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Abstract 
 
An unconstrained, non-linearly elastic, semi-infinite solid is maintained in a state of large static plane 
strain. A power-law relation between the pre-stretches is assumed and it is shown that this assumption is 
well-motivated physically and is likely to describe the state of pre-stretch for a wide class of materials. A 
general class of strain-energy functions consistent with this assumption is derived. For this class of materi-
als, the secular equation for incremental surface waves and the bifurcation condition for surface instability 
are shown to reduce to an equation involving only ordinary derivatives of the strain-energy equation. A 
compressible neo-Hookean material is considered as an example and it is found that finite compressibility 
has little quantitative effect on the speed of a surface wave and on the critical ratio of compression for sur-
face instability. 
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1. Introduction 
 

Since first considered by Rayleigh [1], the problem of waves propagating along 
the surface of an elastic half-space has proved to be of relevance to seismologists and en-
gineers alike. One particular aspect of this problem that is still being investigated is that 
of the effect of a pre-stress on the speed of propagating waves and on stability analysis. 
The pioneering works of Hayes and Rivlin [2] and of Biot [3] considered this problem in 
the setting of an incremental perturbation superimposed upon the large static deformation 
of a pre-stressed, homogeneous, isotropic, non-linearly elastic half-space. These authors 
assume plane strain and consider perturbations with sinusoidal variations along one prin-
cipal direction in the plane boundary and exponential decay along the principal direction 
normal to the boundary. Most of the work since has been within this context.  

http://ees.elsevier.com/nlm/viewRCResults.aspx?pdf=1&docID=1233&rev=0&fileID=21835&msid={09078B6A-C141-41BD-BD45-EC3D548B5CC0}
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There have been essentially two approaches: the first assumes that the solid is per-
fectly incompressible whereas the second assumes the material is unconstrained, although 
recovery of the incompressibility theory in some limiting process is usually considered. 
Half-spaces of the incompressible Mooney material were considered by Biot [3], Flavin 
[4], and Willson [5]. Willson [6, 7] also studied the propagation of surface waves for 
general incompressible half-spaces. The approach of Dowaikh and Ogden [8] is inde-
pendent of the choice of strain invariants for general incompressible half-spaces and has 
proved very influential. See, for example, Rogerson and Fu [9], Rogerson and Sandiford 
[10], or Destrade and Scott [11]. 

The unconstrained approach initiated by Hayes and Rivlin [2] was further devel-
oped by Chadwick and Jarvis [12] and by Dowaikh and Ogden [13]. The latter paper 
gives a mathematical description of surface waves propagating along a principal direction 
of the underlying pure homogeneous strain in a general compressible half-space and is 
the starting point of this study. The novelty here is that a power-law relation between the 
pre-stretches is assumed ab initio for plane strain deformations. Not only is this assump-
tion mathematically tractable, enabling a corresponding strain-energy function to be de-
rived in a natural way, but also, this relation is compatible with experimental data for a 
large class of non-linearly elastic materials, both solids and foams. See Section 3 for a 
discussion.  

In Section 4 the corresponding wave-speed secular equation and bifurcation crite-
rion are shown to depend on the strain-energy function only through ordinary derivatives 
of the strain-energy function with respect to one of the pre-stretches. This situation is 
analogous to the structure of the wave speed equation and of the bifurcation criterion for 
perfectly incompressible elastic materials, as given, for example, in Dowaikh and Ogden 
[8]. It is further shown that as the compressibility goes to zero, the perfectly incompressi-
ble equation is recovered as a special case. Surprisingly, it is shown that the compressibil-
ity has little effect on the relations between pre-stretch and wave speed or critical com-
pression stretch ratio for a particular example, which can be thought of as a compressible 
neo-Hookean material. 

The ultimate aim of the paper is to quantify how finite compressibility affects sur-
face stability and surface wave propagation in pre-strained solids. Usually ideal incom-
pressibility is often assumed simply because it simplifies the mathematical analysis, by 
removing one material parameter. For instance, it is known [14] that all Mooney materi-
als (characterized by two material constants) present surface instability in plane strain at 
the critical compression stretch ratio of 0.544 whereas their compressible counterpart, the 
Hadamard materials, have a critical compression stretch ratio which depends markedly on 
the material parameters. It has been experimentally observed [15] that the surface of 
compressed rubber blocks, often modelled as incompressible Mooney solids, buckles 
much earlier than predicted by theory, and it is thus natural to wonder if slight com-
pressibility could provide an explanation for this disparity. As this article demonstrates, 
the effect of compressibility on the stability of neo-Hookean solids (belonging to the 
Mooney class) is negligible. Similar conclusions are reached about surface wave propa-
gation. 
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2. The boundary condition 
 

For half-spaces occupied by a homogeneous, isotropic, hyperelastic material, con-
sider the plane, pure homogeneous deformation of the form  
 

ZzYyXx === ,, γλ ,                                                  (1) 
 
where (X,Y,Z) and (x,y,z) denote the Cartesian coordinates of a particle before and after 
deformation respectively, and γλ,  are constants. It is assumed that the deformed solid 
occupies the region 0y <  with boundary 0y = .  Denoting the corresponding principal 

stretches by ,,,, 321ii =λ  the following identification is made in this case: 

( ) ( )1,,,, 321 γλλλλ = . 

For ease of exposition, it is assumed here that the boundary of the half-space is 
free of tractions, although a non-vanishing normal load on the boundary can be easily ac-
commodated in an obvious way. Therefore for a given strain-energy function W it is re-
quired that 
 

( ) 01W 212 =,,λλ ,                                                      (2) 
 
where the subscript notation attached to W denotes partial differentiation with respect to 
the appropriate principal stretch, evaluated at 13 =λ . Then, if 0W22 ≠ , there exists a 

function ( )1f λ  such that 
 

( )12 f λλ = .                                                           (3) 
 
In practice, however, it is difficult, if not impossible, to obtain this relation explicitly in 
terms of elementary functions, which obviously makes computation and analysis diffi-
cult. As an illustration of the difficulties encountered, consider the restricted Hadamard 
material characterized by the strain-energy function 
 

( ) ( ) 32133
2
3

2
2

2
1 iiH3

2
W λλλκλλλµ =+−++= , ,                              (4) 

 
where κµ,  are respectively the (positive) infinitesimal shear and bulk moduli and the 
function H is restricted such that 
 

( ) ( ) ( ) ( )κµκµ 311H1H01H +=−== '',', ,                               (5) 
 
where the prime notation denotes ordinary differentiation. This material has received 
much attention in the literature. For example, this material was studied within the current 
context by Chadwick and Jarvis [12] and by Dowaikh and Ogden [13], within the context 
of surface instabilities by Usmani and Beatty [16] and within the context of finite wave 
propagation by Boulanger, Hayes and Trimarco [17], Boulanger and Hayes [18] and Rod-
rigues-Feirrera et al. [19]. For this material 
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( ) ( ) 2
3

2
132

2

2

3132
2

iH
W

iH
W λλκµ

λ
λλκλµ

λ
'',' +=

∂
∂+=

∂
∂

,                         (6) 

 
from which it follows that if H is a convex function, then 0W22 > , which is assumed 
henceforth. For the traction-free boundary condition (2), equation (6)1 yields 
 

( ) ( ) ( ) ( )3333
2
2 iHiiKiK ', µκλ −≡= ,                                          (7) 

 
and therefore 
 

( ) ( ) ( )2111
12 xKxxff −−− ≡= ,λλ .                                             (8) 

 
This equation indicates that, with the exception of especially simple forms for the 

arbitrary function ( )3iH , determination of the function f  in (3) is not possible. In prac-

tice, as can be seen in Chadwick and Jarvis [12] and in Dowaikh and Ogden [13], this 
means that what is a one-dimensional problem in terms of 1λ , say, is analysed as if it 

were a two-dimensional problem in both 21 λλ , . Since determination of the relation (3) is 
essential for the full analysis of Rayleigh waves, an inverse approach is adopted here: as-
suming a physically well-motivated form for f, the stress-free boundary condition is inte-
grated to obtain a general class of materials that is compatible with this form. 
 
 
3. Modelling the relation between the stretches 
 
Assume that the principal stretches are related through a power-law expression of the 
form 
 

101
12 <<= − ελλ ε , .                                                     (9) 

 
The motivation for choosing this relation is not mere mathematical convenience: there is 
a strong physical motivation for this form as well. This seemingly artificial relation is, in 
fact, widely applicable for non-linearly elastic materials, of which there are two main 
types: solid and foamed rubbers. The classical assumption made when modelling solid 
rubbers is that they are perfectly incompressible. However this is an idealization because 
all solid rubbers are to some extent compressible; it is proposed here that this compressi-
bility effect for pure homogeneous, plane strain deformations of solid rubbers is captured 
through (9), where it is likely that 
 

10 <<< ε ,                                                        (10) 
 

(because setting 0=ε  in (9) yields 1
12
−= λλ , the relation predicted by perfect incom-

pressibility). The main experimental motivation for the power-law assumption (9), (10) 
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for solid rubbers is given by Beatty and Stalnaker [20], who obtained experimental data 
for both the stretch in the direction of the applied force, denoted here by 1λ , and the two 

equal stretches in the perpendicular directions 2λ  and 23 λλ = , for six different rubbers in 

simple tension. The following power-law kinematic relationship is shown to match the 
data extremely well: 
  

( )21
12

−= ελλ ,                                                        (11) 
 
where ε  is a small (relative to one), positive material parameter (for example, for a ure-
thane sample used by Beatty and Stalnaker ε  = 0.007). Further evidence to support (11) 
in simple tension was obtained for the solid rubber NR70 by Bechir et al. [21], who show 
that (11) yields an almost perfect fit with their experimental data with 02.0=ε . The au-
thors are unaware of any data for plane strain, pure homogeneous deformations of solid 
rubbers where both stretches are measured. However it seems reasonable to infer that the 
power-law form that works so well for simple tension can also model deformations of the 
form (1) for solid rubbers. 

Power-law relations between the stretches for pure homogeneous deformations 
are very common also for foamed rubbers. For a foamed polyurethane rubber, Blatz and 
Ko [22] show that a power-law relation between the two stretches gives an excellent fit 
for the three material characterisation tests of simple tension, biaxial tension, and strip-
biaxial tension. For example in simple tension, it is shown that an excellent fit with data 
is given by (11) but with 25.0=ε . In strip-biaxial tension one of the three principal 
stretches is held identically equal to one, corresponding very closely with the deformation 
considered here. Storåkers [23] performed the same three experiments on two vulcanized 
foam rubbers, one a natural and the other a synthetic rubber. In each case, he showed that 
a power-law relation between the stretches gave an excellent fit with the experimental 
data. Consequently, it is reasonable to assume that, for half-spaces of many foamed rub-
bers subjected to a deformation of the form (1), a relation of the form (9) holds with 
small, but finite values, for ε .  
 
 
4. Determination of the strain-energy function 
 
A general class of materials consistent with both (2) and (9) is now derived. Since plane-
strain deformations are being considered here, the problem under study is inherently two-
dimensional. Let 
  

( ) ( )1,,W,W 2121 λλλλ =∗ .                                                 (12) 
 
Then, for the materials considered here, if  2,1i = , 
 

( ) ( )
i

21

1i

321
i

,W,,W
W

3
λ

λλ
λ

λλλ

λ ∂
∂

=
∂

∂
=

∗

=

,
( ) ( )

2
i

21
2

1
2
i

321
2

ii
,W,,W

W

3
λ

λλ
λ

λλλ

λ ∂
∂

=
∂

∂
=

∗

=

. 

                          (13) 
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Now let ( )321SFW λλλ ,,  denote the set of strain-energy functions for which the stress-free 

boundary condition (2) yields the relation (9) between the principal stretches. Let  
 

( ) ( )1WW 21SF21SF ,,, λλλλ =∗ .                                            (14) 

 
The stress-free boundary condition for such materials can therefore be written as  
 

( ) 0W 212SF =∗ λλ ,, ,                                                      (15) 

 

where the comma notation attached to ∗
SFW  denotes partial differentiation with respect to 

the appropriate principal stretch. Differentiating (15) with respect to1λ  then yields 
 

( ) 0W1W 22SF
2

112SF =−+ ∗−∗
,,

ελε .                                         (16) 

 
Now let  
 

( ) ( )1WW 1
11SF1 ,,

~ −∗≡ ελλλ .                                                (17) 

 
Then, using the prime notation to denote ordinary differentiation with respect to 1λ  and 
noting (15), it follows that 
 

∗= 1SFWW ,'
~

,                                                           (18) 

 
and  
 

( ) ∗−∗ −+= 12SF
2

111SF W1WW ,,''
~ ελε ,                                        (19) 

 
or alternatively, using (16), 
 

( ) ( ) ∗−∗ −−= 22SF
22

1
2

11SF W1WW ,,''
~ ελε .                                        (20) 

 
It is shown next that an infinity of strain-energy functions exists that are consis-

tent with both (2) and (9). For homogeneous, isotropic, non-linearly elastic materials in 
plane strain, the strain-energy function can be written as an arbitrary function of any two, 
independent, symmetric functions of the principal stretches. For example, assume that 

( )JIWW ,∗= , where  
 

21
2
2

2
1 J,I λλλλ =+= .                                                      (21) 

 
The traction-free boundary condition (2) can therefore be written in the form 
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02 12 =
∂

∂+
∂

∂ ∗∗

λλ
J

W

I

W
,                                                   (22) 

 
which, using (9), can be expressed in terms of 1λ  alone as  

0
J

W

I

W
2 2

1 =
∂

∂+
∂

∂ −
∗∗

ελ .                                                (23) 

 
It follows immediately from (9) again that  
 

ελ 1
1 J= ,                                                             (24) 

  
and therefore (23) can be re-written as 

0J
J

W

I

W
2

2

=
∂

∂+
∂

∂ −∗∗
ε

ε

.                                                (25) 

 
Assuming now that (25) holds for all plane strain deformations means that (25) becomes 

a first-order, linear partial differential equation in ∗W which can be easily integrated to 
yield 
 

( )
( )














−

−
+−≡=

−
∗ 1J

1
2IxxAW

12

ε
ε

ε
ε

, ,                                  (26) 

 
where A is an arbitrary function. Conversely, noting that  
 

( )













−=

∂
∂ −∗

1

2

2
2

JxA2
W λλ
λ

ε
ε

' ,                                             (27)     

 

it follows that the relation (9) is recovered. Thus ∗W  is consistent with both (2) and (9). It 
follows immediately that an infinity of such strain-energy functions exists since I could 

be chosen as, for example, 0nI n
2

n
1 ≠+= ,λλ . In what follows, ∗W  will be used as an 

example of the family of strain-energy functions ∗SFW , defined above. Note that ∗W  can 

be written as a function of the stretch 1λ  only, because 
 

( ) ( )( )1
1

2x 12
1

12
1

2
1 −

−
+−+= −− εε λ

ε
ελλ .                                     (28) 

 
To ensure zero strain-energy in the reference configuration, it is required that 

( ) 00A = . From (27), it immediately follows that the stress is identically zero in the refer-
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ence configuration and that, although 2W λ∂∂ ˆ  is identically zero for plane strain defor-
mations for which (9) holds, it is not identically zero in general, even in plane strain. To 
ensure that the classical, linear form of the strain-energy function is recovered on restric-
tion to infinitesimal deformations, it is required that 
 

( ) ( ) ( )0'A
234

,0'A2
ε

εκµ −== .                                          (29) 

 
Motivated by the first of these equations, it is additionally assumed that 
 

0dxdA > ,                                                            (30) 
 
for all allowable values of x. 

It follows immediately from (29) that 
 

( )ε
ε

κ
µ

232

3

−
= ,                                                       (31) 

 
or alternatively, that the infinitesimal Poisson ratio ν is given by 
 

ε
εν

−
−=

2

1
 .                                                          (32) 

 
Note that for infinitesimal values of ε , (31) reduces to 
 

εε
κ
µ

in.T.O.H
2

+≈ .                                                (33) 

 
Thus the kinematic assumption (9), with ε  small, leads to the restriction 
 

1<<κµ ,                                                            (34) 
 
which is usually imposed ab initio for solid rubbers that are assumed to be almost incom-
pressible.  

Noting (29)1, linearising the general strain-energy function (26) yields 
 

( )




























−

−
+−=

−
∗ 1J

1
2I

2
W

12

ε
ε

ε
εµ

,                                       (35) 

 
which is a plane strain, reduced Hadamard material (see (4)). This strain-energy function 
is the two-dimensional form of the strain-energy function obtained by Blatz and Ko [22], 
who, although basing their own method on a power-law relationship between the 
stretches in simple tension, used a different derivation. It is also the two-dimensional 
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form of the strain-energy function introduced independently by Levinson and Burgess 
[24] for infinitesimal values of ε . For such infinitesimal values of ε , this strain-energy 
can be viewed as a natural generalization of the incompressible neo-Hookean form 
 

( )2I
2

W −= µ
.                                                         (36) 

 
It is also the plane-strain form of the particular reduced Hadamard material introduced by 

Usmani and Beatty [16], who assumed that ( ) ( )1iiH n
33 −= α , constant ,α n. 

 
 
5. Equations of incremental motion 
 
Following Hayes and Rivlin [2], an infinitesimal motion is now superimposed on the de-
formation (1) such that the particle with position ( )zyx ,,  is displaced to a point ( )zyx ,,  
where 
  

( ) ( ) zztyxvyytyxuxx =+=+= ,,,,,, δδ ,                                (37) 
 
where δ  is a constant such that its squares and higher powers can be neglected in com-
parison with unity, and u, v are the components of the incremental mechanical displace-
ment. Time-harmonic surface waves propagating along the x principal direction of the 
following form are considered: 
 

( ) ( )ikxtiskyBvikxtiskyAu −+=−+= ωω exp,exp ,                           (38) 
 
where A, B are constants, ω  is the frequency and k is the wave number. This is the form 
used by Dowaikh and Ogden [13]. Also in (38), s is the attenuation factor, which makes 
the perturbation decay with distance from the boundary when ( ) 0s >Re . The wave speed 

c is therefore given by kc ω= , while an incremental static deformation is described by 
(38) at ω = 0. 

Substitution of (37), (38) into the equations of motion and satisfaction of the 
boundary conditions (see, for example, Dowaikh and Ogden [13]) yields the following 
secular equation for the speed c of surface waves for zero normal stress on the boundary 
of a pre-stretched, homogeneous, compressible, isotropic, elastic half-space:  
 

( ) ( ) ( ) ( ) ( ) 0cccc 2
r22

2
122211

212
r1

2
r21

212
r11

21
222 =−−−+−−− ρααααργργγρααγ , 

(39) 
 
where rρ  is the mass density of the material in the reference configuration and, in the 
notation of Dowaikh and Ogden [13], 
 

11
2
111 Wλα ≡ , 22

2
222 Wλα ≡ , 122112 Wλλα ≡ , 
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( )
2
2

2
1

2211
2
1

1
WW

λλ
λλλγ

−
−≡ ,

( )
12

1

2
2

2
1

2
2

1122
2
2

2
WW γ

λ
λ

λλ
λλλγ =

−
−

≡ .                      (40) 

 
Equation (39) is a re-arranged form of equation (5.11) of Dowaikh and Ogden [13]. Us-
ing an obvious squaring process and setting 11 =λ  yields 
 

( ) ( ) ( ) ( ) µλλµρλλλλ ≡≡=+−+++−+
⌣⌣⌣⌣⌣

,,0116438282 223 cXXXX r ,       (41) 
 
which is precisely the Rayleigh cubic of the linear theory [1].  

The wave speed equation (39) holds for all compressible strain-energy functions 
and therefore holds in particular for the class of materials of interest here, ( )1W 21SF ,,λλ , 

defined in the previous section. It follows immediately from (13) that the partial deriva-

tives of SFW  can be replaced by the corresponding partial derivatives of ∗
SFW  and there-

fore (16) yields 
 

( ) 2212 1 αεα −= .                                                      (42) 
 
Noting also that  
 

( )
( )

1
22

1212
1

2
1

1SF
3
1

1

W
γλγ

λλ
λ

γ ε
ε

−
−

∗

=
−

= ,, ,                                         (43) 

 
then (39) yields the following form of the secular equation in terms of partial derivatives 

of ∗
SFW : 

 

( )( ) ( ) ( )+−−














−
∗∗

∗−

∗
2

r1SF1

212
r11SF

2
1

21

22SF
12

1
2
1

1SF1 cWcW
W

W
ρλρλ

λλ
λ

ε ,,
,

,  

( ) ( ) ( )( )( ) 0cW1Wc
W 2

r22SF
22

1
2

11SF
2
1

21

2
r12

1
2
1

1SF
3
1 =−−−














−

−
∗−∗

−

∗

ρλελρ
λλ

λ ε
ε ,,
, ,     (44) 

 
which gives c as an implicit function of 1λ  only. It must be additionally assumed here 
that  
 

( ) 













−
≤ ∗

−

∗

11SF
2
112

1
2
1

1SF
3
12

r W
W

c ,
, ,min λ

λλ
λ

ρ ε ,                                       (45) 

 
which, on restriction to infinitesimal deformations, yields 
 

( )µλµρ 2c2
r +≤ ,min .                                                 (46) 
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If this last condition is satisfied, then the Rayleigh equation has a unique, positive solu-
tion, as demonstrated, for example, in Atkin and Fox [25]. Attention is therefore focused 
here on the range of 1λ  values for which (44) also yields positive solutions. By continu-

ity, this range is bounded by those values of 1λ  for which 0c =  in (44). These 1λ  values 
are called the critical stretches and are given by the bifurcation equation  
 

+












 ∗
∗

∗

1SF

21

22SF

11SF W
W

W
,

,

, ( ) ( )( ) 0W1W 22SF
22

1
2

11SF1 =−− ∗−∗
,,

ελελ ,                   (47) 

 

assuming that 0W 11SF >∗
, . 

 
 
6. The critical stretches: an example 
 
To make further progress with either the wave speed equation or the critical stretch equa-

tion, the strain-energy function must be specified. Setting ( ) ( )xAW 21SF =∗ λλ , , the general 

strain function given in (26), yields 
 

( )xA
4

W 22SF '*
, ε

= ,                                                       (48) 

 
where x is given in (28). Similarly, 
 

( ) ( ) ( )
( )( )232

11

22
1

11SF xA4
2

xA2W −
−

∗ −+







 −+= ε
ε

λλ
ε

λεε
''', ,                   (49) 

 
and the bifurcation equation (47) becomes 
 

( ) ( )( ) ( ) ( ) ( )+−




 −+−+ −−− 32

11
21

21232
11

22
1 AA42A2 εεε λλλλελεε ''''  

( ) ( )( ) ''' A4231A2 1
22

11 λλελ ε +−+ − ( ) 0
232

11 =− −ελλ .     (50) 
 
There is an equivalent, more succinct form of this equation in terms of derivatives of W

~
. 

It follows from (18) and (48) that 
 

( )32
11

22SF
W2

W −
∗

−
= ελλε

'
~

, .                                                   (51) 

 
Substituting both this and (18), (20) into (47) yields 
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( ) ( ) ( ) +








 −+−
−

− '
~

'
~

''
~

W
W2

W
1

2132
1122

1
2

ε
ε λλελε 0W1 =''~λ ,                           (52) 

 
where  
 

( ) ( )( )






 −
−

+−+= −− 1
1

2WW 12
1

12
1

2
1

εε λ
ε

ελλ~~
.                                   (53) 

 
Simplifications occur for the limiting values, 10,=ε . Letting 0→ε  in (52) re-

covers the bifurcation criterion for perfectly incompressible materials 
 

0WW3
1 =+ '

~
''

~λ ,                                                         (54) 
 
where 
 

( )2WW 2
1

2
1 −+= −λλ~~

.                                                   (55) 
 
This equation was first obtained by Reddy [26] (see also Dowaikh and Ogden [8]). This 
recovery further supports the choice of the kinematic relationship (9) between the pre-
stretches assumed here.  

Letting 1→ε  yields 
 

( )( ) ( ) 0W0W2W1
213

1

212
1 ≠=+− ''

~
,''

~
'

~ λλ ,                                    (56) 
 
where 
 

( )1
2
1 21WW λλ ln

~~ −−= .                                                  (57) 
 

For the compressible neo-Hookean material (35), 
 

( ) ( )( )






 −
−

+−+= −− 1
1

2
2

W 12
1

12
1

2
1

εε λ
ε

ελλµ~
, 

( ) ( ) ( )( )22
1

32
11 231WW −− −+=−= εε λεµλλµ ''

~
,'

~
.                           (58) 

 
The bifurcation equations (52), (54), (56) then become respectively 
 

( ) ( ) ( ) ( ) ( )( ) 0231
2

2 22
11

32
11

2122
1 =−++−









 −+ −−
−

εε
ε

λελλλλεε
, 

013 2
1

4
1

6
1 =−++ λλλ , 

( )( ) 0121
212

11
2
1 =++− λλλ .                                            (59) 
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The second of these is found in Biot [3] or Nowinski [27,28] and its unique positive root, 
denoted by cλ , is given by 544.0=cλ . The unique positive root of (59)3 is given by 

 

486.052 =+−=cλ .                                                 (60) 

 
Figure 1 displays a plot of the critical stretches versus the compressibility parameter ε . 

 
 

FIGURE 1 
 
 

Figure 1. Critical stretch values for surface stability versus the compressibility parameter ε, 
for a compressible neo-Hookean solid. When ε = 0, the critical stretch is 0.544, the value 
found for an incompressible neo-Hookean material. As ε increases, but remains small, the 
effect of finite compressibility is to decrease slightly the value of the critical compression 
stretch. 

 
It is clear from this figure that the compressibility has little effect on the critical stretch 
for the compressible neo-Hookean material (35), with the incompressible value of  

544.0=cλ  a good approximation for realistic values of ε . In particular, this plot shows 

that the real slight compressibility of solid rubbers does not have an important effect on 
the critical stretch ratio of compression, at least for the material considered here. It simply 
makes the neo-Hookean semi-infinite solid slightly more stable in plane strain compres-
sion, by allowing it to be compressed by a few more percent before the critical stretch is 
reached. Therefore, slight compressibility does not provide an explanation as to why rub-
ber blocks buckle in compression at ratios much higher than 0.544 (see [15]). 
 
 
 
7. Calculation for the wave speed 
 
The general wave speed equation is the secular equation (44). For the example of the 
general strain-energy function (26), this wave speed equation can be expressed simply in 
terms of derivatives of W

~
 as follows, using (18), (20) and (51): 

 

( ) ( )+−









−

−
−+ −− XWXWW ''

12
'' 1

21

1
1

23
1

2
2
1

⌣⌣⌣

λε
λλ

εελ ε  

( ) ( ) 0''
'

2 2
1

21

12
1

2
1

3
1 =−








−

− − XWX
W ⌣

⌣

λ
λλ

λ
ε ,                 (61) 
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where the notation of (41) has been used, µW
~

W ≡
⌣

, and W
~

 is given by (53). Thus the 

wave speed only depends on the strain-energy function through the derivatives of W
⌣

. 
Noting (45), solutions are now sought to this equation in the subsonic range 
 

( )
( ) ( )

( ) 










−
−+

−
≤< −

−
− 12

1
2
1

3
1

2
22

1
2
112

1
2
1

3
1 '12

'',
'

min0 ε
ε

ε λλ
λ

ε
ελλ

λλ
λ W

W
W

X

⌣

⌣

⌣

.                    (62) 

 
As for the bifurcation equation, the form of the wave speed equation for the limit-

ing values of ε is again considered here. Letting 0→ε  yields 
 

( )+−








−
XW

W
'

1

'
1

21

4
1

1
⌣

⌣

λ
λ
λ ( ) 0''

1

' 2
1

21

4
1

5
1 =−








−

−
XWX

W ⌣

⌣

λ
λ
λ

,                         (63) 

 

where µW
~

W ≡
⌣

 and W
~

 is given by (55). This is precisely the equation for perfectly in-
compressible materials obtained by Dowaikh and Ogden [8], albeit in a different form. 
Assuming that   
 

( ) 0W0
W

12
1

2
1

3
1 >>

− − '',
' ⌣

⌣

ελλ
λ

,                                               (64) 

 
means that the restriction (62) on the wave speed as 0→ε  reduces to 

2
1

2
1

3
1 '

0 −−
≤<

λλ
λ W

X

⌣

.                                                      (65) 

 
As 1→ε , the wave speed equation reduces to 

 

( ) ( ) ( ) 0''
'

2'''
212

1

21

2
1

2
1

3
1

1

212
1 =














−








−

−
+−− − XWX

W
XWXW

⌣

⌣

⌣⌣

λ
λλ

λλλ ,                 (66) 

 

where  µW
~

W ≡
⌣

, W
~

 is given by (57) and 
 










−
≤< '',

1

'
min0 2

12
1

3
1 W
W

X
⌣

⌣

λ
λ
λ

.                                              (67) 

 
As an example, consider the compressible neo-Hookean material (35). The wave 

speed equation (61) then becomes 
 

( )( )( ) ( )( )+−−−−+ −− XX 12
1

2
1

2112
1

2
1 2 εε λλεελελ  

( ) ( ) ( )( ) 0232 12
1

2
1

212
1 =−−+− − XX ελελλ ,                 (68) 



 15 

 
where 
 

2
10 λ≤< X ,                                                          (69) 

 
independent of ε .  

Consider the limiting special cases first. Letting 0→ε  in (68) yields 
 

+−− − X2
1

2
1 λλ ( ) ( ) 03 2

1
2
1

212
11 =−+− − XX λλλλ ,                            (70) 

 
the same equation, albeit in a different form, as that given in Dowaikh and Ogden [8].  

Letting 1→ε  in (68) yields 
 

( ) ( ) ( )( ) 01211
212

1

212
1

2
1

212
1 =−+−+−−−+ XXXX λλλλ .                    (71) 

 
One solution is immediate: 2

11 λ+=X , which however violates (69). The other solutions 
are obtained from an obvious squaring process of the other branch of the equation and are 
given by 
 

52 2
1 ±+= λX .                                                      (72) 

 
Thus the only solution consistent with (69) is given by  
 

522
1 −+= λX .                                                      (73) 

 
Figure 2 below displays the variation of the surface wave speed versus the stretch ratio 
λ1: 
 

 
FIGURE 2 

 
Figure 2. Normalized surface wave speed dependence on the pre-stretch for compressible 
neo-Hookean materials. 

 
 
For ease of comparison, the wave speed is normalized with respect to the bulk shear wave 
speed in the deformed solid. At 11 =λ , the solid is isotropic. As 1λ  increases (plane 
strain tension), the wave speed increases too and has the shear wave speed as an upper 
bond. As 1λ  decreases (plane strain compression), the surface wave speed decreases and 

drops to zero when 1λ  reaches the critical stretch ratio. The thick curves are the plots of 
the limiting behaviours ε = 0 and ε = 1. The thin curve corresponds to the case ε = 0.5. 
That plot is very close to that of the ideally incompressible case, showing that compressi-
bility, at least for the compressible neo-Hookean material, has very little effect on the 
wave speed, beyond a tendency to slightly lower the speed when the solid is in tension. 



 16 

References 
 
1. Lord Rayleigh, On waves propagated along the plane surface of an elastic solid, Proc. 
London Math. Soc. 17 (1885) 4-11. 
2. M.A. Hayes and R.S. Rivlin, Surface waves in deformed elastic materials, Arch. Rat. 
Mech. Anal. 8 (1961) 358-380. 
3. M.A. Biot, Surface instability of rubber in compression, Appl. Sci. Res. A12 (1963) 
168-182. 
4. J.N. Flavin, Surface waves in pre-stressed Mooney material, Q. J. Mech. Appl. Mech. 
16 (1963) 441-449. 
5. A.J. Willson, Surface waves in uniaxially-stressed elastic material, Pure Appl. Geo-
phys. 112 (1974) 352-364. 
6. A.J. Willson, Surface and plate waves in biaxially-stressed elastic media, Pure Appl. 
Geophys. 102 (1973) 182-192. 
7. A.J. Willson, The anomalous surface wave in uniaxially-stressed elastic material, Pure 
Appl. Geophys. 112 (1974) 665-674. 
8. M.A. Dowaikh and R.W. Ogden, On surface waves and deformations in a pre-stressed 
incompressible elastic solid, I.M.A. J. Appl. Math. 44 (1990) 261-284. 
9. G.A. Rogerson and Y. Fu, An asymptotic analysis of the dispersion relation of a pre-
stressed incompressible elastic plate, Acta Mechanica 111 (1995) 59-74. 
10. G. A. Rogerson and K. J. Sandiford, The effect of finite primary deformations on 
harmonic waves in layered elastic media, Int. J. Solids Struct. 37 (2000) 2059-2087 
11. M. Destrade and N.H. Scott, Surface waves in a deformed isotropic hyperelastic ma-
terial subject to an isotropic internal constraint, Wave Motion, 40 (2004) 347-357. 
12. P. Chadwick and D.A. Jarvis, Surface waves in a pre-stressed elastic body, Proc. Roy. 
Soc. Lond. A 366 (1979) 517-536. 
13. M.A. Dowaikh and R.W. Ogden, On surface waves and deformations in a compressi-
ble elastic half-space, SAACM 1 (1991) 27-45. 
14. M.A. Biot, Mechanics of Incremental Deformations, John Wiley, New York (1965). 
15. A.N. Gent and I.S. Cho, Surface instabilities in compressed or bent rubber blocks, 
Rubber Chem. Technol. 72 (1999) 253-262. 
16. S.A. Usmani and M.F. Beatty, On the surface instability of a highly elastic half-space, 
J. Elasticity 4 (1974) 249-263. 
17. Ph. Boulanger, M. Hayes and C. Trimarco, Finite-amplitude plane waves in deformed 
Hadamard elastic materials, Geophysical Journal International 118 (1994) 447-458.  



 17 

18. Ph. Boulanger and M. Hayes, Finite-amplitude waves in deformed in Mooney-Rivlin 
and Hadamard materials, Topics in Finite Elasticity (eds. Hayes and Saccomandi), CISM 
Courses and Lectures, 424, Springer, Wien, 2001. 
19. E. Rodrigues-Ferreira, Ph. Boulanger and M. Destrade, Large-amplitude Love waves, 
Quart. J. Mech. Appl. Math. 61 (2008) 353-371. 
20. M.F. Beatty and D.O. Stalnaker, The Poisson function of finite elasticity,  J. Appl. 
Mech. 108 (1986) 807-813.  
21. H. Bechir, L. Chevalier, M. Chaouche and K. Boufala, Hyperelastic constitutive 
model for rubber-like materials based on the first Seth strain measures invariant, Eur. J. 
Mech. A/Solids 25 (2006) 110-124. 
22. P.J. Blatz and W.L. Ko, Application of finite elasticity theory to the deformation of 
rubbery materials, Trans. Soc. Rheol. 6 (1962) 223-251. 
23. B. Storåkers,  On material representation and constitutive branching in finite com-
pressible elasticity, J. Mech. Phys. Solids 34 (1986) 125-145.  
24. M. Levinson and I.W. Burgess, A comparison of some simple constitutive relations 
for slightly compressible rubber-like materials, Int. J. Mech. Sci. 13 (1971) 563-572. 
25. R.J. Atkin and N. Fox, An Introduction to the Theory of Elasticity, Longman, Lon-
don, 1980. 
26. R.D. Reddy, The occurrence of surface instabilities and shear bands in plane-strain 
deformation of an elastic half-space, Q. J. Mech. Appl. Math. 36 (1983) 337-350. 
27. J.L. Nowinski, On the surface instability of an isotropic highly elastic half-space, In-
dian J. Math. Mech. 18 (1969) 1-10. 
28. J.L. Nowinski, Surface instability of a half-space under high two-dimensional com-
pression, J. Franklin Inst. 288 (1969) 367-376. 



Figure1

http://ees.elsevier.com/nlm/download.aspx?id=21833&guid=a783158e-9e45-46fd-82a4-c229c6336b98&scheme=1


Figure2

http://ees.elsevier.com/nlm/download.aspx?id=21834&guid=7bd67055-341d-4e1b-a4ef-2a76b74e1b52&scheme=1



