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Abstract

In this paper, we report the numerical observations of a distinctive phenomenon — the
development of secondary buckling in soft particulate composites. After experiencing the first
microstructural buckling event and consequent microstructure transformations, the composite
re-enters a stable state. However, the composite may undergo a secondary buckling upon
exceeding a certain deformation level. This secondary buckling event gives rise to a plethora
of distinct instability patterns and behaviors. We conduct the finite-amplitude post-buckling and
Bloch Floquet analyses implemented in the post-buckling regime to characterize the
development of the secondary buckling. These analyses also characterize the dependence of the
critical strain and wavelength of the secondary buckling on the composite’s initial

microstructure parameters.

1. Introduction

Soft composites can experience elastic instabilities under large deformations (Li et al.,
2021), leading to microstructure transformations that enable the design of materials with
tunable and switchable properties. Examples include acoustic materials with tunable bandgaps
(Lietal., 2019¢; Rudykh & Boyce, 2014; Shan et al., 2014; Wang et al., 2014; Gao et al., 2019),
and negative group velocity states (Slesarenko et al., 2018, Arora et al. 2022), and the
mechanical metamaterials exhibiting auxetic behaviors (Bertoldi et al., 2010; Mullin et al., 2007,
Li et al, 2018b, Li et al., 2019b, Li et al.,, 2019c). Furthermore, instability-induced

microstructure transformations can also be utilized to design soft active robotics (Rafsanjani et
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al., 2021).

To detect the onset of elastic instabilities, two analysis frameworks are typically employed.
The first is the ‘“small-on-large” framework (Ogden, 1997), which examines linearized,
infinitesimal perturbations superimposed on a finitely deformed configuration. In this
framework, macroscopic (or longwave) instabilities are typically identified by the loss of
ellipticity analysis. In composite materials, the analysis requires the evaluation of the effective
tensor of instantaneous elastic moduli, which can be calculated through numerical (Bruno et al.,
2010; Greco & Luciano, 2011; Greco et al., 2018, 2021; Pranno et al., 2022; De Maio et al.,
2023; Aboudi & Gilat, 2023; Melnikov et al., 2021) or analytical (Rudykh & Debotton, 2012)
homogenization approaches, or, alternatively, from phenomenological models (Merodio &
Ogden, 2002, 2003, 2005a, 2005b; Merodio & Pence, 2001a, 2001b; Aboudi & Volokh, 2020;
Ehret & Itskov, 2007; Volokh, 2017; Qiu & Pence, 1997). For analyzing the so-called
microscopic instabilities developing at finite wavelengths (Geymonat et al., 1993), more
demanding approaches, typically the Bloch-Floquet analysis and its alternatives, are usually
employed (Geymonat et al., 1993; Triantafyllidis et al. 2006; Bertoldi et al., 2008). The second
framework addresses finite-amplitude deformations in the post-buckling regime (Okumura et
al., 2002; Li et al., 2019¢c). Such analyses are typically performed with the finite-element
method on either finite samples or sufficiently large periodic representative volumes.

The application of the analysis method depends on the composite’s geometric
configuration. If the material’s initial primitive cell allows arbitrary enlargement along the
buckling direction (a “continuous-buckling” composite in our terminology), the resulting
instabilities can be effectively analyzed using Bloch—Floquet methods. This category includes
soft layered materials and fiber composites when loaded along their primary direction. For soft
layered materials, Li et al. (2013) observed both micro- and macroscopic instabilities in 3D-
printed layered materials. Slesarenko and Rudykh (2016) achieved tunable wavy patterns in
soft laminates with visco-hyperelastic behaviors (Xiang et al., 2020a, 2020b) by manipulating
the strain rates. Li et al. (2019d) analyzed the elastic instability of compressible laminates and
observed the stabilizing influence of phase compressibility. Li et al. (2022) experimentally
observed the instability-driven formation of twinning microstructures in soft laminates. For
fiber composites (FCs), Galich et al. (2018) investigated the influence of periodic fiber
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distribution in 3D composites on their instabilities and shear wave propagation. Via
micromechanics-based homogenization, Rudykh & Debotton (2012) predicted the macroscopic
instabilities in transversely isotropic fiber composites. Li et al. (2018a) experimentally observed
elastic instabilities in 3D-printed fiber composites, which shows a transition from small
wavelength wavy patterns to longwave modes. Arora et al. (2022b) analyzed the influence of
constituent material properties on the orientation of buckling in fiber composites through both
simulations and experiments.

In contrast, some composites have initial primitive cells with a well-defined period length
along the buckling direction (a “discrete-buckling” composite in our terminology), including
porous materials (Bertoldi et al., 2008), particulate composites (Goshkoderia et al., 2020), and
honeycomb lattices (Papka & Kyriakides, 1999a, 1999b; Okumura et al., 2002). In these
composites, the small-on-large framework still applies if buckling is commensurate
(wavelength is an integer multiple of the primitive-cell period) or intracell (develops within the
primitive cell; Combescure et al., 2016). However, when buckling is incommensurate,
linearized predictions often diverge from the ensuing finite-amplitude evolution; a post-
buckling analysis is therefore required to capture the actual developing mode (Chen et al., 2023).

Particulate composites are a typical and important class of “discrete-buckling” composites,
in which discretely placed stiff particles are embedded in a soft matrix. Triantafyllidis et al.
(2006) investigated the instabilities in particulate composites containing periodic circular stiff
inclusions subjected to combined in-plane loadings. Li et al. (2019a) experimentally observed
the formation of wavy chain patterns in soft particulate composites. Xiang et al. (2023)
examined the interplay between viscoelasticity and instabilities in soft particulate composites
undergoing finite deformation. However, the divergence between the linearized predictions and
the post-buckling evolution during large-path deformation was not examined in those studies.
Recent sequential studies on instabilities in particulate composites have revealed distinctive
behaviors from the first onset of buckling to large-deformation post-buckling regimes. The first
work in this series (Chen et al., 2022) observed a divergence between the Bloch—Floquet
predictions and the actual post-buckling behavior in soft particulate composites, showing that
the instability characteristics couple strongly on inclusion size and distribution. The subsequent
work (Chen et al.,, 2023) quantitatively characterized this post-buckling evolution,

3
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demonstrating that the initially formed instability patterns undergo complex morphological
transformations due to incommensurate buckling over well-defined primitive cells. To
accurately capture the post-buckling response, a Discrete Fourier Transform (DFT)-based post-
processing method was developed and applied to extract the critical characteristics.

However, neither prior studies in this series nor existing reports have observed secondary
instabilities in soft particulate composites under continued loading. The challenge is that
secondary buckling typically requires the first buckling mode to retain (or restore) certain
structural stiffness. In particulate composites, particle interactions are mediated by a soft matrix,
yielding a weakly connected network—unlike honeycomb lattices or laminates, where the stiff
phase forms the stem network. As a result, particulate composites have generally been expected
to lose stiffness progressively, making secondary buckling unlikely to develop. However,
building on this series of studies, we identify a special first-buckling mode—periodicity-
doubling (Chen et al., 2023)—that can partially and rapidly restore stiffness after the first
instability, thereby creating conditions conducive to secondary buckling. To examine this
possibility, we perform finite-amplitude post-buckling analyses on sufficiently large samples to
capture transitions from periodicity-doubling into a secondary-buckling regime. We then apply
Discrete Fourier Transform (DFT) to extract the corresponding critical characteristics and
finally conduct Bloch—Floquet (BF) analyses on the post—first-buckling configurations to

compare with the finite-amplitude post-buckling results.

2. Theoretical background

We consider a finitely deformed continuum body, in which each material point is identified
by the position vector X in the reference (or undeformed) configuration, and x in the current
(or deformed) configuration. The displacement of the material point is described by the
mapping relation x = y(X), while the deformation gradient is defined as F = dx/0X. The
determinant of the deformation gradient | = det F > 0 represents the local volume change
between the deformed and the undeformed configurations. In this study, we consider
hyperelastic behavior of materials, where the stress response is derived from a strain energy

density function, W (F). The first Piola-Kirchhoff stress tensor is obtained via
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p— OW(F)l

OF (M

For incompressible materials, /] = 1, introducing an additional constraint, and the associated

unknown Lagrange multiplier (pressure-like term) p, thus Eq. (1) is modified as

AW (F)
~ OF

—pFT, ()
The Cauchy stress tensor (o) is related to the first Piola-Kirchhoff stress tensor via,
o = J7'PFT, (3)
The quasi-static equilibrium condition can be expressed in the reference configuration as:
DivP =0, “)
in the absence of body forces.
The instability analysis is addressed by superimposing small incremental deformations on
a finitely deformed state (Ogden, 1997), which gives the incremental form of the constitutive
law:
P=A:F, (5)
where F = Grad u describes the gradient of the incremental displacement field u, and A is
the fourth-order effective tensor of instantaneous elastic moduli governing the incremental

response, expressed as
9w

— 6
A ~FAF (6)

For incompressible materials, the incremental incompressibility constraint is expressed as:
tr(FF~1) = 0. (7)

In the homogenized setting with the materials characterized by its effective properties, and

undergoing homogenous deformation, A;,jg is independent of X. Then, the incremental

equilibrium equation can finally be written as,

0w, dp

Aiajp 9X,0K; 0K, 0, ®)
where p is an incremental change in p.
We seek a solution for Eq.(8) in the form
it = elk* R p = pelkxd )

where k is a wavenumber, M and 7 are unit vectors.

Substituting Eq. (9) into Eq. (8) yields
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QM + ipfA = 0, (10)

Q A A

where @ is the acoustic tensor with components defined as Q;; = A7, 1g.
Longwave (or macroscopic) instability occurs when the strong ellipticity condition,
Qi = A i, Apfg My, > 0, (11)

is violated. Specifically, along a loading path, the first point that gives the loss of ellipticity
condition, namely, Q;;m;m; = 0, is identified as the onset of longwave instability. In periodic
material structures, instabilities may also develop at length scales comparable with the
microstructures (namely, the microscopic instabilities). Therefore, a refined approach, Bloch-
Floquet analysis (Bertoldi et al., 2008) in the framework of small amplitude deformations
superimposed on finite deformation, is employed to capture both macroscopic and microscopic
instability modes. As an alternative to this linearized approach, the post-buckling analysis
considers the nonlinearity in the emerging post-buckling development, thus, providing
additional information about the further evolution of instability patterns in the post-buckling
regime (Chen et al. 2023).

As the focus of this research, the potential secondary instability is expected to develop in
the post-buckling regime, after the occurrence of the first buckling. Two complementary
frameworks can be employed to analyze the secondary instability: (i) the finite-amplitude
development analysis, and (ii) the small-amplitude linearized analysis superimposed on the
finitely deformed state, which correspond to the post-buckling and Bloch—Floquet analyses,
respectively, in this study. Both methods are implemented on the post-buckling state, and their
results are complementary for understanding the development of instability. However, the two
analyses may diverge. The Bloch—Floquet analysis is based on a linearized analysis along the
loading path; however, the development of the initial buckling configuration with further
deformation, may result in a loss of stability along the loading path, and the configuration may
further evolve and adapt into a stable configuration in the post-buckling regime. This nonlinear
adaptation can lead to discrepancies between the predictions of these methods. In this study, we

shall examine whether such divergence occurs for the secondary buckling of soft particulate

composites.
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3. Numerical simulation

We construct a 2D periodic particulate composite with a single circular stiff inclusion
located at the center of a rectangular primitive unit cell (as illustrated in Fig. 1). The width and
length of the primitive unit cell are denoted by a and b, respectively. The diameter of the
circular inclusion is represented by d. The initial configuration of the unit cell can be
completely determined through two parameters: the periodicity aspect ratio n = a/b and the

inclusion spacing ratio £ = d/b.

Soft Matrix @ Stiff Inclusion

Fig. 1 Schematic composite microstructure with stiff circular inclusions periodically distributed in

soft matrix.

The behavior of the stiff inclusion and soft matrix is described by hyperelastic models. In
particular, we employ a nearly incompressible neo-Hookean strain energy density function,

namely,

W@ =£2.0, -3+ 520 - 12, (12
where u@ and k(P represent the initial shear modulus and bulk modulus, respectively; I, =
trC is the first invariant of the right Cauchy-Green tensor, where € = FTF. To differentiate
the material properties of various phases, a superscript (q) is used for each parameter. For
instance, (q) = (i) and (q) = (m) denote the material properties of the stiff inclusion and
soft matrix, respectively. We set the inclusion-to-matrix ratio of the shear moduli to be
u®/um =103, Due to this high modulus contrast, the local deformation of the stiff
inclusions under macroscopic compression is negligible, and the majority of the macroscopic

deformation is accommodated by the local deformation of the soft matrix. To maintain nearly

k(@

incompressible material behavior in numerical simulation, a high ratio A = @ 103 is
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assigned to both soft and stiff materials.

We first employ finite amplitude analysis, essentially a post-buckling analysis, of
secondary instability in Sec. 3.1. Independently, we identify first-stage buckling modes that
contain an integer number of inclusions and are capable of developing secondary buckling.
Based on the corresponding RVE, we then apply a small amplitude linearized analysis using
the Bloch—Floquet technique. Both methods are implemented in the post-buckling regime and
serve as complementary approaches to analyze secondary instability. The detailed procedures
of the two analyses are described in Secs. 3.1 and 3.2, respectively. We implement both analyses

using the finite element code in COMSOL Multiphysics 6.0.

3.1 Finite-amplitude post-buckling analysis

We construct a representative volume element (RVE) (Bertoldi et al., 2008, Chen et al.,
2023) as shown in Fig. 2. The RVE is constructed with a size of 320 X 1, representing a single
column of N = 320 composite unit cells, which enables the development of post-buckling
patterns with a wide range of wavelengths. The RVE is enclosed by four boundaries (4B, CD,
AC, and BD), defined by nodes A, B, C, and D. The in-plane unidirectional compression is
applied via periodic boundary conditions imposed on the boundary pair AB — CD and AC —
BD as

Ugre — Ugse = (F = D(X|gre = Xlase) = HX|gre — Xl ase), (13)
where ug,.. and wuy,; denote the displacement vector of an arbitrary pair of points
periodically located on the source and destination boundary of the boundary pair, respectively;
F is the average deformation gradient, I is the identity tensor and H = F — I denotes the
average displacement gradient. The unidirectional compression is applied in the direction of
e, via prescribing the displacement gradient as

H=(0-1De; Qe+ (A, — e, Qey, (14)
where A; and A, denote the principal stretch ratios in the direction of e; and e,
respectively. We apply the compression defined by the average compressive strain € = 1 — 4,,
where A; is constrained by A;1, = 1 to ensure material incompressibility. As a perturbation
to trigger instabilities, geometrical imperfection with an amplitude of 10~°d is introduced in

terms of a slight alternation of the shape and position of the stiff inclusions (Chen et al., 2023,
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Appendix C). Specifically, the inclusions are modeled as nearly circular ellipses, where the
random geometrical differences are introduced independently onto the shape, dimension, and

center position of each inclusion.

(
3

loooooo0oo0o0o0o0o000000000000000000

N320

4
@
@

- @]

@0 000000000000000000C0O0CO0CODODOCOCOCESS
0000000000000 000CO0CO0COOCOCOOCOCOO0OCO0OES®
0000000000000 0000CO0COCOCOCOOCOCOOCOES
0000000000000 000CO0COCODOCOCODO0ODO0ODODOCOS®
0000000000000 00000D0COCOCOCODODOCOCOS®
0000000000000 00CO0COCOCOOCOCOOCOCOOCOES®
0000000000000 00000000CO0COCOCOCOCOES
0000000000000 0000CO0COCODOD0OD0ODO0ODOCO0OO0S®
0000000000000 00000000CO0COCODOCOOS
0000000000000 0000CO0COCOCOCOCOCOCOOINOGS
0000000000000 0000CO0COCOCOCOCOCOCOONOES
00000000000000000000000DO0CO0CO0GKGS

N, | @
N | @
N €2
! ‘ |_f31 000000000000
AT B

Fig. 2 Schematic representative volume element (N X 1) with periodically distributed number N =

320 of composite unit cells in a column used for finite-amplitude post-buckling analysis.

To capture the onset of secondary buckling and to identify the corresponding critical
wavenumber, we utilized a post-processing method that characterizes the post-buckling
structure obtained from FEA via discrete Fourier transformation (DFT) (Chen et al., 2023).
Specifically, we track the position of the inclusion centers throughout the first and the secondary
buckling. This procedure starts with building a representation of a “chain” of stiff inclusions by
a sequence of coordinates corresponding to the inclusions’ center position. Note that the shape
deformation of the stiff inclusions is negligible. Next, we apply a discrete Fourier transform
(DFT) on the obtained sequence of coordinates to find its wavenumber components and
corresponding Fourier coefficient. Given a sequence of coordinates being defined at the center
X1,X2,X3 ..., Xy in e; direction and {y,} :=
= {y.}/Ab, the

sequence of inclusions’ center coordinates becomes {n,x,} given that the vertical distance

positions of the inclusions, namely, {x,} :=

Y1,V2, V3 ., Yy in e, direction. If {y,} is normalized via {v,}norm

between vertically adjacent inclusions remains nearly constant in all our considered cases. In
our analysis, the discrete Fourier transform (DFT) reassembles the sequence of inclusion center

coordinates {x,}, via a sequence of harmonic coordinate sets based on a fundamental
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wavenumber 1/N, where N is the number of inclusions in the RVE, and K/N is the
corresponding wavenumber of the Kth harmonic set of coordinates. By solving the linear
equation system:

N-1
'Znﬁn
Xn= Y fir e, (15)
0

K=
we finally obtain the dependence of the Fourier coefficient fx on the corresponding
component wavenumber k = K/N, namely, the wavenumber spectrum fi = F(k), where
(k=1/N, 2/N,.., (N—-1)/N, 1).

Next, we identify the peak point in the wavenumber spectrum fx = F(k) (corresponding
to the harmonic set of coordinates that dominates the post-buckling pattern) as the critical
wavenumber. This results from the buckling wavelength being significantly larger than the size
of the RVE. Note that, with a finite-sized RVE, the DFT analysis identifies the longwave
instabilities at the lowest wavenumber (k = 1/320) in the scanned range, so that the
wavelength of the buckling pattern is equal to the height of the RVE. Similarly, if a larger
number of unit cells in the RVE is used (for example, 640 cells), the critical wavelength will

increase to [“" = 640 and the corresponding critical wavenumber shifts downto k = 1/640.

3.2 Bloch-Floquet analysis in the post-buckling regime

To analyze the onset of secondary buckling, we can also superimpose a Bloch-Floquet
analysis on the deformed RVE in the post-buckling regime after the first stage buckling.
However, in our considered cases, not all post-buckling structures can develop secondary
buckling. We observe that secondary buckling occurs only when the first-stage buckling mode
corresponds to an integer enlargement of the composite’s initial periodicity. Otherwise, a
mismatch between the buckling wavelength and the discrete spacing of the stiff inclusions
accumulates, causing the particles to distribute along an “inclined” line relative to the direction
of compression. This prevents the formation of a reinforced layer aligned with the compression
direction and thereby suppresses the development of secondary buckling. As shown by Chen et
al. (2023), such integer enlargement of wavelength, in practice, occurs only when the first-stage
buckling mode exactly doubles the initial periodicity, referred to as the “periodicity-doubling”

mode. It is important to note that this “periodicity-doubling” mode also includes the so-called

10
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“adapted periodicity-doubling” mode (see Fig. 8), which cannot be predicted by Bloch—Floquet
analysis but can be captured by DFT analysis of the post-first-stage buckling state (Chen et al.,
2023). In summary, for all our considered cases, this “periodicity-doubling” mode is the only
one found to further develop secondary instability.

Therefore, we consider an initial RVE consisting of two composite unit cells (see Fig. 3a),
and derive its post-buckling state (see Fig. 3b) using the same method stated in sec 3.1. Next,
we superimpose Bloch—Floquet analysis on the post-buckling state of RVE corresponding to
the “periodicity-doubling” state. The Floquet periodic conditions relate the incremental
displacement fields u via

u(X + R) = u(X)eXR, (16)
where R = R,ae; + R,(Nb)e, denotes a vector corresponding to the composite’s initial
periodicity ( Ry , R, are arbitrary integers), and K = K;e; + K,e, represents the
superimposed Bloch wave vector. In FEA, the Floquet boundary conditions, ug,, =
u e K Rap=Rea) and u,,; = u,.e K ®va—Rac)  are imposed on the boundary pairs ab —
cd and bd — ac of the primitive unit cell. Then, the Bloch—Floquet analysis is conducted by
solving the corresponding eigenvalue problem. Here, we normalize the components of the
wavenumber as k; = Kya/2n and k, = K,(Nb)/2m in the undeformed configuration.
Finally, we identify the occurrence of the secondary buckling at the lowest strain level (namely,
the critical strain &ff’) while a zero eigenvalue emerges at a critical wavenumber k<" (k" or
kS"). The cases with k" — 0 are referred to as the “longwave” or “macroscopic instability”,
while cases with k" > 0 are referred to as the “microscopic instabilities”. Throughout our
calculation, we observe that the secondary buckling is found to develop only in the direction of
compression (the direction of e,). Therefore, here and thereafter in this paper, we report the
corresponding critical wavenumber of the secondary buckling as kfj = k5", where the
subscript “II” denotes the critical characteristics of the secondary buckling, and “I”” denotes

those of the first stage buckling.

11
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Fig. 3 Schematic representative volume element consisting of two composite unit cells in the
a) undeformed and b) post buckling state with “periodicity-doubling” mode for the Bloch-Floquet

analysis superimposed in the post-buckling regime.

4. Results and Analysis
4.1 Analysis of post-buckling results

In this section, we present the results of an example case of the post-buckling analysis. We
illustrate the result with an example of the particulate composite with the spacing ratio & =
0.45 and periodicity aspect ratio n = 6. The corresponding initial RVE at € = 0 is shown in
Fig. 4. Note that, only 80 unit cells of the RVE are displayed for a more compact illustration
here and thereafter. We observe that the composite maintains a straight column of inclusions
until it reaches the onset of the first stage buckling at the corresponding critical strain level of
ef™ = 0.233. At this point, the inclusion column experiences a sudden local collapse, with
adjacent inclusions moving to the opposite side of each other. For example, as shown in Fig. 4,
corresponding to € = 0.368, the odd-numbered inclusions from the bottom move horizontally
to the right side, while the even-numbered inclusions move to the left. As the compression
continues to increase despite the buckling already being triggered, the composite structure
quickly forms a seemingly “two straight columns of inclusions” near the middle line of the RVE
(see, for example, in Fig. 4, corresponding to € = 0.555). This post-buckling pattern, however,
provides a highly ordered and compact arrangement of inclusions. Note that this composite,
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after the buckling-induced particle rearrangements, becomes stable again. The newly formed
configuration contains an effective particle-reinforced composite layer, now including the two
columns of inclusions surrounded by the soft matrix (see, for example, the composite structure
corresponding to &ff = 0.555 in Fig. 4). Interestingly, with further deformation, this
reinforced layer experiences a wrinkling-like instability after the new (second) critical strain
level of &ff = 0.555 is reached. At this point, the two “straight columns” of inclusions
transform into a complex “chain” of inclusions. This pattern transformation can be observed in
the deformed RVE shown in Fig. 4, corresponding to ¢ = 0.565. We refer to such loss of

stability in the post-buckling regime (after the first or initial buckling) as the secondary buckling.

Undeformed
€ : 0 15t stage
: buckling
-_" 2nd stage
glcr = 0.343 = 0.368 buckling

7N
éif = 0555 ¢ =565

Fig. 4 The deformation sequence under the compressive strain level € = 0, € = 0.343, ¢ =

0.368, £ = 0.555, and ¢ = 0.565; initial geometric parameters are ¢ = 0.45 and 1 = 6. Only 80

unit cells of the RVE are displayed for a more compact illustration.

Next, in Fig. 5, we illustrate the results of the DFT analysis for the composite with & =

13
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0.45 and n = 6, showing the dependence of the Fourier coefficient f on component
wavenumbers, for fixed compressive strain levels from 0 to 0.557. Until the critical strain level
€T = 0.343, the composite maintains a straight column of inclusions, and correspondingly, all
component wavenumbers are characterized by nearly zero Fourier coefficients. However, after
reaching the first critical strain level (&f” = 0.343), the inclusion column suddenly collapses
and transforms into a periodicity-doubling pattern. Correspondingly, a peak Fourier coefficient
emerges at k = 0.5, representing the doubled periodicity and the critical wavenumber of the
first buckling kf"™ = 0.5. This is illustrated by the green curve with triangular markers shown

in Fig. 5 corresponding to € = 0.368.

ke = 0.042
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Fig. 5 The DFT analysis results of the post-buckling development for the composite with a
spacing ratio ¢ = 0.45 and periodicity aspect ratio 1 = 6 at compressive strain € = 0, € = 0.34,
€ =0.368,and ¢ = 0.557 with N = 320 number of unit cells built in the RVE (the RVE view is

zoomed so not all inclusions are displayed).

Next, with an increase in the compressive strain level, the post-buckling pattern evolves,
and the thickness of the “particle-reinforced layer” increases. After the critical strain of the
secondary buckling &ff = 0.55, we observe a second peak emerging in the Fourier spectrum
at ki = 0.042, representing a wavy buckling mode of the “reinforced layer.” Therefore,

7 =0.042 is identified as the critical wavenumber of the secondary buckling.
Correspondingly, the critical strain of the secondary buckling &f] is identified at the lowest

strain level, where a peak in the Fourier spectrum is detected to exceed the threshold coefficient
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1072 at a wavenumber other than kf" = 0.5.

4.2 Dependence of critical strains on geometric parameters

We start by examining the secondary buckling development via the dependence of critical
strains on the composite’s initial geometrical parameters. Fig. 6 shows the dependence of the
critical strain on the periodicity aspect ratio 1 for various fixed values of the inclusion spacing
ratios ¢ = 0.3,0.35,0.4 and 0.45, where the dotted and continuous curves correspond to
longwave (ki — 0) and microscopic (kfj > 0) buckling derived from the Bloch Floquet
analysis, respectively; the triangular markers correspond to the results from the post-buckling
analysis. It should be emphasized that secondary buckling has only been found in composites
with “periodicity-doubling” buckling mode in their first buckling stage. It has been shown in
recent research (Chen et al., 2022, 2023) that those “periodicity-doubling” patterns form in
composites with small enough spacing ratios (¢ < 0.45) and large enough periodicity aspect
ratios (for composites with & = 0.45, the “periodicity-doubling” pattern is found when 1 = 2).
Moreover, the admissible geometries are restricted by d < b and d < a, thus, limiting the

parameter space as 17 > €£.
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Fig. 6 The dependence of secondary buckling critical strain on periodicity aspect ratio with
various spacing ratios. The dotted and continuous curves correspond to longwave and microscopic
buckling results from the Bloch-Floquet analysis, respectively; the triangular markers correspond to

results from the post-buckling DFT analysis.
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We observe that the secondary buckling critical strain derived from post-buckling analysis
agrees well with the predictions of the Bloch-Floquet analysis. The composites with higher
spacing ratios experience secondary buckling at lower compressive strains. For example, as
shown in Fig. 6, in the composites with the same periodicity aspect ratio n = 7, with an
increase in the spacing ratio from ¢ = 0.3 to ¢ = 0.45, the onset of secondary buckling shifts
from eff = 0.669 to 0.561. This stems from the fact that the large-sized inclusions (that are
large in the composites with larger spacing ratios) provide a high volume fraction of the stiff
inclusions in the effective particle-reinforced layer, thus increasing the effective stiffness
contrast between the soft matrix and the particle-reinforced layer, eventually leading to an
earlier onset of the secondary buckling. We also observed that the critical strain &f] increases
monotonically with an increase in 7 for all considered spacing ratios. Moreover, we observe
that the secondary buckling develops in the longwave modes (k| = 0) in the composites with
small enough periodicity aspect ratios. However, the buckling mode switches from longwave
to microscopic ones in composites with a periodicity aspect ratio large than a threshold value
nt", dictated by the initial spacing ratio value & (specifically, larger spacing ratios lead to an
earlier transition from micro- to longwave secondary buckling). For example, for the composite
with & = 0.35 (the red curve in Fig. 6), the buckling develops in a longwave mode with small
enough periodicity aspect ratios, such as n = 3. With an increase in 7, the critical strain
increases monotonically. After the threshold value n'* ~ 5.68 is reached, a switch from the
longwave to microscopic buckling mode occurs, followed by the continuous increase of the

critical strain with an increase in the periodicity aspect ratio.

4.3 Dependence of secondary buckling critical wavenumbers on geometric parameters
Let us examine the dependence of the secondary buckling critical wavenumber on the

periodicity aspect ratio 1. In Fig. 7, we plot the prediction of kf]

from Bloch-Floquet analysis
(red dotted and continuous curves, corresponding to longwave and microscopic buckling,
respectively) and the post-buckling results (triangular markers). We observe that the Bloch-
Floquet and the post-buckling predictions agree well. Specifically, for microscopic instabilities,

they predict critical wavenumbers at a finite value kfj > 0 ; for longwave instabilities, they

predict critical wavenumbers corresponding to their longwave limit kff — 0 and kf =

16



415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438
439

1/320, respectively.
The good agreement between the Bloch—Floquet analysis and the post-buckling analysis,

despite the incommensurate buckling mode where kf/

does not correspond to an integer
multiple of the initial primitive cells, indicates that the initial buckling mode predicted by the
Bloch-Floquet analysis is sufficiently stable and does not evolve divergently during the post-
buckling process. This stability can be attributed to two factors: 1) the large wavelength of the
secondary buckling mode (in most cases kfj < 1/12), and 2) the transformation of the
reinforced region into two interlaced columns of inclusions, making the stiffness distribution
more uniform along the loading direction, causing the structure to behave more like a layered
composite.

Next, when the periodicity aspect ratio increases beyond a threshold value n"
(corresponding to the initial inclusion columns placed farther away enough from each other),
we find a transition from longwave instability to microscopic instability (corresponding to
kil > 0 in Bloch-Floquet analysis and kfj > 1/320 in post-buckling analysis). We also
observe that the composites with larger spacing ratios experience an earlier transition from
longwave to microscopic instabilities, but the corresponding critical wavenumber increases at
arelatively lower rate. For example, in composites with & = 0.3 and & = 0.4, the switch from
longwave to microscopic mode occurs at " ~ 6.18 and n‘" ~ 5.65, respectively. After
those switches, the wavenumber starts to increase. However, at a higher critical wavenumber,
such as n = 10, the composite with & = 0.3 reaches a lower critical wavenumber kfj =
0.074 while the composite with & = 0.4 reaches a higher critical wavenumber kff = 0.069.
However, for composites with a larger spacing ratio, such as & = 0.45, the corresponding
threshold value shifts down to n*"* ~ 5.65; the critical wavenumber reduces to kff = 0.137

at n = 10.
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Fig. 7 The dependence of the critical wavenumber on the periodicity aspect ratio with various

spacing ratios. Triangular markers and continuous curves correspond to results from post-buckling DFT

analysis and Bloch Floquet analysis, respectively.

Finally, we summarize the results of the first and secondary buckling patterns as a map in

the geometrical parameter space of the periodicity aspect ratio 7 and the spacing ratio £, as

shown in Fig. 8. In the map, the first stage buckling patterns are divided into six sub-domains.

Among them, four grey sub-domains represent composite geometries that will only develop the

first stage buckling (Chen et al., 2023): (i) the domain labeled as the “zigzag chain” corresponds

to the critical wavenumber of the first stage buckling kf™ — 0, where buckling pattern is a

single zigzag chain of inclusions; (ii) the domain labeled with “Wavy chain” corresponds to

relatively low kf" from 0 to the vicinity of 0.25, where the buckling pattern is a “wave-like

chain” of inclusions; (iv) the domain labeled with “Superimposed” corresponds to a relatively

high kf" from approximately 0.25 to 0.4, where the buckling pattern exhibits a superposition

of wavelets (in small length scales) in between envelopes in large length scales. The highlighted
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two sub-domains represent composite geometries that can develop the secondary buckling,
based on their formation of a “periodicity-doubling” or “adapted periodicity-doubling” pattern
in the first-stage buckling. In particular, the “adapted periodicity-doubling” sub-domain
includes special cases that cannot be predicted by Bloch—Floquet analysis, as the post-buckling
pattern diverges from the linearized BF prediction. However, these cases can be captured by
DFT analysis, corresponding to the first-stage buckling modes characterized by a single
dominant peak at wavenumber 0.5.

The bright blue domain — labeled with “longwave” — represents the geometries that will
develop longwave secondary buckling, corresponding to kf/ — 0; the dark blue domain —
labeled as “microscopic,” represents the composite geometries that will develop secondary
buckling in the microscopic modes, corresponding to kf/ > 0. Our results have shown that
secondary buckling occurs in composites with small aspect ratios and large periodicity aspect
ratios, in which longwave secondary buckling occurs with relatively small periodicity aspect

ratios, and microscopic secondary buckling occurs with relatively large spacing ratios.
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Fig. 8 The first and secondary buckling pattern mapping in the geometrical parameter space. The

highlighted areas (bright and dark blue) represent the secondary buckling.

Conclusion

We reported the numerical observations of a distinctive phenomenon — the development
of secondary buckling in soft particulate composites. Our findings demonstrate that the further
evolution of deformation in the post-buckling regime can lead to a secondary buckling, but this
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occurs only when the first-stage buckling exhibits a “periodicity-doubling” or “adapted
periodicity-doubling” pattern, which corresponds to the DFT analysis of the first-stage buckling
showing a single dominant peak at wavenumber 0.5.

This secondary buckling gives rise to a new array of instability patterns. Specifically, in
some particulate composites, we have observed the formation of the effective particle-
reinforced layer in their post-buckling regime, followed by wrinkling of this reinforced layer
after the secondary critical strain is reached.

The secondary buckling gives rise to the development of two types of patterns: the
longwave (or macroscopic) and the microscopic buckling, determined by the initial composite
geometry. To characterize the secondary buckling development, we performed the finite-
amplitude post-buckling and Bloch Floquet analyses in the post-buckling regime of the soft
composites. The dependencies of critical instability characteristics on geometrical parameters
derived from the two independent analyses are in good agreement. Finally, we have investigated
the transition of secondary buckling patterns from a longwave pattern to a microscopic pattern
characterized by its critical wavenumber with a variation in the geometrical parameters.

The complex post-buckling behavior can be further enriched through external stimuli, such
as, for example, electric (Liu et al., 2021; Goshkoderia et al., 2020; Xia et al., 2019) or magnetic
fields (Saxena et al., 2013, 2014; Garcia-Gonzalez et al., 2023; Lucarini et al., 2022; Moreno-
Mateos et al., 2022; Psarra et al., 2017; Mukherjee et al., 2021; Danas, et al., 2012) in active
materials. Furthermore, the secondary buckling phenomenon may also result in complex
unloading behavior in soft composites, thus potentially enriching the resilience and energy
dissipation capabilities in soft heterogeneous materials (Lee et al., 2023; Shan et al., 2015).

We note that soft composites (especially, natural composites) may possess geometrical
(Chen et al., 2019; Ding et al., 2019; Yu et al., 2022) or material (Hauseux et al., 2017, 2018;
Rappel et al., 2019) imperfections and uncertainties. Such uncertainties may influence the
prediction of the composites buckling behavior. To thoroughly understand and quantify the
impact of these uncertainties on the composites behavior, multi-field coupled stochastic
analyses can be employed (Elouneg et al., 2021; Mazier et al., 2022).

To summarize, as the field has predominantly concentrated on the first buckling stage of
particulate composites, this study, as the first report, numerically revealed the distinctive
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secondary buckling phenomenon in soft particulate composites. Our finding of secondary
buckling in soft particulate composites shows that the system can switch among three functional
configurations instead of two, thereby broadening the switchable design space of soft composite
materials. This phenomenon also broadens the set of new patterns and associated behaviors and

potentially expands the design space for other tunable and switchable materials.
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