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Abstract 16 

In this paper, we report the numerical observations of a distinctive phenomenon – the 17 

development of secondary buckling in soft particulate composites. After experiencing the first 18 

microstructural buckling event and consequent microstructure transformations, the composite 19 

re-enters a stable state. However, the composite may undergo a secondary buckling upon 20 

exceeding a certain deformation level. This secondary buckling event gives rise to a plethora 21 

of distinct instability patterns and behaviors. We conduct the finite-amplitude post-buckling and 22 

Bloch Floquet analyses implemented in the post-buckling regime to characterize the 23 

development of the secondary buckling. These analyses also characterize the dependence of the 24 

critical strain and wavelength of the secondary buckling on the composite’s initial 25 

microstructure parameters.  26 

 27 
1. Introduction 28 

Soft composites can experience elastic instabilities under large deformations (Li et al., 29 

2021), leading to microstructure transformations that enable the design of materials with 30 

tunable and switchable properties. Examples include acoustic materials with tunable bandgaps 31 

(Li et al., 2019c; Rudykh & Boyce, 2014; Shan et al., 2014; Wang et al., 2014; Gao et al., 2019), 32 

and negative group velocity states (Slesarenko et al., 2018, Arora et al. 2022), and the 33 

mechanical metamaterials exhibiting auxetic behaviors (Bertoldi et al., 2010; Mullin et al., 2007; 34 

Li et al., 2018b, Li et al., 2019b, Li et al., 2019c). Furthermore, instability-induced 35 

microstructure transformations can also be utilized to design soft active robotics (Rafsanjani et 36 
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al., 2021). 37 

To detect the onset of elastic instabilities, two analysis frameworks are typically employed. 38 

The first is the “small-on-large” framework (Ogden, 1997), which examines linearized, 39 

infinitesimal perturbations superimposed on a finitely deformed configuration. In this 40 

framework, macroscopic (or longwave) instabilities are typically identified by the loss of 41 

ellipticity analysis. In composite materials, the analysis requires the evaluation of the effective 42 

tensor of instantaneous elastic moduli, which can be calculated through numerical (Bruno et al., 43 

2010; Greco & Luciano, 2011; Greco et al., 2018, 2021; Pranno et al., 2022; De Maio et al., 44 

2023; Aboudi & Gilat, 2023; Melnikov et al., 2021) or analytical (Rudykh & Debotton, 2012) 45 

homogenization approaches, or, alternatively, from phenomenological models (Merodio & 46 

Ogden, 2002, 2003, 2005a, 2005b; Merodio & Pence, 2001a, 2001b; Aboudi & Volokh, 2020; 47 

Ehret & Itskov, 2007; Volokh, 2017; Qiu & Pence, 1997). For analyzing the so-called 48 

microscopic instabilities developing at finite wavelengths (Geymonat et al., 1993), more 49 

demanding approaches, typically the Bloch-Floquet analysis and its alternatives, are usually 50 

employed (Geymonat et al., 1993; Triantafyllidis et al. 2006; Bertoldi et al., 2008). The second 51 

framework addresses finite-amplitude deformations in the post-buckling regime (Okumura et 52 

al., 2002; Li et al., 2019c). Such analyses are typically performed with the finite-element 53 

method on either finite samples or sufficiently large periodic representative volumes. 54 

The application of the analysis method depends on the composite’s geometric 55 

configuration. If the material’s initial primitive cell allows arbitrary enlargement along the 56 

buckling direction (a “continuous-buckling” composite in our terminology), the resulting 57 

instabilities can be effectively analyzed using Bloch–Floquet methods. This category includes 58 

soft layered materials and fiber composites when loaded along their primary direction. For soft 59 

layered materials, Li et al. (2013) observed both micro- and macroscopic instabilities in 3D-60 

printed layered materials. Slesarenko and Rudykh (2016) achieved tunable wavy patterns in 61 

soft laminates with visco-hyperelastic behaviors (Xiang et al., 2020a, 2020b) by manipulating 62 

the strain rates. Li et al. (2019d) analyzed the elastic instability of compressible laminates and 63 

observed the stabilizing influence of phase compressibility. Li et al. (2022) experimentally 64 

observed the instability-driven formation of twinning microstructures in soft laminates. For 65 

fiber composites (FCs), Galich et al. (2018) investigated the influence of periodic fiber 66 
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distribution in 3D composites on their instabilities and shear wave propagation. Via 67 

micromechanics-based homogenization, Rudykh & Debotton (2012) predicted the macroscopic 68 

instabilities in transversely isotropic fiber composites. Li et al. (2018a) experimentally observed 69 

elastic instabilities in 3D-printed fiber composites, which shows a transition from small 70 

wavelength wavy patterns to longwave modes. Arora et al. (2022b) analyzed the influence of 71 

constituent material properties on the orientation of buckling in fiber composites through both 72 

simulations and experiments.  73 

In contrast, some composites have initial primitive cells with a well-defined period length 74 

along the buckling direction (a “discrete-buckling” composite in our terminology), including 75 

porous materials (Bertoldi et al., 2008), particulate composites (Goshkoderia et al., 2020), and 76 

honeycomb lattices (Papka & Kyriakides, 1999a, 1999b; Okumura et al., 2002). In these 77 

composites, the small-on-large framework still applies if buckling is commensurate 78 

(wavelength is an integer multiple of the primitive-cell period) or intracell (develops within the 79 

primitive cell; Combescure et al., 2016). However, when buckling is incommensurate, 80 

linearized predictions often diverge from the ensuing finite-amplitude evolution; a post-81 

buckling analysis is therefore required to capture the actual developing mode (Chen et al., 2023).  82 

Particulate composites are a typical and important class of “discrete-buckling” composites, 83 

in which discretely placed stiff particles are embedded in a soft matrix. Triantafyllidis et al. 84 

(2006) investigated the instabilities in particulate composites containing periodic circular stiff 85 

inclusions subjected to combined in-plane loadings. Li et al. (2019a) experimentally observed 86 

the formation of wavy chain patterns in soft particulate composites. Xiang et al. (2023) 87 

examined the interplay between viscoelasticity and instabilities in soft particulate composites 88 

undergoing finite deformation. However, the divergence between the linearized predictions and 89 

the post-buckling evolution during large-path deformation was not examined in those studies. 90 

Recent sequential studies on instabilities in particulate composites have revealed distinctive 91 

behaviors from the first onset of buckling to large-deformation post-buckling regimes. The first 92 

work in this series (Chen et al., 2022) observed a divergence between the Bloch–Floquet 93 

predictions and the actual post-buckling behavior in soft particulate composites, showing that 94 

the instability characteristics couple strongly on inclusion size and distribution. The subsequent 95 

work (Chen et al., 2023) quantitatively characterized this post-buckling evolution, 96 
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demonstrating that the initially formed instability patterns undergo complex morphological 97 

transformations due to incommensurate buckling over well-defined primitive cells. To 98 

accurately capture the post-buckling response, a Discrete Fourier Transform (DFT)-based post-99 

processing method was developed and applied to extract the critical characteristics. 100 

However, neither prior studies in this series nor existing reports have observed secondary 101 

instabilities in soft particulate composites under continued loading. The challenge is that 102 

secondary buckling typically requires the first buckling mode to retain (or restore) certain 103 

structural stiffness. In particulate composites, particle interactions are mediated by a soft matrix, 104 

yielding a weakly connected network—unlike honeycomb lattices or laminates, where the stiff 105 

phase forms the stem network. As a result, particulate composites have generally been expected 106 

to lose stiffness progressively, making secondary buckling unlikely to develop. However, 107 

building on this series of studies, we identify a special first-buckling mode—periodicity-108 

doubling (Chen et al., 2023)—that can partially and rapidly restore stiffness after the first 109 

instability, thereby creating conditions conducive to secondary buckling. To examine this 110 

possibility, we perform finite-amplitude post-buckling analyses on sufficiently large samples to 111 

capture transitions from periodicity-doubling into a secondary-buckling regime. We then apply 112 

Discrete Fourier Transform (DFT) to extract the corresponding critical characteristics and 113 

finally conduct Bloch–Floquet (BF) analyses on the post–first-buckling configurations to 114 

compare with the finite-amplitude post-buckling results.  115 

 116 

2. Theoretical background 117 

We consider a finitely deformed continuum body, in which each material point is identified 118 

by the position vector 𝑿𝑿 in the reference (or undeformed) configuration, and 𝒙𝒙 in the current 119 

(or deformed) configuration. The displacement of the material point is described by the 120 

mapping relation 𝒙𝒙 = 𝜒𝜒(𝑿𝑿), while the deformation gradient is defined as 𝑭𝑭 = 𝜕𝜕𝒙𝒙/𝜕𝜕𝑿𝑿. The 121 

determinant of the deformation gradient 𝐽𝐽 ≡ 𝑑𝑑𝑑𝑑𝑑𝑑 𝑭𝑭 > 0 represents the local volume change 122 

between the deformed and the undeformed configurations. In this study, we consider 123 

hyperelastic behavior of materials, where the stress response is derived from a strain energy 124 

density function, 𝑊𝑊(𝑭𝑭). The first Piola-Kirchhoff stress tensor is obtained via 125 
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 𝑷𝑷 =
𝜕𝜕𝜕𝜕(𝑭𝑭)
𝜕𝜕𝑭𝑭

. (1) 

For incompressible materials, 𝐽𝐽 = 1, introducing an additional constraint, and the associated 126 

unknown Lagrange multiplier (pressure-like term) 𝑝𝑝, thus Eq. (1) is modified as  127 

 𝑷𝑷 =
𝜕𝜕𝜕𝜕(𝑭𝑭)
𝜕𝜕𝑭𝑭

− 𝑝𝑝𝑭𝑭−𝑇𝑇 . (2) 

The Cauchy stress tensor (𝝈𝝈) is related to the first Piola-Kirchhoff stress tensor via, 128 

 𝝈𝝈 =  𝐽𝐽−1𝑷𝑷𝑭𝑭𝑇𝑇 . (3) 

The quasi-static equilibrium condition can be expressed in the reference configuration as: 129 

 𝐷𝐷𝐷𝐷𝐷𝐷 𝑷𝑷 = 𝟎𝟎,  (4) 

in the absence of body forces. 130 

The instability analysis is addressed by superimposing small incremental deformations on 131 

a finitely deformed state (Ogden, 1997), which gives the incremental form of the constitutive 132 

law: 133 

 𝑷̇𝑷 = 𝔸𝔸 ∶ 𝑭̇𝑭, (5) 

where 𝑭̇𝑭 = 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝒖̇𝒖 describes the gradient of the incremental displacement field 𝒖𝒖, and 𝔸𝔸 is 134 

the fourth-order effective tensor of instantaneous elastic moduli governing the incremental 135 

response, expressed as 136 

 𝔸𝔸 =
𝜕𝜕2𝑊𝑊
𝜕𝜕𝑭𝑭𝜕𝜕𝑭𝑭

 . (6) 

For incompressible materials, the incremental incompressibility constraint is expressed as: 137 

 𝑡𝑡𝑡𝑡(𝑭̇𝑭𝑭𝑭−1) = 0. (7) 

In the homogenized setting with the materials characterized by its effective properties, and 138 

undergoing homogenous deformation, 𝔸𝔸𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  is independent of 𝑿𝑿 . Then, the incremental 139 

equilibrium equation can finally be written as,  140 

 𝔸𝔸𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝜕𝜕2𝑢̇𝑢𝑗𝑗

𝜕𝜕𝑋𝑋𝛼𝛼𝜕𝜕𝑋𝑋𝛽𝛽
−
𝜕𝜕𝑝̇𝑝
𝜕𝜕𝑋𝑋𝑖𝑖

= 0,  (8) 

where 𝑝̇𝑝 is an incremental change in 𝑝𝑝.  141 

We seek a solution for Eq.(8) in the form 142 

 𝒖̇𝒖 = 𝒎𝒎�𝑒𝑒𝑖𝑖𝑖𝑖𝒙𝒙∙𝒏𝒏� , 𝑝̇𝑝 = 𝑝̂𝑝𝑒𝑒𝑖𝑖𝑖𝑖𝒙𝒙∙𝒏𝒏�, (9) 

where 𝑘𝑘 is a wavenumber, 𝒎𝒎�  and 𝒏𝒏� are unit vectors. 143 

Substituting Eq. (9) into Eq. (8) yields 144 
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 𝑸𝑸𝒎𝒎� + 𝑖𝑖𝑝̂𝑝𝒏𝒏� = 𝟎𝟎, (10) 

where 𝑸𝑸 is the acoustic tensor with components defined as 𝑄𝑄𝑖𝑖𝑖𝑖 = 𝔸𝔸𝑖𝑖𝑝𝑝𝑝𝑝𝑝𝑝0 𝑛𝑛�𝑝𝑝𝑛𝑛�𝑞𝑞. 145 

Longwave (or macroscopic) instability occurs when the strong ellipticity condition, 146 

 𝑄𝑄𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑚𝑚�𝑗𝑗 ≡ 𝔸𝔸𝑖𝑖𝑝𝑝𝑝𝑝𝑝𝑝0 𝑛𝑛�𝑝𝑝𝑛𝑛�𝑞𝑞𝑚𝑚�𝑖𝑖𝑚𝑚�𝑗𝑗 > 0,  (11) 

is violated. Specifically, along a loading path, the first point that gives the loss of ellipticity 147 

condition, namely, 𝑄𝑄𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑚𝑚�𝑗𝑗 = 0, is identified as the onset of longwave instability. In periodic 148 

material structures, instabilities may also develop at length scales comparable with the 149 

microstructures (namely, the microscopic instabilities). Therefore, a refined approach, Bloch-150 

Floquet analysis (Bertoldi et al., 2008) in the framework of small amplitude deformations 151 

superimposed on finite deformation, is employed to capture both macroscopic and microscopic 152 

instability modes. As an alternative to this linearized approach, the post-buckling analysis 153 

considers the nonlinearity in the emerging post-buckling development, thus, providing 154 

additional information about the further evolution of instability patterns in the post-buckling 155 

regime (Chen et al. 2023).  156 

As the focus of this research, the potential secondary instability is expected to develop in 157 

the post-buckling regime, after the occurrence of the first buckling. Two complementary 158 

frameworks can be employed to analyze the secondary instability: (i) the finite-amplitude 159 

development analysis, and (ii) the small-amplitude linearized analysis superimposed on the 160 

finitely deformed state, which correspond to the post-buckling and Bloch–Floquet analyses, 161 

respectively, in this study. Both methods are implemented on the post-buckling state, and their 162 

results are complementary for understanding the development of instability. However, the two 163 

analyses may diverge. The Bloch–Floquet analysis is based on a linearized analysis along the 164 

loading path; however, the development of the initial buckling configuration with further 165 

deformation, may result in a loss of stability along the loading path, and the configuration may 166 

further evolve and adapt into a stable configuration in the post-buckling regime. This nonlinear 167 

adaptation can lead to discrepancies between the predictions of these methods. In this study, we 168 

shall examine whether such divergence occurs for the secondary buckling of soft particulate 169 

composites. 170 

 171 



  
7 

3. Numerical simulation 172 

We construct a 2D periodic particulate composite with a single circular stiff inclusion 173 

located at the center of a rectangular primitive unit cell (as illustrated in Fig. 1). The width and 174 

length of the primitive unit cell are denoted by 𝑎𝑎 and 𝑏𝑏, respectively. The diameter of the 175 

circular inclusion is represented by 𝑑𝑑 . The initial configuration of the unit cell can be 176 

completely determined through two parameters: the periodicity aspect ratio 𝜂𝜂 = 𝑎𝑎/𝑏𝑏 and the 177 

inclusion spacing ratio 𝜉𝜉 = 𝑑𝑑/𝑏𝑏.  178 

 179 

 180 
Fig. 1 Schematic composite microstructure with stiff circular inclusions periodically distributed in 181 

soft matrix. 182 

 183 

The behavior of the stiff inclusion and soft matrix is described by hyperelastic models. In 184 

particular, we employ a nearly incompressible neo-Hookean strain energy density function, 185 

namely, 186 

 W(𝑞𝑞) = 𝜇𝜇(𝑞𝑞)

2
(𝐼𝐼1 − 3) + 𝜅𝜅(𝑞𝑞)

2
(𝐽𝐽 − 1)2, (12) 

where 𝜇𝜇(𝑞𝑞) and 𝜅𝜅(𝑞𝑞) represent the initial shear modulus and bulk modulus, respectively; 𝐼𝐼1 =187 

tr𝑪𝑪 is the first invariant of the right Cauchy-Green tensor, where 𝑪𝑪 = 𝑭𝑭T𝑭𝑭. To differentiate 188 

the material properties of various phases, a superscript (𝑞𝑞) is used for each parameter. For 189 

instance, (𝑞𝑞) = (𝑖𝑖) and (𝑞𝑞) = (𝑚𝑚) denote the material properties of the stiff inclusion and 190 

soft matrix, respectively. We set the inclusion-to-matrix ratio of the shear moduli to be 191 

𝜇𝜇(i)/𝜇𝜇(m) = 103 . Due to this high modulus contrast, the local deformation of the stiff 192 

inclusions under macroscopic compression is negligible, and the majority of the macroscopic 193 

deformation is accommodated by the local deformation of the soft matrix. To maintain nearly 194 

incompressible material behavior in numerical simulation, a high ratio 𝛬𝛬 = 𝜅𝜅(𝑞𝑞)

𝜇𝜇(𝑞𝑞) = 103  is 195 
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assigned to both soft and stiff materials.  196 

We first employ finite amplitude analysis, essentially a post-buckling analysis, of 197 

secondary instability in Sec. 3.1. Independently, we identify first-stage buckling modes that 198 

contain an integer number of inclusions and are capable of developing secondary buckling. 199 

Based on the corresponding RVE, we then apply a small amplitude linearized analysis using 200 

the Bloch–Floquet technique. Both methods are implemented in the post-buckling regime and 201 

serve as complementary approaches to analyze secondary instability. The detailed procedures 202 

of the two analyses are described in Secs. 3.1 and 3.2, respectively. We implement both analyses 203 

using the finite element code in COMSOL Multiphysics 6.0. 204 

 205 

3.1 Finite-amplitude post-buckling analysis 206 

We construct a representative volume element (RVE) (Bertoldi et al., 2008, Chen et al., 207 

2023) as shown in Fig. 2. The RVE is constructed with a size of 320 × 1, representing a single 208 

column of N = 320 composite unit cells, which enables the development of post-buckling 209 

patterns with a wide range of wavelengths. The RVE is enclosed by four boundaries (𝐴𝐴𝐴𝐴, 𝐶𝐶𝐶𝐶, 210 

𝐴𝐴𝐴𝐴, and 𝐵𝐵𝐵𝐵), defined by nodes 𝐴𝐴, 𝐵𝐵, 𝐶𝐶, and 𝐷𝐷. The in-plane unidirectional compression is 211 

applied via periodic boundary conditions imposed on the boundary pair 𝐴𝐴𝐴𝐴 − 𝐶𝐶𝐶𝐶 and 𝐴𝐴𝐴𝐴 −212 

𝐵𝐵𝐵𝐵 as 213 

 𝒖𝒖𝑠𝑠𝑠𝑠𝑠𝑠 − 𝒖𝒖𝑑𝑑𝑑𝑑𝑑𝑑 = (𝑭𝑭� − 𝑰𝑰)(𝑿𝑿|𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑿𝑿|𝑑𝑑𝑑𝑑𝑑𝑑) = 𝑯𝑯�(𝑿𝑿|𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑿𝑿|𝑑𝑑𝑑𝑑𝑑𝑑), (13) 

where 𝒖𝒖𝑠𝑠𝑠𝑠𝑠𝑠   and 𝒖𝒖𝑑𝑑𝑑𝑑𝑑𝑑  denote the displacement vector of an arbitrary pair of points 214 

periodically located on the source and destination boundary of the boundary pair, respectively; 215 

𝑭𝑭� is the average deformation gradient, 𝑰𝑰 is the identity tensor and 𝑯𝑯� = 𝑭𝑭� − 𝑰𝑰 denotes the 216 

average displacement gradient. The unidirectional compression is applied in the direction of 217 

𝒆𝒆2 via prescribing the displacement gradient as 218 

 𝑯𝑯� = (𝜆𝜆1 − 1)𝑒𝑒1 ⊗ 𝑒𝑒1 + (𝜆𝜆2 − 1)𝑒𝑒2 ⊗ 𝑒𝑒2, (14) 

where 𝜆𝜆1  and 𝜆𝜆2  denote the principal stretch ratios in the direction of 𝒆𝒆1  and 𝒆𝒆2 , 219 

respectively. We apply the compression defined by the average compressive strain 𝜀𝜀 = 1 − 𝜆𝜆2, 220 

where 𝜆𝜆1 is constrained by 𝜆𝜆1𝜆𝜆2 = 1 to ensure material incompressibility. As a perturbation 221 

to trigger instabilities, geometrical imperfection with an amplitude of 10−5𝑑𝑑 is introduced in 222 

terms of a slight alternation of the shape and position of the stiff inclusions (Chen et al., 2023, 223 
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Appendix C). Specifically, the inclusions are modeled as nearly circular ellipses, where the 224 

random geometrical differences are introduced independently onto the shape, dimension, and 225 

center position of each inclusion.  226 

 227 

 228 

Fig. 2 Schematic representative volume element (𝑁𝑁 × 1) with periodically distributed number 𝑁𝑁 =229 
320 of composite unit cells in a column used for finite-amplitude post-buckling analysis. 230 

 231 

To capture the onset of secondary buckling and to identify the corresponding critical 232 

wavenumber, we utilized a post-processing method that characterizes the post-buckling 233 

structure obtained from FEA via discrete Fourier transformation (DFT) (Chen et al., 2023). 234 

Specifically, we track the position of the inclusion centers throughout the first and the secondary 235 

buckling. This procedure starts with building a representation of a “chain” of stiff inclusions by 236 

a sequence of coordinates corresponding to the inclusions’ center position. Note that the shape 237 

deformation of the stiff inclusions is negligible. Next, we apply a discrete Fourier transform 238 

(DFT) on the obtained sequence of coordinates to find its wavenumber components and 239 

corresponding Fourier coefficient. Given a sequence of coordinates being defined at the center 240 

positions of the inclusions, namely, {𝑥𝑥𝑛𝑛} ∶=  𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3 … , 𝑥𝑥𝑁𝑁  in 𝒆𝒆1  direction and {𝑦𝑦𝑛𝑛} ∶= 241 

𝑦𝑦1,𝑦𝑦2,𝑦𝑦3 … , 𝑦𝑦𝑁𝑁  in 𝒆𝒆2  direction. If {𝑦𝑦𝑛𝑛}  is normalized via {𝑦𝑦𝑛𝑛}𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛  = {𝑦𝑦𝑛𝑛}/𝜆𝜆𝜆𝜆 , the 242 

sequence of inclusions’ center coordinates becomes {𝑛𝑛, 𝑥𝑥𝑛𝑛}  given that the vertical distance 243 

between vertically adjacent inclusions remains nearly constant in all our considered cases. In 244 

our analysis, the discrete Fourier transform (DFT) reassembles the sequence of inclusion center 245 

coordinates {𝑥𝑥𝑛𝑛} , via a sequence of harmonic coordinate sets based on a fundamental 246 
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wavenumber 1/𝑁𝑁 , where 𝑁𝑁  is the number of inclusions in the RVE, and 𝐾𝐾/𝑁𝑁  is the 247 

corresponding wavenumber of the 𝐾𝐾 th harmonic set of coordinates. By solving the linear 248 

equation system:  249 

 𝑥𝑥𝑛𝑛 = �𝑓𝑓𝐾𝐾 ∙ 𝑒𝑒
𝑖𝑖2𝜋𝜋𝐾𝐾𝑁𝑁𝑛𝑛

𝑁𝑁−1

𝐾𝐾=0

, (15) 

we finally obtain the dependence of the Fourier coefficient 𝑓𝑓𝐾𝐾  on the corresponding 250 

component wavenumber 𝑘𝑘 = 𝐾𝐾/𝑁𝑁 , namely, the wavenumber spectrum 𝑓𝑓𝐾𝐾 = 𝐹𝐹(𝑘𝑘) , where 251 

(𝑘𝑘 = 1/𝑁𝑁, 2/𝑁𝑁, ..., (𝑁𝑁 − 1)/𝑁𝑁, 1). 252 

Next, we identify the peak point in the wavenumber spectrum 𝑓𝑓𝐾𝐾 = 𝐹𝐹(𝑘𝑘) (corresponding 253 

to the harmonic set of coordinates that dominates the post-buckling pattern) as the critical 254 

wavenumber. This results from the buckling wavelength being significantly larger than the size 255 

of the RVE. Note that, with a finite-sized RVE, the DFT analysis identifies the longwave 256 

instabilities at the lowest wavenumber ( 𝑘𝑘 = 1/320 ) in the scanned range, so that the 257 

wavelength of the buckling pattern is equal to the height of the RVE. Similarly, if a larger 258 

number of unit cells in the RVE is used (for example, 640 cells), the critical wavelength will 259 

increase to 𝑙𝑙𝑐𝑐𝑐𝑐 = 640 and the corresponding critical wavenumber shifts down to 𝑘𝑘 = 1/640. 260 

 261 

3.2 Bloch-Floquet analysis in the post-buckling regime 262 

To analyze the onset of secondary buckling, we can also superimpose a Bloch-Floquet 263 

analysis on the deformed RVE in the post-buckling regime after the first stage buckling. 264 

However, in our considered cases, not all post-buckling structures can develop secondary 265 

buckling. We observe that secondary buckling occurs only when the first-stage buckling mode 266 

corresponds to an integer enlargement of the composite’s initial periodicity. Otherwise, a 267 

mismatch between the buckling wavelength and the discrete spacing of the stiff inclusions 268 

accumulates, causing the particles to distribute along an “inclined” line relative to the direction 269 

of compression. This prevents the formation of a reinforced layer aligned with the compression 270 

direction and thereby suppresses the development of secondary buckling. As shown by Chen et 271 

al. (2023), such integer enlargement of wavelength, in practice, occurs only when the first-stage 272 

buckling mode exactly doubles the initial periodicity, referred to as the “periodicity-doubling” 273 

mode. It is important to note that this “periodicity-doubling” mode also includes the so-called 274 
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“adapted periodicity-doubling” mode (see Fig. 8), which cannot be predicted by Bloch–Floquet 275 

analysis but can be captured by DFT analysis of the post-first-stage buckling state (Chen et al., 276 

2023). In summary, for all our considered cases, this “periodicity-doubling” mode is the only 277 

one found to further develop secondary instability. 278 

 Therefore, we consider an initial RVE consisting of two composite unit cells (see Fig. 3a), 279 

and derive its post-buckling state (see Fig. 3b) using the same method stated in sec 3.1. Next, 280 

we superimpose Bloch–Floquet analysis on the post-buckling state of RVE corresponding to 281 

the “periodicity-doubling” state. The Floquet periodic conditions relate the incremental 282 

displacement fields 𝑢𝑢 via 283 

 𝒖𝒖(𝑿𝑿 + 𝑹𝑹) = 𝒖𝒖(𝑿𝑿)𝑒𝑒𝑖𝑖𝑲𝑲∙𝑹𝑹, (16) 

where 𝑹𝑹 = 𝑹𝑹1𝑎𝑎𝒆𝒆1 + 𝑹𝑹2(𝑁𝑁𝑁𝑁)𝒆𝒆2  denotes a vector corresponding to the composite’s initial 284 

periodicity ( 𝑅𝑅1 , 𝑅𝑅2  are arbitrary integers), and 𝑲𝑲 = 𝐾𝐾1𝒆𝒆1 + 𝐾𝐾2𝒆𝒆2  represents the 285 

superimposed Bloch wave vector. In FEA, the Floquet boundary conditions, 𝒖𝒖𝑎𝑎𝑎𝑎 =286 

𝒖𝒖𝑐𝑐𝑐𝑐𝑒𝑒−𝑖𝑖𝑲𝑲∙(𝑹𝑹𝑎𝑎𝑎𝑎−𝑹𝑹𝑐𝑐𝑐𝑐)  and 𝒖𝒖𝑏𝑏𝑏𝑏 = 𝒖𝒖𝑎𝑎𝑎𝑎𝑒𝑒−𝑖𝑖𝑲𝑲∙(𝑹𝑹𝑏𝑏𝑏𝑏−𝑹𝑹𝑎𝑎𝑎𝑎) , are imposed on the boundary pairs 𝑎𝑎𝑎𝑎 −287 

𝑐𝑐𝑐𝑐 and 𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎 of the primitive unit cell. Then, the Bloch–Floquet analysis is conducted by 288 

solving the corresponding eigenvalue problem. Here, we normalize the components of the 289 

wavenumber as 𝑘𝑘1 = 𝐾𝐾1𝑎𝑎/2𝜋𝜋  and 𝑘𝑘2 = 𝐾𝐾2(𝑁𝑁𝑁𝑁)/2𝜋𝜋  in the undeformed configuration. 290 

Finally, we identify the occurrence of the secondary buckling at the lowest strain level (namely, 291 

the critical strain 𝜀𝜀𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐) while a zero eigenvalue emerges at a critical wavenumber 𝑘𝑘𝑐𝑐𝑐𝑐 (𝑘𝑘1𝑐𝑐𝑐𝑐 or 292 

𝑘𝑘2𝑐𝑐𝑐𝑐). The cases with 𝑘𝑘𝑐𝑐𝑐𝑐 → 0 are referred to as the “longwave” or “macroscopic instability”, 293 

while cases with 𝑘𝑘𝑐𝑐𝑐𝑐 > 0 are referred to as the “microscopic instabilities”. Throughout our 294 

calculation, we observe that the secondary buckling is found to develop only in the direction of 295 

compression (the direction of 𝒆𝒆2). Therefore, here and thereafter in this paper, we report the 296 

corresponding critical wavenumber of the secondary buckling as 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 𝑘𝑘2𝑐𝑐𝑐𝑐 , where the 297 

subscript “𝐼𝐼𝐼𝐼” denotes the critical characteristics of the secondary buckling, and “𝐼𝐼” denotes 298 

those of the first stage buckling. 299 

 300 
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 301 

Fig. 3 Schematic representative volume element consisting of two composite unit cells in the 302 
a) undeformed and b) post buckling state with “periodicity-doubling” mode for the Bloch-Floquet 303 

analysis superimposed in the post-buckling regime. 304 
 305 
 306 

4. Results and Analysis 307 
4.1 Analysis of post-buckling results 308 

In this section, we present the results of an example case of the post-buckling analysis. We 309 

illustrate the result with an example of the particulate composite with the spacing ratio 𝜉𝜉 =310 

0.45 and periodicity aspect ratio 𝜂𝜂 = 6. The corresponding initial RVE at 𝜀𝜀 = 0 is shown in 311 

Fig. 4. Note that, only 80 unit cells of the RVE are displayed for a more compact illustration 312 

here and thereafter. We observe that the composite maintains a straight column of inclusions 313 

until it reaches the onset of the first stage buckling at the corresponding critical strain level of 314 

𝜀𝜀𝐼𝐼𝑐𝑐𝑐𝑐 = 0.233 . At this point, the inclusion column experiences a sudden local collapse, with 315 

adjacent inclusions moving to the opposite side of each other. For example, as shown in Fig. 4, 316 

corresponding to 𝜀𝜀 = 0.368, the odd-numbered inclusions from the bottom move horizontally 317 

to the right side, while the even-numbered inclusions move to the left. As the compression 318 

continues to increase despite the buckling already being triggered, the composite structure 319 

quickly forms a seemingly “two straight columns of inclusions” near the middle line of the RVE 320 

(see, for example, in Fig. 4, corresponding to 𝜀𝜀 = 0.555). This post-buckling pattern, however, 321 

provides a highly ordered and compact arrangement of inclusions. Note that this composite, 322 
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after the buckling-induced particle rearrangements, becomes stable again. The newly formed 323 

configuration contains an effective particle-reinforced composite layer, now including the two 324 

columns of inclusions surrounded by the soft matrix (see, for example, the composite structure 325 

corresponding to 𝜀𝜀𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.555  in Fig. 4). Interestingly, with further deformation, this 326 

reinforced layer experiences a wrinkling-like instability after the new (second) critical strain 327 

level of 𝜀𝜀𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.555  is reached. At this point, the two “straight columns” of inclusions 328 

transform into a complex “chain” of inclusions. This pattern transformation can be observed in 329 

the deformed RVE shown in Fig. 4, corresponding to 𝜀𝜀 = 0.565 . We refer to such loss of 330 

stability in the post-buckling regime (after the first or initial buckling) as the secondary buckling.  331 

 332 

 333 

Fig. 4 The deformation sequence under the compressive strain level 𝜀𝜀 = 0, 𝜀𝜀 = 0.343, 𝜀𝜀 =334 
0.368, 𝜀𝜀 = 0.555, and 𝜀𝜀 = 0.565; initial geometric parameters are 𝜉𝜉 = 0.45 and 𝜂𝜂 = 6. Only 80 335 

unit cells of the RVE are displayed for a more compact illustration. 336 

 337 

Next, in Fig. 5, we illustrate the results of the DFT analysis for the composite with 𝜉𝜉 =338 
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0.45  and 𝜂𝜂 = 6 , showing the dependence of the Fourier coefficient 𝑓𝑓  on component 339 

wavenumbers, for fixed compressive strain levels from 0 to 0.557. Until the critical strain level 340 

𝜀𝜀𝑐𝑐𝑐𝑐 = 0.343, the composite maintains a straight column of inclusions, and correspondingly, all 341 

component wavenumbers are characterized by nearly zero Fourier coefficients. However, after 342 

reaching the first critical strain level (𝜀𝜀𝐼𝐼𝑐𝑐𝑐𝑐 = 0.343), the inclusion column suddenly collapses 343 

and transforms into a periodicity-doubling pattern. Correspondingly, a peak Fourier coefficient 344 

emerges at 𝑘𝑘 = 0.5, representing the doubled periodicity and the critical wavenumber of the 345 

first buckling 𝑘𝑘𝐼𝐼𝑐𝑐𝑐𝑐 = 0.5. This is illustrated by the green curve with triangular markers shown 346 

in Fig. 5 corresponding to 𝜀𝜀 = 0.368.  347 

 348 

 349 
Fig. 5 The DFT analysis results of the post-buckling development for the composite with a 350 

spacing ratio 𝜉𝜉 = 0.45 and periodicity aspect ratio 𝜂𝜂 = 6 at compressive strain 𝜀𝜀 = 0, 𝜀𝜀 = 0.34, 351 
𝜀𝜀 = 0.368, and 𝜀𝜀 = 0.557 with 𝑁𝑁 = 320 number of unit cells built in the RVE (the RVE view is 352 

zoomed so not all inclusions are displayed). 353 

 354 

Next, with an increase in the compressive strain level, the post-buckling pattern evolves, 355 

and the thickness of the “particle-reinforced layer” increases. After the critical strain of the 356 

secondary buckling 𝜀𝜀𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.55, we observe a second peak emerging in the Fourier spectrum 357 

at 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.042 , representing a wavy buckling mode of the “reinforced layer.” Therefore, 358 

𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.042  is identified as the critical wavenumber of the secondary buckling. 359 

Correspondingly, the critical strain of the secondary buckling 𝜀𝜀𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 is identified at the lowest 360 

strain level, where a peak in the Fourier spectrum is detected to exceed the threshold coefficient 361 
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10−2 at a wavenumber other than 𝑘𝑘𝐼𝐼𝑐𝑐𝑐𝑐 = 0.5. 362 

 363 

4.2 Dependence of critical strains on geometric parameters 364 

We start by examining the secondary buckling development via the dependence of critical 365 

strains on the composite’s initial geometrical parameters. Fig. 6 shows the dependence of the 366 

critical strain on the periodicity aspect ratio 𝜂𝜂 for various fixed values of the inclusion spacing 367 

ratios 𝜉𝜉 = 0.3, 0.35, 0.4  and 0.45 , where the dotted and continuous curves correspond to 368 

longwave (𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 → 0 ) and microscopic (𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 > 0 ) buckling derived from the Bloch Floquet 369 

analysis, respectively; the triangular markers correspond to the results from the post-buckling 370 

analysis. It should be emphasized that secondary buckling has only been found in composites 371 

with “periodicity-doubling” buckling mode in their first buckling stage. It has been shown in 372 

recent research (Chen et al., 2022, 2023) that those “periodicity-doubling” patterns form in 373 

composites with small enough spacing ratios (𝜉𝜉 ≲ 0.45) and large enough periodicity aspect 374 

ratios (for composites with 𝜉𝜉 = 0.45, the “periodicity-doubling” pattern is found when 𝜂𝜂 ≳ 2). 375 

Moreover, the admissible geometries are restricted by 𝑑𝑑 < 𝑏𝑏  and 𝑑𝑑 < 𝑎𝑎 , thus, limiting the 376 

parameter space as 𝜂𝜂 > 𝜉𝜉.  377 

 378 

 379 
Fig. 6 The dependence of secondary buckling critical strain on periodicity aspect ratio with 380 

various spacing ratios. The dotted and continuous curves correspond to longwave and microscopic 381 
buckling results from the Bloch-Floquet analysis, respectively; the triangular markers correspond to 382 
results from the post-buckling DFT analysis. 383 

 384 
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We observe that the secondary buckling critical strain derived from post-buckling analysis 385 

agrees well with the predictions of the Bloch-Floquet analysis. The composites with higher 386 

spacing ratios experience secondary buckling at lower compressive strains. For example, as 387 

shown in Fig. 6, in the composites with the same periodicity aspect ratio 𝜂𝜂 = 7 , with an 388 

increase in the spacing ratio from 𝜉𝜉 = 0.3 to 𝜉𝜉 = 0.45, the onset of secondary buckling shifts 389 

from 𝜀𝜀𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.669 to 0.561. This stems from the fact that the large-sized inclusions (that are 390 

large in the composites with larger spacing ratios) provide a high volume fraction of the stiff 391 

inclusions in the effective particle-reinforced layer, thus increasing the effective stiffness 392 

contrast between the soft matrix and the particle-reinforced layer, eventually leading to an 393 

earlier onset of the secondary buckling. We also observed that the critical strain 𝜀𝜀𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 increases 394 

monotonically with an increase in 𝜂𝜂 for all considered spacing ratios. Moreover, we observe 395 

that the secondary buckling develops in the longwave modes (𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 → 0) in the composites with 396 

small enough periodicity aspect ratios. However, the buckling mode switches from longwave 397 

to microscopic ones in composites with a periodicity aspect ratio large than a threshold value 398 

𝜂𝜂𝑡𝑡ℎ, dictated by the initial spacing ratio value 𝜉𝜉 (specifically, larger spacing ratios lead to an 399 

earlier transition from micro- to longwave secondary buckling). For example, for the composite 400 

with 𝜉𝜉 = 0.35 (the red curve in Fig. 6), the buckling develops in a longwave mode with small 401 

enough periodicity aspect ratios, such as 𝜂𝜂 = 3 . With an increase in 𝜂𝜂 , the critical strain 402 

increases monotonically. After the threshold value 𝜂𝜂𝑡𝑡ℎ ≈ 5.68 is reached, a switch from the 403 

longwave to microscopic buckling mode occurs, followed by the continuous increase of the 404 

critical strain with an increase in the periodicity aspect ratio.  405 

 406 

4.3 Dependence of secondary buckling critical wavenumbers on geometric parameters 407 

Let us examine the dependence of the secondary buckling critical wavenumber on the 408 

periodicity aspect ratio 𝜂𝜂. In Fig. 7, we plot the prediction of 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 from Bloch-Floquet analysis 409 

(red dotted and continuous curves, corresponding to longwave and microscopic buckling, 410 

respectively) and the post-buckling results (triangular markers). We observe that the Bloch-411 

Floquet and the post-buckling predictions agree well. Specifically, for microscopic instabilities, 412 

they predict critical wavenumbers at a finite value 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 > 0 ; for longwave instabilities, they 413 

predict critical wavenumbers corresponding to their longwave limit 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 → 0  and 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 =414 
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1/320, respectively.  415 

The good agreement between the Bloch–Floquet analysis and the post-buckling analysis, 416 

despite the incommensurate buckling mode where 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐  does not correspond to an integer 417 

multiple of the initial primitive cells, indicates that the initial buckling mode predicted by the 418 

Bloch–Floquet analysis is sufficiently stable and does not evolve divergently during the post-419 

buckling process. This stability can be attributed to two factors: 1) the large wavelength of the 420 

secondary buckling mode (in most cases 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 < 1/12 ), and 2) the transformation of the 421 

reinforced region into two interlaced columns of inclusions, making the stiffness distribution 422 

more uniform along the loading direction, causing the structure to behave more like a layered 423 

composite. 424 

Next, when the periodicity aspect ratio increases beyond a threshold value 𝜂𝜂𝑡𝑡ℎ 425 

(corresponding to the initial inclusion columns placed farther away enough from each other), 426 

we find a transition from longwave instability to microscopic instability (corresponding to 427 

𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 > 0  in Bloch-Floquet analysis and 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 > 1/320  in post-buckling analysis). We also 428 

observe that the composites with larger spacing ratios experience an earlier transition from 429 

longwave to microscopic instabilities, but the corresponding critical wavenumber increases at 430 

a relatively lower rate. For example, in composites with 𝜉𝜉 = 0.3 and 𝜉𝜉 = 0.4, the switch from 431 

longwave to microscopic mode occurs at 𝜂𝜂𝑡𝑡ℎ ≈ 6.18  and 𝜂𝜂𝑡𝑡ℎ ≈ 5.65 , respectively. After 432 

those switches, the wavenumber starts to increase. However, at a higher critical wavenumber, 433 

such as 𝜂𝜂 = 10 , the composite with 𝜉𝜉 = 0.3  reaches a lower critical wavenumber 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 =434 

0.074 while the composite with 𝜉𝜉 = 0.4 reaches a higher critical wavenumber 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.069. 435 

However, for composites with a larger spacing ratio, such as 𝜉𝜉 = 0.45 , the corresponding 436 

threshold value shifts down to 𝜂𝜂𝑡𝑡ℎ ≈ 5.65; the critical wavenumber reduces to 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 = 0.137 437 

at 𝜂𝜂 = 10. 438 

 439 
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 440 
Fig. 7 The dependence of the critical wavenumber on the periodicity aspect ratio with various 441 

spacing ratios. Triangular markers and continuous curves correspond to results from post-buckling DFT 442 
analysis and Bloch Floquet analysis, respectively. 443 

 444 

Finally, we summarize the results of the first and secondary buckling patterns as a map in 445 

the geometrical parameter space of the periodicity aspect ratio 𝜂𝜂 and the spacing ratio 𝜉𝜉, as 446 

shown in Fig. 8. In the map, the first stage buckling patterns are divided into six sub-domains. 447 

Among them, four grey sub-domains represent composite geometries that will only develop the 448 

first stage buckling (Chen et al., 2023): (i) the domain labeled as the “zigzag chain” corresponds 449 

to the critical wavenumber of the first stage buckling 𝑘𝑘𝐼𝐼𝑐𝑐𝑐𝑐 → 0, where buckling pattern is a 450 

single zigzag chain of inclusions; (ii) the domain labeled with “Wavy chain” corresponds to 451 

relatively low 𝑘𝑘𝐼𝐼𝑐𝑐𝑐𝑐 from 0 to the vicinity of 0.25, where the buckling pattern is a “wave-like 452 

chain” of inclusions; (iv) the domain labeled with “Superimposed” corresponds to a relatively 453 

high 𝑘𝑘𝐼𝐼𝑐𝑐𝑐𝑐 from approximately 0.25 to 0.4, where the buckling pattern exhibits a superposition 454 

of wavelets (in small length scales) in between envelopes in large length scales. The highlighted 455 
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two sub-domains represent composite geometries that can develop the secondary buckling, 456 

based on their formation of a “periodicity-doubling” or “adapted periodicity-doubling” pattern 457 

in the first-stage buckling. In particular, the “adapted periodicity-doubling” sub-domain 458 

includes special cases that cannot be predicted by Bloch–Floquet analysis, as the post-buckling 459 

pattern diverges from the linearized BF prediction. However, these cases can be captured by 460 

DFT analysis, corresponding to the first-stage buckling modes characterized by a single 461 

dominant peak at wavenumber 0.5. 462 

The bright blue domain – labeled with “longwave” – represents the geometries that will 463 

develop longwave secondary buckling, corresponding to 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 → 0 ; the dark blue domain – 464 

labeled as “microscopic,” represents the composite geometries that will develop secondary 465 

buckling in the microscopic modes, corresponding to 𝑘𝑘𝐼𝐼𝐼𝐼𝑐𝑐𝑐𝑐 > 0. Our results have shown that 466 

secondary buckling occurs in composites with small aspect ratios and large periodicity aspect 467 

ratios, in which longwave secondary buckling occurs with relatively small periodicity aspect 468 

ratios, and microscopic secondary buckling occurs with relatively large spacing ratios.  469 

 470 

 471 
Fig. 8  The first and secondary buckling pattern mapping in the geometrical parameter space. The 472 

highlighted areas (bright and dark blue) represent the secondary buckling. 473 
 474 
 475 

Conclusion 476 

 We reported the numerical observations of a distinctive phenomenon – the development 477 

of secondary buckling in soft particulate composites. Our findings demonstrate that the further 478 

evolution of deformation in the post-buckling regime can lead to a secondary buckling, but this 479 



  
20 

occurs only when the first-stage buckling exhibits a “periodicity-doubling” or “adapted 480 

periodicity-doubling” pattern, which corresponds to the DFT analysis of the first-stage buckling 481 

showing a single dominant peak at wavenumber 0.5. 482 

This secondary buckling gives rise to a new array of instability patterns. Specifically, in 483 

some particulate composites, we have observed the formation of the effective particle-484 

reinforced layer in their post-buckling regime, followed by wrinkling of this reinforced layer 485 

after the secondary critical strain is reached.   486 

The secondary buckling gives rise to the development of two types of patterns: the 487 

longwave (or macroscopic) and the microscopic buckling, determined by the initial composite 488 

geometry. To characterize the secondary buckling development, we performed the finite-489 

amplitude post-buckling and Bloch Floquet analyses in the post-buckling regime of the soft 490 

composites. The dependencies of critical instability characteristics on geometrical parameters 491 

derived from the two independent analyses are in good agreement. Finally, we have investigated 492 

the transition of secondary buckling patterns from a longwave pattern to a microscopic pattern 493 

characterized by its critical wavenumber with a variation in the geometrical parameters.    494 

The complex post-buckling behavior can be further enriched through external stimuli, such 495 

as, for example, electric (Liu et al., 2021; Goshkoderia et al., 2020; Xia et al., 2019) or magnetic 496 

fields (Saxena et al., 2013, 2014; Garcia-Gonzalez et al., 2023; Lucarini et al., 2022; Moreno-497 

Mateos et al., 2022; Psarra et al., 2017; Mukherjee et al., 2021; Danas, et al., 2012) in active 498 

materials. Furthermore, the secondary buckling phenomenon may also result in complex 499 

unloading behavior in soft composites, thus potentially enriching the resilience and energy 500 

dissipation capabilities in soft heterogeneous materials (Lee et al., 2023; Shan et al., 2015).   501 

We note that soft composites (especially, natural composites) may possess geometrical 502 

(Chen et al., 2019; Ding et al., 2019; Yu et al., 2022) or material (Hauseux et al., 2017, 2018; 503 

Rappel et al., 2019) imperfections and uncertainties. Such uncertainties may influence the 504 

prediction of the composites buckling behavior. To thoroughly understand and quantify the 505 

impact of these uncertainties on the composites behavior, multi -field coupled stochastic 506 

analyses can be employed (Elouneg et al., 2021; Mazier et al., 2022).  507 

To summarize, as the field has predominantly concentrated on the first buckling stage of 508 

particulate composites, this study, as the first report, numerically revealed the distinctive 509 
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secondary buckling phenomenon in soft particulate composites. Our finding of secondary 510 

buckling in soft particulate composites shows that the system can switch among three functional 511 

configurations instead of two, thereby broadening the switchable design space of soft composite 512 

materials. This phenomenon also broadens the set of new patterns and associated behaviors and 513 

potentially expands the design space for other tunable and switchable materials.       514 
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