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This study presents a comprehensive modeling and reconstruction framework for high-precision elliptical mirrors
using simulated fringe patterns and Zernike polynomial fitting. A synthetic elliptical surface is generated, featuring
a dome-shaped curvature with a radius of −1300 mm, major and minor axes of 229 and 124 mm, respectively, and
sub-wavelength flatness and roughness characteristics. The surface is divided into 180 radial profiles using the non-
interpolated profile rotation model (N-IPRM), which preserves native spatial sampling. To address discontinuities
inherent in radial reconstruction, the interpolated profile rotation model (IPRM) applies shape-preserving inter-
polation to enable smooth surface recovery. Sag and slope equations derived from the interpolated profiles are used
in a custom ray-tracing algorithm to simulate interference fringes at both visible (0.0006328 mm) and millimeter-
wave (5.052296 mm) wavelengths. The algorithm incorporates planar, spherical, and oppositely curved spherical
reference surfaces relative to the elliptical surface. The simulated fringe patterns undergo thinning and fringe order
estimation, followed by surface reconstruction using a custom Zernike polynomial fitting algorithm implemented
in MATLAB. Due to the challenges posed by incomplete circular fringes in Zernike-based reconstruction of ellipti-
cal surfaces, we propose a novel approach, to our knowledge: transforming the elliptical surface into an equivalent
spherical surface, performing the reconstruction, and then converting it back to the original elliptical form. The
reconstructed surface shows excellent agreement with the model, achieving an absolute error of 0.0161 mm and
a relative error of 0.32% along the major axis at the longer wavelength. Symmetry deviations of approximately
0.5% further validate the reconstruction accuracy. This methodology provides a robust and versatile toolset for
the simulation, analysis, and precise reconstruction of elliptical optical surfaces, with significant implications for
optical fabrication and metrology.
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1. INTRODUCTION

Elliptical shapes, due to their high precision and superior quality
compared to spherical surfaces, offer significant advantages in
optical systems, including improved imaging performance,
wider fields of view, simplified designs, and reduced overall costs
[1,2]. Consequently, elliptical optics are increasingly regarded
as essential components in applications such as space optics,
optical inspection systems, and smart devices [3,4]. Various
manufacturing methods for elliptical surfaces, each with specific
advantages and limitations, have been discussed in [4]. In this
study, we model and reconstruct an elliptical surface with a
radius of curvature of −1300 mm, a major axis of 229 mm,
a minor axis of 124 mm, an RMS flatness of 77.5 nm, and an
RMS surface roughness of 0.5 nm. The surface is generated

using the standard ellipse equation [5], combined with a
dome-shaped curvature model [6]. To simulate realistic condi-
tions, flatness and roughness noise components are added. The
2D elliptical surface is divided into 180 radial profiles, starting at
0◦ on the major axis and proceeding counterclockwise to 180◦.
These profiles are extracted using the non-interpolated profile
rotation model (N-IPRM), which preserves the native spatial
sampling by avoiding interpolation. Each profile is fitted with
a second-degree polynomial to obtain sag equations, and the
corresponding slopes are derived via analytical differentiation.
Surface reconstruction begins with the simulation of inter-
ference fringes across the 2D elliptical surface using a custom
ray-tracing algorithm, which takes both the fitted sag equations
and their first derivatives as input. The algorithm models fringe
formation by comparing the elliptical surface against planar,

1559-128X/26/051631-11 Journal © 2026Optica PublishingGroup

mailto:dahi.ibrahim@universityofgalway.ie
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1364/AO.580581
https://crossmark.crossref.org/dialog/?doi=10.1364/AO.580581&amp;domain=pdf&amp;date_stamp=2026-02-06


1632 Vol. 65, No. 5 / 10 February 2026 / Applied Optics Research Article

spherical, and oppositely curved spherical reference surfaces.
This ray-tracing process produces 180 one-dimensional inten-
sity and phase profiles at two wavelengths: 0.0006328 mm
(visible light) and 5.052296 mm (millimeter wave). The longer
wavelength lies within the millimeter-wave band, typically
ranging from 1 to 10 mm [7]. While N-IPRM provides accurate
spatial sampling, its main limitation is the reconstruction of
discrete radial lines rather than a continuous surface. To over-
come this, we introduce the interpolated profile rotation model
(IPRM), which employs shape-preserving piecewise cubic
Hermite interpolation (PCHIP) [8]. This method preserves the
local shape and monotonicity of the original profile, resulting
in a smoother and more continuous surface reconstruction,
especially beneficial when handling irregular data. Due to large
sag values (in mm), fringe density is extremely high at the visible
wavelength, with approximately 15,968.066 fringes along the
major axis and 4526.094 fringes along the minor axis. At the
longer wavelength, fringe density decreases significantly to
about 20 and 5.669 fringes, respectively. Numerous methods
exist for elliptical surface reconstruction [9,10], each with
distinct trade-offs. In this work, we employ a custom Zernike
polynomial-based reconstruction algorithm, implemented in
MATLAB to reconstruct the 3D elliptical surface from the sim-
ulated fringes. A key advantage of Zernike polynomial fitting
is that it requires only a single interferogram and eliminates the
need for phase unwrapping algorithms [11,12]. This algorithm
uses a 48-term expansion and incorporates fringe thinning
to extract surface height information from the interpolated
low-density fringe map. To address surface height overestima-
tion caused by incorrect fringe order detection, we propose
a novel approach: transforming the elliptical surface into an
equivalent spherical surface, performing the reconstruction,
and then converting it back to the original elliptical form. We
begin by initializing a matrix of the same size as the major axis,
extracting the 1D intensity profile along this axis, and applying
the N-IPRM model with a circular mask. Rotating this profile
from 0◦ to 180◦ produces a 2D intensity map representing
a circular fringe pattern. A fringe thinning algorithm is then
applied to extract the skeletons of the fringes, resulting in 20
circular fringes along both X and Y axes. These are labeled and
numbered, with the spacing between successive fringes equal to
half the wavelength. The Zernike polynomial fitting algorithm
is then applied to reconstruct the 3D surface from the thinned
and labeled fringes. An ellipse is subsequently overlaid on the
reconstructed surface in the X-Y plane, defined parametri-
cally as X= a cos(θ), Y= b sin(θ), where a = 114.5 mm and
b = 62 mm are the semi-major and semi-minor axes, respec-
tively, and θ ∈ [0, 2π ]. Data within this elliptical region are
extracted for visualization and analysis. The reconstructed sur-
face closely matches the simulated surface, yielding an absolute
error of 0.016135 mm along the X axis and a relative error of
0.32%. Symmetry percentages are also computed: approxi-
mately 0.5% along the major axis and 1.3% along the minor
axis. The lower error and higher symmetry along the major axis
indicate better reconstruction accuracy, while the increased
error along the minor axis is attributed to factors such as its
shorter span, fewer data points, and higher discretization error
near the edges. Overall, the proposed methodology provides a

robust framework for the modeling, simulation, and reconstruc-
tion of elliptical mirror surfaces, offering valuable insights for
both optical manufacturing and performance assessment.

2. MODELING AN ELLIPTICAL MIRROR
SURFACE WITH A 229 mm MAJOR AXIS,
A 124 mm MINOR AXIS, A 77.5 nm RMS
FLATNESS, AND A 0.5 nm RMS SURFACE
ROUGHNESS

The simulation models an elliptical mirror surface with the
following specifications: a major axis of 229 mm, a minor axis
of 124 mm, 77.5 nm RMS flatness, and 0.5 nm RMS surface
roughness. The mirror exhibits a large dome curvature, over-
laid with low-frequency flatness noise and high-frequency
surface roughness noise. The elliptical mirror has the follow-
ing semi-axes: semi-major axis a = 229/2= 114.5 mm and a
semi-minor axis b = 124/2= 62 mm. A 2D Cartesian grid is
constructed over the bounding box, and a binary mask identifies
the elliptical region using the standard ellipse equation [5]:

X 2

a2
+

Y 2

b2
≤ 1. (1)

Inside this ellipse, the mirror surface has a dome shape, which
can be described by the spherical sag equation [6]:

Zdome(x , y )= R −
√

R2 − x 2 − y 2, (2)

where R is the radius of curvature of the dome. In this sim-
ulation, R =−1300 mm. The surface is then vertically
shifted so that the minimum sag within the ellipse is zero:
Zdome(x , y )= Zdome(x , y )−min(Zdome(x , y )). To simulate
low-frequency flatness errors, 2D Gaussian-filtered random
noise is generated over the surface. The target RMS value
for the flatness noise is RMSflat = 77.5 nm. A random field
is generated such that flatnoise(x , y )∼ N(0, 1). This noise
is zeroed outside the ellipse and smoothed with a Gaussian
filter to simulate low-frequency behavior. The filtered noise
is then scaled to achieve the desired RMS using: scale=
overscale× (RMSflat/RMScurrent). To simulate surface
roughness, white Gaussian noise is added, such that
roughnoise(x , y )∼ N(0, 1). This noise is zeroed outside
the ellipse and then scaled to the desired RMS value of
0.5 nm. The scaling is given by: roughnoise = roughnoise ×

(RMSrough/RMScurrent). For the combined flatness and
roughness noises, denoted Nflat+rough, the final RMS is
computed as

RMSflat =

√√√√ 1

N

N∑
i=1

(
Nflat+rough

)2
i , (3)

and the PV of the total noise is computed as

PV=max
(
Nflat+rough

)
−min

(
Nflat+rough

)
. (4)

The total simulated mirror surface is the sum of the dome,
flatness noise, and roughness noise:

zT(x , y )= zdome(x , y )+ flatnoise(x , y )+ roughnoise(x , y ).
(5)
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Fig. 1. (a) Two-dimensional map of the ideal elliptical mirror
surface. (b) Two-dimensional map of the elliptical mirror surface
with added noise. (c) Cross-sectional profile along the X axis of (a).
(d) Cross-sectional profile along the Y axis of (a).

Fig. 2. (a) Two-dimensional noise error map. (b) Cross-sectional
profile along the X axis of (a).

All noise components are constrained to within the
elliptical mask. The grid spans from −a =−114.5 mm
to +a =+114.5 mm along the X direction and from
−b =−62 mm to+b =+62 mm along the Y direction.

With a grid spacing of 1 mm, this results in 230 pixels
along the X axis and 125 pixels along the Y axis. Therefore,
the grid consists of 125× 230 pixels, covering a physical area
of 124× 229 mm2, with each pixel representing an area of
1× 1 mm2. The Gaussian filter is applied using imgauss-
filt with a standard deviation of σ = 15 mm . This means
that the low-frequency flatness noise is smoothed over spa-
tial scales of approximately 15 mm, effectively suppressing
high-frequency variations and simulating large-scale surface
figure errors. Figure 1(a) shows a 2D pure elliptical mirror
surface simulated using Eq. (5) without flatness noise and
roughness noise. Figure 1(b) shows the 2D noisy elliptical
mirror surface simulated using Eq. (5) with both flatness and
roughness noise. The added noise is relatively small compared
to the maximum sag, which is 5.052296 mm along the X axis
and 1.432056 mm along the Y axis. Figures 1(c) and 1(d)
show the cross-sectional profiles along the X axis and Y axis
of Fig. 1(a), respectively. Figure 2(a) shows the 2D noise error
Nflat+rough = (flatnoise + roughnoise), obtained by subtracting
Figs. 1(a) and 1(b). This process ensures that the RMS of
Nflat+rough is 77.501 nm. Figure 2(b) shows the cross-sectional
profile along the X axis of Fig. 2(a).

3. RECONSTRUCTION OF AN ELLIPTICAL
SURFACE USING THE N-IPRM

To reconstruct the elliptical surface shown in Fig. 1(b), 180
diameter profiles of the surface sag (height) are extracted,
each oriented at a distinct angle θi , where θi =

iπ
179 ,

i = 0, 1, . . . , 179. Each profile corresponds to a linear cross-
section through the ellipse center at angle θi . The maximum
radial extent along this line, denoted as R(θi ), depends on the
ellipse’s shape and orientation and is computed as

R(θi )=
ab√

(b cos θi )
2
+ (a sin θi )

2
. (6)

The full diameter of the profile at angle θi is Di = 2R(θi ).
Due to the elliptical geometry, each profile has a different length
Di , resulting in a variable number of sampled points ni . Instead
of interpolating all profiles onto a uniform spatial grid, the
non-interpolated profile rotation model (N-IPRM) retains each
profile’s native sampling and length. For each profile i , the radial
coordinate ti,k is defined over its natural range as

ti,k =−R (θi )+
2R (θi )

ni − 1
(k − 1) , k = 1, 2, . . . , ni . (7)

The coordinate ti,k starts at −R(θi ) (the left end) and ends
at +R(θi ) (the right end), with uniform spacing between
points. These radial positions are then converted to Cartesian
coordinates for each sampled point:

Xi,k = ti,k cos θi , Yi,k = ti,k sin θi , (8)

and the corresponding sag (height) values Zi,k are taken directly
from the profile data. This approach generates a scattered set of
3D points (Xi,k , Yi,k , Zi,k) without enforcing uniform spatial
sampling or interpolation between profiles. The reconstructed
surface is visualized as a scatter plot of discrete points, preserv-
ing the original sampling of the simulated or measured data.
The primary advantage of this method is that it maintains
the true spatial sampling of the input profiles without distor-
tion from resampling or interpolation. Figure 3(a) shows the
reconstructed elliptical surface from Fig. 1(b) using the non-
interpolated profile rotation model (N-IPRM). Figure 3(b)
presents a subset of 20 radial profiles located within the white
wedge region highlighted in Fig. 3(a). The main limitation
of this model is that the reconstructed surface appears as dis-
crete lines rather than a continuous surface, as illustrated in
Fig. 3(b). To address this issue, we employed the interpolated
profile rotation model (IPRM), which enables smooth surface
reconstruction through interpolation.

Fig. 3. (a) Reconstruction of the elliptical surface from
Fig. 1(b) using the non-interpolated profile rotation model (N-
IPRM). (b) Subset of 20 radial profiles extracted from the white wedge
region highlighted in (a).
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4. RECONSTRUCTION OF AN ELLIPTICAL
SURFACE USING THE IPRM

Using the same profile orientations and radius computations
defined in Eq. (6), each profile has a full diameter Di = 2R(θi ).
Due to the elliptical geometry, these diameters vary with angle
θi , and the corresponding profiles consist of ni points sampled
non-uniformly along their respective diameters. To enable con-
sistent surface reconstruction on a common spatial grid, each
profile is resampled through interpolation. The process begins
by selecting a global diameter D (typically the largest among
all Di ) to define a uniform spatial coordinate d ∈ [− D

2 ,
D
2 ],

discretized into Nd equally spaced points:

d j =−
D
2
+
( j − 1) D

Nd − 1
, j = 1, 2, . . . , Nd (9)

Each original profile is sampled along its native coordinate:

di,k =−
Di

2
+
(k − 1) Di

ni − 1
, k = 1, 2, . . . , ni (10)

To align all profiles onto a common radial grid d j , each
individual profile Zi (di,k), originally sampled at its own radial
positions di,k , is interpolated using shape-preserving piecewise
cubic Hermite interpolation (PCHIP). This method constructs
a smooth curve through the original data points while preserv-
ing the local shape and monotonicity of the profile. Unlike the
standard cubic splines, which can introduce unwanted oscil-
lations, PCHIP ensures that the interpolated curve does not
overshoot and closely follows the original profile’s trends. The
interpolation is applied using MATLAB’s interp1 function as
follows:

Z interp
i (d j )= interp1(di,k, Zi (di,k), d j ). (11)

This produces a new version of each profile Z interp
i evaluated

on the shared grid d j , enabling consistent comparison and
surface reconstruction across all profiles. Points outside the
valid range [−Di/2, Di/2] are typically assigned zero values or
excluded during visualization. Next, a 2D polar grid is created
using the angles θi and the uniform coordinates d j . Each point
on the grid is then converted to Cartesian coordinates:

X j ,i = d j cos θi , Y j ,i = d j sin θi . (12)

The corresponding interpolated sag values are as follows:

Z j ,i = Z interp
i

(
d j
)

. (13)

The result is a regular grid of points (Xi,k , Yi,k , Zi,k) that
defines the reconstructed elliptical surface. This surface can be
visualized as a continuous 3D mesh (e.g., using MATLAB’s surf
function), enabling smooth shading and analysis.

The main advantage of this approach is that it facilitates
uniform surface representation and visualization, especially
when the original profile data are irregular or sparse. Figure 4(a)
shows the reconstructed elliptical surface from Fig. 1(b) using
the interpolated profile rotation model (IPRM), and Fig. 4(b)
shows a subset of 20 radial profiles within the white wedge
region of Fig. 4(a). Figure 5(a) shows the radial profiles cor-
responding to rotation angles from 0◦ to 90◦, while Fig. 5(b)

Fig. 4. (a) Reconstruction of the elliptical surface from
Fig. 1(b) using the interpolated profile rotation model (IPRM).
(b) Subset of 20 radial profiles extracted from the white wedge region
shown in (a).

Fig. 5. Application of the interpolated profile rotation model
(IPRM) to the reconstructed surface in Fig. 4(a), showing radial pro-
files corresponding to rotation angles from (a) 0◦ to 90◦ and (b) 90◦ to
180◦.

displays profiles from 90◦ to 180◦. Conceptually, the recon-
structed surface can be divided into two halves: the rotation
from 0◦ to 90◦ covers quadrants 1 and 3, whereas the rotation
from 90◦ to 180◦ spans quadrants 2 and 4.

5. RAY-TRACED ELLIPTICAL FRINGE
SIMULATION USING A CUSTOM RAY-TRACING
ALGORITHM

A. Case Study: Using Planar Surface 2 as a
Reference

In this paper, a simulated elliptical surface is ray-traced using a
custom ray-tracing algorithm to generate interference fringes
at each point on the surface. The program traces rays through a
multi-surface optical system in 2D. Figure 6(a) shows the actual
surfaces plotted using IDL software, with surface 3 generated
using Eq. (14). In contrast, Fig. 6(b) displays the same surfaces,
but with surface 3 generated using Eq. (16). Surfaces 1, 2, and 4
are planar and defined by linear equations, whereas surface 3 is
an elliptical profile plotted from the 180 sag values Zi,k extracted
from Fig. 1(b), evaluated at each orientation angle θi . Since
the ray-tracing algorithm requires both the sag equations and
their derivatives, each of the 180 sag profiles Zi,k is fitted with a
second-degree polynomial. This fitting process provides both
the analytical sag equations and their corresponding first deriva-
tives (slopes). As a result, 180 sag equations and their associated
slope functions are generated. These sag equations and their
derivatives are then used as inputs to the custom ray-tracing
algorithm, which is developed to simulate interference fringes.

The algorithm processes all 180 profiles one by one to gen-
erate the corresponding one-dimensional intensity and phase
maps of the elliptical surface at two wavelengths: 0.0006328
and 0.5052296 mm. Surface 3 in Fig. 6(a) corresponds to pro-
file_000, which achieves a sag of 5.052296 mm along the X axis.
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Fig. 6. Actual surfaces plotted using the IDL software: (a) Surface 3
generated from Eq. (14) and (b) surface 3 generated from Eq. (16).

The sag equation for profile_000 is given by

z0 = 3.8532× 10−4x 2
− 8.8238× 10−2x + 5.0506. (14)

Its first derivative (slope) is given by

z′0 = 7.7064× 10−4x − 8.8238× 10−2. (15)

Surface 3 in Fig. 6(b) corresponds to profile_090, which
achieves a sag of 1.432056 mm along the Y axis. The sag
equation for profile_090 is given by

z90 = 3.8531× 10−4x 2
− 4.7784× 10−2x + 1.4809. (16)

Its first derivative is given by

z′90 = 7.7063× 10−4x − 4.7784× 10−2. (17)

Rays are modeled as straight lines in the x − y plane, and
their interactions (reflections and transmissions) with optical
surfaces are computed accordingly. A ray is described by the
parametric equations: x = x0 + l sin(a), y = y0 + l cos(a),
where (x0, y0) is the initial position of the ray, a is the
angle of incidence, and l is the distance traveled by the ray.
The angle a is expressed in radians and computed using:
ai = π −

2π ·α
360 , where α = 0.010. Rays propagate through

the optical system and interact with multiple surfaces. The
initial ray spacing is set to 0.001 mm, and any rays with
amplitudes below 0.01 are discarded. Upon encountering a
surface, the ray’s behavior depends on the refractive indices
of the involved media and the reflection/transmission coef-
ficients. For reflected rays, the angle of reflection is given by
ar = π − a .. For transmitted rays, Snell’s Law is applied:
n1 sin(ai )= n2 sin(at), where n1 and n2 are refractive indices,
and ai and at are the angles of incidence and transmission,
respectively. For a ray directed toward a surface defined by
y = f (x ), the intersection point (xnext, ynext) is calculated
as: xnext = x0 + l sin(a) and ynext = y0 + l cos(a). Given the
previous point (xin, y in) and current point (x , y ), the traveled
distance is l =

√
(x − xin)

2
+ (y − y in)

2. The optical path
length is updated using: pathlengthnew = pathlengthold + l · n,
where n is the refractive index of the medium. The traveled
distance l is computed and added to the existing path length.
This accumulated optical path length is then used to compute
the phase as follows:

φ =
2π

λ
· pathlength+ phase shifts. (18)

The intensity pattern is computed over discrete pixels with a
size of 10µm using the following formula [13]:

I =
∑

(A cos(φ))2 +
∑

(A sin(φ))2. (19)

The ray amplitude A is updated as it propagates through
the system, accounting for Fresnel reflection and transmis-
sion at each interface, as well as cumulative attenuation. The
corresponding phase pattern is calculated as

8= tan−1

[∑
A sin(φ)∑
A cos(φ)

]
. (20)

The clear aperture of the simulated elliptical surface in
Fig. 1(b) is 124 mmalong the minor axis and 229 mm along
the major axis. The elliptical surface consists of 180 sag pro-
files, each represented by its own fitted sag equation and
corresponding derivative. For profile_000 (aligned with the
major axis), 229,000 rays are traced, and for profile_090
(aligned with the minor axis), 124,000 rays are traced.
The average number of rays per profile is approximately
(229,000+ 124,000)/2≈ 177,000. This results in a total
of 180× 177,000= 31,860,000 rays. Approximately 32
million rays are traced in total.

For each profile, the ray-tracing computation takes about
30 min on a laptop equipped with an Intel i5 CPU @ 2.21 GHz
and 16 GB of RAM. As a result, 180 intensity profiles and 180
phase profiles are generated at a wavelength of 0.0006328 mm,
according to Eqs. (19) and (20), respectively. The non-
interpolated profile rotation model (N-IPRM) is applied to
these profiles to reconstruct the 2D intensity map, as shown in
Fig. 7(a), with cross-sectional intensity profiles along the X and
Y axes presented in Figs. 7(b) and 7(c), respectively. The same
N-IPRM procedure is used to generate the 2D phase map in
Fig. 8(a), with the corresponding cross-sectional phase profiles
along the X and Y axes shown in Figs. 8(b) and 8(c), respec-
tively. As shown in Fig. 7, the high-density fringes observed
at a wavelength of 0.0006328 mm arise from the surface
sag. Along the X profile, the maximum sag is 5.052296 mm,
which corresponds to the number of fringes (NOFs) cal-
culated as NOF= 5.052296 mm/0.0006328 mm≈
7984.033 fringes. Considering the two sags across the 2D
elliptical surface, the total number of fringes is NOFtotal =

2× 7984.033= 15968.066 fringes. Similarly, along the
Y profile, the maximum sag is 1.432056 mm, resulting in
NOF= 1.432056 mm/0.0006328 mm ≈ 2263.047 fringes,
and the total number of fringes across the 2D elliptical surface is
calculated as: NOFtotal = 2× 2263.047= 4526.094 fringes.

To reduce the fringe count along the X axis to approx-
imately 20, the same elliptical surface was retraced using
a longer wavelength of 0.5052296 mm. The number of
fringes (NOF) along the X axis is calculated as NOF=
5.052296 mm/0.5052296 mm= 10 fringes.

Therefore, considering both sags along the X axis,
the total number of fringes is NOFtotal = 10× 2= 20
fringes. For the Y axis, the fringe count is NOF=
1.432056 mm/0.5052296 mm= 2.835 fringes. Thus,
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Fig. 7. (a) Two-dimensional intensity map of the simulated
elliptical surface from Fig. 1(b), obtained at a wavelength of
0.0006328 mm. (b) Cross-sectional intensity profile along the X
axis of (a). (c) Cross-sectional intensity profile along the Y axis of (a).

Fig. 8. (a) Two-dimensional phase map of the simulated ellip-
tical surface shown in Fig. 1(b), obtained at a wavelength of
0.0006328 mm. (b) Cross-sectional phase profile along the X axis
of (a). (c) Cross-sectional phase profile along the Y axis of (a).

across both sags along the Y axis, the total number of fringes
is NOFtotal = 2.835× 2= 5.669 fringes. Note that the X axis
corresponds to profile_000 and the Y axis corresponds to pro-
file_090. After extracting the 180 fitted sag equations and their
derivatives from Fig. 1(b), each equation and derivative were
processed sequentially using the ray-tracing algorithm at the
wavelength of 0.5052296 mm. This procedure generated 180
intensity profiles and 180 phase profiles according to Eqs. (19)
and (20), respectively. The non-interpolated profile rotation
model (N-IPRM) was then applied to reconstruct the 2D inten-
sity map, as shown in Fig. 9(a). Figures 9(b) and 9(c) present the
cross-sectional intensity profiles along the X axis and Y axis of
Fig. 9(a), respectively. As shown in Fig. 9(b), the total number
of fringe counts along the X axis and Y axis are approximately
20 and 5.669, respectively, consistent with the calculated values
and validating the custom ray-tracing algorithm. Similarly, the
N-IPRM was used to generate the 2D phase map displayed in
Fig. 10(a), with corresponding cross-sectional phase profiles
along the X axis and Y axis shown in Figs. 10(b) and 10(c),
respectively. Since the intensity and phase maps in Figs. 9(a)
and 10(a) are reconstructed using the N-IPRM, the resulting
surfaces are inherently discrete, as discussed in Section 3.

To achieve continuous 2D surface reconstruction, the inter-
polated profile rotation model (IPRM) was applied to the 180

Fig. 9. (a) Two-dimensional intensity map of the simulated
elliptical surface shown in Fig. 1(b), obtained at a wavelength of
0.5052296 mm using the non-interpolated profile rotation model
(N-IPRM). (b) Cross-sectional intensity profile along the X axis of (a).
(c) Cross-sectional intensity profile along the Y axis of (a).

Fig. 10. (a) Two-dimensional phase map of the simulated
elliptical surface shown in Fig. 1(b), obtained at a wavelength of
0.5052296 mm using the non-interpolated profile rotation model
(N-IPRM). (b) Cross-sectional phase profile along the X axis of (a).
(c) Cross-sectional phase profile along the Y axis of (a).

intensity and phase profiles obtained from ray-tracing the
elliptical surface in Fig. 1(b), resulting in smooth, continuous
intensity and phase maps. Figures 11(a) and 11(c) show the
interpolated 2D intensity and phase maps, respectively, while
Figs. 11(b) and 11(d) present the corresponding cross-sectional
profiles along the X axis.

B. Case Study: Using Spherical Surface 2 as a
Reference

Figures 12(a) and 12(b) present surface plots generated using
the IDL software, where planar surface 2 from Fig. 6 is replaced
with (a) a spherical surface having a curvature similar to that of
surface 3 and (b) a spherical surface with curvature opposite to
that of surface 3, respectively.

A typical one-dimensional fringe intensity profile and the
corresponding 1D phase profile, generated using ray-tracing
from the surfaces in Fig. 12(a), are shown in Figs. 13(a) and
13(b), respectively. As shown in Fig. 13(a), although the number
of fringes remains fixed at 20, the intensity distribution across
the fringes exhibits noticeable variation. The one-dimensional
intensity profile shown in Fig. 13(a) is radially replicated using
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Fig. 11. (a) Two-dimensional interpolated intensity map of the
simulated elliptical surface from Fig. 1(b), obtained at a wavelength
of 0.5052296 mm using the interpolated profile rotation model
(IPRM). (b) Cross-sectional intensity profile along the X axis of (a).
(c) Two-dimensional interpolated phase map generated using the
IPRM. (d) Cross-sectional phase profile along the X axis of (c).

Fig. 12. Surface plots generated using the IDL software by replacing
planar surface 2 from Fig. 6 with: (a) a spherical surface having a curva-
ture similar to that of surface 3 and (b) a spherical surface with a curva-
ture opposite to that of surface 3.

Fig. 13. (a) One-dimensional intensity profile and (b) the cor-
responding 1D phase profile, generated using ray-tracing from the
surfaces shown in Fig. 12(a).

the non-interpolated profile rotation model (N-IPRM). A
square matrix of size 229 mm× 229 mm is generated, where
the elliptical mask from Eq. (1) is replaced by a circular mask of
uniform radius defined by X2

+ Y2
≤ 114.5, with 114.5 mm

being the radius of the circle. The resulting two-dimensional
circular intensity map is shown in Fig. 14(a).

A centrally overlaid ellipse is added to Fig. 14(a), lying in
the X-Y plane and defined parametrically as X= a cos(θ),
Y= b sin(θ), where a = 114.5 mm and b = 62 mm are the

Fig. 14. (a) Two-dimensional circular intensity map generated
by radially replicating the one-dimensional intensity profile from
Fig. 13(a) using the N-IPRM, with an overlaid elliptical mask.
(b) Extracted intensity data from within the elliptical region shown
in (a).

Fig. 15. (a) Two-dimensional circular phase map generated by radi-
ally replicating the one-dimensional phase profile from Fig. 13(b) using
the N-IPRM, with an overlaid elliptical mask. (b) Extracted phase data
from within the elliptical region shown in (a).

Fig. 16. (a) One-dimensional intensity profile generated by ray-
tracing from the surfaces shown in Fig. 12(b). (b) One-dimensional
phase profile generated by ray-tracing from the same surfaces in
Fig. 12(b).

semi-major and semi-minor axes, respectively, and θε[0, 2π ].
The data within this elliptical mask in Fig. 14(a) are extracted
and shown in Fig. 14(b).

Similarly, the one-dimensional phase profile shown in
Fig. 13(b) is radially replicated using the N-IPRM. The
resulting two-dimensional circular phase map is shown in
Fig. 15(a), with the same centrally overlaid ellipse defined by
a = 114.5 mm and b = 62 mm. The phase data inside this
elliptical region are extracted and presented in Fig. 15(b). The
one-dimensional intensity profile and the corresponding one-
dimensional phase profile, generated using ray-tracing from the
surfaces shown in Fig. 12(b), are presented in Figs. 16(a) and
16(b), respectively.

As shown in Fig. 16(a), the number of main fringes remains
constant at 20, with each main fringe accompanied by smaller
subsidiary fringes. The one-dimensional intensity profile shown
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Fig. 17. (a) Two-dimensional circular intensity map generated
by radially replicating the one-dimensional intensity profile from
Fig. 16(a) using the N-IPRM, with a centrally overlaid elliptical mask.
(b) Extracted intensity data from within the elliptical region shown in
(a).

Fig. 18. (a) Two-dimensional circular phase map generated by radi-
ally replicating the one-dimensional phase profile from Fig. 16(b) using
the N-IPRM, with a centrally overlaid elliptical mask. (b) Extracted
phase data from within the elliptical region shown in (a).

in Fig. 16(a) is radially replicated using the non-interpolated
profile rotation model (N-IPRM), replacing the elliptical mask
from Eq. (1) with a circular mask of radius 114.5 mm. The
resulting two-dimensional circular intensity map is shown in
Fig. 17(a). An ellipse with semi-major axis a = 114.5 mm and
semi-minor axis b = 62 mm is centrally overlaid on Fig. 17(a).
The intensity data within this elliptical region are extracted and
shown in Fig. 17(b). Similarly, the one-dimensional phase pro-
file shown in Fig. 16(b) is radially replicated using the N-IPRM.
The resulting two-dimensional circular phase map is shown in
Fig. 18(a), with the same centrally overlaid ellipse defined by
a = 114.5 mm and b = 62 mm. The phase data within this
elliptical region are extracted and displayed in Fig. 18(b).

6. RECONSTRUCTION OF INTERPOLATED
ELLIPTICAL FRINGE PATTERNS USING A
CUSTOM ZERNIKE POLYNOMIAL FITTING
ALGORITHM

The surface height function at any point of the exit pupil,
Zr (xr , yr ), can be represented as a linear combination of M
polynomials F (xr , yr ) and their corresponding weighting
coefficients G [14–16]:

Zr (xr , yr )=

M∑
j=1

F j (xr , yr )G j , (21)

where r is the sample index. Calculating these coefficients is
essential for accurately representing the surface. This is accom-
plished by thinning and ordering the fringes, followed by fitting
the data to a polynomial set. This process is typically performed
using the least squares method [17], where S is defined as the
sum of the squares of the differences between the data points and
the fitted polynomial values:

S =
N∑

r=1

Zr −

M∑
j=1

G j F j (xr , yr )

2

. (22)

In an ideal scenario, a perfect fit would yield S = 0, indicat-
ing no discrepancy between the measured data and the fitted
polynomial. However, due to inherent surface irregularities and
measurement noise, S is always nonzero. The goal of the least-
squares fit is to determine the coefficients of the polynomial
basis functions that minimize S. These coefficients are found by
taking the partial derivative of S with respect to each coefficient
and setting the result to zero. The resulting system of equations
can be expressed in matrix form using summations:

N∑
r=1

Zr F1(xr , yr )

.

.
N∑

r=1
Zr FM(xr , yr )



=



N∑
r=1

F1(xr , yr )F1(xr , yr ) ... ...
N∑

r=1
FM(xr , yr )F1(xr , yr )

.

.
N∑

r=1
F1(xr , yr )FM(xr , yr ) ... ...

N∑
r=1

FM(xr , yr )FM(xr , yr )



×


G1

.

.
G M


(23)

A total of 48 coefficients G j were calculated numerically,
providing a complete representation of the surface. Figure 19(a)
shows the grayscale version of the interpolated interferogram in
Fig. 11(a). To isolate the bright fringe structures, the interfero-
gram is thresholded by selecting all pixels with intensities greater
than 63% of the maximum brightness. These pixels are set to
1 in a new binary image. A median filter with a window size of
8× 8 is then applied to reduce noise in the binary fringe pattern.
The resulting filtered image, converted to double precision, is
shown in Fig. 19(b). Next, a fringe thinning algorithm [18] is
applied to geometrically reduce the width of the binary fringes,
effectively extracting their skeletons, as shown in Fig. 19(c). The
thinned fringes are then labeled, with each assigned a distinct
color, as illustrated in Fig. 19(d).

The total number of detected fringe regions in Fig. 19(d),
including both continuous and disconnected segments,
is 34. When the 34 thinned fringes in Fig. 19(c) are fit-
ted using Zernike polynomial fitting, the reconstructed
surface height is overestimated. This is because the fringe
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Fig. 19. (a) Grayscale version of the interpolated interferogram
from Fig. 11(a). (b) Binary image obtained by thresholding at 63% of
the maximum intensity to isolate bright fringes. (c) Thinned fringes
extracted from (b) using skeletonization. (d) Labeled and color-coded
thinned fringes from (c), with 34 detected fringes.

Fig. 20. (a) Two-dimensional circular fringe pattern generated over
a 229 mm× 229 mm area with a centrally overlaid ellipse, produced
using the N-IPRM. (b) Extracted fringe data within the elliptical
region shown in (a).

count is 34 instead of the correct 20, leading to a cal-
culated maximum height of approximately 8.59 mm
(34× 0.5052296 mm/2)≈ 8.59 mm, whereas the actual
height should be around 5.052 mm (20× 0.5052296 mm/2)
for 20 fringes. To resolve this discrepancy, a square matrix of
size 229 mm× 229 mm, matching the major axis length, is cre-
ated. Since the surface is rotationally symmetric, a 1D intensity
profile along the X axis (the major axis) of Fig. 19(a) is radially
replicated, replacing the elliptical mask in Eq. (1) with a circular
mask of uniform radius defined by X2

+ Y2
≤ 114.5, where

114.5 mm is the radius of the circle. Figure 20(a) shows the
generated 2D circular fringe pattern over this area, with a cen-
trally overlaid ellipse, defined parametrically by X= a cos(θ),
Y= b sin(θ), where a = 114.5 mm and b = 62 mm are the
semi-major and semi-minor axes, respectively, and θ ε[0, 2π ].

The data within the overlaid ellipse in Fig. 20(a) are extracted
and shown in Fig. 20(b). A fringe thinning algorithm was
applied to Fig. 20(a), yielding the result shown in Fig. 21(a).
An ellipse with a major axis of 2a = 229 mm and a minor axis
of 2b = 124 mm was overlaid at the center of Fig. 21(a) and
highlighted in red. The data within this elliptical region were
extracted and are presented in Fig. 21(b). The resulting thinned
fringes were then labeled, with each fringe assigned a distinct
color, as shown in Fig. 22(a).

A total of 20 closed fringes were detected in Fig. 22(a). It is
important to note that when the elliptical mask is applied to

Fig. 21. (a) Thinned fringes obtained by applying a fringe thinning
algorithm to the 2D circular fringe pattern shown in Fig. 20(a), with an
overlaid ellipse. (b) Extracted fringe data confined within the elliptical
region indicated in (a).

Fig. 22. (a) Labeled and color-coded thinned fringes derived from
Fig. 21(a), with an overlaid ellipse. (b) Extracted data confined within
the elliptical region shown in (a).

Fig. 22(a), the extracted data, shown in Fig. 22(b), are identical
to those in Fig. 19(d), differing only in color representation.
This confirms the correctness of the proposed method for recon-
structing elliptical surfaces. Zernike polynomial fitting was
applied to the 20 complete circular fringes shown in Fig. 22(a).
The resulting reconstructed surface is presented in Fig. 23(a).
An ellipse with a major axis of 2a = 229 mm and a minor axis
of 2b = 124 mm was then centrally overlaid on Fig. 23(a)
and highlighted in blue. The data within the overlaid ellipse
in Fig. 23(a) were extracted and are presented in Fig. 23(b).
Figures 24(a) and 24(b) present the cross-sectional profiles
along the X axis and Y axis of Fig. 23(b), respectively. For the X
profile shown in Fig. 24(a), the left and right sag differences are
1L = 5.093974 mm and 1R = 5.042888 mm, respectively,
yielding an average of 1̄= (1L +1R)/2= 5.068431 mm.
For the Y profile shown in Fig. 24(b), the left and right sag
differences are 1L = 1.483680 mm and 1R = 1.523164 mm,
with an average of 1̄= 1.503422 mm.

These computed averages closely align with the actual sag val-
ues of 5.052296 mm for the X profile and 1.432056 mm for the
Y profile. The absolute and relative errors are computed to quan-
tify the deviation of the measured values from the actual values.
The absolute error is defined as |measured value− actual value|,
and the relative error is given by: relative error(%)=
(|measured-actual|/|actual|)× 100%. For the X profile, the
absolute error is |5.068431− 5.052296| = 0.016135 mm, and
the relative error is (|5.068431− 5.052296|/|5.052296|)×
100%≈ 0.32%. For the Y profile, the absolute error is
|1.503422− 1.432056| = 0.071366 mm, and the relative
error is (|1.503422− 1.432056|/|1.432056|)× 100%≈
4.99%. The larger relative error observed in the Y profile can be
primarily attributed to several factors.
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Fig. 23. (a) Reconstruction of the thinned fringes from
Fig. 22(a) after applying Zernike polynomial fitting, with a cen-
trally overlaid ellipse. (b) Data extracted from within the ellipse shown
in (a).

Fig. 24. Cross-sectional profiles extracted from Fig. 23(b) along the
(a) X axis and (b) Y axis, respectively.

First, the Y profile spans a smaller physical range compared
to the X profile, resulting in fewer data points and greater sen-
sitivity to discretization errors. Second, masking outside the
elliptical region affects the Y profile more significantly due to the
shorter vertical axis. Finally, the use of 48 Zernike coefficients,
while sufficient to capture the main curvature and medium-
order surface variations, may not fully represent finer details
along the minor axis. This limitation can cause slight asymmetry
between the left and right sag values, contributing to the higher
relative error and symmetry deviation observed in the Y profile.

To calculate σx and σy for Figs. 24(a) and 24(b), we evaluate
the symmetry of the sag profiles [19]. The standard deviation
σ quantifies how symmetric the sag profile is on either side
of the center by measuring the spread of the left and right sag
differences (1L and1R ) from their average 1̄. It is defined as

σ =

√(
1L − 1̄

)2
+
(
1R − 1̄

)2

2
. (24)

If σ is close to zero, the sag profile is nearly symmetric about
the center, as the edge sag values deviate very little from the
average. Conversely, a large σ relative to 1̄ indicates asym-
metry. Symmetry can also be expressed as a percentage using
(σ/1̄)× 100%. A small percentage (e.g., <1%) indicates
high symmetry, while a larger percentage implies greater asym-
metry. For the X profile, the computed standard deviation is
σx ≈ 0.02554 mm, corresponding to a symmetry percentage of
approximately 0.5%. For the Y profile, σy ≈ 0.01974 mm, with
a symmetry percentage of approximately 1.3%. The symmetry
analysis of the reconstructed sag profiles indicates good overall
reconstruction quality in both directions. The X profile exhibits
a symmetry value of approximately 0.5%, which reflects a
highly symmetric profile and demonstrates excellent agreement

between the left and right edge sag values. The Y profile shows
a slightly higher symmetry value of approximately 1.3%; how-
ever, this remains within acceptable limits for elliptical surface
reconstruction. The increased symmetry percentage in the Y
direction can be attributed primarily to the shorter physical
extent of the minor axis, which results in fewer effective data
points and a smaller average sag value. Consequently, even small
absolute deviations between the left and right sag values lead
to a larger relative symmetry percentage. In addition, masking
and edge effects outside the elliptical region have a more pro-
nounced influence along the shorter vertical axis. These factors
collectively explain the observed difference and confirm that the
asymmetry in the Y profile arises from geometric and numeri-
cal considerations rather than deficiencies in the proposed
reconstruction method.

7. CONCLUSION

This study presents a robust and high-precision framework
for the modeling, simulation, and reconstruction of ellipti-
cal mirror surfaces using simulated interference fringes and
custom Zernike polynomial fitting. A realistic elliptical sur-
face, featuring dome-shaped curvature, flatness and roughness
noise, and peak-to-valley height, was generated to emulate
practical fabrication scenarios. The surface was divided into
180 radial profiles using the non-interpolated profile rotation
model (N-IPRM) to preserve native spatial sampling, while the
interpolated profile rotation model (IPRM) enabled smooth
two-dimensional reconstruction via shape-preserving interpo-
lation. Fringe patterns were simulated on the elliptical surface
at visible and millimeter-wave wavelengths using a custom
ray-tracing algorithm with various reference surfaces. The
resulting one-dimensional fringe profiles were converted into
two-dimensional intensity and phase maps, which were then
reconstructed using a custom Zernike fitting algorithm. To
address fringe-order ambiguity, a novel approach was applied
by transforming the surface into a spherical domain for recon-
struction and subsequently converting it back to elliptical
coordinates. The final reconstruction closely matched the
original surface, achieving an absolute error of 0.0161 mm and
a relative error of 0.32% along the major axis, with symmetry
deviations within 0.5%, demonstrating highly accurate surface
reconstruction. These results confirm the accuracy and ver-
satility of the proposed framework for applications in optical
fabrication, metrology, and performance evaluation of elliptical
optics. Future work may extend this approach to experimental
validation using real-world fringe data.
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