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1. Introduction

One way to measure the strength of a group action is via the interaction of its or
bits on substructures: the greater the symmetry, the harder it is to find a structural 
property preserved by the group. This is precisely the motivation behind the synchro
nisation hierarchy (see [2]) of permutation groups, where transitive groups are graded 
into primitive, synchronising, separating, spreading, and QI categories. For instance, the 
classical groups of Lie type act transitively on singular k-spaces (for each k) of the finite 
polar spaces. Let A be just one maximal singular subspace and let B be an ovoid (a 
set of points such that each maximal singular subspace intersects it in 1 point). Then 
|A ∩Bg| = 1, for all g ∈ G, where G is the automorphism group of the polar space, and 
the strict intersection condition implies that G is nonspreading and nonseparating. Thus 
the existence of the substructures A and B imply that G lies lower in the synchronisation 
hierarchy, and this occurs frequently in settings involving a large group of symmetries. 
The condition that |A ∩ Bg| is constant (over g ∈ G) manifests itself in the theory of 
association schemes. Delsarte [9] showed that if G acts generously transitively on a finite 
set Ω, and if A,B ⊆ Ω, then |A ∩ Bg| is constant (over g ∈ G) if and only if A and B
are design-orthogonal. This is a surprising result that relates the constant intersection 
property to an orthogonal decomposition of the permutation module for G. Throughout 
this paper, we will develop these connections in relation to the synchronisation hierarchy 
of permutation groups, culminating in Theorem 5.13.

Orbital (di)graphs of transitive permutation groups are a central theme of this paper. 
D. Higman [14] showed that a transitive group G is primitive if and only if all of its or
bital graphs are connected. These insights lead Higman [15] to consider the study of all 
orbital (di)graphs at once, as a combinatorial object known as a coherent configuration. 
The properties of orbital graphs also appear in the theory of synchronising and separat
ing groups. Cameron and Kazanidis [8] showed that synchronisation and separation of 
groups can be framed in terms of the existence of a G-invariant graph satisfying certain 
chromatic, clique, and independence number properties. Unfortunately, the spreading 
property cannot be expressed in graph-theoretic terms since it involves multisets. We 
show that design-orthogonality is a suitable framework for considering the layers of the 
synchronisation hierarchy, since it also accounts for the properties of spreading and QI.

One of the major open problems in the theory of synchronising permutation groups 
is whether there exist groups that are spreading but not QI [2, Problem 12.2]. Every 
QI-group is spreading and 3/2-transitive, and the QI-groups have been classified [5]. 
According to the celebrated O’Nan-Scott Theorem, a finite synchronising permutation 
group is a�ine, almost simple, or of diagonal type. For the smaller class of spreading 
groups, the a�ine examples are QI-groups, and have been classified [10]. In a recent re
sult, no spreading group is diagonal [4]. This leaves the almost simple spreading groups, 
and the question of whether there are any besides the QI examples (namely, those with 
socle PSL(2, q) with q − 1 a Mersenne prime, acting on 1

2q(q − 1) elements). Within the 
design-orthogonality framework, this feels more plausible. Non-QI implies the existence 
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of at least 2 nontrivial G-submodules of the permutation module of G -- the basic ingredi
ents for design-orthogonality. We show that this conjecture holds for all primitive groups 
up to degree 8191 by computing explicit witnesses. We are able to do so by leveraging 
design-orthogonality to express witnesses as solutions of constraint satisfaction or linear 
programming problems. This illustrates a further advantage of the design-orthogonality 
framework for the synchronisation hierarchy: although not limited to finding nonspread
ing witnesses, it shines in this setting since there are few other methods known.

Even though our main application has been to describe the synchronisation hierarchy 
via design-orthogonality, the tools we develop will be useful to more general combinatorial 
problems. For a commutative coherent configuration, our notion of design-orthogonality 
completely agrees with Delsarte’s, and moreover if the coherent configuration is Schurian 
it completely agrees with the irreducible decomposition of the permutation module. For a 
noncommutative homogeneous coherent configuration, our notion of design-orthogonality 
simulates Delsarte’s as closely as possible, and if the coherent configuration is additionally 
Schurian, it agrees with the isotypic decomposition of the permutation module.

2. Homogeneous coherent configurations and transitive permutation groups

We will follow [7], [16], and [17]. A homogenous coherent configuration on a set Ω is a 
set of nonempty binary relations ℛ = {R0, . . . , Rd} such that

(i) R0 is the identity relation;
(ii) ℛ forms a partition of Ω × Ω;
(iii) For each Ri, its converse relation R⊤

i = {(x, y) : (y, x) ∈ Ri} lies in ℛ;
(iv) For i, j, k and (x, y) ∈ Rk, the number of z ∈ Ω such that (x, z) ∈ Ri and (y, z) ∈ Rj

is a constant pkij that does not depend on the choice of x, y.

For example, if G is a group acting transitively on a set Ω, then the orbitals of G (i.e., the 
orbits of G on ordered pairs of Ω) form a Schurian homogeneous coherent configuration 
𝒦(G). If the Ri are symmetric (that is, Ri = R⊤

i for all i), then we say that the coherent 
configuration is symmetric. If pkij = pkji for all i, j, k, then the coherent configuration is 
commutative. Symmetric implies commutative, and (following Delsarte) we will use the 
term ‘association scheme’ for commutative coherent configurations.

For each Ri, let Ai be its adjacency matrix, and let n := |Ω|. Consider the adjacency 
C-algebra 𝒜 = ⟨Ai⟩. Since 𝒜 contains the identity and is closed under the conjugate
transpose map ∗, 𝒜 is semisimple, and so by the Molien-Artin-Wedderburn Theorem, it 
can be written as a direct sum of matrix algebras:

𝒜 =
m ⨁︂
t=0 

𝒜t
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where 𝒜t
∼ = Mdt

(C), the algebra of dt × dt matrices over C, and m ⩽ d. Moreover, the 
sum of the squares of the degrees of the factors is equal to dim𝒜. For each t, we let Δt

be an irreducible representation 𝒜 → Mdt
(C), and we can choose them in such a way 

that they commute with the ∗-operation. That is, Δt(A∗) = Δt(A)∗, for all A ∈ 𝒜t.
Each Mdt

(C) has a basis consisting of the unit matrices; these are the dt×dt matrices 
etij that are all zero except for a single 1 in the (i, j)-position. If di > 1, then the etij are 
not necessarily orthogonal to one another. In fact, they satisfy etije

t
kℓ = δjke

t
iℓ where δ is 

the Kronecker-delta function. In the commutative case, the dt are each equal to 1, and 
so we obtain a complete set of orthogonal idempotents for 𝒜.

By taking the preimages of the unit matrices under the Δt (see [16, Section 3]), we 
find a basis {E0, . . . , Ed} and we can relate it to the natural basis in the following way:

(1) There are constants Pji such that Ai =
∑︁d

j=0 PjiEj ;
(2) There are constants Qij such that Ej = 1 

n

∑︁d
i=0 QijAi.

Note that we have retained the notation that is customary to association schemes, but 
we caution that the Ej are not always orthogonal (i.e., we do not always have products 
EiEj = O for i ̸= j, where O is the zero matrix). We also use the convention that A0 is the 
identity matrix and E0 = 1 

nJ where J is the ‘all-ones’ matrix. Now ⟨A,B⟩ := Tr(AB∗)
is the Frobenius inner product on Mn(C) and it turns out (see Lemma 2.1), that the 
{Ai} and {Es} are each bases consisting of mutually orthogonal matrices, with respect 
to this inner product.

Lemma 2.1. Let the Es be defined as above (as preimages of the etij). Then the Es are 
mutually orthogonal with respect to the inner product ⟨A,B⟩ := Tr(AB∗).

Proof. First, fix t ∈ {1, . . . , d} so that we only consider eij := etij in one of the Artin
Wedderburn components. Consider distinct elements Eij and Ekℓ -- the Δt preimages of 
eij and ekℓ respectively. Then

Δt(EijE
∗
kℓ) = eije

∗
kℓ = eijeℓk = δjℓeik = δjℓΔt(Eik).

Therefore, EijE
∗
kℓ = δj,ℓEik. If j ̸= ℓ, then Tr(EijE

∗
kℓ) = Tr(O) = 0. So suppose j = ℓ. 

Then, i ̸= k because our two elements are distinct. Hence Tr(Eik) = 0 because Eik is 
nilpotent. So in both cases, ⟨Eij , Ekℓ⟩ = 0. □

So, for every matrix M ∈ 𝒜, we have two equal expressions for the projection of M , 
yielding:

d ∑︂
i=0 

⟨M,Ai⟩ 
⟨Ai, Ai⟩

Ai =
d ∑︂

i=0 

⟨M,Ej⟩ 
⟨Ej , Ej⟩

Ej . (1)
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This leads to the following important lemma, which is the coherent configuration ana
logue of [22, 2.8]. Define ki := ⟨Ai, Ai⟩ and mj := n⟨Ej , Ej⟩; this choice of notation 
conforms to what is customarily used in the theory of association schemes. In the fol
lowing, vectors will be thought of as row vectors. Also, recall that A∗

i = A⊤
i , since Ai is 

a real matrix.

Lemma 2.2. Let x, y ∈ Cn. Then

d ∑︂
i=0 

1 
ki

(xA⊤
i y

∗)Ai = n

d ∑︂
j=0 

1 
mj

(xE∗
j y

∗)Ej . (2)

Proof. Take M to be the rank 1 matrix y∗x. First note that the trace of a matrix of the 
form u∗v is just the scalar product vu∗. So for each i ∈ {0, . . . , d},

⟨M,Ai⟩ = Tr((y∗x)A⊤
i )

= Tr(y∗(xA⊤
i ))

= xA⊤
i y

∗

and similarly, ⟨M,Ej⟩ = xE∗
j y

∗ for each j. So by (1), the result follows. □
Lemma 2.3. Let x, y ∈ Cn. Then

d ∑︂
i=0 

1 
ki

(xA⊤
i x

∗)(yAiy
∗) = n

d ∑︂
j=0 

1 
mj

(xE∗
j x

∗)(yEjy
∗). (3)

Proof. By Lemma 2.2, we have

M :=
d ∑︂

i=0 

1 
ki

(xA⊤
i x

∗)Ai = n
d ∑︂

j=0 

1 
mj

(xE∗
j x

∗)Ej .

Therefore, computing yMy∗ gives us

d ∑︂
i=0 

1 
ki

(xA⊤
i x

∗)(yAiy
∗) = n

d ∑︂
j=0 

1 
mj

(xE∗
j x

∗)(yEjy
∗). □

We will use the notation χS for the characteristic vector of a subset S of elements 
of a set Ω, where the context is clear that Ω is the domain of χS, and there is some 
predetermined ordering of the elements of Ω. Similarly, if S is a multiset, χS yields 
(at each coordinate) the multiplicity of each element of S. We say that a multiset S is 
nontrivial if S contains at least two elements with different nonzero multiplicities, and 
at most |Ω|− 2 entries have multiplicity 0. For sets A and B, the ordinary inner product 
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χA · χB is just the cardinality of the intersection of A and B. For multisets, it gives the 
cardinality of the generalised intersection of the two multisets. If G is a group acting on 
a finite set Ω, then G also has an action on the free vector space CΩ, whereby there is a 
predetermined ordering of Ω, and G acts coordinate-wise. If the context is clear, and if 
v is a vector of length |Ω|, then vg will denote the image of v under the coordinate-wise 
action of g on v. We will use 1 to denote the ‘all-ones’ vector.

Lemma 2.4. Let G a be transitive permutation group acting on Ω, and let v ∈ C|Ω|. Then 
1 
|G|

∑︁
g∈G vg = (v·1)

|Ω| 1.

Proof. Consider the i-th coordinate vi of v. Since G is transitive, the multiset of values 
(vg)i, where g ranges over G, consists of each value of v replicated |G|/|Ω| times (the 
size of a point stabiliser). Therefore, the sum of the (vg)i is (v · 1) |G|

|Ω| . Since this is 
independent of i, it follows that 1 

|G|
∑︁

g∈G vg is the constant vector (v·1)
|Ω| 1. □

3. An example of a nonstratifiable coherent configuration

Let 𝒞 be a coherent configuration on a set Ω. The symmetrisation of 𝒞 is the partition 
of Ω2 obtained by taking each part of 𝒞 and adjoining it with its opposite relation to 
make a partition complete with symmetric relations. If this partition is also a coherent 
configuration, then we say that 𝒞 is stratifiable. In the case that 𝒞 arises from the orbitals 
of a transitive permutation group G, we have that 𝒞 is stratifiable if and only if the 
permutation character of G is multiplicity-free over the real numbers [3, p.42]. Below 
is a summary of the properties of the group G and its Schurian coherent configuration 
𝒦(G). Note that G is generously transitive if and only if each of its orbitals is symmetric.

G 𝒦(G)
generously transitive symmetric 
C-multiplicity free commutative 
R-multiplicity free stratifiable 

The non-stratifiable case has dimAt > 1 and so the Ej are not uniquely determined. 
This means that standard notions of design-orthogonality fail in this setting. In the 
following section we explore this further, but for now we give an explicit example of a 
non-stratifiable association scheme to help familiarise the reader with the contents of the 
previous section. We will revisit this example in Example 4.4 and Example 3.1 to help 
illustrate some of the subtleties of the theory.

Example 3.1. Consider the Frobenius group G = AGL(1, 5) acting on unordered pairs of 
distinct elements of F5. Then G acts transitively, but not generously transitively, since 
the orbitals of G are precisely the diagonal orbital 𝒪0, and the following five orbitals:
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𝒪1 :=({0, 1}, {0, 2})G, 𝒪2 :=({0, 2}, {0, 1})G,
𝒪3 :=({0, 1}, {0, 4})G = ({0, 4}, {0, 1})G, 𝒪4 :=({0, 1}, {2, 3})G = ({2, 3}, {0, 1})G,
𝒪5 :=({0, 1}, {2, 4})G = ({2, 4}, {0, 1})G.

The orbitals give rise to a homogeneous coherent configuration 𝒞 on 10 vertices, with 
valencies 1, 2, 2, 2, 2, 1. This is the smallest example (in terms of the number of vertices) 
of a Schurian homogeneous coherent configuration that is nonstratifiable. Let 𝒜 be the 
adjacency algebra of 𝒞, over C. The Molien-Artin-Wedderburn decomposition is then

𝒜 = 𝒜0 ⊕𝒜1 ⊕𝒜2

where dim𝒜0 = 𝒜1 = 1 and dim𝒜2 = 4. Without loss of generality, 𝒜0 will have 
corresponding idempotent the rank 1 matrix 1 

10J . The idempotent for 𝒜1 is the following 
rank 1 idempotent matrix:

E1 = 1 
10(I −A1 −A2 + A3 + A4 −A5).

Now 𝒜2 has the following basis in terms of the adjacency matrices:

{4I −A3 −A4, 3A1 − 2A2 − 2A5, A2 − 2A5, A3 −A4} .

The following yields an irreducible representation Δ : 𝒜2 → M2(C) where the images 
are 2 × 2 matrices, and such that Δ commutes with the ∗-map:

1 
10(5I + 5A5 − J) −→

[︃
1 0
0 0

]︃ √
5

10 
(A1 −A2 + A3 −A4) −→

[︃
0 1
0 0

]︃
√

5
10 

(−A1 + A2 + A3 −A4) −→
[︃
0 0
1 0

]︃
1 
10(5I + 2A1 + 2A2 − 3A5 − J) −→

[︃
0 0
0 1

]︃

Moreover E2 = Δ−1(e11), E3 = Δ−1(e12), E4 = Δ−1(e21), and E5 = Δ−1(e22) are clear 
from this description.

Now E2 and E5 are idempotent, but E3 and E4 are nilpotent. Each matrix has rank 
4, and Im(E2) = Im(E4) and Im(E3) = Im(E5). Moreover, they are orthogonal and so 
the free vector space CΩ decomposes as follows:

CΩ = ⟨1⟩ ⊕ Im(E1) ⊕ Im(E2) ⊕ Im(E3)

with dimensions 1, 1, 4, 4 respectively.

Note that there are infinitely many choices of irreducible representations, each giving 
rise to different bases of idempotent and nilpotent matrices. For example, let Δ̃ be the 
irreducible representation given by
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1 
15

(5I − 5A3 − 5A5 + J) −→
[︃
1 0
0 0

]︃
1 

3
√

5
(A1 − 2A2 −A3 + A4 + 2A5) −→

[︃
0 1
0 0

]︃

1 
3
√

5
(−2A1 + A2 −A3 + A4 + 2A5) −→

[︃
0 0
1 0

]︃
1 
15

(7I + 2A3 − 3A4 + 5A5 − J) −→
[︃
0 0
0 1

]︃

Again, Ẽ2 = Δ̃−1(e11), Ẽ3 = Δ̃−1(e12), Ẽ4 = Δ̃−1(e21), and Ẽ5 = Δ̃−1(e22) are clear 
from this description. This non-uniqueness of the choice of Ej indicates that design
orthogonality is not well defined when dimAt > 1. In the following section we consider 
this more carefully and consider how to extend design-orthogonality in the noncommu
tative case.

4. Design-orthogonality in the Schurian case

In the theory of association schemes, two vectors u and v are design-orthogonal if 
(uEj)(vEj) = 0 for each nonprincipal minimal idempotent Ej. When u and v are design
orthogonal, we have uv∗ = (u1∗)(1v∗)

n (where n is the number of vertices) by a theorem 
of Roos [22, Corollary 3.3], adapted to the case that u and v have complex entries. So 
for example, if u and v are {0, 1}-vectors, or in other words, characteristic vectors of 
subsets A and B, then design-orthogonality translates to a formula for the cardinality of 
the intersection of A and B: |A∩B| = |A||B|/n. In the noncommutative case, the choice 
of minimal idempotents is not unique, and so we must relax the definition of design
orthogonality slightly to account for this. We discuss this more later, but for now we 
see that even given a fixed choice of idempotents, design-orthogonality ``averages out'' to 
zero across the subspaces determined by the Molien-Artin-Wedderburn decomposition.

Let Y be a subset of Ω. Hobart [17] defines the following matrix as the coher
ent configuration analogue of the outer distribution of Y (see also [12, Section 12.6])]: 
D(Y ) :=

∑︁d
i=0

1 
ki

(χY A
⊤
i χ

⊤
Y )Ai. We can extend this notion to any vector u of CΩ:

D(u) :=
d ∑︂

i=0 

1 
ki

(uA⊤
i u

∗)Ai. (4)

By Lemma 2.2, we have

D(u) = n

d ∑︂
i=0 

1 
mi

(uE∗
i u

∗)Ei, (5)

and D(u) is positive semidefinite.1 In the commutative case, we see that D(u), in some 
sense, unifies the inner and dual inner distributions of u: the coefficients of the Ai yield 

1 To see that D(u) is positive semidefinite, note that the rank 1 matrix uu∗ is positive semidefinite and 
its projection (see Equation (1)) is also positive semidefinite. This has been used as a generalisation of 
Delsarte’s linear programming bound in [17--19] to constrain the existence of certain subsets of coherent 
configurations.
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the inner distribution of u, whereas the coefficients of the Ei yield the MacWilliams 
transform of u. Also, in the commutative case, two vectors u and v are design-orthogonal 
if (uEju

∗)(vEjv
∗) = 0 for all j ̸= 0. Now because each Ej is positive semidefinite (in the 

commutative case), we have the following:

Proposition 4.1. In the commutative case, two vectors u and v are design-orthogonal if 
and only if vD(u)v∗ = 1 

n2 (uJu∗)(vJv∗).

Proof. We simply observe that

d ∑︂
i=1 

(uEju
∗)(vEjv

∗) = 0 ⇐⇒ (∀j ̸= 0) (uEju
∗)(vEjv

∗) = 0

because each term on the left-hand side is non-negative (by positive semidefiniteness). □
In the noncommutative case, many of the Ei are nilpotent and hence not positive 

semidefinite. We extend Proposition 4.1 to Schurian coherent configurations, using some 
ideas from a proof of Roos [22, Theorem 3.4] of the analogous result for association 
schemes.

Theorem 4.2. Suppose G is a finite permutation group acting transitively on a set Ω. Let 
u, v ∈ CΩ. Then u(vg)∗ is a constant for all g ∈ G if and only if

vD(u)v∗ = 1 
n2 (uJu∗)(vJv∗).

Proof. Let u, v ∈ CΩ. Then

∑︂
g∈G

|u(vg)∗|2 =
∑︂
g∈G

(u(vg)∗)((vg)u∗)

=
∑︂
g∈G

n ∑︂
i,j=1

uivigujvjg

=
d ∑︂

t=0 

∑︂
(i,j):At(i,j)=1

⎛
⎝∑︂

g∈G

uivigujvjg

⎞
⎠

=
d ∑︂

t=0 

∑︂
g∈G

∑︂
(i,j):At(i,j)=1

uiujvigvjg .

Now, by a similar proof to Lemma 2.4, the multiset of values vigvjg , where g ranges over 
G, consists of each value vivj replicated kt|G|/n times (the product of the size of a point 
stabiliser and the degree of the t-th relation). Therefore,
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1 
|G|

∑︂
g∈G

|u(vg)∗|2 = 1 
n

d ∑︂
t=0 

1 
kt

∑︂
(i,j):At(i,j)=1

uiujvivj

= 1 
n

d ∑︂
t=0 

1 
kt

(uA⊤
t u

∗)(vAtv
∗)

=
d ∑︂

j=0 

1 
mj

(uE∗
j u

∗)(vEjv
∗). by Lemma 2.3

= 1 
n2 (uJu∗)(vJv∗) +

d ∑︂
j=1 

1 
mj

(uE∗
j u

∗)(vEjv
∗).

Since J = 1∗1, we have

(uJu∗)(vJv∗) = (u1∗)(1u∗)(v1∗)(1v∗) = |u1∗|2|v1∗|2

and so

d ∑︂
j=1 

1 
mj

(uE∗
j u

∗)(vEjv
∗) = 1 

|G|
∑︂
g∈G

|u(vg)∗|2 − 1 
n2 |u1

∗|2|v1∗|2. (6)

Since G is transitive, we have

∑︂
g∈G

u(vg)∗ = u

⎛
⎝∑︂

g∈G

vg

⎞
⎠

∗

= u

(︃
|G|(v · 1)

n 
1

)︃∗
by Lemma 2.4

= |G|
n 

(u1∗)(v∗1).

Therefore, |
∑︁

g∈G u(vg)∗| = |G|
n |u1∗||v1∗| and so

d ∑︂
j=1 

1 
mj

(uE∗
j u

∗)(vEjv
∗) = 1 

|G|
∑︂
g∈G

|u(vg)∗|2 − 1 
|G|2 |

∑︂
g∈G

u(vg)∗|2.

So by the Cauchy-Schwarz Inequality, the left-hand side is zero if and only if 
u(vg)∗ is constant over all g ∈ G. Finally, the left-hand side is zero if and only if ∑︁d

j=0
1 
mj

(uE∗
j u

∗)(vEjv
∗) = 1 

n2 (uJu∗)(vJv∗), and the left-hand side of this equation is 
vD(u)v∗. □
Remark 4.3. Notice that the condition vD(u)v∗ = 1 

n2 (uJu∗)(vJv∗) in Theorem 4.2 is 
independent of the choice of irreducible representations. Now just as we observed in the 
proof of Proposition 4.1, all Theorem 4.2 says is that u(vg)∗ is constant if and only if ∑︁d

i=1(uEju
∗)(vEjv

∗) = 0. However, in the noncommutative case, the (uEju
∗)(vEjv

∗)
can be negative, and so there is some sort of ``balancing'' property here.
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Example 4.4. Here we demonstrate the impact of the choice of decomposition, by return
ing to Example 3.1. First, we have D(u) = 1 

10 (3I + 3A5 + J) whether computed using 
(4) or (5), independent of the choice of Ej or Ẽj . Consider the vectors

u = (1, 1, 0, 0, 0, 0, 0, 0, 1, 1) and v = (−4,−1,−1, 1, 1,−1,−1, 1, 4, 1).

Now, u(vg)∗ = 0 for all g ∈ G and vD(u)v∗ = 1 
100 (uJu∗)(vJv∗) = 0. Moreover,

(uEju
∗)(vEjv

∗) = 0 for j = 1 . . . , 5

(uẼju
∗)(vẼjv

∗) ̸= 0 for j = 2, 3, 4, 5.

Consider also w = (1, 0, 0, 1, 1, 0, 0, 1, 0, 1). In this case, wD(u)w∗ = 1 
100 (uJu∗)(vJv∗) =

4 and u(wg)∗ = 2 for all g ∈ G. This time,

(uEju
∗)(wEjw

∗) = (uẼju
∗)(wẼjw

∗) = 0 for j = 1, . . . , 5.

5. Synchronisation hierarchy in terms of design-orthogonality

Let G be a permutation group acting on a finite set Ω. We say that G is nonspreading 
if there is a nontrivial multiset A of elements of Ω, a subset B ⊂ Ω, and a positive integer 
λ such that |A| divides |Ω| and χA · χg

B = λ for all g ∈ G. A group is spreading if it is 
not nonspreading.

A well-known result of representation theory is that the permutation module for a 
2-transitive finite group G over C decomposes as the direct sum of the trivial module and 
an irreducible module. Similarly, the permutation module for a 2-homogeneous (a.k.a, 
2-set transitive) finite group G over R decomposes as the direct sum of the trivial module 
and an irreducible module. This property can be weakened slightly to give the definition 
of a QI-group, that is, a transitive permutation group whose permutation module over 
Q is the direct sum of the trivial module and an irreducible module. Thus every 2
homogeneous group is a QI-group, but there are examples of QI-groups that are not 
2-homogeneous. By identifying a set/multiset with its characteristic vector leads to the 
following two corollaries of Theorem 4.2.

Corollary 5.1. Suppose G is a finite permutation group acting transitively on a set Ω. 
Then G is nonspreading if and only if there are nontrivial nonconstant vectors u, v ∈ QΩ
such that:

(i) u is a {0, 1}-vector;
(ii) v has non-negative integer entries;
(iii) (v · 1) divides |Ω|;
(iv) vD(u)v⊤ = 1 

n2 (u · 1)2(v · 1)2.
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Corollary 5.2. Suppose G is a finite permutation group acting transitively on a set Ω. 
Then G is non-QI if and only if there are nontrivial nonconstant vectors u, v ∈ QΩ such 
that:

(i) u and v have non-negative integer entries;
(ii) vD(u)v⊤ = 1 

n2 (u · 1)2(v · 1)2.

So we see readily that nonspreading implies non-QI and it is curious that we do 
not yet know whether these two concepts are equivalent or not, in view of the striking 
similarities of Corollaries 5.1, 5.2.

For noncommutative coherent configurations, the choice of Ej is not unique, and so 
it is possible for vectors to be orthogonal with respect to one choice but not another (as 
in Example 4.4). This motivates the following definition:

Definition 5.3 (Design-orthogonal). As before, consider the simple decomposition of the 
adjacency algebra, 𝒜 = ⊕m

i=0𝒜i, and let Πt be the central primitive idempotents 𝒜. In 
terms of the preimages Et

ij of the unit matrices etij , the central primitive idempotents Πt

are the sums 
∑︁

i E
t
ii, for each t; or in other words, the preimages of the identity matrices 

in each corresponding matrix algebra for any representation. As per usual, we stipulate 
that Π0 is the principal idempotent of 𝒜. Let u, v ∈ CΩ. Then we will say that u and v
are design-orthogonal if (uΠtu

∗)(vΠtv
∗) = 0 for all t > 0.

The concept given by Definition 5.3 is in keeping with Delsarte’s concept for commuta
tive association schemes, for in the commutative case, the central primitive idempotents 
are the minimal idempotents of 𝒜 and each 𝒜t is one-dimensional. We have also extended 
design-orthogonality to C, whereas the reals are assumed in [9] and [22].

Remark 5.4. Note that if u and v are design-orthogonal then (uΠj)(vΠj) = 0 for2 j > 0. 
This reverses in the commutative case where Πj = Ej . However it does not reverse in 
the noncommutative case, as illustrated by Example 4.4, precisely because non-unique 
orthogonal decompositions of Πj are possible.

Proposition 5.5. Let G be a transitive permutation group on a finite set Ω and let u, v ∈
CΩ. Considering the coherent configuration 𝒦(G), if u and v are design-orthogonal then 
u(vg)∗ = uv∗ for all g ∈ G.

Proof. Let u, v ∈ CΩ. Throughout this proof, we refer to the simple components 𝒜t

of the adjacency algebra 𝒜, as given in Definition 5.3. Write u and v in terms of their 
projections, where ui = Πi(u) and vi = Πi(v):

2 This is because, for all x ∈ CΩ, xΠjx
∗ = xΠ2

jx
∗ = (xΠj)(Π∗

jx
∗) = (xΠj)(xΠj)∗ = ∥xΠj∥ and positive

definiteness of the form.
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u =
m ∑︂
i=0 

ui, v =
m ∑︂
i=0 

vi.

Again, we stipulate that the 0-th component consists of the constant vectors, and so 
vg0 = v0 for all g ∈ G. By assumption, ut = 0 or vt = 0 for all t > 0. So, for all g ∈ G,

u(v∗)g − uv∗ =
m ∑︂
i=0 

(ui(v∗i )g − uiv
∗
i )

= (u0(v∗0)g − u0v
∗
0) +

m ∑︂
i=1 

ui(v∗i )g

= u0(v∗0)g − u0v
∗
0

= 0. □
Remark 5.6. Note that if u and v are such that u(vg)∗ is constant for all g ∈ G, then 
⟨uG⟩ ∩ ⟨vG⟩ ⊆ ⟨1⟩. Hence we have a decomposition into orthogonal G-modules which 
describes the vectors u and v. However, if the isotypic components of the permutation 
representation are reducible, then we can do this in infinitely many ways. This motivates 
the choice of Πt in the definition of design-orthogonality, since these project onto the 
isotypic components, and hence are unique.

Example 5.7. Recall the Example 3.1 and the vectors u, v, w from Example 4.4. Now, 
Π0 = E0, Π1 = E1 and Π = E2 +E5 = Ẽ2 + Ẽ5, which is now independent of any choice 
of representation Δ. Here (uΠju

∗)(vΠjv
∗) = 0 and (wΠjw

∗)(vΠjv
∗) = 0 for j = 1, 2

indicating that v is design-orthogonal to both u and w. However, (uΠ2u
∗)(wΠ2w

∗) ̸= 0
so u and w are not design-orthogonal. This is the case even though u(vg)∗ is constant 
for all g ∈ G. Moreover, note that Im(Π2) = Im(E2)⊕ Im(E5) = Im(Ẽ2)⊕ Im(Ẽ5) is an 
isotypic component of the permutation module.

Definition 5.8. Let (Ω,ℛ) be a homogeneous coherent configuration, then the sym
metrisation (Ω,ℛ)Sym is constructed by keeping each relation which is symmetric and 
replacing each pair of nonsymmetric converse relations by their union. This may or may 
not be an association scheme. If it is, then (Ω,ℛ) is said to be stratifiable (following 
Bailey [3]).

Theorem 5.9 ([1, Theorem 1]). For a finite transitive permutation group G, the following 
conditions are equivalent:

(a) 𝒦(G) is stratifiable;
(b) the symmetrised orbitals of G form an association scheme;
(c) the symmetric matrices in 𝒦(G) form a subalgebra of 𝒜;
(d) the permutation representation of G is real-multiplicity-free;
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(e) each complex irreducible constituent of the permutation character of G either has 
multiplicity 1, or has multiplicity 2 and quaternionic type (that is, they have 
Frobenius-Schur index −1).

Example 5.10. Consider the group G = SL(2, 5) acting naturally (and transitively) on the 
nonzero vectors of F2

5 . Then 𝒦(G) is a 7-class homogeneous coherent configuration with 
valencies 1,1,1,1,5,5,5,5. The symmetrisation of 𝒦(G) is a 4-class association scheme 
and has valencies 1,1,2,10,10. The automorphism group of this association scheme is 
isomorphic to (211 : A5) : 22. The coherent configuration 𝒦(G) is stratifiable but not 
commutative.

Proposition 5.11. If 𝒦(G) is stratifiable, then every minimal idempotent in 𝒦(G)Sym is 
either of the form Πi or Πi + Π∗

i , where Πi is a central primitive idempotent of 𝒦(G).

Proof. The proof basically follows the argument given on [3, p. 47]. Let r be the permu
tation rank of G, let s be the number of self-paired orbitals of G, and let r′ := (r + s)/2
be the self-paired rank as defined in [3]. By Theorem 5.9, the symmetric matrices of the 
adjacency algebra of 𝒦(G) form a subalgebra. It is clear that every symmetric matrix 
in this subalgebra is a linear combination of the adjacency matrices of 𝒦(G)Sym; that 
is, this subalgebra is the Bose-Mesner algebra of 𝒦(G)Sym. Let the Ej be the central 
primitive idempotents of 𝒦(G)Sym (there are r′ of them), and let the Πi be the central 
primitive idempotents of 𝒦(G). For each i, let

Mi :=
{︄

Πi if Πi is symmetric
Πi + Π∗

i otherwise.

Let k be the number of Mi, up to multiplicity. Notice that the Mi are symmetric and lie 
in the Bose-Mesner algebra of 𝒦(G)Sym. Now for distinct Mi and Mj , we have M2

i = Mi

and MiMj = O; that is, they are orthogonal idempotents. Moreover, the sum of the Mi, 
as a multiplicity free set of orthogonal idempotents, is equal to the identity matrix, and 
each Mi can be written uniquely as a linear combination of the Ej with non-negative 
coefficients (because Mi is positive semidefinite). It remains to show that k is the correct 
number: we want k = r′. By [3, p. 47], 

∑︁
mη = r′ where the mη are the multiplicities of 

the real-irreducible characters of G. Moreover, mη ∈ {0, 1} (Theorem 5.9(e)) and so the 
number of real-irreducible characters is equal to r′. It follows from [3, Theorem 4] that 
k = r′ and that the Mi are precisely the Ej . □

We get a partial reversal to Proposition 5.5 if additional properties are satisfied for 
the coherent configuration and/or the vectors.

Proposition 5.12. Let G be a transitive permutation group on a finite set Ω and let u, v ∈
CΩ such that u(vg)∗ = uv∗ for all g ∈ G.
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(a) If 𝒦(G) is commutative, then u and v are design-orthogonal in 𝒦(G).
(b) If 𝒦(G) is stratifiable and u, v ∈ RΩ, then u and v are design-orthogonal in both 

𝒦(G) and 𝒦(G)Sym.

Proof. Part (a) follows Theorem 4.2 and Proposition 4.1. Part (b) follows from Propo
sition 5.11. The central idempotents Πi of 𝒦(G) are the minimal idempotents Ei of 
𝒦(G)Sym and so we may apply classic Delsarte theory (indeed, part (a) may be applied 
to 𝒦(G)Sym). Moreover, since u and v are real, they are in the image of some sum of 
the Ei which means they are also in the image of some sum of Πi. Hence if u and v are 

design-orthogonal in 𝒦(G)Sym they are also design-orthogonal in 𝒦(G). □

Theorem 5.13 (Synchronisation hierarchy). Let G be a transitive permutation group act
ing on Ω. Let u, v, w, x, y1, . . . , ym ∈ RΩ such that u, v, y1, . . . , ym are {0, 1}-vectors and 

w, x have non-negative integer entries. Moreover, for each of these vectors, assume that 
there are at least two distinct entries, at most |Ω| − 2 of which are zero. The synchroni
sation hierarchy can be expressed as follows:

(a) G is non-QI: If w and x are design-orthogonal in 𝒦(G) then w and x are witnesses. 
If w and x are witnesses and K(G) is stratifiable or commutative, respectively, then 
w and x are design-orthogonal in 𝒦(G)Sym or 𝒦(G), respectively.

(b) G is nonspreading: Let (w · 1) divide |Ω|. If u and w are design-orthogonal in 𝒦(G)
then u and w are witnesses. If u and w are witnesses and K(G) is stratifiable or 
commutative, respectively, then u and w are design-orthogonal in 𝒦(G)Sym or 𝒦(G), 
respectively.

(c) G is nonseparating: Let (u ·1)(v ·1) = |Ω|. If u and v are design-orthogonal in 𝒦(G)
then u and v are witnesses. If u and v are witnesses and K(G) is stratifiable or 
commutative, respectively, then u and v are design-orthogonal in 𝒦(G)Sym or 𝒦(G), 
respectively.

(d) G is nonsynchronising: Let (yi · 1)(v · 1) = |Ω| for 1 ⩽ i ⩽ m and 
∑︁m

i=0 yi = 1. If 
yi and v are design-orthogonal in 𝒦(G) for 1 ⩽ i ⩽ m then y1, . . . , ym and v are 
witnesses. If y1, . . . , ym and v are witnesses and K(G) is stratifiable or commutative, 
respectively, then yi and v are design-orthogonal in 𝒦(G)Sym or 𝒦(G), respectively, 
for all i.

Remark 5.14. When 𝒦(G) is commutative, then design-orthogonality agrees with the 

standard definitions. In the noncommutative case, we need to be a bit more careful and 
we use Definition 5.3. Note, we refer to the vectors as witnesses, but technically they are 
the characteristic vectors of the witnesses.
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6. Computational results

As mentioned in the introduction, we do not know of a permutation group that is 
spreading but not QI. An example would be a primitive almost simple group of degree 
at least 213.

Theorem 6.1. Let G be a primitive group of degree at most 213 − 1. Then G is spreading 
if and only if it is QI.

The results of this computation can be found at [21] where explicit witnesses are 
given for every non-QI-group of almost simple type. We have made use of the database 
of primitive groups of degree at most 213 − 1 in the computer algebra system GAP [11] 
and the PrimGrp [20] sub-package.3

The group of degree n and primitive identification r in GAP has its nonspreading 
witness recorded in the file NonSpreadingWitness_n_r.txt in the form [S, M] where S 
is a set and M is a multiset (both given as arrays). For example, a nonspreading witness for 
PrimitiveGroup(10, 1) in GAP is given in the file NonSpreadingWitness_10_1.txt 
with the following contents:

[ [ 1, 2, 7, 8, 10 ], [ 1, 5, 5, 6, 6, 7, 7, 8, 9, 10 ] ]

Often we found witnesses that showed that the group in question was nonseparating (and 
hence nonspreading). For example the groups PSL(2, q) (and their overgroups) acting 
primitively of degree q(q + 1)/2 are nonseparating, which we show in Lemma 6.2. We 
still provide witnesses in the data given above, for easy verification.

Lemma 6.2. Let q be an odd prime-power, at least 5. Then PΓL(2, q) acting primitively 
of degree q(q + 1)/2 is nonseparating, and hence, nonspreading.

Proof. Let G := PΓL(2, q) act on the external points of a nonsingular conic in PG(2, q). 
There are 

(︁
q+1
2 
)︁

such points. Suppose X is an external point. Then there are two tangent 
lines incident with X, and all but one of their points is external. So we can define a G
invariant graph Λ of degree 2(q−1) where we stipulate that X is adjacent to Y if XY is a 
tangent line. We claim that the clique number of Λ is q and the coclique number ω(Λ) of 
Λ is (q+1)/2, and hence G is nonseparating. Take all of the external points on a tangent 
line: it is a clique of size q. So ω(Λ) ⩾ q. Finally, consider a secant line. It has (q + 1)/2
external points lying on it, and so the coclique number satisfies α(Λ) ⩾ (q + 1)/2. By 
the Clique-Coclique Theorem, we have equalities in these two bounds. □
3 For reference, the QI-groups that are not 2-transitive appear in the PrimGrp database as 

PrimitiveGroup(28,2), PrimitiveGroup(496, 6), PrimitiveGroup(496, 7), PrimitiveGroup(8128, 3), and 
PrimitiveGroup(8128, 4).



J. Bamberg, J. Lansdown / Linear Algebra and its Applications 735 (2026) 203--221 219

Now in light of Theorem 5.13, suppose u and w provide a witness for nonspreading for 
a transitive group G: that is, u and w are design-orthogonal in 𝒦(G) and (w ·1) divides 
|Ω|. Recall that u is a {0, 1}-vector, but w is a vector with non-negative integer entries. 
Then we can scale w by a positive integer to obtain

w′ := |Ω| 
w · 1w.

Then u and w′ is another witness for nonspreading, but now w′ · 1 = |Ω|. So in order to 
reduce complexity in our search, we can stipulate that w has the stricter property that 
w · 1 = |Ω|. In fact, sometimes a curious property occurs. If the only possible witnesses 
have w satisfying w · 1 = |Ω| then we say that the group is critically nonspreading.

Example 6.3. Consider G := PSU(5, 2) acting naturally on 165 points. We can realise 
this group action geometrically as the points Ω of the Hermitian generalised quadrangle 
H(4, 4). Let V := CΩ be the permutation module for G. Then V is the sum of three 
irreducibles of degrees 1, 44, 120. Write V = V0⊕V1⊕V2 where dimV0 = 1, dimV1 = 44, 
and dimV2 = 120. Now it is not difficult to see via mixed integer programming (e.g., 
via the MIP-solver Gurobi [13]) that H(4, 4) has no nontrivial m-ovoids for any possible 
nontrivial m (so 1 ⩽ m ⩽ 4). These are sets of points such that every line meets in 
exactly m points. By [6, Corollary 4.2], all {0, 1}-vectors of V0 ⊕ V1 correspond to m
ovoids of H(4, 4), and so we know that V0 ⊕ V1 does not have any {0, 1}-vectors apart 
from 1 and the zero vector.

Suppose (u,w) is a witness for nonspreading, where u and w are design-orthogonal 
in 𝒦(G) and (w · 1) divides 165. Recall that u is a {0, 1}-vector, but w is a vector with 
non-negative integer entries. Now u lies in V0⊕V2 and V2 = ⟨(w ·1)ug− (u ·1)1 : g ∈ G⟩. 
So it suffices to show that any non-negative integer vector w in V0 ⊕V1 has sum equal to 
165. Let E2 be the projection onto V2. We have a constraint satisfaction problem of the 
form: wE2 = 0 and w ⩾ 0. The MIP-solver Gurobi only returns feasible solutions with 
w · 1 = 165. Therefore, G is critically nonspreading.

It would be interesting to investigate the subfamily of critically nonspreading groups.

Problem 6.4. Which groups are critically nonspreading?

As mentioned above, it is still open if there is a permutation group that is spreading 
but not QI. Since every QI-group is 3/2-transitive, perhaps a simpler problem is the 
following:

Problem 6.5. Is every spreading permutation group 3/2-transitive?

Every spreading group of a�ine type is QI, and so is 3/2-transitive, and so a negative 
example is almost simple. Also, S7 acting on 2-subsets (i.e., 21 points) is 3/2-transitive 
but is not QI and not spreading [2, p.58].
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