, on the instability behavior in three combinations of phases. The
volume fraction of the stiff layer is ¢ = 0.08 and the locking parameter of Gent phases is J,, = 0.1. Different instability modes and
transition points are plotted in the same way as Fig. 3, with a dashed line showing the locking limit of J,, = 0.1. The critical stretch for
all combinations of phases increases with initial shear modulus contrast, and three curves converge. For high initial shear modulus

contrast (such as k, > 90 in Fig. 4 (a)), the stiffening of phases does not significantly change the effective shear modulus contrast Ey
before the onset of instability. This results in close critical stretch ratios. The laminates with Gent matrix (Jﬁ,’lw) = 0.1) show critical

stretch ratios that are smaller than the others. On the other hand, the laminates with the Gent stiff layer (Jf,f ) = 0.1) show the earliest
buckling due to higher values of effective shear modulus contrast induced by stiff layer stiffening.

Two transition points are observed in laminates with neo-Hookean stiff layer and Gent matrix: one of the instability modes and the
other of stability. First, the instability mode switches at a particular threshold value (k) from microscopic instability (k, < ky.) to
macroscopic one (k, > k), This threshold value is represented by the half-filled black square at k, ~ 71. As initial shear modulus
contrast decreases, the critical stretch ratio decreases until it reaches the locking limit, where the instability disappears. The critical
wavenumber in Fig. 4 (b) increases as the locking limit is approached. Restricted by the locking limit, the laminate is stable at a small
initial shear modulus contrast, such as k, = 20. In Fig. 4, the transition of stability appears at k, ~ 48. For k,, < 48, the quick stiffening of
the matrix quickly reduces the effective shear modulus contrast and avoids the onset of instability. For the all-neo-Hookean laminates,
the only theoretical stable point is at k, = 1 where the instability does not appear regardless of the compression magnitude. The critical
stretches of the blue curve in Fig. 4 (a) descend with the decrease of initial shear modulus contrast. What is not in the figure is that the
critical stretch of all-neo-Hookean laminate reaches A" = 0.47 at k,, = 2. The critical wavenumber of all-neo-Hookean laminate in Fig. 4
(b) decreases after reaching the maximum at k, ~ 3. This value again shows that the higher shear modulus of the stiff layer to the

matrix (ﬁ,, > 1) is the necessary condition for the onset of instability. Moreover, the decrease in matrix locking parameter Jf,iw ) induces
the transition point of stability, which is in agreement with the previous discussion.

The laminates with Gent stiff layer and neo-Hookean matrix (red curve in Fig. 4 (a)) exhibit two transition points of instability
modes, which makes them different. Two intervals of macroscopic instability appear in k,= 47 and k,= 22. In the intermediate interval,
the wavenumber first increases to a maximum value (22 <k,= 35) before decreasing (35=k,=47). With the further increase in initial
shear modulus contrast, the wavenumber falls to an approximately zero value where the second transition of instability modes and the
onset of macroscopic instability occur. For k,<22, imposing large compression is necessary for activating the instability. This high
deformation level leads to significant stiffening of the stiff layer and higher effective shear modulus contrast. As illustrated in previous
sections, the all-neo-Hookean laminates tend to lose instability in macroscopic mode at high initial shear modulus contrast. We can
draw an explanation that this large compression leads to an effective shear modulus contrast E# equivalent to the initial shear modulus
contrast k, required for inducing macroscopic instability in all-neo-Hookean laminates. In this circumstance, the relationship between
instability and initial shear modulus contrast is rather complex. The macroscopic instability at k,= 47, on the other hand, is the result of
effective shear modulus contrast enlarged by stiff layer stiffening.
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Fig. 4. Critical stretch ratio (a) and normalized critical wavenumber (b) vs. initial shear modulus contrast k, with volume fraction of stiff layer ¢® =
0.08 and J;,, = 0.1. Dashed curves and hollow marks represent the microscopic instabilities; solid curves and filled marks denote microscopic in-

stabilities. Half-filled marks show the transition point of instability modes.
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Fig. 5 (a) and (b) display the critical stretch ratio A" and normalized critical wavenumber k§ in three combinations of phases as the
function of initial shear modulus contrast k, with Ji; = 1 (Ajck = 0.618), respectively. The results are similar to those in Fig. 4 but with
some notable differences. For example, the laminates with Gent matrix and neo-Hookean stiff layer exhibit a stable interval that is
smaller (k, < 11) than those with Jﬁ,ﬂw ) = 0.1. The slow stiffening at Jf,ﬂw ) = 1 makes the stable condition (i,, = 1) available when k;, is
small. Similarly, two transition points of instability modes are present in the laminates with Gent stiff layer, but the first transition
point appears at ky, ~ 2, which is k. ~ 22 with J¥ = 0.1. The slow stiffening of the stiff layer cannot significantly increase effective
shear modulus contrast before the occurrence of instability. Additionally, the critical wavenumber tends to increase and then decrease
in the microscopic instability interval as the initial shear modulus contrast increases. Critical wavenumbers higher than those with J
= 0.1 appear in this interval. It is easy to find that the values and tendency of critical wavenumber are closer to the all-neo-Hookean
laminates, which is observed in the laminates with Gent matrix. The overall picture of Fig. 5 shows that the instability behavior of
laminates with Gent phases approaches the all-neo-Hookean laminates with increasing locking parameters of Gent phases.

4.3. Instabilities in Gent-Gent laminates

This subsection focuses on estimating the “Gent-Gent” laminates with both phases characterized by the Gent model. Fig. 6 (a) and
(b) respectively show the critical stretch ratio A" and normalized critical wavenumber k§ as functions of stiff layer locking parameter

J,(,f ) with matrix locking parameter J,(,IIW) fixed at different values (ngm = 0.1, 1, 10). The laminates with Gent stiff layer and neo-
Hookean matrix (blue curve and blue triangles) are included as a reference. The curves and marks in Fig. 6 are computed with stiff
layer volume fraction ¢ = 0.06 and initial shear modulus contrast k, = 100.

All curves for critical stretch ratio and critical wavelength in Fig. 6 show a decreasing trend as the locking parameter of the stiff
layer increases Y increases). The increasing tendency of critical strain and critical wavenumber levels off and enters a platform, as
indicated by the horizontal dashed lines. In general, the increasing matrix locking parameter shifts the curves of critical stretch ratio
closer to laminates with Gent stiff layer and neo-Hookean matrix. The laminates with high locking parameters of stiff layer (such as J
= 1) lose stability in microscopic mode, while instability transits into the macroscopic mode with P < J,(,f ), and Jf,f?cr ~ 0.04. The
transition points are marked by half-filled marks in Fig. 6. Here, the changes in the effective shear modulus contrast complicate the
activation of the instability. For the values of the matrix locking parameter examined in Fig. 6, the value J,(f_ ). for the transition point
decreases when the matrix locking parameter increases. It is worthwhile to stress that the changes in the transition point Jﬁ,{ ), is not
significant: due to the quick buckling induced by k, = 100, the stiffening of phases is unable to significantly tune the effective shear
modulus contrast before the onset of instability.

Fig. 7 (a) and (b) show the critical stretch ratio A and normalized critical wavenumber k§ as functions of matrix locking parameter
JM with stiff layer locking parameter J fixed at different values (J§) = 0.01, 0.04, 0.1, 1). The laminates with neo-Hookean stiff
layer and Gent matrix (blue curve and blue triangles) are included as a reference. The examples in Fig. 7 are computed at the stiff layer
volume fraction ¢ = 0.06 and initial shear modulus contrast k, = 100.

The laminates with all values of the stiff layer locking parameter JE tend to lose stability at higher critical stretch ratios as the
matrix locking parameter increases. This is induced by the slower stiffening of the matrix and thus higher effective shear modulus
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Fig. 5. Critical stretch ratio (a) and normalized critical wavenumber (b) vs. initial shear modulus contrast k, with volume fraction of stiff layer c¢® =
0.08 and J,, = 1.
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Fig. 6. Critical stretch ratio (a) and normalized critical wavenumber (b) vs. locking parameter J,(,1M> with volume fraction of stiff layer c¢® = 0.06,

initial shear modulus contrast k, = 100, and Jﬁ,’,m = 0.1, 1, 10, 1000. Different instability modes are marked in the same way as previously done.
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Fig. 7. Critical stretch ratio (a) and normalized critical wavenumber (b) vs. locking parameter JM with volume fraction of stiff layer ¢® = 0.06,
initial shear modulus contrast k, = 100, and J,(f) = 0.01, 0.04, 0.1, 1, 1000.

contrast f,‘, which finally makes it easier for the stiff layer to buckle. All critical stretches enter a section of horizontal curve upon
certain thresholds, after which the matrix stiffening imposes negligible effect on effective shear modulus contrast. The locking
parameter of the stiff layer significantly varies the instability mode of laminate (Fig. 7 (b)). Moreover, a decrease in the stiff layer

locking parameter J¥) leads to earlier buckling in laminates by increasing the effective shear modulus contrast. With the increase of
stiff layer locking parameter, the instability behavior transforms from being dominated by longwave instability WP =00 toa
combination of both modes (J,(,f ) = 0.04) and finally to being dominated by micro-buckling (J,(,f ) = 0.1, 1, 1000). The laminates with
JE = 0.04 undergo macroscopic instability for JE < 0.05. As the locking parameter of the matrix increases, a transition to a micro-

instability mode emerges at J,(,Ilw ) = 0.05. The critical wavenumbers for microscopic instability quickly increase and reach a platform as
the critical stretch ratio behaves, which is observed at other locking parameters of the stiff layer. On the platform, the variation in

locking parameters cannot significantly vary critical parameters. The values of phase locking parameters UM and J&) together
determine the buckling mode in a complex way. It is also worth noting that the curve of laminates with neo-Hookean stiff layer ceases
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to extend when the matrix locking parameter JM decreases to a certain threshold value. When J& < 0.05, no instability behavior
appears before the laminates are compressed to the locking limit. In Fig. 7 (a), laminates with a neo-Hookean stiff layer serve as a lower
bound for all cases.

Finally, we investigate the special cases where the “Gent-Gent” laminates have identical locking parameters (J,(,llw ) = J,(,f) = Jn).
Fig. 8 (a) and (b) show the critical stretch A" and normalized critical wavenumber kg as functions of locking parameter J,, with c® =
0.06 and 0.08, and k, = 100, respectively. The corresponding all-neo-Hookean laminates with the same volume fraction of stiff layer
are present as the blue lines and triangles in Fig. 8 (a) and (b), respectively. A black dashed curve highlights the locking limit under
compression defined by

I = (I +2= (2 +40)"") /2)1/2. y

In Fig. 8, the laminates with ¢ = 0.08 buckles in macroscopic mode, same as the all-neo-Hookean counterparts. The horizontal
sections of the curves indicate that the critical stretch ratio is irrelevant to the variation of the locking parameter. However, the Gent
laminates do not buckle when the locking parameter is smaller than a certain threshold due to the locking effect. In contrast, the Gent
laminates with ¢ = 0.06 behave differently. From J;,, = 100 to J;;, = 1, both the neo-Hookean laminates and Gent laminates undergo
microscopic instability at similar critical stretch ratios. As the locking parameter decreases further, the Gent laminates exhibit higher
stability with a decreasing critical stretch and eventually lose stability in macroscopic mode, after which critical strain does not
significantly increase. On the other hand, microscopic instability appears in the neo-Hookean laminates with ¢ = 0.06. Therefore,
Fig. 8 (a) suggests that the laminates with lower volume fractions of stiff layer are likely to develop microscopic instability, with ¢ =
0.06 on the boundary between macroscopic and longwave instability.

Figs. 6 to 8 exhibit mappings of Gent-Gent laminate instability related to locking parameters as single-variable functions. Fig. 9, on
the contrary, displays a complete mapping of instability in Gent-Gent laminates in a dual-variable form, where both critical stretch
ratio A" and normalized critical wavenumber k§ vary with phase locking parameters. In this mapping, the stiff layer volume fraction is
setat c® = 0.06, and the initial shear modulus contrast is k, =100. A dash-point curve with half-filled circle marks divides the unstable
domain into the macroscopic and microscopic parts. The filled side of the circles is in the macro-instability region. Another curve with
half-filled square marks shows the boundary of the stable region. The void side of the square is on the side of the stable region. In the
stable region, the instability is not detected before reaching the locking limit.

In general, the laminates with rapid matrix stiffening show small critical stretches. With increasing the locking parameter of the
matrix, the width of the stable region decreases. This phenomenon is induced by the quick increases in the effective shear modulus

contrast. In the square region bounded by J&E >§ 0.1 and J! >§ 0.1, the changes in instability behavior are more intensified than in other
parts where the regular variations can be easily identified. This situation can be attributed to the complex interactions between the
quick stiffening of phases. The overall tendency in the unstable region is the gradual decrease in the critical stretch ratio A" with an
increasing locking parameter of the stiff layer and rapid stiffening of the matrix. In Fig. 9 (a), the increase of stability in laminates with
decreasing critical stretch ratios is more significant along the J) axis. This increase is especially profound around the boundary of the
stable region. Furthermore, the critical wavenumber trends to increase for 0.03 < JE < 0.1. The variation of critical wavenumber is
significant around the transition boundary of instability modes and is much milder when the locking parameters (both for stiff layer

and matrix) get larger, such as the region bounded by 0.1 SJ#; >§ 100 and 0.1 fJf,I,W)f 100. The transition boundary of instability modes
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Fig. 8. Critical stretch ratio (a) and normalized critical wavenumber (b) vs. identical locking parameter J,(,IIW ) = J,(,IF ) — Jm with volume fraction of stiff

layer ¢ = 0.06, 0.08, and k, = 100.
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Fig. 9. Critical stretch ratio (a) and normalized critical wavenumber (b) versus stiff layer locking parameter and matrix locking parameter. The
volume fraction of the stiff layer ¢® = 0.06, and initial shear modulus contrast k, = 100 are considered.

draws a region of macroscopic instability for J < 0.06. This boundary is straight for JM > 0.1. Other parts of it with small matrix
locking parameters bend toward the increasing side of the stiff layer locking parameter. The laminate tends to lose stability in

macroscopic mode or be stable for the smaller locking parameters, such as 0.01 fJ,(,f)f 0.05 and 0.01 fJf,I,‘l>§ 0.05.
5. Conclusions

We studied the elastic instability phenomenon in hyperelastic layered materials with the phases exhibiting the stiffening behavior.
In particular, we employed the Gent model to describe the constituent behavior. For the Gent laminates, we derived a closed-form

expression for the critical stretch corresponding to the onset of macroscopic (or longwave) instability. The expression for the critical
stretch reduces to the classical one given for the neo-Hookean laminates (when the Gent model locking parameter becomes large
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enough). Moreover, we derived an analytical prediction for the microscopic instability in the Gent laminates. We then compared the
theoretical results (for the macro- and microscopic instabilities) with our numerical simulations, showing an excellent agreement
between those.

Next, we analyzed the influence of the locking parameter on the instabilities in the layered materials. We studied the following
combinations of phases: (i) Gent stiff layer and neo-Hookean matrix, (ii) neo-Hookean stiff layer and Gent matrix, and (iii) all-Gent
phases. In laminate (i), a decrease in the locking parameter of the stiff layer results in increased critical stretch ratios over all-neo-
Hookean counterparts. When the locking parameter of the stiff layer decreases, the volume fraction of the stiff layer, at which
instability transits from the macro- to micro-mode, decreases. For laminate (ii), stiffening of the soft matrix stabilizes the composite by
reducing the effective shear modulus contrast and, thus, the critical stretch ratios. The matrix stiffening can result in a range of pa-
rameters, for which buckling cannot be achieved regardless of the deformation level. We regard these ranges as “absolute stable re-
gions.” In laminates (i) and (ii), the critical wavelength decreases as the effective shear modulus ratio is reduced. The laminate (iii)
displays similar critical stretch ratios and wavenumbers as its all-neo-Hookean counterparts when it undergoes longwave buckling. But
when the microscopic instability develops, the all-Gent laminates show higher stability than their neo-Hookean counterparts by
buckling at smaller critical stretches.

The reported results can further assist in the exploration of soft microstructured composites. The considered instability phenom-
enon can manifest buckling-activated pattern switches and result in tunable functionalities. These potential functionalities include
manipulating electrical and magnetic properties [74-76] and tailoring elastic wave propagation [7,8,11,12,77].

We note that our study focuses on buckling in an idealized laminate model with perfect geometry and homogeneous rate-
independent phases. There are different techniques that can be employed to address the uncertainties in constituent behavior
[78-81] or geometrical imperfections [82-84]. We note that the frequently observed residual stress is not considered in this study [24].
The influence of residual stress can lead to unforeseen instability behaviors. Additionally, the influence of swelling can be examined
[85]. Furthermore, the rate dependency of soft materials may be used for controlling the buckling behavior and patterns [86,87] via
loading path and rate. In parallel, the viscoelasticity of the soft materials can be tuned, for example, by adjusting light intensity and
other parameters during photo-polymerization [86,88]. We note that the study can be extended to include the effects of the biased
fields, such as electric [54,75,89-91], magnetic [76,92-94], thermal loading [95,96]; such external stimuli can induce novel dynamic
behavior of the composites. Finally, we note that in the post-buckled regime, the composites may develop into diverse patterns [51,
53]. In this extremely non-linear regime, the stiffening effect may play a significant role in the post-buckling pattern evolution.
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Appendix A. Components of elastic modulus C° under in-plane tension

In particular, the components of elastic modulus C°") for incompressible Gent materials in phase r are

C?(krz = ! 2/’[(")'15;) 2351:)B<Q +M3W O |- (A1)
W detF )\ (9~ 1, 4 3) R A A

Under the macroscopic deformation gradient specified in Eq. (33), the B® is
B(r) = 17291 ®e; + ﬂ.zez R e, +e; R es, (A2)
which results in many zero components in C°".
Appendix B. Finite element simulations
The unit cell in simulations is shown in Fig. Al. The dimensions of the unit cell are W = a, H = 0.1q, noting that H is one of the
tenths of W to improve computational efficiency and avoid redundant eigenvalues as done by Slesarenko and Rudykh [45]. The

materials of the stiff layer and matrix are defined by the Gent strain-energy function that is integrated into the COMSOL as

672



Q. Yao et al. Applied Mathematical Modelling 130 (2024) 658-675

(r) (V) —
A (ol u I 2 Lo 2
WO (F7) = —“—log| 1 -L——= ) + 20 (I = 1), (A3)

where « is the bulk modulus. To impose a nearly incompressible behavior of the phases, the bulk-to-shear modulus ratio (x”/p®) is
1000, which ensures the volume is constant during the simulation. In simulations, two steps are applied consequently to identify the
onset point of instability and instability modes that are either macroscopic or microscopic: the first step is quasi-static loading, in which
the unit cell is axially compressed along e, under the periodic boundary conditions; the second step is eigenvalue evaluation imposed
under the Floquet-Bloch periodicity condition. The Bloch-Floquet periodicity condition expands the incremental displacement u of a
single unit cell in the deformed configuration into the whole domain:

u(X +R) = u(X)e®® (A4)

where K = Kje; + Kge; is the Bloch wave vector in the undeformed configuration and R = Ry We; + RyHes is an arbitrary vector with
integer coordinates R1,Rs. Due to the periodicity in e; and infinite length in e,, the Bloch wave vector K under the periodicity condition
of laminate is K = (2x, K3). For the Bloch wave vector k in the deformed configuration Q, k = F K.

The specific boundary conditions for both steps are

27iky H

Stepl. { Ui pc = Uy ap + Ui g , { UiAp = Uy BC { g =0 Step2. { Ui.pc = U1AB { Uiap = ul'Bcezmzy ) (A5)

— —_ 3 bl — b — b
Uz pc = Uz.AB Uy ap = Uz pc — €H ups =0 Uz pc = UzAB Uz Ap = Uz pc€

Since the buckling only develops along the compression direction, which is the stiff layer orientation N in the simulation, only k is
scanned; the range of k; is from O to 5 at every particular deformation level until the instability is identified. Then in the step around the
instability point, including all macroscopic instability points and microscopic instability points, is refined to achieve higher accuracy in
the critical stretch ratio (A”") and critical wavenumber (Kg) with only necessary information on computation is here. After accumu-
lating enough cases, some representative computational results are shown in the paper sections.
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