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Abstract

In this thesis, I introduce a new method for constructing Specht modules using Specht matrices
for families of symmetric groups, monomial groups, and hyperoctahedral groups. Specht mod-
ules are central to the representation theory of symmetric groups, connected to the concepts
of Young symmetrizers and the subsequent development of polytabloids. These polytabloids

form a basis for the Specht module associated with a particular partition of a natural number.

In this work, I introduce a new combinatorial approach to replace polytabloids with columns
of Specht matrices. The columns corresponding to the standard tableaux of shape A, where
A is a partition of n € N, form the basis of the Specht module S*. This new construction is
straightforward and easy to grasp, as it relies on basic linear algebra techniques, such as solving

systems of linear equations.

A longstanding open question in the representation theory of finite groups is whether a base
change matrix can be found for a finite group G that transforms permutation matrices corre-
sponding to irreducible representations into block forms. My thesis addresses this question for
specific families of finite groups, including symmetric groups, monomial groups, and hyperoc-
tahedral groups. It shows that a submatrix of the Specht matrix serves as a base change matrix
that accomplishes this transformation, enabling us to obtain all irreducible representations of

these groups over C.

The methodologies employed in this thesis are computational, involving the development of
several algorithms and computer programs to support the theoretical work. These have been

implemented in the computer algebra system GAP (version 4).
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Chapter 1

Introduction

The representation theory of finite groups is a well established subject that was first studied
in the late eighteen hundreds. G. Frobenius, I. Schur, and W. Burnside were in the pioneers
in this field who were at the forefront of the subject. Contemporary methods often heavily
rely on module theory and the Wedderburn theory of semisimple algebras. Currently, despite
its potential accessibility through discrete Fourier analysis, we refrain from delving into that

aspect of the subject as it does not align closely with the theme of the thesis.

In this thesis we look into the various aspects of representation theory. We seek to elucidate
the core components of the representation theory for finite groups over complex numbers, re-
quiring only familiarity with linear algebra and group theory. The primary intent is to provide
a robust tool for acquiring insights into finite groups using linear algebraic methods. Most of
the notions and notations found in this section are cited from [16].

In the representation theory of symmetric groups, each partition of a natural number corre-
sponds to an irreducible module (Specht module). These modules are of importance because
they produce a complete set of irreducible representations of the symmetric group. In the ref-
erenced book by Sagan [15] or Fulton [6], the authors discuss the bases of these modules.
Traditionally, a complex and lengthy proof has been employed to demonstrate that these basis
vectors are associated with standard Young tableaux of a shape of a partition. These results,
achieved in 1991, marked a significant breakthrough in the field.

Recently, in the work by Wiltshire-Gordon et al. [ 18], the authors introduced the concept of
Specht matrices. Their approach involves constructing words corresponding to a given partition
and its conjugate partition. These matrices can then be derived from these words. However, the

sizes of these matrices can grow to very large orders, making manual calculation with pen and

1



2 CHAPTER 1. INTRODUCTION

paper exceedingly difficult. Fortunately, various computational algebraic tools, such as GAP
[9], are available to compute such examples using algorithmic inputs.

I have thoroughly examined both of these concepts and connected them. By establishing a
solid link between the Specht matrices and the bases found in the literature, I have introduced
a fresh perspective that simplifies the process of obtaining a basis for the irreducible Specht
modules through basic linear algebra concepts. This approach unveils numerous intriguing
ideas and properties of these matrices, suggesting a shift from the conventional method of un-
derstanding finite group representations to a more computational and combinatorial approach.
Ultimately, this makes the concepts more accessible and easier to grasp.

I begin by introducing the fundamental concepts of representation theory of finite groups in
Chapter 2. In Chapter 3, I explore various facets of symmetric group representations, covering
both conventional and modern theories, and bridging any gaps between them. These concepts
are developed using straightforward combinatorial ideas. As an example, consider two words
SEVENTEEN and ASSASSINS. Any rearrangements of these two words can be paired up

together, for instance
E EEENNSVT

S AT NSASSS

Can we take any two rearrangements of the words and pair them up so that it fits in the following
diagram where the integers in the boxes correspond to the positions of the columns in the word

pair?

o | o[>
w
S

~N|jo = |2

H < »Zd

18 |
9]

In Chapter 4, I present a general framework of the construction for symmetric groups, introduc-
ing a new method for constructing Specht modules as irreducible representations of monomial
groups using Specht matrices. In Chapter 5, I develop a distinct and specialized approach to
constructing irreducible Specht modules for hyperoctahedral groups. The thesis concludes in
Chapter 6, where I discuss potential directions for future research. All GAP system (version 4)

codes developed for this research project are included in the Appendix at the end of the thesis.



Chapter 2

Group Representation

Definition 2.0.1 ([ 16, Definition 3.1.1: Representation]). Let G be a group and C be the set of
complex numbers. Let GL(V) be the the group of all invertible matrices for some finite dimen-
sional vector space V. We say a homomorphism & : G — GL(V) is a group representation of

G over the field C. The dimension of V is called the degree of &. For all g € G under ¢, we
denote $(g) by dg.

Let C* be the set of all nonzero complex numbers. If we define a homomorphism ¢ : G —
C* given by ¢4 = 1 for all g € G then ¢ is the trivial representation of the group G.

Now we start to slowly introduce the concepts that will be used throughout the thesis.

Definition 2.0.2 ([ 16, Definition 3.1.7: Equivalence]). Let ¢ : G — GL(V) andV : G —
GL(W) be two group representations. We say & is equivalent to \p if there exists an isomor-
phism T :V — W such that T = tdg for all g € G. We denote it by ¢ ~ . Therefore the

following diagram commutes.

v %, v

T T

w Yo, w

Definition 2.0.3 ([16, Definition 3.1.11: Direct Sum of Representations]). Let ¢ : G —
GL(V) and\ : G — GL(W) be two representations. We define their direct sum & &1 : G —
GL(V & W) by

(b DYP)g(v,w) = (dg(v), hg(W)).
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We can also interpret the direct sum in terms of matrices: Let us assume the representations
¢:G — GL,,,(C)and ) : G — GL,(C). Then we find that  ® VP : G — GL,,,;»(C) has

the following block matrix form

g O

(d)@lb)g =
0 W,

Definition 2.0.4 ([106, Definition 3.1.10: G-invariant Subspace]). Let ¢ : G — GL(V) be a
group representation and W < 'V be a subspace. Then we say W is G-invariant if pgw € W
forallg € Gandw e W.

Definition 2.0.5 ([ 16, Definition 3.1.15: Irreducible Representation]). Let G be a group and
¢ : G — GL(V) be a nonzero representation for some finite dimensional vector space V. We

say ¢ is irreducible if the only G-invariant subspaces of V are {0} and V itself.

Let  : G — GL(V) be a group representation. Consider a G-invariant subspace W of
V. Then we can have the representation ¢|yw : G — GL(W) by restricting ¢ to W such that
(blw)g(W) = dg(w) forw € W. As Wis G-invariant, we have that ¢4(w) € W. Sometimes

®lw is also referred to as a subrepresentation of ¢.

Definition 2.0.6 ([16, Definition 3.1.21: Completely Reducible]). Let G be any group and
¢ : G — GL(V) be a group representation. Let V. = V7 &V, & - - - & V,, where the Vi are G-
invariant subspaces. We say ¢ completely reducible if &y, is irreducible foralli=1,...,n.
Equivalently, if we have d ~ ¢ @ - - - & b, we have that ¢ is completely reducible where each

&y is an irreducible representations fori=1,...,n.

Definition 2.0.7 ([16, Definition 3.1.22: Decomposable Representation]). Let G be a group
and & be a nonzero representation of G. If Vi and V, be nonzero G-invariant subspaces
of V.and V = Vi & V, then we say that ¢ is decomposable. Otherwise, V is said to be

indecomposable.

Then we have the following lemma. As we only need the statement of Lemma 2.0.8 to be

used later, we omit the proof of it.

Lemma 2.0.8 ([ 16, Lemma 3.1.23]). Let G be a group and ¢ : G — GL(V) be a representation

equivalent to a decomposable representation. Then § is decomposable.



Let G be any finite group. For a vector space V of dimension n and for v € V, let us define
the representation ¢ : G — GL(V) such that for any a € G we have ¢, € GL(V). Then
®q 1V — Vis a linear operator. Now let W < V be a subspace of dimension m. If we have

ba(w) € Worall a € G and w € W then the group G acts on W.

Let us choose a basis B = (by,...,b,) of V. Then for ¢, € GL(V) we get a matrix [bq]p
with respect to the basis B so that [p.]p € GL,,(C). Let us denote the k-th column of [ ]p
by [pa(bi)]s.

Now if we choose B in such a way so that the first m vectors in B span W, then By, =
(b1,...,bn) is a basis of W. Therefore the first m columns of the matrix [¢d]p are generated
by the basis of W and the rest of the columns are generated by B’ = (b, 1,..., by ). Then we

can write the matrix [} 4]p in a block-matrix form

A B
C D

[d)a]B =

where A is an m X m square matrix and D is an (n—m) X (n—m) square matrix. Then the

matrix A = [$q|wlp,, and the matrix C is a zero-matrix.

Now 0 < W < V and W is G-invariant. Therefore, G acts on the quotient space V/W =
{v+W:v e V}as well. Then

(I)a(v + W) = d)a(v) + d)a(W)
Now ¢ (W) = W and therefore
ba(v) + W e V/W.

LetB” = (byny1 +W,...,by+ W) be abasis of V/W,andv+W = {v+w:w € W}. Then
d)a(bk +W) = d)a(bk) +W.

We know that [ (by)]g is k-th column of [¢]g. Then for my,. € C we have

dalby) = Z my by
i=1
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and therefore
mn

Pa(by) +W; = Z (mixb; +W1)

i=m+1

as C-spaces V/W = W’ where W = (b,,.1,...,by) over the C-space. Therefore V =
W @ W’ but W is not G-invariant. Now we can say that the matrix D in the block-matrix

(b olp is the matrix [dqlv, wip.
Two of the important lemmas are included in the following which are relevant to the study

but we omit the proofs.

Lemma 2.0.9 ([16, Lemma 3.1.24]). Let G be a group and & : G — GL(V) be a group

representation equivalent to an irreducible representation. Then § is irreducible.

Lemma 2.0.10 ([ 16, Lemma 3.1.25]). Let G be a group and ¢ : G — GL(V) be a group repre-

sentation equivalent to a completely reducible representation. Then & is completely reducible.

Now we are moving on to one of the most important concepts of the chapter followed by

Maschke’s Theorem.

Corollary 2.0.11 ([16, Corollary 3.2.5]). Let G be a finite group and ¢ : G — GL(V) be a

nonzero representation of G over C. Then § is either irreducible or decomposable.

Therefore we can conclude that any irreducible representation is indecomposable but the
converse is not always true. Now we are going to get introduced to one of the most important
theorems, Maschke’s theorem. We omit the proof in here but one can refer to any book on

representation theory including [16] for a detailed proof.

Theorem 2.0.12 ([ 16, Theorem 3.2.8: Maschke]). Over the field of complex numbers, every

representation of a finite group is completely reducible.

Then as a conclusion we can say, if ¢ : G — GL,,(C) is any representation of a finite group

G, then

¢ 0 - 0
oo |0
: 0
0 0 ¢m

where the ¢; are irreducible for all 1.



We now get to the idea of group algebra. It can be looked at from the perspective of all

formal linear combinations of the groups elements.

Definition 2.0.13 ([ 106, Section 4.4: Group Algebral]). Let G be a finite group. Define a vector

space with basis G such that

CIGl ={D cqglcqy € Ch.
geG
Then C[G] consists of all formal linear combination of elements of G. Any two elements
2 gec Qggand }_ . bgg in C[G] are said to be equal if and only if ag = by for all g € G.
The addition is defined by }_ . @g9 + 2 4c6 g9 =2 scg(ag +bg)g.

If we take two elements from the group algebra and multiply them then we obtain another
element in the group algebra. This same idea is used in the literature [0] to multiply basis

elements and add them to get all other elements in the entire space.

Definition 2.0.14 ([ 16, Definition 4.4.1: Regular Representation]). Let G be a finite group.
For h € G, we define the regular representation ¢ : G — GL(CI[G]) of G by

() cgg)dn =) cygh.

geG geaGg

Definition 2.0.15 (Right G-Module). Ler G be a group and V be a vector space. Then we say
that V is a G-module if there exists a linear map V- x G — V defined by (v,g) — v - g such

that the following criterion are satisfied
1. vi+v2)-g=vi-g+va-gforallvy,v; € Vand g € G,
2. a(v-g)=(ov)-gforallveV,ge Gandx € C,
3. (v-g1)-9g2=v-(g1-9g2) forallveVandgy,g: €G.

In the above definition one can also define a left G-module by taking the left-action of G
on V. Let G be a group and ¢ : G — GL(V) be a group representation for some finite-
dimensional vector space V. For all g € G we have ¢4 € GL(V). Then for any v € V, we
have v- ¢4 = v-g € V. This gives us that a natural matrix multiplication is nothing but a
right-action of a group G on a vector space V. Therefore we have that the representation of a

group G for a vector space V is equivalent to a G-module.
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Definition 2.0.16. Let V be a right G-module and W be a left G-module for some group G.
The tensor product V @ W of V and W is a G-module with basis elements v @ w forv € V
and w € W such that the following hold

I (vi+v) W =vi@w+v,@wandv® (W + W) = v®w; +v®w, for

vi,v2 € V,wi,wy € W,
2. vg@w=v®gwforge G.

Definition 2.0.17 (Induced Representation). Let G be a group and H < G be a subgroup.
Let W be a finite dimensional vector space. Let & : H — GL(W) be a representation equipped
with a C[H] module. By setting V = C[G] ®cn) W, we define an induced representation

Ind§ (bg)(m®@wW) = g ® w where 7 is a class representative of G/H.

Definition 2.0.18 ([ 16, Definition 4.3.1: Character]). Let G be a group and ¢ : G — GL(V)
be a representation. Then the character X, : G — C of ¢ is defined by x4 (g) = tr(dpg) where

tr(bg) is the trace of ¢g. We say that the character Xy is irreducible if § is irreducible.

Therefore, if ¢ : G — GL,,(C) is a group representation given by ¢4 = ($55(g)), then we
have x¢(g) = 2_ $i(9g).
im1

Some properties of the character are given below. However we omit the proofs of them in

here.

Proposition 2.0.19 ([16, Proposition 4.3.4]). If two representations & and p are equivalent,
then X¢ = Xp-

Proposition 2.0.20 ([ 16, Proposition 4.3.5]). Let G be a group and & be a representation of G.
Then for all g,h € G, we have that xX¢(g) = x¢(hgh™") holds.

Lemma 2.0.21 ([16, Lemma 4.3.13]). If & = p @ then X¢ = Xp + Xo-

The lemma mentioned above suggests that every character can be expressed as a linear

combination of irreducible characters with integral coefficients.

Corollary 2.0.22 ([16, Corollary 4.4.8]). The number of equivalence classes of irreducible

representations of G is same as the number of conjugacy classes of G.

The information pertaining to the representation theory of a finite group G can be encapsu-
lated within a matrix referred to as its character table. Consequently, the subsequent concept

emerges.



Definition 2.0.23 ([ 16, Definition 4.4.11: Character Table]). Let G be a finite group. Let
X1y--+yXs and Cq, ..., Cg be the irreducible characters and conjugacy classes of G respec-

tively. Then the character table of G is the matrix X of dimensions s x s with Xi; = X1(Cj).

Let X be the character table of a finite group G. Then we have that the rows of X are indexed
by the characters of G and the columns by the conjugacy classes of G. We also have that the
j-entry in X is the value of the i-th character on the j-th conjugacy class.

Finally, the following is a well-known and very useful theorem in representation theory of

finite groups. One can find its proof in any literature including [16].

Theorem 2.0.24 ([ 16, Corollary 4.4.5]). Let G be a finite group and the p1,p2,...,Ps are the
irreducible representations of G. If d; be the dimensions of the irreducible representation p;,

then we have that

Gl=) df=dj+dj+---+di.

i=1

If we replace the vector space V in the Lemma 2.0.8 by C[G] for a finite group G then
we get from Theorem 2.0.12 that the regular representation decomposes into irreducible repre-
sentations. The representing matrices from the regular representation are permutation matrices
of very large dimensions. Base change transforms these matrices into block forms. An open
problem that naturally follows from this is to find such base change matrices that transform
these permutation representations into block matrices. In this thesis, I take this job of finding
the base change matrices as a motivation, and give solution to this problem for the symmetric

groups, monomial groups and hyperoctahedral groups.
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Chapter 3

Symmetric Groups

In this chapter we construct the Specht modules for the symmetric groups in a similar fashion
to that of shown in [18]. In the family of Coxeter groups, we have that symmetric group
is same as the type A group. More specifically, symmetric group on n points is same as
the type A group on n—1 generators. Here in the following we start in a systematic way
by introducing the relevant idea slowly by describing all the important concepts needed to

approach the construction of irreducible Specht modules for symmetric groups.

3.1 Symmetric Groups, Generators and Class Representa-

tives

Definition 3.1.1 ([ 15, Symmetric Group]). The symmetric group S, of degree M is the group
of all bijections from the set {1,2,...,n} to itself where composition is multiplication. So we

have, S,, as a permutation group of order n\.

The symmetric group can be generated in a few ways. For n > 3, we have that the permu-
tations {(12), (123 --- n)} generate S,,. We can also consider the generating set for S, to be
the set of all transpositions of the form (i,1+1) for 1 < i < n, i.e., we have the generating set
tobe{(12),(23),...,(n—1Tn)}L

For each element in the symmetric group we have an associated cycle-type. Any permuta-
tion can be written as a product of disjoint cycles. If we write the product of disjoint cycles
sequentially in a non-increasing order of each of its cycle-lengths, then we find the cycle type

of the permutation. It is important to include the fixed points which are cycles of length 1 in

11
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this process as it contributes to the cycle-type.

As an example, let us consider the permutation 7t = (12)(34) € Ss. It is clear that 7t is
a product of two disjoint transpositions of length 2 and one cycle of length 1 which is omitted
in the product. If we put the cycle lengths in a non-increasing sequence, we find that 7t is of

cycle-type (2,2, 1).

Definition 3.1.2. Let 0 € S, be a permutation. We say o is an even permutation if it is the
product of an even number of permutations, and an odd permutation if it is the product of an

odd number of transpositions.

Definition 3.1.3. The sign of a permutation o for all o € S,, is defined as

1 if o is even,
sgn(o) =
—1 ifoisodd
Definition 3.1.4 ([ 16, Definition 10.1.1: Partition]). A partition of nis a tuple A = (A1,...,A)

of positive integers such that \y > Ay = --- > Ay and Ay + - - - + Ay = n. To indicate that A is

a partition of n, we simply write A - n.

In the previous example it can be seen that the cycle-type (2,2, 1) is also a partition of 5,
and so it is evident how cycle-type maps a permutation into a partition.

Two group elements a, b € G are conjugates, denoted by a ~ b if there exists some g € G
such that b = g~ 'ag. The conjugacy classes of S,, are entirely decided by the cycle-types of
the elements in the group. If two distinct permutations have same cycle-type then they belong
to the same conjugacy class. In other words, partitions parameterize the conjugacy classes of

permutations. The following is a well-known property.

Lemma 3.1.5 ([ 16, Theorem 10.1.3]). Two permutations o, p € S, have the same cycle type if

and only if o is conjugate to p.

Now for any conjugacy class, we need a representative in order to understand and denote the
classes. For an element o € S,, having certain cycle type (kq,Kz,..., k() which is a partition
of n, all the other elements with the same cycle type belongs to the same class, this implies that
o with its cycle structure can be considered as the representative of the class. Let us denote the

set of conjugacy classes of S,, by C,,.
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Let P(n) be the set of all partitions of n € N. Contrary to the idea of cycle-type as a
function f : S,, — P(n), we define a function g : P(n) — S,, defined by the property that
g(A) is conjugacy class representative of S, for A € P(n) and the set of conjugacy classes
Cn C Sn, we have [P(n) N G| = 1. This clearly is an injection as for each partition we have
a conjugacy class and for each of them we have a class representative. Now let us understand
how this function works in making a choice for our favourite representative.

Let A = (A1,A2,...,A¢) € P, be any partition of n. We know that the partition is a
sequence of non-increasing natural numbers and they add up to n. Each of these A; are therefore
the cycle lengths of the cycles that make up the permutations belonging to the same class. In
order to find the class representative ¢ for the conjugacy class A, we start making cycles of

length A; by filling them with numbers {1, 2, ..., n} in this way:

2 2 2 3 n—1
(1 2---)\1)<7\1+1 7\1+2---;?\i>(;)\i+1 ;Aﬁtz---;)\i)--- (;Aiﬂ n>

This mechanism can be considered as an algorithm as shown below.

Algorithm 1 From partition to class representative

Input:  Partition A = (A1,Az,...,A) of n € N.

Output: Class representative of conjugacy class corresponding to the cycle-type.

Step 1: Define a function cycle C : (n,0) — (1+ 0,2+ 0,...,n+ 0) where both arguments
n,o € N.

Step 2: Initialize o := 0 and 7t := identity permutation.

Step 3: Loop over A, Az, ..., Ay as explained from Step-4 to Step-6.

Step 4: Make cycle C(Ai,0) fori=1,2,...,L

Step 5: m:=m- C(A,0).

Step 6: Change o to o + A;_; fori > 1.

Step 7: Return the final 7.

As we are just picking numbers from {1, 2, ..., n}in that order and assigning them sequen-
tially as points in the permutations, Algorithm 1 is a self-explanatory and easily understood
process which requires no formal proof.

As an example, let S5 be the symmetric group on five points. All the conjugacy classes of

S5 therefore has the partitions

{L,LL,14,1),(2,1,1,1),(2,2,1),(3,1,1), (3, 2), (4, 1), (5)}-

Then by using the mechanism explained for finding the representative for each of these
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conjugacy classes we find they are respectively
{(1)(2)(3)(4)(5), (1 2)(3)(4)(5), (12)(34)(5), (1 23)(4)(5), (1 23)(45),(1234)(5),(12345)}.

Usually for efficiency we omit the T-cycles whenever writing a permutation without forget-
ting that they exist as 1-cycles. Therefore we finally find the class representatives as shown in

Table 3.1.
AeP(B) | (,L,LLY) (2,1,1,1) (2,2,1)  (3,1,1) (3,2) (4,1) (5)

f(A) \ id (12)B3)@GS) (12)(34) (123) (123)(45) (1234) (12345)

Table 3.1: Partitions of 5 and corresponding class representatives of Ss

3.2 Coxeter Groups

Symmetric group S, is same as Coxeter group of type A, _; generated by transpositions
(1,i+1) for i € {1,2,...,n—1}. It gives us a clear indication that this method of construc-

tion of irreducible representations can therefore be extended further in the Coxeter system.

Definition 3.2.1 ([10, Coxeter System]). A Coxeter system is a pair (W, S) consisting of a

group W and a set of generators S C W, subject only to relations of the form
(SS/)m(s,s’) -1 ,

where m(s,s) = 1, m(s,s’) = m(s’;s) > 2 for s # s’ in S. In case no relation occurs for a
pair s, s', we make the convention that m(s,s’) = oo. Formally, W is the quotient F/N, where

F is a free group on the set S and N is the normal subgroup generated by all elements
(SS,)m(S’S/).

The rank of (W, S) is |S|.

All finite Coxeter groups have corresponding Coxeter graphs which classify these groups.
The classification of irreducible finite Coxeter groups is well-known and they can be found
listed in [10]. They are of types A, _1(n > 2),Br(n > 2),D,(n >4),Es, E, Eg, F4, H3, Hy
and I, (m).
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Definition 3.2.2. Coxeter group of type A1 is an irreducible finite group with the following

Coxeter diagram

An71 (Tl P 3)
$1 S2 Sn—1
where the nodes are the generators s; of the group such that s; = (i,1+1) andi € {1,2,...,n—
1}
These A, 7 groups are symmetries on n points. The nodes s; = (i,i + 1) for i €
{1,2,...,n— T} are the transpositions (1 2),(2 3),..., (n—1n) which generate the symmet-

ric group Sy,. An edge connecting any two of these generators s;, s is labeled by my ;. There
exsits an edge if and only if m;; > 2. For any i,j € {1,2,...n —1}if i —j| = 1 then
mi; = 3, ie., for all i we have (sisi11)® = 1. For i —j| # 1 we have my; = 2, ie.,

(sisj)? = 1. Whenever m; ; = 2, the generators s;, s; commute, i.€., ${Sj = $jSi.

3.3 Partitions and Words

In this section of the thesis, our objective is to establish a connection between the represen-
tation theory of the symmetric group and elementary combinatorics. Here, we introduce the
innovative notion of Specht matrices initially introduced in [18]. We will delve into several
concepts outlined in the article, which will subsequently serve as fundamental components for
this thesis.

A question in combinatorics is to determine the number of unique arrangements possible
for the letters in a word. For example, let us consider the word ARRAY of length 5 with
three distinct letters A, R and Y, and repetitions occurring for A and R twice each. The word
be rearranged in 5! ways, but due to the repetitions of letters, we find the total number of

rearrangements to be

5!
#{ rearrangements of ARRAY } = RIS I

The notion of reorganizing letters can be formally expressed as an action of the symmetric
group. Symmetric group S,, acts from the right naturally on all words of length n, i.e., on a

word with n letters by rearranging the letters. For one such group action on a word with n
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letters, we find an orbit as a set consisting of all the rearrangements of one word. The action on

a single orbit results into a transitive action of S,.

Definition 3.3.1 ([ 16, Definition 7.1]). An action of a group G on a set X is a homomorphism

0 : G —> Sx where Sx is the symmetric group on the set X.

Definition 3.3.2. Let w = wyw; ... Wy, be a word of length n and let ¢ € S,,. We define an

action of 0 on w by setting
W0 =W 1Wo g1 Wy 1.

Then we can find the arrangements of the word ARRAY as an orbit of the right-action of

the elements in S5 on the letters of the word as shown

{ARRAY, ARRYA, ARYAR, ARYRA, AYARR, AYRAR, AYRRA, RAARY, RAAYR, RARAY,
RARYA, RAYAR, RAYRA, RRAAY, RRAYA, RRYAA, RYAAR, RYARA, RYRAA, YAARR,

YARAR, YARRA, YRAAR, YRARA, YRRAA, AARRY, AARYR, AAYRR, ARARY, ARAYR}.

The isomorphism type of a transitive action of any finite group is given by the stabilizer
of one point, up to conjugacy. In case of S;,, the stabilizer of a word is a Young subgroup
Si, xSy, x -+ x Sy, = Sx where (L, 1y, ..., k) = Ais a partition of n.

In the example S5 acts on the rearrangements of word ARRAY. For the word ARRAY, we
have that S, x S, x Sy is isomorphic to the stabilizer subgroup of S5 that corresponds to the

word. So we obtain an isomorphism of Ss-sets:

S5

ts of ARRAY } = ————.
{ rearrangements o } S, %S, XS,

One can associate a shape to the word w by counting the number of times the individual
letters appear in w. This simply will give a partition of n. Let us call such a shape associated
to a word w to be A(w). For example, A(ARRAY) = (2,2, 1).

Conversely, for a given partition A = n, we construct a canonical word w, corresponding
to it. We choose the letters to be natural numbers 1,2, 3, ... rather than ordinary letters, each
letter 1 in w,, repeating as many times as the l-th number A, in the sequence A. By choosing
the letters in this way, w, (and any of its rearrangements) has the property that the letter 1 is

the most frequent letter, letter 2 being the second most frequent letter and so on.



3.3. PARTITIONS AND WORDS 17

For example, if A = (2,2, 1) F 5 then we have the canonical word as per our construction
to be wy = 11223.

The word w =ARRAY corresponds to A = (2,2, 1) as A and R are repeated twice and Y
once. The canonical word is w) = 11223 where we are assigning the most frequent letter to 1,
the second most frequent letter to 2 and so on, i.e., A = 1,R = 2 and Y = 3. We then obtain
ARRAY= 12213, of which w, is the canonical form, another rearrangement of the letters of
w.

Let G be any group and X, Y be two sets. We take Sx and Sy to be the symmetric groups
on the set X and Y. Two group actions 0 : G — Sx and T: G — Sy are isomorphic if there
is a bijection \p : X — Y such that oy = 14 for all g € G. This gives us a bijection which
is compatible with the action of the symmetric group. Therefore it shows how two permutation
actions are isomorphic to each other. We are going to use this idea to prove the following

proposition.

Proposition 3.3.3. Let w and v be two words of same length n. Then as permutation action
of Sy, the rearrangements of W and the rearrangements of v are isomorphic if and only if the

words w and v have the same shape, i.e., if and only if A(1) = A(v).

Proof. We have that u and v are two words of same length n. Then S,, acts on the words by
rearranging the letters of each word. Let A be the set of all rearrangements of the word u and
B be the set of all rearrangements of the word v.

Then we have that under the right action of S;, on each of the words u and v we have the
orbits A and B respectively. Each of the words 1 € A has the same shape as A(u) and likewise
each of the words V' € B has the same shape A(v). Then without loss of generality we can also
denote the sets A and B by A(u) and A(v) respectively.

Let F : A — B be a bijection compatible with the action of the symmetric group S,
defined by u’ — F(u') where W' € A and F(u') =V € B.

(=) Let F be an isomorphism from A to B. Then the cardinalities of A and B are same. In
each of the sets we have a canonical word, say u, and v, respectively. As A and B are isomor-
phic, there is a correspondence between their canonical words. By the property of canonical
words then we have that in each of the words the most frequent letter comes first followed by
the second most frequent letter and so on. Now as the length of the words are same and their
sets of rearrangements are isomorphic, then we have a one to one correspondence between the

distinct letters of the words u, and vy.
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Now by the permutation action of S,,, we have that Stabs_(u’) = Stabg_(F(u')) which
implies that A(W') = Aand A = A(F(u')) = A(V') for some A - n. Therefore, A(u) = A(v).

(<) Conversely, let A(u) = A(v) = (14, la,..., Li). Let the set of distinct letters of u and
v be U and V respectively. Then there exist injections ¢ : U — Nand P : V — N so
that all the distinct letters of u,v are mapped to letters. This implies that there is a bijection
T : U — V mapping each distinct letter of u to distinct letters of v so that T, = P, 7.
Therefore the set of all rearrangements of u is isomorphic to the set of all rearrangements of v.

]

Definition 3.3.4, Definition 3.3.5 and Proposition 3.3.6 are three important concepts seen in
[18] which will be used later on in describing important ideas in the following sections. More

specifically, using these we will be introducing the idea of a histogram corresponding to a word.

Definition 3.3.4 ([ 18, Definition 1.2.]). A diagram is a finite subset of N*. The elements of a

diagram are called boxes.

Definition 3.3.5 ([ 18, Definition 1.3.]). Given a partition A = (A1, ..., Ax), the diagram asso-

ciated to N is

D(A) ={(i,j)1 <j < Aihy
where, by convention, A\; = 0 if 1 > k.

Proposition 3.3.6 ([ 18, Proposition 1.4.]). A diagram D is the diagram of some partition A if
and only if D is closed under coordinate-wise <. In other words, D = D(A) for some A\ if and

only if, for any (i,j) € D and any (a,b) with1 < a<iand1 <b <j, (a,b) € D.

We say that a diagram is a Young diagram if it corresponds to some partition. For each word
in the orbit of w), corresponding to the partition A, we can think of a natural way to visualize
it with the help of a diagram. The idea is that for each partition A = (A1, A2,...,A;) we have
a diagram, the rows of which are corresponding to the distinct letters of the word w with the
length of each row being A;, the multiplicities of each letter i. Therefore for each partition A
we have a diagram corresponding to it such that it has same number of rows as the length of A
and the i-th row in the diagram has length A;.

As an example if A = (2,2, 1) then the corresponding diagram is as follows.
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By definition a histogram is a diagram that represents the frequency of the data points in
a data set. The choice of the word histogram here in this context is not exactly same as how
histograms are perceived in statistics or data science. In our context we are concerned with the
words. The numbers in a histogram indicate the positions of the letters in the corresponding

word.

Definition 3.3.7 (Histogram). Let w be a word considered as a functionw : {1,2,3,...,n} —
N. Then histogram, denoted by h.,, of the word w is the set {w='(1),w=1(2),w='(3),...} of

pre-images of its distinct letters.

As an example, for A = (2,2, 1) the canonical word w, = 11223 has letter 1 repeated in
first and second positions, letter 2 in third and fourth positions and letter 3 is in fifth position.
This gives us the histogram h,, = {w; ' (1),w; ' (2),w; ' (3)} = {{1,2},{3,4},{5}}. Whereas,
ARRAY +— 12213 = w is a rearrangement of w,. It can be seen that in w, letter A +— 1
appears in first and fourth positions, letter R — 2 in second and third positions and letter
Y ~ 1 in fifth position. Then the set of distinct letters with its repetitions for w is {1%,22,3"}
and we find h,, = {{1,4},{2, 3},{5}}. Therefore the histograms for w, and w are as shown in
Figure 3.1.

11 2 A—11 4
2 3 4 R—2 2 3
35 Y35
(a) wp = 11223 histogram (b) w = 12213 histogram for ARRAY

Figure 3.1: Histograms corresponding to words w) = 11223 and w = 12213

If w is some w,, or any of its rearrangements then its histogram has the property that it is a
sequence of subsets of {1, 2, ..., n}decreasing in size, which is nicely visualized by a diagram
that sometimes is also called a row tabloid, with rows filled by the numbers 1,2, 3,... which
decide the positions of letters that occur in w as can be seen in Figure 3.1.

For a given histogram, one can recover the word w corresponding to it. Let the set of
distinct letters of w is {1,2,...,1}. For every word w of length n we have a corresponding

histogram, h,,,, the rows of which are labelled by the distinct letters i of w. Each row h,, (1) of
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h,, has some elements which is a subset of {1, 2,...,n}and UL] hw(1) ={1,2,...,n}. These
subsets h,, (i) describe which position in the word w the letter i occupies. Therefore, moving
through all the distinct letters i by picking the subsets h,, (i) and filling the corresponding
positions of w by i accordingly until all of n positions are exhausted would give us back the
word w from h,,.

As an example if we are given the diagram from Figure 3.1(b) then we can retrieve the
word w corresponding to it using the letters. We have that in the histogram, h,, (1) = {1,4},
hw(2) = {2,3} and h,,(3) = {5}, which implies that in the word w letter 1 occupies the
positions 1 and 4, letter 2 occupies the positions 2 and 3 and letter 3 occupies the position 5.
Therefore, w = 12213 comes out naturally from the histogram.

Another aspect of this correspondence between rearrangements of w, and their histograms
is that the action of S;, on this orbit can now be expressed in terms of histograms. A natural
question that follows is in the complete set of all rearrangements of a word, how are the different
rearrangements in this set ordered? The natural ordering that arises here is the lexicographic
ordering.

If wis a word having shape A and W’ is a rearrangement of the letters of w, then we say that
w < W lexicographically if the value of w is less that the value of W' i.e., w appears earlier
than W' in the lexicographic ordering of the arrangements of w. This clearly implies that the

canonical word w), appears first in the list of all rearrangements of it.

3.4 Tableaux and Pair of Words

We understand now the natural way of how diagrams are associated with a partition of a natural
number 1 and each of the rows of these diagrams has a length. If we assign an empty box to
each of these positions in each row, then we have a total of n empty boxes in the diagram. Now
filling the n boxes of a diagram of shape A with the numbers {1,2,3,...,n} gives us a Young

tableau.

Definition 3.4.1 ([1 6, Definition 10.1.11: Young Tableau]). Let A = n. We define a A-tableau
(or Young tableau of shape \) to be an array t of integers obtained by placing 1, ... ,n into the

boxes of the Young diagram for A. There are clearly n! A-tableaux.

Definition 3.4.2 (Standard Young Tableau). Let A - n. A tableau t of shape A is said to be

standard if the integers in the boxes are increasing along each row and each column.
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From now on we will use the abbreviation SYT for standard Young tableau. Among all the
different arrangements of the numbers {1, 2,...,n}in a A-tableau, we can only find a handful

of SYT of shape A.

Definition 3.4.3 (Canonical Tableau). The canonical tableau ty of shape A is a SYT obtained
by filling the boxes of a Young diagram row by row with non-repeated integers 1,2,...,n in

that sequence such that they are increasing to the right on each rows.

In this process we automatically get an arrangement of the numbers in the boxes of the
tableau such that the columns are increasing to the bottom. For example, if A = (2,2, 1) then

the corresponding canonical Young tableau is

th =

\mw—a
~

Symmetric group S;, acts from the right naturally on the numbering of the tableau by per-
muting them accordingly. Then by the right-action of S, on the canonical tableau we can find
all the possible numbering of the diagram. For example, (12 3) € Ss acts on the tableau

mentioned above as follows

th-(123)=[1]2]-(123) =

\mw—a
~
\m—AN
~

giving us another numbering of the diagram of same shape. Hence, if the canonical tableau of
some shape A corresponds to the id € S,, then we can assign each tableau to a permutation in

S, described by the right-action of the permutation on the canonical tableau of the same shape.

Definition 3.4.4 ([16, Definition 10.1.5: Conjugate Partition]). If A - n, then the conjugate
partition A7 of A is the partition whose Young diagram is the transpose of \. i.e., the Young

diagram \" is obtained from the diagram of A by exchanging rows and columns.

For each partition A of a number n, we have a corresponding word w and each w gives
rise to a histogram. For each of the partitions A - n, we also have a corresponding conjugate
partition AT. The diagram corresponding to the conjugate partition is the transpose of the
diagram for A. As an example, A = (2,2, 1) then the diagram corresponding to the conjugate

partition is
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implying that AT = (3,2).
Now as each of the partitions A has a word corresponding to it, likewise we have a word
corresponding to the conjugate partition AT. Therefore, the canonical word for AT = (3,2) is

w;yr = 11122, Likewise, there is a histogram associated to the word w,r as shown below:

[N
i
(G20 )

Definition 3.4.5 (Intersection Histogram). Let for two words wy and w, of same length

N, their corresponding histograms be h,,, and h,,, respectively. We define the intersection

histogram h(i,j) = hy, [l N hy,[] where h,,, [il, hy,[j] are subsets of h,,,, h,,, having

indices 1 and j respectively.

Such intersection histograms h may not always appear to be a histogram of a Young tableau.
For the purpose of further build-up of the Specht modules by the construction of Specht ma-
trices, we are interested in the intersection histograms that have a shape of a partition A - n,

giving us a Young tableau of shape A.

Example 3.4.6. Let two words of length n = 5 be w; = 11223 and w, = 12113. Then we
have two histograms corresponding to these words, say h,,, and h,,, respectively. Then we
have that h,,,, ={{1,2},{3,4},{5}} and h,,, ={{1,3,4},{2}, {5}} respectively. If we consider h

to be the intersection histogram h,,, N h,,,, then we have

h(1,1) ={1,2}n{1,3,4} = {1}
h(1,2) ={1,2} n{2} = {2}
h(1,3) ={3,4}n {5} = @
h(2,1) ={3,4}N{3,4} = {3,4}
h2,2)={3,4n{2}=2
h(2,3) ={3,4}n{5} = @
h(3,1) ={5}n{1,3,4} = @
h(3,2) ={5}N{2} = o
h(3,3) = {5} N {5} = {5}
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and therefore we have the intersection histogram h as shown in Figure 3.2.

1 2 3
1 2
23,4
3 5

Figure 3.2: Intersection histogram for the pair of words (11223,12113)

Clearly h does not give a shape that correspond to any partition of n implying that h is
not a Young tableau. Also, we can notice that we have two entries in the box with coordi-

nate (2,1) and the boxes above and before the box (3,3) corresponding to the coordinates

(1,3),(2,3),(3,1),(3,2), (2,2) are all empty.

Definition 3.4.7 (Simultaneous histogram). A simultaneous histogram W is a histogram in the
intersection of two histograms corresponding to two different words w and v of same length n

so that the following properties hold:
1. each box in h contains exactly one entry from {1,2,...,n},
2. the shape of W is a diagram that represents a partition of n.

Consider a pair of words (w1, w;) where wy and w; are both of length n and A (w1 ), A(w;) F
n. A simultaneous histogram is in the intersection of the histograms corresponding to words
wi and w> such that it retains the shape of a Young diagram. The number of boxes along the
rows and columns in the histogram correspond to the multiplicities of the distinct letters of the
words wy and w; respectively. If we obtain the intersection histogram to be a Young tableau
then we say that it is a simultaneous histogram. In order to achieve a tableau as the intersection
histogram, we must have that the shapes of the associated words are conjugates to each other

as shown in the following.

Proposition 3.4.8 ([ 1 &, Theorem 1.6]). Let w and v be two words of same length, and h be the

intersection histogram of their corresponding histograms, then it must be that A(u) = A(v)T.

Proposition 3.4.8 is an alternate to Theorem 1.6. in [ 18], however, the proofs of them are

same.
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Now let us add another layer of complexity by taking a pair of words (w7, w;) of same
length n and consider the S,,-set

{rearrangements of w;} x {rearrangements of w5}

where S, acts diagonally on the two factors.

Example 3.4.9. Let for n = 5 and consider the words w; = 11223 and w, = 11122. Now if
we take the pair (w7, w;) then we see that

Wi 11223
W) 111 2 2

does not have a free orbit as the column (:) is repeated twice. To achieve a simultaneous his-

togram we must take a rearrangement of one of the words so that there is no repeated columns.

Let us consider w), = 12121. Now the pair

wi 11223
A 12121

does not have any repeated column, implies we can make the simultaneous histogram for it as
shown in Figure 3.3.

R0 | DD

)
|||

Figure 3.3: Simultaneous histogram of the words pair (11223,12121)

It can be clearly seen that the shape of the simultaneous histogram is A(w;) = (2,2, 1)

whereas the shape of the transpose of the histogram is A(w5) = (3,2) = A(w;)". The distinct

letters of the words w; and W), are corresponding to the number of boxes of the histogram

along the rows and columns respectively as explained before.
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12345

wvi—=11223
w1 2121

The numbering of the boxes depends on the position of the pair of letters in each column
of the words pair in the sequence of the columns. We can see in the illustration above that
the number 1 corresponds to the letter pair (1,1) which is the coordinate of the box in the
diagram. Similarly, 2 corresponds to the pair (1,2) and therefore it is the coordinate of the
box containing 2 and so on. At some point in this way we will have exhausted all the integers

{1,2,...,5}filled in the boxes of the histogram.

Now we can describe the S,, -action on the pairs of words. Let u, v be two words of length n
and U, V be the sets of all their rearrangements respectively such that U = u-S,, and V = v-S§,,.
Then in a similar way we can consider the S,,-action on the pair (u,v), which eventually will

give us the set U x V, all possible rearrangements of the columns of (u,v).

Definition 3.4.10 ([ | 8, Definition 1.4]). Two words w1, w- of same length n are said to have

complementary rearrangements if the diagonal action of S, on the product
{ rearrangements of wy } x { rearrangements of w, }

has a unique free orbit. If (w1, W) is in the free orbit, then the words w1 and w; are comple-

mentary.

That means, we obtain a unique free orbit if and only if in the pair of words there is no
repeated columns. Also, wq, w, have complementary rearrangements if and only if there exists
a simultaneous histogram for this pair.

In other words, (W1, W;) has a simultaneous histogram if and only if A(w;)" = A(w;) and

the elements in the i-th row of h,,, has the same elements as in the i-th column of the h,,,.

Theorem 3.4.11. Let v and w be two words of length n. Then the action of Sy, on the pairs
(V',W'), where V' and W' are some rearrangements of v and w respectively, has a unique free

orbit if and only if \(W) is the transposed partition of A(v) i.e., A(V)T = A(w).
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Proof. Let us assume that the canonical words v, w are of the form wj,w, for partitions
A, U n respectively.

Let v/, W’ be some rearrangements of w, and w,, respectively for which we have a simul-
taneous histogram h. This simultaneous histogram can be considered as a matrix with its rows
labelled by the letters i in V', and columns labelled by the letters j in W', and entry h(i,j) is

"' (1) intersected with w' (j) where v/ (i) and W' (j) are the histograms for single words

Vv
v/ and W' respectively. So, h is a collection of pairwise disjoint subsets of {1, 2,...,n} whose
union is {1,2,...,n}

Conversely, given a simultaneous histogram h for any rearrangements of w, and w,, the
pair of words (V',w’) can be recovered. The rows and columns of h are labelled by distinct
letters 1 and j of v and w respectively. One can consider the row tabloid {h} and column tabloid
[h] of h. Then we have that {h} = V' B (1), the histogram for v’ and [h] = w’ B (j), the histogram
for w'. Therefore using the subsets corresponding to each of the letters i € {h}, it is an easy
exercise to find out the word V' as explained in Section 3.3 of this chapter. Similarly, using the
subsets corresponding to the letters j € [h], word w’ can be retrieved.

The problems of failures of finding the pair (v, w’) are as follows:

(F1) the subset at position (1,j) can have more than one element

(F2) the subset at position (i,j) can be empty, while the one immediately to its right or below

is nonempty

Let us now address the problems mentioned one by one.

Failure (F;) clearly arises from a repeated column: the pair of letters (i,j) occurs more than
once in the pair (V/,w’) and so the word pair does not lie in a free orbit. It can, therefore, be
avoided by simply choosing the pair of words (V',w’) in a way so that there is no repeated
columns.

Failure (F,) arises from the recursive property of the most frequent letter of word V' (i.e.,
letter 1) having to be paired up with every letter occurring in the word w’, and ultimately
relate to the uniqueness of free orbits. If the positions (i,j) of nonempty boxes give a diagram
corresponding to a partition then the diagram is a Young diagram. If we obtain a Young diagram
for the pair of words, then then we can avoid this failure.

If neither of (F;) or (F,) occurs, then each subset in the simultaneous histogram contains

at most one element (no repeated columns), and the diagram formed by the coordinates (1i,j)
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of nonempty subsets in the simultaneous histogram of (v/;w’) is <-closed in the sense of
Proposition 3.3.6 (and so it is a diagram of a partition A), where each nonempty subset has
exactly one element (and so the simultaneous histogram in this case is a Young tableau).
Therefore, as every distinct letter of w’ pairs up with the most frequent letter 1 of v/, fol-
lowed by distinct letters of W’ from the remaining letters pairs up with second most frequent
letter 2 of v/ and so on until all the letters are exhausted for each of the word, we can conclude

that shape of W’ is the transpose of shape of V/. Hence u = AT = A(w) =A(v)". O

Definition 3.4.12 (Canonical Pair). Ler (v, W) the corresponding pair of complementary words
for the canonical tableau having shape of a partition A. Then (v, W) is the canonical pair if we
take v as it is but take w in such a way that all the distinct letters of w appear once each in
strictly increasing order and then they repeat in the same way for the remaining letters until all

their multiplicities are exhausted.

It is clear that there can be only one canonical pair of words for each A - n. However,
there are overall n! ways to pair up two words of same length corresponding to a partition and
its conjugate partition so that each of them correspond to a Young tableau. This can be seen
in Example 3.4.9 how we have chosen the pair (wy, W), which is canonical. Simultaneous
histograms are therefore, clearly, Young tableaux of shape A - n with associated pair of words
that define it. Different simultaneous histograms or tableaux can be achieved from the canonical
pair of words as a direct result of the right action of S,, on the columns of the pair. There are as
many boxes in such a histogram as the number of distinct, non-repeated columns in the pair of
words. Hence, in such a way we will have all the possible n! tableaux achieved. The following

corollaries arise as direct implications of Theorem 3.4.11.

Corollary 3.4.13. Let U and V be the set of all arrangements of complementary words u and
v respectively. Then for W' € UWand V' € V, the pair (\W,V') is in the free orbit if and only if

the intersection histogram of W,V is a tableau.

Corollary 3.4.14. Let A = n. The function h : (v, w) — simultaneous histogram of (v, w) es-
tablishes a bijection between the elements of the unique free S.,-orbit on the set{rearrangements
of Wi} x{rearrangements of wyt } and the set of tableaux of shape A (with inverse function given

by the recovery process described in Theorem 3.4.11).

Now, we are going to look into an example where we may sometimes get a tableau at the

intersection of two tableaux of same shape. One can also come across this concept in [14].
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Let us consider two SYTs of shape A = (2,2,1),

t = and t, =

[S2 1N

‘wl\)—*

(G| w[—
~

respectively. Now, recalling the idea of single words and their histograms, for t; we have the
row stabilizer subsets as {t;} = {{1,4},{2,5},{3}}, and similarly for the transposed t, we have
{t1} = {{1,3,5},{2,4}} (which is nothing but the column stabilizer of t,, i.e., [t>]). For two
tableaux of same shape to have an intersection tableau, we consider the histogram of one tableau
and the histogram of the transpose of the other tableau. Then, indices of the subsets in {t;} and
{t}} decide the row index and the column index of the elements in the intersection tableau
respectively. Let us denote the intersection tableau by t such that t(i,j) = {t;}[i] N {tg}[j].

Therefore we have

t(1,1) = {1,4}N{1,3,5} = {1}
t(1,2) = {1,4}N{2,4} = {4}
t(2,1) ={2,5}N{1,3,5} = {5}
t(2,2) ={2,5}N{2,4} = {2}
t(3,1) = {3}n{1,3,5} = {3}
t(3,2) ={3}n{2,4} = @

which eventually gives us

(w[n]—
N

We call such nonstandard tableau an inter-tableau as it is in the intersection of two SYT.

Now if we just change the order of the tableau and look into the row stabilizer of t, and
the column stabilizer of ty, then we find that {1,2} N {1,2,3} = {1,2}. Therefore, if some
intersection tableaux s exists for s(i,j) = {t2}[i] N {t]}[j], then [ss(1,1)| = [{1,2}| # 1. Hence
no intersection tableau exists for such a pair.

Therefore an interesting fact that can be noticed in the last two examples, and is applicable
in general, is that if there exists a inter-tableau in the intersection of two Young tableaux t; and

t,, then the order may matter. Hence, the following proposition.
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Proposition 3.4.15. Let t| and t, be two tableaux of shape A. Then there exists an inter-tableau
s such that s(i,j) = {t1}il N{t]}j] if and only if for any (i,) we have that |s; ;)| = 1 where

(1,7) is a position of a box in the Young tableau of shape M.

Later in Section 3.5 we will find that in the process of constructing the irreducible repre-

sentation corresponding to any partition A, words play a very important role.

3.5 Specht Objects

In this section we build the irreducible representation corresponding to a partition in a new way.
In order to make things simple and free-flowing, we are going to introduce a different way to

look at the Young tableau.

Definition 3.5.1 (Flat-tableau). Let t be a Young tableau of shape A where A = n.. We say that

flat-tableau 1’ is a list filled by numbers picked from the tableau t row by row in that order.

Therefore a flat-tableau t” is nothing but a list consisting of just the numbers {1,2,...,n}
in the order how they are seen in the boxes of tableau t if read from left-to-right of each row,

one after another. As an example, if we have the tableau

t=[14
5|2
3
then the flat-tableau of t is t” = [1,4,5, 2, 3].
Flat-tableau corresponding to the canonical tableau of shape A is t; = [1,2,...,n]. Let

t> be any flat-tableau of shape A. Then by comparing the two flat-tableaux t} and t” we can
retrieve the permutation o € S, such that t} - o = t°. If we put the list of numbers t} in the
first row of a matrix and t” in the second row of the matrix, we retrieve a two-line notation of

the permutation o.

Example 3.5.2. For A = (2,2,1) - 5if t* = [1,4,5, 2, 3] be a flat-tableau of same shape, then

we have

12345
o= — (24)(35)
14523

such that [1,2,3,4,5] - (24)(35) = [1,4,5,2, 3.
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Therefore, flat-tableaux are very useful to understand the permutation action of the sym-
metric group on a tableau. As flat-tableau is simply a list of numbers {1, 2,...,n} in some

order, a permutation action on a tableau changes the ordering of the numbers in the set.

Definition 3.5.3. Let t be a tableau of shape A - 1. and t), be the canonical tableau. Let t* and
t';\ be the flat-tableaux corresponding to t and t) respectively. If for o € S,, we have t?\ o=t

then we define sgn(t’) = sgn(o).

Definition 3.5.4 (Young character). Let t} be the canonical flat-tableau for the tableau t of
shape A = 1. For o € S,, if we have another flat-tableau of same shape t’ = t; - o, then we

define the Young character denoted by Y(t) as Y(t) = sgn(t").

Therefore, for each of the flat-tableau t” we have a corresponding tableau t, and for each t
we have a pair of words. Depending on the permutation o that changes (w1, w;) to (W), w))
corresponding to t} and t” respectively, the Young character gives value 1 when o is even and

—1 when o is odd.

Definition 3.5.5 ([ 18, Definition 1.11]). For any n, the representation € : S,, — GL(V) is the
one dimensional vector space V on which S,, acts by sign. This means, forv € V,g-v = v if

g is an even permutation and g - v = —V if g is an odd permutation.

So we can consider an alternate notation of the tableau t = (W}, w}) to indicate the pair of
words connected to the tableau. Then Young character can be written as Y(w}, w)) to indicate
the underlying pair of words. We must also decide on a convention of what we get as a Young

character when two words w; and w; are not complementary.

Definition 3.5.6. If a word pair (W}, W}) is in free orbit then the Young character Y (W, w5) =

Y(t) is either 1 or —1 depending on the underlying permutation, else Y(w), w),) = 0.

For any partition A and its conjugate partition AT, if the words are w; and w, respectively
then we can create a Specht matrix @(A) of which the rows are labelled by all the rearrange-
ments of the word w; and columns by all the rearrangements of the word w,. We call the word

wy as row word and the word w; as column word of the Specht matrix @(A).

Definition 3.5.7 ([18, Definition 2.4.5: Specht Matrix]). Let A = n. Let wi = w, and
Wy = Wyt be the complementary canonical words of shapes \ and A" respectively. Let A

and B be the sets of all rearrangements of wy and w; respectively. Then we define the Specht
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matrix @(A) : A x B — {0, £1} defined by (W}, w,) — Y(Wi, W) where Y(W), W) = Y(t)

only if (W), W) corresponds to the tableau t.

Then we have that the entries in the matrix belong to the set {—1,0, 1}. Each entry cor-
responds to a pair of a row word and a column word. There are [{arrangements of wq}| x
{arrangements of w,}| elements in total in the matrix but only for the nonzero entries we have
a tableau corresponding to it. This is the case due to repeated columns occurring in the pair
of row and column words resulting in no unique free orbit and so the respective element in the
matrix is set to be 0. Therefore we have exactly n! nonzero elements in the matrix.

Now let us have a look at an example of a Specht matrix for an S,,-group.

Example 3.5.8. Let us consider for n = 4, partition A = (2,1, 1) and its conjugate partition
AT = (3,1). Then canonical words are u, = 1123 and v,r = 1112 respectively. It can be
seen that the pair (w,, v,7) is not a canonical pair and therefore we choose the row and column
words u), = 1123 and v = 1211 from the canonical pair, which corresponds to the canonical
simultaneous histogram of shape A.

Let wy = u, and w, = v/. The Specht matrix @(A) is as shown in Table 3.2. It can be
clearly noticed that the rows of the Specht matrix is labelled by different rearrangements of the
row word 1112 and columns are labelled by different rearrangements of the column word 1211,

in lexicographical order.

1112 1121 1211 2111
1123 0 0 1 -1
1132 0 0 -1 1
1213 | 0 -1 0 1
1231 1 0 0 -1
1312 0 1 0 -1
1321 | -1 0 0 1
21131 0 1 -1 0
2131 1 0 1 0
2311 1 -1 0 0
31121 O -1 1 0
3121 1 0 -1 0
3211 | -1 1 0 0

Table 3.2: Specht matrix @((2,1,1))

Let us denote the column space of the Specht matrix @(A) by S* for A = n.. We claim that

S? is an irreducible module of S,,. We are going to prove this in a series of steps as follows.
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Let A be the set of all the rearrangements of w,. Then for each partition A of n, we define

a permutation module M?. A basis of this module M” is described by the set A.

Definition 3.5.9 (Permutation Module). Let A = 1 and w, be the canonical word of shape A.

We define the permutation module
= <qw W E A>(C

as a vector space over C, where A is the set of all rearrangements of the word wj,.

Let v be a vector in M. Then we have that v = ZWGA X qw for o, € C. Let o € S,,.

Then we have that

V-0 = (O—WGA(quw) -0 = O—WEA((quW) -0 = Z Xw.cdw.c = Vo
W-0EA

It shows that M is a S,,-module. Therefore we have it as follows.
Proposition 3.5.10. Let A - 1. and M? be a permutation module. Then M* is a S -module.

Theorem 3.5.11 ([ 18, Theorem 1.19]). Let S» be the column-span of the Specht matrix (as a
subspace of M™). Then the module S» is an irreducible module of S.,.

Let t be a tableau of shape A - n and CIS,,] be group ring. Let R(t) and C(t) be respectively

the row and column stabilizers of the tableau t. Let us define the formal sums

§ P, Ct = E c
pPER(t ceC(t

where ¢ = sgn(c) - ¢. Then product pc; is an element of C[S,,]. Now let {t} be the row tabloid

of t. Then we have

{t) = Z t-o=t- Z o=t pe

oeR(t oER(t

In the sense of a Specht matrix @(A), for any tableau t of shape A, which as a simultaneous
histogram is connected to a nonzero element in the matrix, we have that p is simply the sum
of all the tableaux in the same row as t. Likewise, c¢ is the signed sum of all the tableaux in
the same column as that of t, i.e., by adding all the nonzero tableaux in the column of t with

the corresponding matrix elements being their coefficients we get c;.
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In terms of {t}, it is nothing but all the tableaux obtained by rearranging the elements in
the rows of the tableau t, which has no effect on the positions of the distinct letters in the
corresponding row word, say w’. In ¢(A) all entries in the same row of t are corresponding
to the row tabloid {t}, and therefore, in simpler term we can indicate that for any row word
w) € A we have a corresponding {t}. We can now safely say that all the entries corresponding
to the row of t in @(A) can be denoted by Y(w), w, - o) for all o € R(t).

Following [6] we define a polytabloid for a tableau t given by
ve = {t} ct.

We have v =t - pici. If t = t) then v, = pacy where vy, pa, € are v, pt, ¢t corresponding
to ty. By a permutation action of the column stabilizer on {t} we obtain the elements in the
same column of the tableau t rearranged and so we obtain the new row tabloids {t - 7t} such that
e C(t).

Let t be of shape A. The span of the polytabloids vy is called Specht module corresponding
to A. Clearly it is a submodule of M*. This definition of Specht module can be found in any

literature on symmetric group representations, for instance in Section 7.2 of [6].

Definition 3.5.12. Let wq, W, be two words having complementary rearrangements of shape

A and corresponding to a Specht matrix @(\). We define the elements
Vw, = Z Y(W/1 >Wz)qu
w1

where the sum runs over the rearrangements W) of wy.

If we take the row tabloid {t} with its corresponding element as its coefficient and let the
column stabilizer act on the histogram by permuting all the elements in the same column and
consider those histograms with their signs, then we obtain v;. In a simpler way, if we consider
v, to be a vector in the permutation module M?*, then in terms of Specht matrix we can simply
consider it by recording all the coefficients of the tabloids in a sequence. Therefore, v; is up
to a sign same as v,,, which is the column corresponding to t with the column label w; in the

Specht matrix.

Definition 3.5.13. For any partition A\ - . we define the module S* as the column space of the

Specht matrix @ () to be the subspace of M spanned by V..
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Proposition 3.5.14. For a partition A of n we have that v.,, = sgn(t”) - v;

Proof. Let t be a tableau of shape A, then we have

vi ={t}-cy = {t}- Z sgn(o)o = Z sgn(o){t- o} = Z sgn(o){t'}.
oeC(t) oeC(t) oeC(t
From the discussion above we can consider a column of the matrix @ (A) by its column label
w;. If tableau t corresponds to the word pair (w1, w;) thent’ = t-o for 0 € C(t) = Stab(w,)
we have that t’ corresponds to the pair (W), w,).
By definition we have Y(w7,w,) # 0 if and only if the pair (W), w,) corresponds to a

tableau t’. As (t- 0)” =t - 0, we have that
Y(w),wz) = sgn(t”) = sgn((t- 0)") = sgn(t’ - 0) = sgn(t’) - sgn(0).

Therefore we have that

]

Hence, by Proposition 3.5.14 we get a well established connection between the polytabloids
and the columns of the Specht matrix. This also gives us that Definition 3.5.13 is equivalent to
the definition of a Specht module. Therefore we call the module S* to be the Specht module

for A as a subspace of M. This implies that a basis of S* corresponds to a subset of A.

Lemma 3.5.15 ([6, Section 7.2, Exercise 1]). 1. For 0 € R(t) and © € C(t), we have that

Pt -0O=0-py=prandcy T =710 Cy = sgn(7)Cy
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2. We have that p - pr = [R(t)|p and ¢y - ¢y = |C(t)|ct.

Proof. 1. For any 0 € R(t) we have that

Zp = > (po)= > p=pu

PER(t PER(L) p’ER(t)

We can also have that

cope=0-() p=) (o ZP

PER(L) PER(L) prER(t
Therefore, py - 0 = 0 - py = p¢. Similarly ¢, - T = 71+ ¢y = sgn(7t)c can be proved.

Now for any 71 € C(t) we have that

cemt = ( Z c)m= Z (sgn(mt)c-mt) = sgn(m) Z (c-mt) = sgn(m Z = C¢.

ceC(t) ceC(t) ceC(t) eC(t

Also, we have that

me=m( Y o)=Y (sga(mmc)=sg(n) Y (mc)=sen(m) Y " =c.

ceC(t) ceC(t) ceC(t) c”eC(t)

PP = Z POt =pit -+ Py =R{H)pe.

CLER(t \ (t)] times

From 1, we have that c; - 7T = sgn(7t)cy = sgn(7)c; - T = ¢ for any 7t € C(t). Then

coce=ce( ) sen(m)-m) = ) (sgn(m)eem) = ¢+ -+ = C(t)lce
H_/
e C(t) ie{]fﬁg()t)‘} |C(t)] times
O

Lemma 3.5.16 ([6, Section 7.2]). For all t and all o € S, we have that vy - 0 = V(.5.

Proof. Forany o € S,,, we have ¢y.o = )_ ¢ = 0 'ci0. Therefore, we have that

ceC(t-o)

V-0 ={tlcy - 0 ={t} - oCr.c =tpt - 0CL.o =t OPr.oCr.c = {t: 0} Cr.o = Vioo.
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O
Therefore, from Lemma 3.5.16 it is clear that S* is closed under S,,-action.

Lemma 3.5.17 ([0, Section 7.2, Lemma 2]). IfA > N and t, t" are their corresponding tableaux
respectively, then for a pair of integers in the same row of t' and the same column of t, we have

{t'}- ¢t =0, and if no such pair exists then we have {t'} - ¢y = +v.

Lemma 3.5.18 ([0, Section 7.1, Corollary]). For two standard tableaux t and t' with the prop-

erty that t' > t, we find a pair of integers in the same row of t' and same column of t.

Corollary 3.5.19 ([6, Section 7.2, Corollary]). For two standard Young tableaux t and t' with
the property that t' > t we have {t'} - ¢, = 0.

Proof. It is given that t’ > t. Then Lemma 3.5.18 implies that there exists a pair of integers
that is present in the same row of t' and same column of t. Let o be the transposition that

permutes the two integers. Then we have that

Ct - 0 = —Cy, since 0 € C(t)

and {t'} - 0 = {t'}, since o € R(t').
So we have,

{t'hco = ({t'} o)er ={t'}o- o) ={t'}ece - 0) = {t'H—ct) = —{t'} - cv.
Therefore, we have that {t'} - ¢, = —{t'} - ¢t = {t'}-c¢ =0. ]
Now from Lemma 3.5.15, Lemma 3.5.17 and Corollary 3.5.19 we have the following.

Theorem 3.5.20 ([6, Section 7.2]). For a tableau t of shape A we have

MMcp =S¢, =C- v #0; (3.1)
MM ey =S e = 0if N > A (3.2)

Proof. For any tableau t of shape A we have S* = (v;). As v, are linear combinations of
tabloids, we have that S* is a C[S,,]-submodule of M*. Then vy € S* = v, -cy € S - ¢4

for ¢, € C(t).
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We know that vi = {t} - ¢, then
Ve ={t}- ¢ - e = {t} - [C(t)|ce = |C(L)] - {they = |C(L)] - vs.

So we have that vicy € C-vy. As all t are nonzero, we have that M* .¢, = S -.¢, = C-v, # 0.
Now for any A’ > A we have that M» = ({t'}) where t’ are tableaux corresponding to \".

Then we have that

MM ey = ({t'}-cy) =0.

As SY - ¢, < MY - ¢y, we can conclude that MY - ¢, = S - ¢, = 0. O

It is implicit from the equations in Theorem 3.5.20 that each S* is irreducible for A ranging
over all partitions of n. A well-known fact is that irreducibility is same as indecomposability
over characteristic zero. If $* = V@ W, then C - vy = S$* - ¢y = V - ¢y ® W - ¢, implies that
one of V or W must contain v¢. Without loss of generality, say V - c; contains vy, then it must
be true that V contains v¢. Now, we know that C - v; is a one-dimensional space. We have that
¢t € C[S,] and V is a S;,-module, implying that V - ¢, € V. Therefore, if V contains v, then
SA =C[Sn] vy = V.

As for each partition of n we have an irreducible representation, we can say that over the
complex numbers there are as many irreducible representations as the number of partitions of
n. From (3.2) we find that c; acts as 0 on S* if A’ > A and therefore for two distinct partitions

A and A’ their corresponding Specht modules S* and S*" are non-isomorphic.

Theorem 3.5.21. The set of Specht modules {S” for all A\ - n} gives the complete set (up to

isomorphism) of pairwise non-isomorphic irreducible representations of S,.

Proof. Through this novel construction, we find that there are as many irreducible represen-
tations of S,, as the number of partitions of n. For each A - n, we have S? is an irreducible
representation of S,,. Every irreducible representation of S,, is isomorphic to exactly one S*,
and hence we get that any pair of two irreducible representations are non-isomorphic. Hence,
{S* for all A - n} produces the complete set of irreducible representations of S,, up to isomor-

phism. ]

Let S* be the Specht module spanned by the columns of @(A). We need to show that the

columns containing the SYT entries are linearly independent and span the module S*, i.e., the
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dim(S?) is the number of SYTs of shape A. As the first step to show the linear independence,

we need to prove that all the SYT elements have different row and column labels.

Lemma 3.5.22. The standard Young tableaux entries in the Specht matrix belong to distinct

rows and columnes.

Proof. Letty,t; be two A-tableaux. If the entries in the first i rows of t, are a rearrangement of
the elements in the first i rows of t;, then we say that t; and t, are equivalent. All such Young
tableaux from the same equivalence class of the shape-A. In other words, their corresponding
tabloids are same.

If two distinct A-tableaux generated by different rearrangements of words creating simulta-
neous histograms belong to the same equivalence class of shape A, then the row-word arrange-
ments remain the same for them and the column word varies depending on the permutation
applied on its arrangement.

For such pair of words we will find that the elements corresponding to them in the Specht
matrix sit in the same row. That is, the elements in each row of the Specht matrix correspond
to the same row tabloid of shape A and they all are in the same equivalence class.

Now, among all these A-tableaux in each row equivalence class, we can find at most one
standard Young tableau as the SYT can be obtained if and only if the labelling of the boxes are
in increasing order of left-to-right and top-to-bottom. Therefore in one equivalence class of a
Young tableaux of shape A there is only one SYT.

By the above discussion we can say that the other rows of the same Specht matrix are
generated by the equivalence class of different labelling of rows of the Young tableaux of shape
A. If any SYT belongs to any other equivalence class then the corresponding element in Specht
matrix will be in a distinct row than the other ones. From these arguments we can conclude that
no two SYT-entries can be in the same row. A similar argument can be devised for the columns
and their equivalence classes leading to all the SYT-entries belong to distinct columns.

Hence, we conclude that the standard Young tableaux entries in the Specht matrix belong
to distinct rows and columns.

]

The next theorem shows that the SYT elements in each respective rows and columns come

as the first nonzero elements.
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Theorem 3.5.23. Let A = 1. Then in the Specht matrix of A\ the elements corresponding to the

standard tableaux are the first nonzero elements in the respective rows and columns.

Proof. Let n be a natural number and A - n.. Let us consider A = (A7,A2,...,A;). Then we
consider p = AT = (uy, 12, ..., 1) be the conjugate partition of A.

Let t be a column-standard tableau of shape A, i.e., the entries in each column of t are
strictly increasing from top to bottom. Let v and w be the words corresponding to the partitions
A and p respectively for which we have a Specht matrix. Then in the Specht matrix ¢ (v, w)
the rows are labelled by the rearrangements of the row word v and the columns are labelled by
the rearrangements of the column word w.

For each column of (v, w), if we look through the respective tableaux for all nonzero
entries, we find only one tableau with all its columns sorted in an increasing order, i.e., for each
column in the matrix we have only one fully column-standard tableau.

Let C =S, xS, x---xS§,, beasubgroup of S, that stabilizes the columns of the tableau
t. Then the tableaux appearing in a column of ¢ (v, w) belong to the same column equivalence
class of t, i.e., the column tabloid [t].

By the construction of simultaneous histogram for a pair of words, it is clear that the distinct
letters of the word v label the rows of t. As t is column standard, the smaller entries in a column
have lower row-index than the larger entries in the same column. Then for each column of t
we have v(; j) < V(i4+1,j) where v(; j) indicates the letter in v corresponding to the box (i,j) in
t.

For any 7t € C, we have 7t acts on t by permuting the entries in the columns of t. Call
the permuted tableau t,. Then t is column non-standard as t, t,; both belong to the same [t]
and there can be only one column standard tableau in each [t]. That means in t, we have at
least one of the columns with t

> tr Now consider 7t acting on the respective row

j) i+1,5)°

word such that v — 7t - v, Vv/. Therefore in v/ we have v’(i i) > v’(i 1

) implying that v < v/
lexicographically.

Hence if we label the rows of the @ (v, w) in the lexicographic order of the row words then
we have the column standard tableaux entries appearing on the top of the respective columns
making it the first nonzero entry.

Likewise we can argue with respect to the lexicographic ordering of the column word w

and the row stabilizer R = S,, X S,, X --- S, acting on the tableaux corresponding to it and

establish the fact that the first non-zero entries in the respective rows indeed turn out to be the
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ones corresponding to the row standard tableaux if the columns are labelled lexicographically.

Whenever we have a tableau t being both row and column standard then we say that t is
standard. Hence we deduce from above that the standard tableaux entries in the Specht matrix
@ (v, w) are the first nonzero entries in respective rows and columns given that the rows and
columns are labelled lexicographically.

]

By extracting just the SYT rows and columns from the Specht matrix, we find that the
elements appearing before the SYT elements in each row are mostly O making it into a lower-
triangular matrix. Therefore, in the Specht matrix the SYT rows and columns are linearly
independent.

In Example 3.5.8, we can think of the Specht matrix @((2,1,1)) as shown in Figure 3.4
where the elements in the matrix are now given as the simultaneous histograms themselves for
the corresponding pair of row and column words rather than the Young characters of the pairs.

Now if we concentrate on just the SYT of shape (2,1, 1) and extract the respective rows
and columns they belong to, we obtain the submatrix as shown in Figure 3.5. Converting the
SYTs in this submatrix back to their Young character values, we find the submatrix from Table
3.3 of the original Specht matrix.

\ 1112 1121 1211
1123 0 0 1

1213 | 0 -1 0
1231 1 0 0

Table 3.3: SYT-extracted submatrix of Specht matrix @((2,1,1))

We see that the submatrix takes a nice form with its nonzero entries on the non-prime
diagonal. Another rearrangement of the column words can be used to convert the matrix to
a diagonal matrix with respect to the main diagonal. Therefore, evidently, we establish that
the rows (respectively columns) containing the SYT elements in the Specht matrix are linearly
independent.

We can easily compute Specht matrices for any small n > 2. By computing Specht matrices

for n > 5, we found that for certain partitions of n the extracted Specht submatrices do not

In Figure 3.4, it can be seen that on the row labels, any two row words are connected by an edge and the
number seen on these edges indicate the product of Coxeter generators ¢ whose action changes row word w to
w - 0. By the right-action of same permutation o on t,, corresponding to w, the tableau t,,., corresponding to
Ww - 0 can be obtained. Similarly for the column labels.
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Figure 3.4: Specht matrix @((2,1,1))
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& 3 32
1112 1121 1211

A
1231

Figure 3.5: Truncated Specht submatrix ¢@((2,1,1))

have the form of a diagonal matrix as can be seen in Table 3.3, rather they take the form of a
lower-triangular matrix with respect to the main or anti-diagonal. We can consider the Example

3.5.24 to demonstrate this.

Example 3.5.24. Letn = 5and A = (2,2,1). Then the conjugate partition is AT = (3,2).
Then for the row and column words being w; = 11223 and w, = 11122 respectively, we find

the extracted Specht submatrix as shown in Table 3.4.

12121 11221 12112 11212 11122
11223 1 0 0 0 0
12123 0 -1 0 0 0
11232 0 0 -1 0 0
12132 0 0 0 1 0
12312 1 0 0 0 -1

Table 3.4: SYT-extracted submatrix of Specht matrix @((2,1,1))

An element 1 corresponding to the pair of words (12312,12121) can be seen here. It
happens due to the existence of inter-tableau as mentioned before. Whenever a pair of integers
is present in the same row of one SYT and same column of another SYT, in the intersection

of these two SYT we find an inter-tableau. This phenomenon turns the SY T-extracted Specht

In the submatrix in Table 3.4 it can be noticed that the row and column labels are not in lexicographic order.
These labellings are arranged in such a way that helps us to bring the shape of the submatrix into a lower-triangular
form.
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submatrix into a lower-triangular matrix rather than just diagonal. Such inter-tableaux appears
in Specht matrices for partitions of n > 5.

Now we must show that the SYT columns in the Specht matrix span the module S*. As we
put all the rearrangements of wy vertically at the left of the matrix in our construction, we have
that the length of each column of the matrix is same as the number of the rearrangements of
w; . Hence the choice of columns for the basis of the module S*.

Using arguments from [6], [15] and [ 8], we give a global argument that the linearly inde-
pendent columns of the Specht matrix do indeed span the Specht module. In a combinatorial

sense, hook length formula gives us the number of SYT for each partition of n.

Definition 3.5.25 ([5]). If b = (i,j) is a box in the diagram of A, then it has a hook
Zo = 21y = (L0 = i U{E, ) > 1

with corresponding hooklength
&b = &ij = 244l

Let us define f» to be the dimension of Specht module as found in literature [6]. Then the

hook formula is as follows:

Lemma 3.5.26 ([5]). For each A = n we have f* to be the number of standard tableaux of

shape A decided by the hook length formula

n!

=
M e

From regular representation of S,, and combinatorial description by Robinson-Schensted-

Knuth (RSK) correspondence [4], we know that

Z(f}‘)2 =nl.

AFn

Now, as the SYT columns in the Specht matrix are linearly independent, there are precisely
f» independent columns in each matrix. Hypothetically, if there exists one more column that
is linearly independent, then the RSK correspondence fails. This happens due to the fact that
the number of SYT would be less than the number of independent columns. Therefore, it is not

possible to have anymore linearly independent vectors in the space than .
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A basis consists only of the linearly independent vectors. Hence we showed that the span
of the set of SYT-columns in the Specht matrix for A is indeed the Specht module S*.

We know that each S? is irreducible and Specht modules associated with different partitions
are non-isomorphic. So there are as many Specht modules as the number of partitions A of n.
This forms the complete set of irreducible representations.

From the RSK-correspondence we find that the sum of the squares of the degrees of irre-
ducible representations is same as the order of the group S,,.

Let for our construction d* = dim(S*). The RSK-correspondence implies that for each A

we have d* > f*. Now if |t,| be the number of SYT of shape A, we have

> () =) It =n.

AFn AFn

This implies it must be true that d* = f*. Hence, dimension of each S* is equal to the number
of the SYT of shape A.

We have now established that the vectors in the set of SYT columns of the Specht matrix
are linearly independent and they span the whole module S*. Therefore, we have the following

theorem.
Theorem 3.5.27. If A - n then the set of SYT-columns in @(\) forms a basis of S™.

It is well-known that the set of polytabloids v, for all standard tableaux t of shape A is
a basis of the Specht module S*. Due to the well-established connection between v, and v,,,,
(columns of Specht matrices) for w, being a column word in the set B of all its rearrangements,
we have proved that (v,,,) = S*. With help of the Specht matrices we have now bridged all
the gaps between the existing literature and this new construction. Therefore, it is now well

connected to the existing theory.

3.6 Representing Matrices

Naturally the question that follows next is how do we represent the group using this construc-
tion of the Specht matrices. To answer that let us now get to the construction of representing
matrices for the group elements. The mechanism to build these matrices uses simple ideas from

linear algebra such as solving linear equations.
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We pick a o from the finite symmetric group A,,_;. Let X be the set of all rearrangements
of the row word w; and |X| = k. By the action of ¢ on the set X, we obtain a permuted list X’
of the same set, i.e., X’ = {i°[i € X}. Let m € Sy be the permutation such that X - T = X'. In
the Specht matrix sense it means that the elements in each column of the matrix ¢@(A) is now
rearranged by 7t. Let C be the set of columns of @(A), and C' = {c™|c € C} which is another
rearrangement of C itself. Let B be the set of basis vectors, the SYT-columns in C and let V be
the set of rearranged SYT-columns in C’. Now, we express each v € 'V as a linear combination
of the vectors b € B. Then, we extract the coefficients of these linear combinations and put
them in the rows of a matrix, denoted by M, € GL, (C) for k = |B|, which is the representing

matrix corresponding to 0 € A, 7.

Let for A - n there be k number of SYT. Then the dimension of the Specht module S* is

k. Let us have

T 1 T
B= by by -+ by,
A \J

the matrix made up of the basis vectors (SYT-columns in C). Now for o € S,,, we have that
C'=C-.o0.LetV ={vi,va,...,vi} C C’ be the set of rearranged SYT-columns from B. Let
X; = {Xj1,%j2,...,%5x} C C be the sets of coefficients for j € {1,2,...,k} corresponding to
each v; such that
K
vy = Zinbi = B-Xj =vj.

i=1

Then we have that

Xj :371 'Vj.

Now, if we collect these sets of coefficients Xj for all the v; in a set then we obtain the repre-

senting matrix corresponding to o as

X111 X12 - X1k

X21 X22 -0 X2k
M, =

Xk1 Xk2 - Xkk

These representing matrices give us the natural irreducible representations of symmetric

group. As can be seen, the mechanism used are basic linear algebraic techniques of solving
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system of linear equations. The following example shows explicitly the compatibility of this

construction with the group elements.

Example 3.6.1. For n =4, let us consider the group A3.

As
$1 S2 S3

Then generator set of Az is
S ={s1,s2,83} ={(12),(23),(34)}.
We have the partitions of 1 as
(1,1,1,1),(2,1,1),(2,2),(3,1) and (4).

Now let us pick each of these generators, s € S and for them we find the corresponding

representing matrix M for each A - 4.

1. For the partition A = (1,1,1,1) we have M? = [—]} forall s € S.

2. For A = (2,1,1) we find:

e if s = (12) then

0o 0 -1
e if s = (2 3) then i i
o -1 0
MYz =|=1 0 0
o 0 -1
e if s = (34) then i i
-1 0 O
Migy=1]0 0 -1
o -1 0
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In the group, we have that ((12)-(23))® = ((23)-(34))® = ea,. Here we get to see

that
100
(M 2)- M7z 3))3 = (Mfy35)- M3 4))3 = (M{; 2)- M 4))2 =101 0
0 01
3. For A = (2,2) we find:
e if s = (12) then
1 1
Mf} 2y =
0 -1
e if s = (2 3) then
0 -1
Mf‘z 3 =
-1 0
e if s = (34) then
1 1
M%g 4=
0 -1
10
Note that, M?] 2)(34) = M?] Z)M?g 4 = . In fact, for any double transposition
0 1
0
o, we have that MA =
01

Likewise, see that

10

(M?1 2)" M?z 3))3 = (M?z 3)° M?z» 4))3 = =

4. For A = (3,1) we find:
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e if s = (12) then

MY y=10 1 1

0 0 —1
e if s = (2 3) then
1 0 O
M?z 3= 10 0 —I
0o -1 0
e if s = (34) then
o -1 0
M?a sH=|-1 0 0
0O 0 1
Likewise, see that
100
(Mfi 2) - Miz3))° = (M3 - M34))° = (M 5) M5 )" = [0 T 0
0 01

5. Lastly, for A = (4) we have M = [1] forall s € S.

Therefore, it can be noticed that for all the partitions above, our construction works effi-
ciently. Another interesting point to note is the dimension of these representing matrices M.
Each of these matrices M is square and its dimension is the square of number of SYT for the
partition A. To think of it with the help of a concrete example we can consider all the repre-
senting matrices for o = (1 2) for all the partitions A - 4 and put them in the diagonal of a
block matrix, the dimension of which will be the sum of the dimensions of each of S*, and the

squares of these dimensions add up to the order of S, i.e., 4!.
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—1

3.7 Characters and Character Tables

The significance of group characters in the representation theory of finite groups cannot be
disregarded. It helps us to verify the construction in terms of traces of the representing matrices.

For each partition A - n, we can pick the set of the conjugacy class representatives and
find the character for each of the set elements, which are simply the traces of their representing
matrices for the particular A.

To demonstrate this we need the conjugacy class representatives, the classes and their cor-
responding diagrams. Here we work with the symmetric group S, or the Coxeter group A3 to
demonstrate this.

Let the set of conjugacy class representatives of S4 be

Class(S4) = {id, (1 2),(12)(34),(123),(1234)}

which respectively correspond to the partitions

(L1, 1,1),(2,1,1),(2,2), (3,1) and (4).

Then we have their corresponding Young diagrams respectively as

oL L D Janal [ LT

Now that we have all the prerequisites, we can start with an example.

Example 3.7.1. For all partitions of n = 4, we list out the characters for each of the class



50 CHAPTER 3. SYMMETRIC GROUPS
representatives as follows:
1. For A = (1,1,1,1) we find:
e M) = [1} implies that x(id) =1
e M), = [_1} implies that x((12)) = —1
134) = [1] implies that x((12)(34)) =1

M
MU 2)

. M
M) 123 [1} implies that x((123) =1
M2

(1234) = [—1} implies that x((1234)) = —1

2. For A = (2,1,1) we find:

100
e My = |0 1 0} implies thatx(id) = 3
0 01
1 1 1
* M}y, =10 —1 0 | implies that x((12)) = —1
0O 0 -1

* MY o50=|0 0 1| impliesthatx((12)(34)) =—1

* MY 55 = implies that x((123)) =0

MY 534 = implies that x((1234)) =1
3. For A = (2,2) we find:

o, .
« M) = implies that x (id) = 2
0 1

1 1
* My, = [ ] implies that x((12)) =0
0 —1
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10
. M?I 2)(34) = [O 1] implies that x((12)(34)) =2
o 11
* MY L5 = implies that x((123)) = —1
-1 -1

-1 0
* MY 534 = [ ] implies that x((1234)) =0
1 1

4. For A = (3,1) we find:

1 00
e M) = |0 1 0} implies thatx(id) = 3
0 0 1
1 0 1
* M}y, =10 1 1 | implies that x((12)) =1
0 0 —1
0 —1 —1
* M} )34y = |1 0 1 | implies thatx((12)(34)) =
o 0 -1
1 0 -1
« MY 55 0 O 1 | impliesthatx((123))=0
0o -1 -1
o 0 -1
. Mf} 234)= |—1 0 1 | impliesthatx((1234)) =
o -1 -1

5. For A = (4) we find:

A
Mjg =

—

1} implies that x (id) = 1

M}, = [1] implies that x((12)) =1

4 = []] implies that x((12)(34)) =1

M
M) 123 [1} implies that x((123)) =1
M2

N 234y = [1] implies that x((1234)) =1

—1

—1

51
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Now summing it all up altogether in Table 3.5, we find that it is the same as the character

table in GAP.
id (12) (12)(34) (123) (1234)
(1,1,1,1) | 1 —1 1 1 —1
(2,1, 1) 3 =1 —1 0 1
(2,2) 2 0 2 —1 0
(3,1) 3 1 —1 0 —1
(4) 1 1 1 1 1

Table 3.5: Character table of Coxeter group A3



Chapter 4

Monomial Groups

We now know the construction for the very basic type of Coxeter groups, and so we can con-
struct the Specht modules for some of their generalisations in this chapter. This construction is

going to be analogous to that of symmetric groups but with added layers of complexities.

Let us consider a complex vector space V of dimension n. Then a non-trivial element p of
GL(V) which acts trivially on a hyperplane called the reflecting hyperplane of p, is a complex
reflection of GL(V). If we then take G to be a finite subgroup of GL(V) generated by complex
reflections, we can call the pair (V, G) to be a complex reflection group. Therefore, (V, G) is
a finite group of transformations of a complex vector space generated by complex reflections,

i.e., transformations that fix some hyperplanes.

Any finite Coxeter group can naturally be regarded as a complex reflection group by com-

plexifying the vector space on which its reflection representation acts.

4.1 Monomial Groups, Generators and Class Representatives

A root of unity is a complex number that yields 1 when raised to the power 1 where 1 is some
positive integer. Therefore, an 1-th root of unity is a complex number z satisfying the equation
z" =1.
For any positive integer 1, the r-th cyclotomic polynomial is the unique polynomial which
is irreducible over Q with integer coefficients that is a factor of z'—1 and is not a factor of
2k

z% — 1 for any k < 1. All roots of this polynomial are all primitive roots of unity exp(=7),

where k runs over positive integers not greater than r and coprime to 1. In other words, the r-th

53
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&

Figure 4.1: Twelfth roots of unity

cyclotomic polynomial is equal to

0.2)= [ (z—expZT).

T
1<k<r
ged(k,r)=1

Therefore, we can say that the zeros of the polynomial p(z) = z" — 1 are precisely the r-th
roots of unity w,, each with multiplicity 1. For example, the twelfth roots of unity are shown

in Figure 4.1.

Definition 4.1.1 (Monomial Matrix). A matrix M € GL,(C) that has the same nonzero
pattern as a permutation matrix with exactly one nonzero entry w in each row and each column

is called a monomial matrix.

Monomial matrices are also known as generalised permutation matrices. Clearly, an invert-
ible matrix M is a monomial matrix if and only if it can be written as a product of an invertible
diagonal matrix D and a permutation matrix P, i.e., M = DP. Now let us have a look at

Example 4.1.2 that shows this decomposition of the monomial matrices.
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Example 4.1.2. Let the monomial matrix be

(0 0 0 10 0 0]
0 0 w200 0 0
0 0 0 00 ws O
M=|0 0 0 00 0 ws
w; 0 0 00 0 O
0 w; 0 00 0 0
(0 0 001 0 0]

with third roots of unity embedded in GL7(C). Then A = DP where

1 0 0 0 0 o0 O 0001000
0O ws 0 0 0 0 O 0010O00O0O0
0O 0 w3y 0 O 0 O 0000O0T10
D=0 0 0 w3 0 0 0}, P=10 0 000 01
0O 0 0 0 w3 0 O 1000000
0O 0 0 0 0 ws O 01 00O0O0O
o0 o0 0 0 0 T 0000100

Definition 4.1.3 (Monomial Group). Let n € N and 1 be the number of roots of unity. A
monomial group G, +, as a subgroup of GL,, (C), is a group of n X n. monomial matrices with

entries being the r-th roots of unity.

It is now time to see it from the perspective of the complex reflection groups. Before we

start with complex reflection groups, we give a formal definition of complex reflections.

Definition 4.1.4 ([8, Definition 5.2.9.: Complex Reflections]). Let V be a finite-dimensional
vector space over C. Given any nonzerov € V and an element g € GL(V) of finite order, we

say that g is a complex reflection with root v if v is an eigenvector for g.

Let G be a finite subgroup of GL (V) consisting of the set R of complex reflections. Then we
say that G is a complex reflection group with respect to R if G is generated by R. A definition

of complex reflection groups fitting our purpose for the chapter is given as follows.
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Definition 4.1.5 ([ 13, Section 2.1]). Let T,p,n € N such that n is divisible by p and let w, =
exp(%) where i = \/—1. The groups G(r,p,n) are the subgroups of GL,,(C) consisting of

matrices such that

* the entries are either O or power of W,
* there is exactly one nonzero entry in each row and column, and

o the (v / p)-th power of the product of all nonzero entries is 1.

We are mostly interested in these groups with respect to the roots of unity. For that reason in
this chapter we put a restriction on p by fixing p = 1. Then the groups turn out to be G(r,1,n)
with r-th power of the product of all nonzero entries is 1. Therefore, the order of the group is
IG(r, ,n)| =1™-nl

As G(r,1,n) now fits the Definition 4.1.3, from now on let us use the general notation
Gn,r = G(7, 1,n) for the monomial groups. We know that G,, , C GL,,(C) andeachg € G, »
is of the form M = DP for some diagonal matrix D and permutation matrix P.

Let A, € Gy, be the subgroup of all nonsingular diagonal matrices D. Clearly, A,, is an
abelian group and it is a normal subgroup of G, . We denote it by A,, < G, ;.. Since each
diagonal entry can be an 1-th root of unity w¥, we have that |A,,| = ™.

Let P, C Gy be the subgroup of all permutation matrices P. Clearly, [L,,|] = nl.
Naturally, we have that 3, = S,,.

As A, NS, = {1}, we have |A,, - Si| = |AnlISnl/|IAn N S| = r™n!. Then we have that
Gn,r = Ay % S;,. From here we can also draw that G, /A, is canonically isomorphic to S,,.

Let §; € Gy r for 1 < j < n be the diagonal matrix whose j-th diagonal entry is w, and all
the other entries are 1. Then A,, is generated by &¢,...,0n.

Then we get that the monomial groups G, are generated by the set (;, s : o) = s2=1)
for1 <j<n Heres =s; = (i,i+ 1) fori € {1,--- ,n — 1} be the transpositions that
generate S,,. Let I, be an identity matrix of dimension n x n. For each element g € G, ., we
have the corresponding generalised permutation matrices. The following proposition describes

these matrices.

Proposition 4.1.6. Let G, » be a monomial group generated by the set (55,5 : 8] = s?2 =1) for

1 < j < n. Then the corresponding matrix &y is a diagonal matrix with its diagonal entries in

27
T

the order {wy, 1,1, ..., 1} where w, = exp(=2), and the corresponding matrix s is obtained

by the action of s on 1,, by permuting its rows.
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Now we look into the Coxeter-like diagram of the monomial groups and thereafter we will

understand this group from a different aspect. The diagram is as follows:

T G(r,T,n) (n > 2)
01 S1 S2 S3 Sn—1
In the diagram, we can see the generators indicated by the nodes are d1,S7,82,...,5n_1

such that 87 = s? = 1. We also have that s1875187 = 875187157 and (s;87)* = 1 only when

83 =s? =1.

4.2 Conjugacy Classes in G, ;

The groups G, are isomorphic to the wreath product of the cyclic group of order r with the
symmetric group S,,. Hence the conjugacy classes and characters are parameterized by r-tuples

of partitions, such that the total sum of their parts equal n.

Definition 4.2.1 (Multipartition). Let n = Zz;g aiandn,a; € Nfori=0,1,2,...,7—1.
Let A\; = ai. Then the tuple A = (Ao, ...,Ar_1) is called a multipartition of n denoted by
A I: n

As an example, let us consider n = 10. Now forr = 3 and ap = 4,a; = 4,a; = 2 we
have ap + a; +a, =n. If Ag = (3,1) F ap, A\ = (2,2) - ay and A\, = (1,1) I a;, then we
have A = (Ao, A1,A2) = ((3,1),(2,2),(1,1)) Ii 10.

From Chapter 8 in [12], we know that the conjugacy classes are described by the cycle
structures of the elements in the groups. Therefore it is important that we discuss the cycle

structures for the elements in the monomial groups G,, ; as a subgroup of GL,,(C).

Definition 4.2.2. Cycle structure of an element in G, . is defined to be the tuple of cycle lengths

of each cycle that contributes to the group element.

We already know that each element M € G, ; can be written as M = DP where D is
a diagonal matrix and P is a permutation matrix. It is sufficient to use the notations D =
diag(d;, dy,...,d,) where each d; is an r-th roots of unity sitting on the main diagonal of the
matrix D, and P = 7 where 7 € §,, is the permutation corresponding to the matrix P. The
conjugacy classes of G, , are decided by the cycle structure of matrices M € G, » in the way

as follows.
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Any permutation 7T = 77T, - - - T € Sy, is a product of disjoint cycles 7y, 7, . . ., Ty, and
so 7t has a cycle structure associated to it. Let 1 < 1 < n be a point and so 1 belongs to some
permutation 7t;. For each 1 we also have a corresponding root of unity d; = w,, at the i-th
position in the list of diagonal elements [d;, d3, ..., dn].

LetT = [1, w,, w?,...,w" '] be the list of all r-th roots of unity. Let us denote the element
at the k-th position in the list I" by I'[k] for 0 < k < r. Now forall i € 7, if [ [; w,, = I'k] then
713 contributes to the cycle structure corresponding to the partition Ax. Now running i through
all the points 1, 2,...,n, we find the cycle structure for each Ay for 0 < k < r, and therefore
eventually for multipartition A.

By using Example 4.1.2 we demonstrate the cycle structure and the conjugacy classes as
described above. If we use the shorter notations then we can express the matrices D and P

respectively as
D :(]aw§>w3>w3)w3>w3a”> and P:(1»5»7»4)(2)6)3)-

Let us write P = 7ty71; where 717 = (1,5,7,4) and 7t; = (2,6,3). Let R = {1, w3, w3} be the

set of third roots of unity. For each of the points in 7t; we have a corresponding root of unity in

D, which will together make a subset of D. Then for 717 we have the set D7 = {1, w3, 1, w3}

and similarly for 71, we have the set D, = {w%, w3, w3}. The product of the elements in the

set Dy is w3 and it implies that 717 contributes to the partition A,. Likewise, the product of the
3

elements in the set D, is w$ = w3 - w3 = w; implying that 71, contributes to the partition A;.

Therefore the cycle structure of the group element A is (&, (3), (4)).

Theorem 4.2.3 ([ 12, Theorem 4.2.8]). 0, p € Gy have the same cycle type if and only if o is

a conjugate to p.

Conjugacy classes of the complex reflection groups are parameterized by the multipartitions
of the natural number n. We will learn more about multipartitions in the next section.

Therefore, we have established similar facts for monomial groups analogous to the sym-
metric groups that two elements are in the same conjugacy class if they have the same cycle
structure.

Now before moving to the next ideas, let us have a look at an example of the monomial
matrices that generate the monomial group with third roots of unity as a subgroup of GLs5(C).

In the group Gs 3 we have the generators {w3, (1,2), (2,3),(3,4), (4,5)}. Then the corre-
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sponding generalized permutation matrices are as follows.

—
oS O
o o O

0
w3z [ 0
0
0

— (&}

o o o o o 9= c o o

(&} o (&}
—_

o
o o O
—

—
o o O
o

(3,4) —

=
3]
o o o o
—
o
o o o o
o o o

Likewise for any other elements 0 € Gy, we have the matrices obtained by the action of

o on I,,. Therefore, we have the whole group G,, , embedded inside GL,,(C).
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4.3 Construction of Irreducible Characters of G,, ;

The conjugacy classes of G, correspond to the multipartitions of n. In [12] we find that
each multipartition corresponds to an irreducible character of G, ». These characters can be
constructed by Clifford theory [&, Section 5.5].

Letn = (ng,...,n,_1) such that n = ZL?O ng. Let A = (Ao, ...,Ar_1) be a multipar-
tition of n = ngy + - - - + n._7 such that Ay = ny for 0 < k < r—1. The construction of the
irreducible characters for G, » corresponding to each A is a complex process and therefore we
are going to start with a special case.

Let n = ny for some k where 0 < k < r—1. Now, let A be a multipartition with all
component partitions being empty except for A,. Then we have that Ay + n. In this case
the group is Gn, » = Gn,r and so we denote the corresponding characters by x,, labelled by
A B

Let all the §; act as w¥ where w¥ is an r-th root of unity. Then it gives a one-dimensional
character ng? of A, denoted by nﬂ? (8;) = w¥ for all j = 1,...,n. This character can be
extended to all G, ; by setting ﬁgi) (o0) =1forallo € S,,.

Now, let By, € Gy, ,» be the natural subgroup isomorphic to S,,,. Let Irr(S,, ) be the set
of irreducible characters of Sy, . Then the Specht module S** has character x», € Irr(Sy, ).
By composition with the canonical projection G, » — Sn,, let Xa, € Irr(Gy,+) be the
irreducible character corresponding to x,,. Then the inner tensor product ﬁgfj ® XA, 1S an
irreducible character of Gy, + = Gn ».

For each ny we have an irreducible character by the above construction, which gives us, in
general for n = (no,...,Nn,_1) an irreducible character of G, » X --- X Gy, , ;. We now
proceed with the construction of the irreducible characters for the G, , group.

Let us define a linear character N, of G » by n = &i;]ong? where X is the outer tensor
product of nﬂ?. Then the characters 1,, gives a complete set representatives for Irr(A,,) under
the induced action of G, , since it acts on A, by permutation of dy. So, by Clifford’s Theorem

[11, Theorem (6.5)] we find that

Ir(Gny) = | ] I(Guyr I 7n) (4.1)

-1
Yicomi=n

where Irr(Gy, ; | 1w ) is the irreducible characters of G, , that contains 1y,.

Again, the stabilizer of n,, in G, » is the subgroup HEL Gnyr = Grgr X -+ X Gy s
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since Gnr acts on A, by permutation of 8. Let Irr( L_:]o Gny,r | nﬂ) be the set of all

VP e Irr( i_::) G nw) whose restriction to A, contains n,,. We then have the description

r—1
1rr< [IGn.r| nn> = { Ri—b (MY @ %) [ Ak - nk}. (4.2)
k=0

Then, by [ |, Theorem (6.5)], the induction Ind%‘:’j] G defines a bijection
k=0 Ony,r
r—1
Ir([ [ Gur IMm) ——= Ir(Grp [ M)y, o), @ %) — xae (43)
k=0

Therefore, combination of (4.1) and (4.3) gives us a natural parametrization of Irr(G,, ;) by

the multipartitions A = (A, ..., A,_7) such that ZL_:]O Akl =n.

4.4 Multipartitions and Words

Some notions of tableaux to be used throughout this chapter are going to be defined in this
section. The groups G, , are isomorphic to the wreath product of the cyclic group of order r
with the symmetric group S,,. From the discussions in Section 4.2 and Section 4.3 we find that
the classes and characters are parameterized by r-tuples of partitions, such that the total sum of
their parts equal n.

In order to construct the Specht modules with the idea of Specht matrices the first require-
ment is to decide on the types of words which depends on the types of letters. To establish a
general case of this construction, we are going to introduce different indices to denote which
letter belongs to which partition in the multipartition.

Let A = (Ao, A1,...,Ar_1) be a multipartition of n. Here we make the convention of using
the indices i = 0, 1,...,r—1 to indicate the letters corresponding to the partition A;. Therefore
the letters would be of the form ;.

For a multipartition A = (Ao, A1y...,Ar 1) li n, we construct a canonical word w,,. For
each A; we have the corresponding canonical words w,, made up of the letters in the same way
as we have seen for the S,, words, except for each letter now has an index i € {0, 1,...,7—1}.
Then the canonical word corresponding to the multipartition A is Wy = W Wy, - - Wy, .

As an example if we consider the multipartition A = (Ao, A1,A2) = ((3,1),(2,2),(1,1))

then the corresponding component canonical words are wy, = ToloTo20,Wn, = 11112,2;
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and wy, = 1,2,. The canonical word corresponding to A is therefore wy = wj Wi, Wy, =
101010201117121271,2, where the letters indexed 0, 1, 2 correspond to the partitions Ao, A7 and
A respectively, and the multiplicities of the letters are defined as seen for the symmetric groups.

Now, for A li n we have the corresponding canonical word w,. As there are n letters in
W, the symmetric group acts naturally from the right by rearranging the letters. As a result of
this S, -action, we find an orbit as a set consisting of all the rearrangements of w,. Therefore,
the action on a single orbit yields a transitive action of S,,. These permutation actions on words
are the same as those in in Chapter 3.

If we denote the stabilizer subgroup of S, corresponding to the word w, by Stab(w,)
then we have that Stab(w,) = S,, x --- x S,, , where S,, denotes the stabilizer subgroup
of the symmetric group S,,,. Each §S,, stabilizes the corresponding word component wy,. As

T b Sn, < S, we have that [T_g Sa, < Sn.

Evidently, as each component partition A; counts the multiplicities of letters indexed 1i, the
multipartition counts the multiplicities of all the letters in a word. Since different multipartitions
belong to different conjugacy classes of Young subgroups, it can be said that the isomorphism
type of a set of rearrangements of a word is a multipartition of n.

Therefore, for any given word w, one can associate a shape, which is a multipartition. This
can be achieved by counting the number of times each letter with index 1 appears and then by
assigning it to a partition A, the i-th component partition of a multipartition A. We use the

same notation as of symmetric groups to denote the associated shape by A(w) for a word w.

Proposition 4.4.1. As permutation action of HLjo Sn,, the rearrangements of a word w
of length n and the rearrangements of a word w; of length n are isomorphic if and only if

Alwr) = A(wa).

Proof. This proof follows from the proof of the Proposition 3.3.3 in Chapter 3. The only
difference here is that the letters in this case are indexed rather than just letters in the symmetric

groups. O]

The following definitions and propositions are built up in a similar fashion to the definitions

of a diagram and related properties as discussed in [ 18] and Chapter 3.

Definition 4.4.2 (Multidiagram). A multidiagram is a finite subset of product of v copies of
NZ2. The elements of a multidiagram are called diagrams and the elements of each diagram are

called boxes.
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Definition 4.4.3. Given a multipartition N = (Ao, A2, ..., Ar_1), the multidiagram associated
to N is
D(A) ={D(A)Ii=0,1,...,7—1}

where D(Ay) is the diagram corresponding to A;.

Proposition 4.4.4. A multidiagram D(A) = [D(Ao),...,D(A._1)] is the multidiagram of a
multipartition N = (Ao, ..., Ar_1) if and only if each D(A\;) for 0 < 1 < r is individually

closed under coordinate-wise <.

Proposition 4.4.4 is a generalised version of Proposition 3.3.6. Therefore it follows from
the arguments seen in [ 8].

To construct the Specht modules, we are interested in multidiagrams where each component
diagram is corresponding to a partition. Naturally, as a visual representation of each word in
the orbit of w;, we can associate a multihistogram to it. This idea of a multihistogram follows
the same model for histograms. There is a A(w) = (Ag,A1,...,A._1) for any word w. For
each A; we have a histogram hmi' Therefore, for any word w, we can find a multihistogram

(hww .++yMw, ) asatuple of histograms.

Definition 4.4.5 (Multihistogram). Let w be a word considered as a functionw : {1,2,3,...,n}
— {1o0y20y -y 11,2140y 121, 2v21, ... }. Then the multihistogram, denoted by H.,, of the
word w is the set w1 (15), w1 (20),... L, w1 (11),w " (2¢),... ..., (w1 (1,_1),

w(2,_1),...}} of pre-images of its distinct letters.

As an example, let us consider A = ((3,1),(2,2),(1,1)) andwy = 151010201711121271,2;.
Then the rows of each histogram corresponding to each partition is labelled by distinctly in-
dexed letters. Let 0 = (185734610)(29) € S19. We obtain a rearrangement of wy - 0 =
21152011272,15171191 by the right action of o on w,. Their respective multihistograms are
as shown in Figure 4.2.

Therefore, for each component histogram we get a sequence of subsets of {1,2,...,n}
decreasing in size. The union of the collection of all subsets for all the component histograms
give us the set {1, 2,...,n} back. From these subsets, we can recover the word corresponding
to a given multihistogram. This recovery process is an extension of the same for the symmetric

groups.

Proposition 4.4.6. For any given multihistogram Hl.,, there is a unique word w corresponding

to it. The word w can be recovered from H,,,.
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lo7 910 1h48 12
201 2115 221

(b) wy, - 0 multihistogram

Figure 4.2: Multihistograms for w) and wy - o

Let w be a word with letters {19, 20,30y..., 11,21,31,..., 12,22, 33,... lc}. For each of
the indices we have a few letters. Consider a multihistogram H,, = {hWAo’ ceny hWAM }. Now,
each row of h,,, has some elements, giving us a subset of {1,2,...,n} corresponding to a

row tabloid. Each row of h,,, is labelled by a letter with index 1. Let us denote the row
subsets by ., [li] where 1; is the letter labelling the respective rows. Then we have that
U{;& ha,, (li] ={1,2,...,n}. These subsets Ry, [L;] describe the position of the letter 1; in
the word w. Therefore, running through all i € {0, 1,...,r—1} and for all letters 1;, we obtain
the n-lettered word w corresponding to H,,,.

For example, consider the multihistogram in Figure 4.2(b). Then the corresponding set of
distinctletters L € {19, 20, 11,21, 12, 25} with respective set of subsets h,,, L] € {7, 9,10}, {3},
{4, 8},{1,5},{2},{6}} describes the positions of each l; in the word. Therefore, for all i €
{0, 1, 2}, we obtain the word corresponding to this multihistogram is w = 271,20112712;10111015.

The symmetric group S;, acts on the words w of length n by giving all the possible rear-
rangements of the word. The same can be understood with the help of their respective multi-
histograms. Naturally, the question that follows is how these rearrangements of a single word
are ordered. For the symmetric groups we had the natural lexicographic ordering, which was
defined by the ordering of the natural numbers. As we have indexed letters now, we can not
extend the same natural ordering here. Therefore, we define a lexicographic ordering on the

words for this group.

Definition 4.4.7 ([ 17, Lexicographic Order]). Let us set the convention of the ordering of the

letters 19 <20 <30 < <11 <21 <31 < <11 <2, 1 <31 <.
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Given the ordering among the letters in Definition 4.4.7, we can compare any two words
made up of these letters. Consider two words w = wiw;,...w,, and v = viv,...v, of
same length n. Then we say that w = v if w; = vi, w < v or w appears earlier than v
in the lexicographic order if we have w; < v;, and w > v or w appears later than v in the

lexicographic order if some w; > v; forany 0 <i <.

4.5 Multitableaux and Pair of Words

We have an analogue of a Young diagram for the case of monomial groups similar to the idea in
Chapter 3. As there is a multidiagram corresponding to every multipartition of a natural number
n, each row of the corresponding component diagram has a length. Assigning an empty box
to each of these positions in the rows of the diagrams, we convert the diagrams into Young
diagrams. Therefore, the multidiagram of which each component diagram is a Young diagram,
is called a Young multidiagram. Clearly there are n boxes in a Young multidiagram. Now,
filling the n boxes with numbers {1, 2,...,n} will give us an analogue of the Young tableaux

that are used to represent S,,.

Definition 4.5.1 (Young Multitableau). If A = n, then a A-multitableau (or Young multi-
tableau of shape M) is a 3-dimensional array t of integers obtained by placing {1,2,...,n}in
the boxes of v Young diagrams corresponding to each A; respectively, i.e., t = (to,...,tr_1)

is a Young multitableau where t; is a Young tableau of shape A; fori =0,1,...,v—1.

3
As an example, we have A = (Ao, A1,A2) = ((3,1),(2,2),(1,1)) F 10 and therefore one

of the corresponding multitableaux is as follows

115[3]6]2], 8]
4 700 |9

Clearly, by the right-action of S, we will have a corresponding multitableau for each element
in S1o. This implies there will be a total of 10! Young multitableaux of shape ((3, 1), (2,2),(1,1)).
As a generalisation, for any multipartition of n, we have a total of n! Young multitableaux.

The analogue of standard tableau and canonical tableau are as follows.

Definition 4.5.2 (Standard Multitableau). A Young multitableau is a standard multitableau
when the numbers in the boxes of each t; in t are increasing to the right and to the bottom for

each row and each column respectively.
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From now on we will use the abbreviation SYMT for standard Young multitableau.

Definition 4.5.3 (Canonical Multitableau). Canonical multitableau of shape A is a SYMT
denoted by t\ = (to,...,t,_1) can be obtained by filling out the boxes of to row by row with
non-repeated integers {1, ..., o} so that ty is standard, followed by filling the boxes of t, with
integers {ap + 1,a0 + 2,...,a0 + a1} and so on until all the tableaux t; for 0 < i < 1 are

filled with integers {1,...,n}.

3
As an example, for A = ((3,1),(2,2),(1,1)) F 10 we have the standard canonical A-

multitableau as

ta=[1]2]3],[5]6], |9].
4 718

Therefore we have the natural action of symmetric group on the labelling of the boxes
of the multitableau. As an example, (1,3)(4,10)(6,8,9) € Sio acts from the right on the

multitableau mentioned above as follows

112[3]5[6], [9]-(1,3)(4,10)(6,8,9) = [3]2]1],/5|9],[8]
4 718 10 716

by preserving the shape of the multitableau but with another numbering of the diagram. For
each multitableau we have a corresponding element in S,,. Let the canonical SYMT be the
multitableau that corresponds to the id € S,,. Then, by applying the group action on the
canonical SYMT we can generate all the possible numberings of the multitableau.

For any multipartition we also need to define the corresponding conjugate multipartition

which will give us another tableau which we will use later on.

Definition 4.5.4 (Conjugate Multipartition). Ler A = (Ao, A1,...,Ar_1) B n. Then the
conjugate multipartition of N is & = (Woy W1y.+.y Ur_1) F M such that wi = A for all i.
Therefore we can also write @ = A" to denote the conjugate multipartition of A analogous to

the symmetric group case.

Therefore, for the conjugate multipartitions AT we also have corresponding multidiagram
of which every component diagram is the transpose diagram of A; in A.
For example, if A = ((3,1),(2,2),(1,1)) then we have AT = ((2,1,1),(2,2), (2)) which

is obtained from the multidiagram




4.5. MULTITABLEAUX AND PAIR OF WORDS 67

The canonical word for AT = ((2,1,1),(2,2), (2)) is therefore wxt = 101020301111212:1,1,.

So we have the multihistogram associated to Wyt as:

1o 1 2 7115 6 ,]2910
20 3 217 8
X

If we take any rearrangement of the integers in each row of the histograms in the multihis-
togram, which describe the positions of the respective row labelling letters in the corresponding
words, then it has no effect on the word itself and remains itself due to the fact that rearranging a
letter in its corresponding positions makes no visual change to the word. Therefore, the subsets
of {1,2,...,n} respective to the row labels fix the word. Therefore it gives us an equivalence
class for the multihistograms which is analog to the equivalence class of the Young tableau in

S, known as tabloids.

Definition 4.5.5 (Multitabloid). Two A-multitableauxt = (to,...,t,_1) ands = (sgy...,Sr_1)
are row-equivalent, t ~ s, if corresponding Young tableaux t; and s; are row-equivalent to each

other for alli = 0,...,r—1. A multitabloid of shape A, or A-multitabloid is then

{t} ={sls ~ t}

where t is of shape A.

In a similar fashion we can define the column-equivalence for two A-multitableaux. There-
fore, we can say that all the A-multitableuax that are row equivalent to t belong to the same row

equivalence class. Likewise, we also define the column equivalence class [t] for t.

Definition 4.5.6 (Intersection Multihistogram). Let for two words u and v of same length n,

their corresponding multihistograms be H,, = {h,,,hy,,...,hy,,}andH, ={h,,,hy,,...,h,_,}
respectively. We define the intersection multihistogram H = H,, N H,, such that H = (h,, N

hyoy i, Ny ooy ha, Nhy ), e, each component histogram h; of H obtained by the
intersection of the corresponding histograms h,,, and h,, of H,, and H, respectively for i &

{0, 1,...,7—1}

We have seen previously in S;; how two histograms intersect with each other and that re-

sults in a histogram of a Young tableau. Similarly, as all the component histograms h; of the
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multihistogram H are obtained by the intersection of two corresponding histograms, they may
not always turn out to be tableaux. We are only interested in intersection multihistograms that

have shapes A - n.

Definition 4.5.7 (Simultaneous Multihistogram). Let (u, V) be a pair of words of same length
Nn. Then there exists a simultaneous multihistogram H = (ho, hq, ..., h._1) for the words pair
(u,v) obtained by the intersection of two multihistograms corresponding to w and v respec-

tively given that the following criteria hold
1. each component histogram h; fori € {0,1,...,r—1} is a simultaneous histogram,
2. the shape of H is a multidiagram that represents a multipartition of n.

Similar to the ideas discussed in Chapter 3, we consider a pair of n-lettered words (wq, w>)
where A(wq),A(w;) Ii n. As the G, , word letters are now indexed unlike in the symmetric
groups, we need one extra criterion to be satisfied for a pair of words to be fit in a simultane-
ous multihistogram, more on that later. Moreover, a simultaneous multihistogram is a Young
multitableau such that each of the component tableaux has its rows and columns labelled by
the distinct letters in the row and column word respectively and the pair (w1, w,) has com-
plementary arrangements. Also, we can see that for the intersection multihistogram to become
a multitableau, the component histograms for words have to be tableaux themselves. There-
fore, the shapes of histograms of the corresponding words that intersect each other need to be

conjugates of each other.

Proposition 4.5.8. Let w and v be two words of same length, and h be the intersection multi-
histogram of their corresponding multihistograms, then the shape of W must be the transpose

of the shape of v.

Example459 Letn = 10. Considerw1 = 101010201]1]22221222 andwz = 10102030]111212]]212.

As clearly seen if we use the pair

W1 10 ]o 10 20 11 1] 2] 2] ]z 22
W) ]0 10 20 30 ]1 ]1 21 21 12 ]2

then they fail to satisfy criterion 1 in Definition 4.5.7 and therefore cannot be fitted in a simul-

taneous multihistogram. Instead if we consider the word wy = 1519102011172,251,2; as it
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is and take a rearrangement of w, as W5 = 192030191127172;1,1,, we can achieve a unique

free orbit. Now we have the pair

W1 10 ]0 10 20 11 11 21 21 ]z 22
W/Z ]0 20 30 ]0 ]1 21 11 21 12 ]2

fully satisfies all the criteria to be fitted in a simultaneous multihistogram as shown in Figure

4.3.

¢ column letters ————

1 1o 29 3o 1y 2y 1y
Slo[1[2[3] L|5]6] 129
%20 4 211 718 2210
N

Figure 4.3: Simultaneous multihistogram of the pair (wq, w))

We can see that A(w;) = ((3) 1)) (2)2)> (]) 1)) and A(wz) = ((2» 1, ])) (2>2)) (2)) =
A(w1)T. Now in the pair (wy,w)), each column (1}, 1?/2) is corresponding to a numbering

in the boxes of tableaux in the multihistogram. The respective numbers in the boxes therefore

denote the position of the column in the sequence of columns in the word pair.

123456728910
wlﬁlo 10 10 20 11 11 21 21 12 12
wy—lg 2030 1011211121 1219

Therefore, by right-action of symmetric group on the pair of word we get a different order-
ing of the columns and this in return give us all the possible numbering of the boxes in the
simultaneous multihistogram.

We see that the multitableau for the pair of words (W7, w>) in Example 4.5.9 is a simulta-
neous multihistogram. An interesting point to notice is that the letters in any column of the pair
of words have same index. The rows and columns of the i-th histogram in the simultaneous

histogram is labeled by the letters indexed by 1 in the words w; and w; respectively.
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For two multihistograms to intersect each other to give a simultaneous multihistogram, we
must have the i-th component histogram of one word intersects the i-th component histogram
of the other word, i.e., in the pair of words (w7, w;) the letters in any column must have same
index.

So in the same way, these simultaneous multihistograms can be achieved by the intersection
of two multihistograms for corresponding words such that each component histogram for index
1 of one word is intersecting the component histogram with index 1 of the other word. Hence,
(w1, w,) is a simultaneous multihistogram if and only if A(w;)T = A(w;) and the elements
in the j-th row of the i-th histogram of w;-multihistogram has same elements as in the j-th
column of the i-th histogram of w,-multihistogram.

Again, S;, acts on each of the words by rearranging its letters. For two words u,v of
same length n, we get the sets of rearrangements U, V by the S;;, action on u,v respectively.
Therefore, S,, action on the pair (1, v) gives us the set U x V, i.e., all possible rearrangements
of the columns in the pair (u,v). Now let us restrict our focus to the pairs of words that in each

column we have both letters with same index.

Definition 4.5.10. Let A I: Nn. Let u = wy and v = wyt be the canonical words corresponding
to X and A" respectively. Let U and V be the sets of all rearrangements of W and v respectively.
We define (U x V)* to be the subset of U x V consisting of all pair of words such that each
pair has letters with matching indices in every column. Then (U x V)* is a S,,-set that has a

unique free orbit characterised by a pair of words that has no repeated columns.

Theorem 4.5.11. Let v and w be two words of length n. Then the action of S,, on the pair
(V',W'), where V' and W' are some rearrangements of v and w respectively, has a unique free

orbit if and only if A(w) is the transposed multipartition of A(v).

Proof. The proof of this theorem is straightforward and uses the same idea of the proof of
Theorem 3.4.11.

Let v,w be two words with of same length n. Let A = (Ao, A1,...,Ar 1) li n and
L= (KLoy 1yeeryUr_1) lI n such that A(v) = A and A(w) = p. Now, let v, W’ be some re-
arrangement of the words v, w respectively for which we have a simultaneous multihistogram
H = (ho,hq,...,h,_1). Therefore, H can be considered as a matrix of which the columns
are made of letters indexed by i € {0,1,...,7—1} and corresponding to each of the words

respectively.
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Now, for each of the words V' and W' we have a corresponding multihistogram. We also
know that multihistograms are set of subsets of {1, 2, ..., n}. Then for a pair of words (V',w’),
we have two multihistograms and two sets of subsets of {1,2,...,n} corresponding to each
word v/ and W' respectively.

The simultaneous multihistogram H therefore is simply the intersection of the two mul-
tihistograms corresponding to v/ and w’ such that each tableau h; € H is obtained by the
intersection of the corresponding i-th histograms of each word respectively. Now, for each of
these component tableau h; in H, we can apply the recovery process explained in Theorem
3.4.11 to avoid the failures (F1) and (F2).

Therefore, for each index i we find that the every distinct letters indexed i of W’ pair up with
the most frequent letter 1; of v/, followed by distinct i-indexed letters of w’ from the remaining
letters pair up with the second most frequent letter 2; of v/ and so on until all the letters indexed
1 are over. Iterating through all the indices, we find that for each 1, the shape of i-th histogram
in the multihistogram for W’ is the transpose of the i-th histogram in the multihistogram of v'.
Hence, u; = A] = A(w) =A(V)".

[

Of all the possible rearrangements of the numbering of the multitableau, we have a canon-
ical multitableau which corresponds to a pair of word. We can call such a pair of words a
canonical pair. A canonical pair of word for the monimial groups can be chosen by following
the same guidelines of choosing the canonical pair of words for symmetric groups, except that

we now also have to carefully consider the indices of the letters.

Definition 4.5.12 (Canonical Pair). A pair (u,v) of words of same length is the canonical pair
if we take u as it is but consider v in such a way that all the distinct letters of index O appear
first once each in the increasing order and then they repeat the pattern until their multiplicities
are exhausted, then repeat the same for letters with index 1, and so on until all the letters of v

are exhausted.

There can be only one canonical pair of such words, however, there are overall r™ - n! ways
to pair up words of same length corresponding to a multipartition and its conjugate multiparti-
tion so that each of them correspond to a Young multitableau. Therefore, as in Example 4.5.9
we can see that all the criteria for satisfying a pair to be canonical hold, we can say that the

chosen pair (w7, W) is canonical. Quite clearly, canonical multitableau always corresponds to
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canonical pair of words and that is why in terms of the symmetric group actions we consider
the canonical pair/multitableau to be a representative of the the id € S,,. Symmetric group acts
on the canonical multitableau from the right by giving us all possible n! possible multitableaux

of the same shape.

Therefore, we have the following corollary as a direct implication of Definition 4.5.10 and

Theorem 4.5.11.

.
Corollary 4.5.13. Let A - 1. The function H : (v, w) — simultaneous multihistogram of (v, w)
establishes a bijection between the elements of the unique free S,,-orbit on the set {rearrangements

of wa} X {rearrangements of w1} and the set of multitableaux of shape A.

At the intersection of two standard multitableaux of same shape sometimes we may find an
inter-multitableau, which of course is nonstandard. Let us understand it with the help of the

following example.

Example 4.5.14. Let us consider two SYMT of shape A = ((2,2,1),(1,1),(2)),

t =

4,,89 and t, =

2,,89

‘wN—A
o

(G|w[—=
~

respectively. Then for t; we have the row stabilizer subset as {t;} = {{{1,4},{2, 5}, {3}}, {{6},{7}},
{8,9}} and similarly for the transposed t, we have {t1} = {{{1,3,5},{2,4}},{{6, 7}}, {8}, {9}}
(which is the column stabilizer of t,). Therefore, extending the same idea of a inter-tableau

for a pair of same-shaped tableaux for the cases of multitableaux t;,t,, we obtain a inter-



4.5. MULTITABLEAUX AND PAIR OF WORDS 73

multitableau t such that ty | = {tihe N {t}}k].. Therefore, we have

ti,,, ={1,4)n{1,3,5) = 1)
t1,, ={1,41N{2,4) = (4)
ti,, =12,5/N1{1,3,5) = {5
ti,, ={(2,5/N1{2,4) = {2)
ti,,, ={3)N{1,3,5) =3
ti,, =31N{2,4 =2
t2,,, ={6}n{6,7} = {6}
to, ., =171 16,7} ={7)

ts, , = 18,9} N {8} ={8

t3,, ={8,21N{9} ={%}

implying that we have

114),6,/8[9].
52
3]

Again, if we change the order of the multitableaux t; and t, and consider the row stabilizers

{t2} and {t{}, then we find that in the intersection tableau s (say), we have

15,0 =11,2y0{1,2,3} = {1, 2} # 1.

Therefore intersection multitableau, in this case, only exists for (t;,t2) and not for (t;,t;).

It is quite clear that for any two multitableaux of same shape, we have an inter-multitableau

by the extension of Proposition 3.4.15 for each of the corresponding component tableaux.

PI‘OpOSitiOIl 4.5.15. Let t1 = (t]o) t 1y ooy t ) and t, = (tzo, tz] oo ,tzpl ) be two mul-

r—1
titableaux of shape N = (Ao, A1,...,Ar_1). Then there exists an inter-multitableau t such
that ty;, = {tihq N {’c}}kj fork € {0,1,...,v—1} if and only if for any (i,j) we have that

|t | = 1 where (1,) is a position of a box in the Young tableau ty. of shape Ay.

Forn > 5, we get to see inter-multitableau occur in the intersection of two SYMT of same

shape given that the above criteria hold. Again, two words are complementary if an only if
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the diagonal action of the symmetric group on the product of the sets of rearrangements of the
words, gives a unique free orbit. Therefore, complementary words correspond to a multiparti-

tion and its conjugate multipartition respectively to be fitted in a simultaneous multihistogram.

4.6 Specht Objects

Now let us construct the Specht modules for these monomial groups. To make things simpler,

we make an analog of flat-tableaux that was seen for the symmetric groups.

Definition 4.6.1 (Flat-multitableau). Let t = (to,t1,...,t._ 1) be a Young multitableau of
shape N = (Ao, A1y ..., Ar_1) where A is a multipartition of n = ap + a; + -+ - + a,_1 such
that \i & ay fori = 0,1,...,7—1. Then we say that flat-multitableau t° is the flat list of the

flat-tableaux t;.

As an example, if we have

2,,89

then the flat-multitableau t* = (1,2, 3,4,5,6,7, 8, 9].

(G| w|—
~

Again, for each multitableau we have a flat-multitableau and by the right action of symmet-
ric group on the canonical flat-tableau t}, we obtain all possible flat-multitableau on n points.
We can therefore find the permutation acting on the canonical flat-multitableau that gives us all

the other flat-multitableau by using the same process as described in Chapter 3.

Definition 4.6.2 (Young Character for Multitableau). Let t, be the canonical flat-multitableau
corresponding to multitableau t of shape N F= m. If we obtain another flat-multitableau

t> =t} - o of same shape N for some o € S, then we define the Young character denoted

by Y(t) as Y(t) = sgn(t").

Hence, the Young character of a multitableau t is decided by the sign of the permutation o
that converts the canonical multitableau t, to t. Therefore, Definition 3.5.6 still holds for this
case due to the similarities in the definitions of Young characters for S,, and G, ;..

Then by considering the alternate notation of the multitableau t = (w?},w?}) where the
pair of words corresponds to the multitableau t of shape A li, we write Y(t) = Y(wj,w)).

Therefore, we obtain the Specht matrix for a pair of complementary words w;,w; as follows.
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Definition 4.6.3 (Specht Matrix for G,, . Group). Let A lI n. Let wi = wy and wy = Wyt
be the complementary canonical words of length n and of shapes N and A" respectively. Let A
and B be the sets of all rearrangements of wy and w; respectively. Then we define the Specht
matrix @(A) : A x B — {0, £1} defined by (W, w,) — Y(W), W) where Y(Wj,w,) = Y(t)

only if (W), W) corresponds to the multitableau t.

The only extra criteria now added are in terms of how these simultaneous multihistograms
are built considering the indices of the letters. Clearly, there will be n! nonzero entries in the
Specht matrix @ (Wi, w>).

For a concrete understanding , let us have a look at an example on how we build the Specht

matrix for monomial groups.

Example 4.6.4. Let for n = 4 and we consider the multipartition A = ((1,1), (1), (1)). Then
the conjugate multipartition is AT = ((2),(1),(1)). Therefore, we have the corresponding
canonical row and column words u), = 19020171, and v,r = To1g1;1, respectively. If we

consider the words as a pair then we have

Un 10 20 1] 12

VAT ]0 10 1] 12

and clearly there is no column repeated in the pair. We already have obtained the free orbit
for this pair and we can also see that in any column of the pair the letters have same index,
implying that this pair satisfies the criteria for a simultaneous multihistogram. Also it can be
noticed that the pair is corresponding to the canonical multitableau of shape A, therefore we
can obtain the Specht matrix.

Let wi = u, and w; = v,7. Then, the Specht matrix ¢(A) is shown in Table 4.1. It can be
seen that each row in the matrix is labelled by some rearrangement of the row word 19251715

and each column is labelled by some rearrangement of the column word 1o1,1415.

In Chapter 3, we proved that the column space of the Specht matrices are the Specht mod-
ules associated with a partition. Referring to it, we claim that for the monomial groups the
column space of the Specht matrix ¢(A) for A l: N is an irreducible representation.

Let A Ii n. We define a generalised permutation module M*. Let w; be a canonical word
corresponding to A and A be the set of all the rearrangements of w,. A basis of this module

M? is described by the set A.
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Tololi1a Tololaly Tolilola TolaTaTo TolaToly TolaTidlo T1loToTla T1loT2To 11127070 T2loloTy T2lpliT0 121410100

10201715 1
10201214 . -1

10112015 . . -1

1011122 . . . 1

1012201, . . . . 1

19121120 . . . . . -1

20101112 -1

20101214 . 1

20171012 . . 1

2011127, . . . —1

2012101, . . . . -1

20121919 . . . . . 1

11102012 . . . . . . 1

11101220 . . . . . . . -1

11201015 . . . . . . .

11201219 . . . . . . . 1

11121620 . . . . . . . . 1

11122010 . . . . . . . . -1

12102014 . . . . . . . . . 1

15101120 . . . . . . . . . . 1
1520101, . . . . . . . . . 1

15201110 . . . . . . . . . . 1
15111020 . . . . . . . . . . . 1
15172010 . . . . . . . . . . . 1

Table 4.1: Specht matrix @ (((1,1),(1),(1)))

Definition 4.6.5 (Generalised Permutation Module). Let A - and wy, be the canonical word.

We define the generalised permutation module
M = <qw ZWEA)C

as a vector space over C, where A is the set of all rearrangements of the word wi,.

Letw € Abeawordandw = ((L1),, -+ (lj)a; -+

)

(In)a,) where (1;)q; denotes that the
letter 1; has index a;. Then for d; € Gy, we have ¢, - 0; = wy - dw- Then we define the

action of Gy,  on the set A as follows.

Definition 4.6.6. For g € Gy, , andw € A, we have G, , acting on M* defined by

qw-g) lfg € Sn
dqw - g = «
er : qu lfg :6]"
Now we have that M”? is a S)-module, and so it is a A,,-module. Therefore, as Qw, - Ox =

wa - gy, € M, we have the following proposition.

.
Proposition 4.6.7. Let A = n and M? be a generalised permutation module. Then M? is a

G r-module.
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Let R(t) and C(t) in B,, = S,, be respectively the row and column stabilizers of the

multitableau t. Then we have

Pt = Z Py, Ct = Z C
PER(L) ceC(t)
where € = sgn(c) - c. Then product pc, is an element of C[G,, ,]. If {t} is the row multitabloid

of t then we have {t} = t - p; as before.
Definition 4.6.8. We define a polymultitabloid v for a multitableau t given by vi = {t} - c..

Similar to the symmetric groups, we have that vi = t - p.c¢, and for t = t, we then find
va = paca. Then we obtain the elements in the same column of the multitableau t rearranged
by a permutation action of C(t) on {t} and so for 7t € C(t) we get the new row multitabloids

{t-m}.

Definition 4.6.9. Let Wi, w, be two words having complementary rearrangements of shape

T
A B 1 and corresponding to a Specht matrix @ (\). Then we define the elements

/
Vw, = Z Y(W1 )V\)Z)qw’1
wi
where Y (W, w3) is the Young character corresponding to the pair (Wi, wz) and q.,, is the

vector corresponding to w} in M?,

Again, letting C(t) act on the multitabloid {t} with its corresponding element as its coef-
ficient, and considering these new multitabloids with their signs, we obtain v¢. In @(A) we
simply record all the coefficients of these multitabloids in a sequence, which is the column
corresponding to t with the column label w, in @(A).

In terms of the Specht matrix, as we are only considering the S,,-action on the multitableaux
permuting the elements in the columns of @(A), we have that Proposition 3.5.14 is true for the

Gn,r groups as well. Then we have it as follows.
Proposition 4.6.10. For a multipartition A of 1 we have that v,,, = sgn(t’) - v;.

Proof. This proof follows the same notions as the proof of Proposition 3.5.14 except for t is

now a multitableau of shape A - n. [



78 CHAPTER 4. MONOMIAL GROUPS

Proposition 4.6.10 well establishes a connection between the polymultitabloids and the
columns of @(A). Then we define the module S* spanned by the columns of @(A) to be the

Specht module for A as a subspace of M*.

Definition 4.6.11 (Specht Module for G., . Group). For a multipartition N & m, the Specht
module S” is the subspace of M spanned by all vy.
In other words, the column space of the Specht matrix (M) is the Specht module S*

spanned by v, where W, is the column word in @ ().

Following the same theme from Chapter 3, we have following lemma as the analog of

Lemma 3.5.15 for monomial groups.
Lemma 4.6.12. Let t be a A\-multitableau for A = n. Then the following hold.

1. For o € R(t) and m € C(t), we have that py - 0 = 0-py = prand ¢ - T =T - Cy =

sgn(7t)cy.
2. We have that p - pr = [R(t)|p and ¢y - ¢y = |C(t)|ct.
Proof. The proof follows from Lemma 3.5.15. []
Lemma 4.6.13. For all multitableau t of shape A Ii nandall g € Gy, we have that v,-g € S™.
Proof. Here we have two cases for g € S;, and for g € A,, where Gy, » = A, X S,y

1. If g € §S,,, then from Lemma 3.5.16 we have that v, - g = v.4. Therefore, we find that

vi-g e Sh
2. If g = ; for some &; € A,, where 1 < j < n, then we have it as follows.

Let w be a column word of @(A) and w = ((L1), -~ (L)a; -

)

(In)a,) where (1)
denotes that the letter 1; has index a;. Proposition 4.6.10 implies that v = sgn(t?) - vy,
and so (v¢) = (v,,). Now, as S* < M*, we must have that (v,,) < (q,,). It implies that
Vi € {qw). Then from Definition 4.6.6, for g = 8; we have that v,, - g = Wy’ -V, €

(V). Therefore, vy, - g € SN

Therefore, Lemma 4.6.13 clearly implies that S* is closed under G, ,-action.

Proposition 4.6.14. S* is a G, ,-module for A - n.
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Now if we show that the Specht module S* (as constructed from the Specht matrix) has
character x, (as constructed by Clifford theory in Section 4.3) then we have that for a pair of
distinct multipartitions A and A’ of n, S* and S*" are non-isomorphic.

Definition 4.6.6 gives us the action of §; on the permutation module M? for 1 < j<n
It contains the character n,. We have that S*» < M?. Therefore, from Proposition 4.6.10 and
Definition 4.6.11 we have the same action of 8; on the Specht module S* spanned by v,,,,
contains 1N,,. For 0 < k < 1, we have that §; acts as the k-th power of root of unity if k is the
index of the j-th letter in the word w;. By construction, considering only the action of d; we
have that the restriction of S* to A,, contains 1y,.

Letn = (ng,...,Ny—7) and A = (Ag,...,A_1) be a multipartition of n such that A, +
ng. We know that S, = 3, and S,,, = P,,,. Now if we consider the canonical word pair
(wb\,w’ZAT ), then we have the indices of the letters sorted for both row and column words.
The stabilizer subgroup S, acts on the pair by fixing the index 0 and so we obtain a block
matrix My inside the Specht matrix @(A). The space spanned by the columns of the matrix
M, is isomorphic to Specht module S*°. If the irreducible character of S* is ¥»,, then we have
tr(Mo) = Xa, Where tr(M,) is the trace of M. Therefore, the inner tensor product T_]LOO) @ Xxo
is an irreducible character of G,,,. This is true for all Ax for O < k < r. Then the restriction to
., containing 1, is induced from the product of the symmetric group characters.

Then we have an induction from ]_[L;:) Sn, to Sy in the same way as the induction from

L:o Gn,,r to Gy as described in Section 4.3. Therefore, S has character x,. Then for
A l1 n, we have that S” is an irreducible representation of G, , and for any two multipartitions

A, N, we have S* is non-isomorphic to S whenever A # A’.

Theorem 4.6.15. The set of Specht modules {S* for all A - n} produces the complete set (up

to isomorphism) of pairwise non-isomorphic irreducible representations of G .

Proof. By this construction we find that the number of irreducible representations of G, , is
same as the number of multipartitions of n. S* corresponding to each A Ii n is an irreducible
representation of G, ». As every irreducible representation of G, , is isomorphic to exactly
one S*, and hence any pair of two irreducible representations are non-isomorphic. Therefore,
{S? for all A I: n} exhausts the complete set of irreducible representations of G, up to iso-

morphism. [

To make this concrete, we will now prove that the columns corresponding to the SYMT
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create a basis for the module S*. The goal is to show that the columns of interest are linearly

independent and span S*.

Lemma 4.6.16. The standard Young multitableaux entries in the Specht matrix belong to dis-

tinct rows and columns.

Proof. In the Specht matrix all the entries sitting in any row belong to the multitableaux of
same row-equivalence class or row multitabloid. If t is a standard A-multitableau then in the
row multitabloid {t} there can be only one SYMT, i.c., t itself.

This implies that every SYMT belong to different row-equivalence classes and therefore
they all sit in different rows.

Likewise, every SYMT belong to different column-equivalence classes and therefore they
all sit in different columns.

Hence the standard Young multitableaux entries in the Specht matrix belong to distinct rows

and columns. [

To prove the linear independence of rows and columns with SYMT entries, we only need to
show that the SYMT entries are the first nonzero entries in their respective rows and columns.
We already have defined a natural lexicographic ordering on the set of all such words. We use

that ordering to achieve this result.

.
Theorem 4.6.17. In the Specht matrix corresponding to the multipartition A = n, we have
the standard multitableaux elements as the first nonzero elements in their respective rows and

columns.

Proof. As usual in the Specht matrix the rows are labelled by the rearrangements of the row
word u and columns are labelled by the rearrangements of the column word v where A(u) = A
and A(v) = psuch that & = (Hoy ..oy 1) = (Ao oy AT ) = AT,

In each column we have a column-equivalence class, i.e. a column multitabloid. Then
each of the particular columns consisting the SYMT entries has exactly one such element with
simultaneous multihistogram of which all the columns are standard.

By the construction of simultaneous multihistogram for a pair of words, it is clear that
the distinct letters of the word u appear in positions corresponding to the entries in the first

column of each of the component tableau t, and they have repetitions in respective positions
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corresponding to the further columns in each ty for k € {0,...,r—1}. As each ty is column-
standard, if the smaller entry in a column has corresponding row word letter | and larger entry
in the same column has corresponding row word letter 1’ then 1 < U'.

Now if we label the boxes of each ty by (i,j) to denote its position as i-th row and j-

th column then for the column standard t, we have that Yoy < ey Forany m € C =

)
Spe XSy X+ XSy, column stabilizer, and for ty. -7t = ti7 we have £ 5 > ., implying

that at least one of the columns in Ty 70 is non-standard. Therefore, for u, = u - 7T we

»j)

have w(ij) > U, implying that u < ur, i.e., U, comes later than u in lexicographical

it+1,j
order. In that case if in the Specht matrix ¢ (1, v) we label the row word lexicographically then
the column standard multitableaux entries appearing on top of the respective columns making
it the nonzero elements.

Likewise we can establish a similar argument that the row standard multitableaux entries
are the first nonzero elements in their respective rows.

Hence, for t being both row and column standard, i.e., t being a SYMT we have that the

corresponding element in the respective rows and columns are the first nonzero entries.

]

Hence we establish by combining Lemma 4.6.16 and Theorem 4.6.17 together that the rows
and columns containing SYMT entries in the Specht matrix are linearly independent.
Now, from the example shown in Table 4.1 if we extract only the rows and columns con-

taining the SYMT entries then we obtain the submatrix shown in Table 4.2.

Tolol11a Tololaly Toliloly Tolidalo Tolaloly Tolalilo Tilolola T1Tolalp 11127000 T2T0ToTy T2T0T110 12157010

10201715 1

10112012 . . -1

17102012 . . . . . . 1

1020121, . -1

10122017 . . . . 1

15102017 . . . . . . . . . 1
10111220 . . . 1

11101220 . . . . . . . -1

10121120 . . . . . —1

1570112 . . . . . . . . . . ]
11121020 . . . . . . . . 1

12171620 . . . . . . . . . . . 1

Table 4.2: SYMT-extracted submatrix of Specht matrix ¢@(((1,1), (1), (1)))

It can be seen that each row and column has exactly one nonzero entry. If we rearrange the
row words in a different way then we obtain the matrix in Table 4.3. Similar to the case of the

symmetric group, we can see that the submatrix takes a nice form with its nonzero entries on
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its main diagonal.

ToToTila Tolglaly TolilgTa Tolqlalg Tolaloly Tolalqly 1919115 11107210 11120010 12101017 T2lglq1g 12171014

10201115 1
10201214 . -1

10112015 . . -1

To11122, . . . 1

10122014 . . . . 1

1012112, . . . . - —1

11102012 . . . . . . 1

1110122, . . . . - . . -1

1112102, . . . . . . . . 1

15102017 . . . . . . . . . —1

15101120 . . . . . . . . . . 1
15111920 . . . . . . . . . . . -1

Table 4.3: Rearranged SYMT-extracted submatrix of Specht matrix @ (((1,1), (1), (1)))

Therefore, it is evident that the rows (respectively columns) containing the SYMT elements
in the Specht matrix are linearly independent.

Similar to the case for symmetric groups, we have noticed that for n > 5 we find the
inter-multitableau for some of the multipartitions of n.

Let A = (AgyA1y.eeyArq) I: n= ZL_:L ay. Straightforwardly, if in the truncated subma-
trix of the Specht matrix corresponding to at least one Ay for symmetric group S,,, we find an
inter-tableau, then Specht matrix for A containing Ay has inter-multitableau. Let us understand

it using Example 4.6.18.

Example 4.6.18. Let n = 7 and r = 3. Let us consider A = ((2,2,1),(1,1),2) and the
corresponding conjugate multipartition AT = ((3,2), (2),@). The respective row and column
words are 151920203011271 and 191510202011 17. If we now take the truncated version of the
Specht matrix @(A) then we find a lower-triangular matrix with all the diagonal entries being
the SYMT entries.

Now if we take the SYMT entries with the corresponding row and column simultaneous

multihistograms being

G|~

‘wN—*

,,@ and |1 2,,@
34
5]

then we have another entry at the intersection of these row and column, giving us a inter-

multitableau

It can be seen that in Example 4.6.18, the multipartitions A and AT both have component partitions which are
empty. In general, an empty component partition & in a multipartition implies that there is no tableau associated
to it. An empty partition is a partition of zero, and so the number of boxes in the tableau is zero. Therefore, an
empty partition & does not form the shape of a visual tableau.
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4]/6]2.
2

The reason behind the existence of this inter-multitableau is similar to that of the symmetric

‘WU‘I-—*

groups. We can notice that the integer pair 1,2 is present in the first column of the first com-
ponent tableau of one of the multitableau and in the first row of the first component tableau of
the other one. Interestingly, the partition (2,2, 1) which is a component of the multipartition A,

was noticed to have inter-tableau in corresponding the Specht matrix for the symmetric groups.

Now to prove for the basis of S what is left to be shown is the spanning property of the
set of SYMT columns. Again, due to our interest in the columns of the Specht matrix, we put
a similar argument shown for the symmetric group, for monomial groups case. Similarly rows
can be considered to be a basis of the modules S*'.

Now we introduce the generalised hooklength formula which is analogous to the hooklength
formula for the symmetric groups. This is going play a crucial role in proving the spanning set
with a global argument.

For n being a non-negative integer, we have the multinomial coefficient ( " ) =

no,My..yNyr—1

W Now if f* be the dimension of S*, we define generalised Hooklength formula.

Definition 4.6.19 (Generalised Hooklength Formula). Let ng + --- +n,_ 1 = nand A =

(Aoy - -+ yAr_1) where each A - ny. Then by using the original hooklength formula

|
)\k le .

A )
[T hij

i»].E)\k

and the multinomial coefficient, we define the generalised hooklength

= " o A,
Noy...yNyr1

Lemma 4.6.20. The generalised hooklength formula can be realised as

A n!

T or—1 ’
[T IT hi%
k=01,j€EAc

i.e., n! divided by all the hooklengths in the multi-diagram of shape A.

Proof. We have that f* = (_ ™ )fre...fA=1 Then

TQoyeeeyTr—1
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!
< n )f)‘o...fxr1:#.f7\0...f)‘rl
Noy...yNyr_1 Tlo!"'nr,]!

n! ng! ne_q!
T Al I N A
nO' nT—] . ) H h‘i.,] ) .I_I h‘i,)]
1)16)\0 lv)eArfl
n!
[T ni)--- I1 R
1] 1]
1L,j€Ao LieA
n!
~ T A ’
k
IT II hi;
k=0 i,j €Ak
Hence we conclude the proof. ]

Theorem 4.6.21. The number of standard Young multitableaux for the monomial groups cor-

responding to a multipartition X of 1 is given by the generalised hooklength formula .

Proof. Let A Ii n and each Ay F ny where lejo ne =n. Ift = (to,t1,...,t,_1) be the
multitableau corresponding to A then for each of the Ay we have a tableau t,.. Now each t can
be standard in f*< many ways.
The number of ways to fill out the boxes of the tableaux ty in the multitableau t with the
numbers {1, ..., n} without repetition is given by the multinomial coefficient (no,..inrq )
Now, if we want to fill the boxes in the multitableau t in such a manner that each of the

n
TQoy.eesr—1

Young tableau ty is standard, then we can do that in ( )on -+ - A1 many ways.

Now the formula in Lemma 4.6.20 gives us the number of ways we can fill all the boxes in
the multitableau t such that no integer is repeated and each of the ty is standard. Therefore, it
gives us the total number of possible standard Young multitableaux of shape A.

Hence, the number of SYMT of shape A is same as the generalised hooklengths for mono-

mial groups. []

Now in the same spirit of the RSK correspondence [4] for the symmetric groups, we build
the same for the monomial groups and call it a general RSK correspondence as seen in Theorem

4.6.22.

Theorem 4.6.22. The general RSK correspondence for monomial groups is

Z(f?‘)2 =71"nl

AFn
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Proof. For a proof of the generalized RSK correspondence, i.e., the fact that the squares of all
these f* add up to r™n!, one can look at the construction in Section 4.3. In Section 5.5.4 of
[2], one can find the same for a special case when v = 2. The representation A is built as an
induced representation from the subgroup | = Gy, + X -+ X Gy, , r of Gy 1.

Here, G, is a semidirect product of A,,, and the symmetric group S, . Letting the
generators of A,, act as multiplication with the r-th root of unity w,, and the symmetric
group as Specht module S**, we get a representation of dimension f** for each factor Gy, r,

and by putting them together, we get a representation of dimension (f*°-.-.f-1) for the

subgroup J. This corresponds to assigning the numbers 1,...,n; to the first diagram, then
ni+1,...,n1+4n; to the second, and so on.
Now the index of the subgroup | in G, is same as the index of S, X --- x Sy, in

n
yeeeyTlp

S, namely (nO 1), so inducing the representation from the subgroup J to G,, ; gives a

representation of dimension f* = (™ )fRo... fAe,
NOyeeeyMr—1

If we do this for all the representations of J, i.e., for this choice of ng,...,n._7, and add

up the corresponding (f*)?, we get

n 2 - 2 |
(o) Zen= (7 V(S (5 e

Il
3
<.
2
|

(4.4)

by the original hook formula.

Finally, the Multinomial Theorem implies that

y ( n ):r“, 4.5)
Noy ooy My

no+--+n,_1=n

and therefore in total we get
> () =r"nl, (4.6)
)\Iin
which is the order of G, . [l
It is now safe to say that the correspondence shown in Theorem 4.6.22 is analogous to the

RSK correspondence seen in Chapter 3. Now we establish a similar global argument to that
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of the symmetric group case to prove that the set of SYMT-columns in @(A) is a spanning
set for S*. We have noticed already that the SYMT columns in the Specht matrix are linearly
independent and there are precisely f* of them. There cannot be anymore linearly independent
columns as otherwise it would fail the general RSK correspondence. Therefore, there are ex-
actly as many linearly independent columns as the number of t,, where t, is a SYMT of shape
A.

From [12, Section 4.4] we know that each S* is irreducible, and for any two multipartitions
A1 li n given A # w, we have that S* and S* are non-isomorphic. This clearly implies that
there are as many Specht modules as the number of multipartitions A of n. This forms the
complete set of irreducible representations. Then the general RSK-correspondence gives that
the sum of the squares of the degrees of irreducible representations is same as the order of the
group Gy r.

Let for our construction d* = dim(S?*). Then for each A we have that d* > f* and so from

Theorem 4.6.22 we have that

> ()P =) It =rn
?\Iin Nin
where [ta| be the number of SYMT of shape A. Then it implies that d* = f» must be true.
Hence, dimension of each S is equal to the number of the SYMT of shape A.
As we have all the components now, we have established that the set of SYMT columns in

@(A) for A F 1 spans the full module S*. Therefore we have the following.
Theorem 4.6.23. If A\ - n then the set of SYMT-columns in @ (\) forms a basis of S™.

By definition the module spanned by columns of ¢(A) is the Specht module S* and S* =
(v¢) for t being a standard Young multitableau of shape A. We have established the connection
between v and v,,, which implies that (v,,,) = S*. Therefore we have established the theory

in a similar way to that of the symmetric groups.

4.7 Representing Matrices

It is now time for us to understand how this construction works in terms of producing repre-

senting matrices.
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Let G, » < GL,,(C) be the monomial group and we pick an element A € G,, . By using
decomposition of the monomial matrices, we generate the representing matrices. Let N be the
list of nonzero elements from each row of A. We take L to be the list of the positions of the

nonzero elements in each row of the matrix A.

Consider o to be the permutation described by the list L such that any point i under o moves
to the point sitting at the i-th position in L. Now let X be the set of all rearrangements of the
row word wy and |X| = k. By the action of ¢ on each word in X, we obtain a permuted list

X" ={ulu € X}. It gives us a map from S,, to Sy.

Let 7t € Sy such that X - 7t = X’. It means that the elements in each column of the matrix
@(A) is now rearranged by 7t. Let C be the set of columns of ¢(u,v), and C' = {c¢™|c € C}.
Clearly, C’ is another rearrangement of C itself. Now pick the column vectors with SYMT in
C’ and then express them as a linear combination of the SYMT column vectors from C. We
now extract the coefficients of these linear combination and put them in the rows of a matrix,

say P.

We know that [N| = n. Let N = [{y, (5,...,(n] such that (; € C fori € {1,2,...,n}
Let us consider that each word u € X is of the form uw = ((1y);, (12);, - - - (ln);,) where each
(L) € {1,2,...,n}and O < j; < 7. Then for each word u € X, we can find a corresponding

element x = [ [{-; (i)'t € C. More specifically, each of these x is an -th root of unity.

Now, consider the subset R C X consisting of only those row words that are corresponding
to the SYMT. For each word u € R, now we keep adding its corresponding element x to a list L.
Then we obtain that T = | [T, (m;)(Wilu € R] where j(uw) = [j1,j2,--.,jn) and j(u); = j;.
We define a diagonal matrix D of which the main diagonal is the list I, i.e., D = diag(I).

Each of the matrices P and D is clearly of dimension f* x f». We now take the product

of them in the order that D is multiplied by P from the right, and call it M 4, i.e., Mo = DP.

Therefore, the matrix M 4 is the corresponding representing matrix for the group element A.

This method of finding the matrix P fits the same description in terms of linear algebraic
formulations of representing matrices found in the Chapter 3. The order of the matrices in the
product DP is to indicate the right action of the symmetric group that we have used as a con-
vention throughout the discussions. The following example shows explicitly the compatibility

of this construction with the monomial group elements.

Example 4.7.1. Let us consider that n = 4 and v = 3. Therefore the group is G4 3.
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3 G(3,1,4)
04 $1 S> S3

The generator set of G4 3 is therefore S = {81, s1, 52, 53} Where

(w3 0 0 0] 01 0 0 (1 0 0 0] 1 0 0 0

0 100 100 0 0010 0100
61: y S1= y S22 = y S3 =

0 01 0 001 0 010 0 000 1

0 00 1 000 1 000 1 001 0

We have the a total of 51 multipartitions of 4 for r = 3. As showing the representing
matrices for all of them would be way too much, we choose the following multipartitions for

demonstration:

(1L, 1L, 1,1),8,2), ((2),1),1), ((1),2,3)), (2,2,(4)).

Now let us pick each of these generators, 0 € S, and for each of them we find the corre-

sponding representing matrix M.
1. For A = ((1,1,1,1), &, &), we find:

(a) if 0 = 0; then
00, = 1] 7o = 1] s =1

(b) if 0 = s; fori € {1, 2,3} then
D, = [1] Py = [_1] and M, = D, P, = [_1]

2. For A = ((2),(1),(1)), we find:

(a) if 0 = 0; then
D61 = diag(ﬂ) 1»w3> 1) 1)‘”%3 1>w3> 1)‘”%» w3, wg})) st] =12
and therefore

Ms, = Ds,Ps, = diag({1,1, w3, 1, 1)“’%) 1, ws, 1»w§>w3)w§})
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(b) if 0 = s7 then

DS1 = I]Z)

-1 0 0 O

0 0

0 0 0 -1

0
0

0
0

-1 0

0 0

P, =

and therefore

Mg, = D, P, = Py,

(c) if 0 = s; then

Ds, = L2,

0 0

-1 0 0 O

0

0

-1 0 O
0

0 0 O
0

0
0

—1

0 0

0O 0 0 -1 0

0

0

0O 0 0 0 -1

0

0

P, =
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and therefore

M,, = Dy,P,, = P,

(d) if o = s; then
D, = Lz,

(0 0 0 -1 0 0 0 0 0 0 00|

0 0 0 0 0 0 -1 0 0 0 00

0 0 0 0 0 0 0 -1 0 0 00

10 0 0 0 0 0 0 0 0 00

0o 0 0 0 0 0 0 0 -1 0 00

p_| 0 0 0 0 0 1 0 0 0 -T00

0 -1 0 0 0 0 0 0 0 0 00

0 0 -1 0 0 0 0 0 0 0 00

0 0 0 0 -1 0 0 0 0 0 00

0 0 0 0 0 -1 0 0 0 0 00

0o 0 0 0 0 0 0 0 0 0 10

000 0 0 0 0 0 0 0 0 01|

and therefore

M, = Dg,Ps, = Py,

3. ForA = ((1),3,(3)), we find:

(a) if o = 67 then

Dél = dlag({] y w%, 1,w§) w%”» Pé] = I4

and therefore

Ms, = D5, Ps, = diag({1, w3, 1, w3, w3})

(b) if 0 = s; then

0O —1 00

-1 0 00
DS] = I4) PS1 -

0O 0 10

0O 0 01
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and therefore

Mg, = Dg,Ps, = Py,
(c) if 0 = s, then ) )
1 0 0 O
0O 0 —-10
Ds, =Lz, Ps, =
0O -1 0 0
0O 0 0 1

and therefore

(d) if 0 = s3 then

(10 0 0 |

01 0 0
D53:I12) P53:

00 0 —I

00 -1 0

and therefore

4. For A = (2,9, (4)), we find:

(a) if 0 = 671 then

00, = o] = [] vt = ]

(b) if 0 = s; fori € {1, 2,3} then

D,, = M Py, = [1] and M, = D, P,, = M

4.8 Characters and Character Tables

Similar to the construction of the symmetric groups, it is important that for this construction
we also have a way to validate the accuracy of the method, and therefore we follow the same
route of matching the character table entries existing in the literature with the traces of the
representing matrices obtained using our construction.

N
For each A - n, we can pick a conjugacy class representative. Again for each conjugacy
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class representative, we can find the character value corresponding it to be the trace of its
representing matrix.

Due to the very large number of multipartitions of the monomial groups, their character
tables become very large in dimensions. The smallest sized group is Gz 3 that is reasonably
large and is of interest from the perspective of multipartitions. There are 22 multipartitions of
G3,3 and therefore it is time consuming to go through each of the multipartitions for all of the
conjugacy classes separately. Due to the efficient GAP programmes, we obtain the character

table for G3 3.

111.. 11.1. 11..1 1.11. 1.1.1 1..11

I11..] 1 1 1 1 1
11.1.| 3 (3+ER(-3))/2 (3— ER( 3))/2 ER(-3) 0 —ER(-3)
11.1| 3 (3—ER(-3))/2 (3+ER(-3))/2 —ER(-3) 0 ER(-3)
1.11.| 3 ER(-3) —ER( 3) (=3+ER(-3))/2 0 (—3—ER(-3))/2
1.1.1| 6 0 0 -3 0
.11 3 —ER(-3) ER( 3) (-3—ER(-3))/2 0 (=3+ER(-3))/2
A11. 1 E3 E3? E3? 1 E3
11| 3 (=3+ER(-3))/2 (-3—ER(-3))/2 (3—ER(-3))/2 0 (3+ER(-3))/2
d.11| 3 (=3—ER(-3))/2 (=3 +ER(-3))/2 (3+ER(-3))/2 0 (3—ER(-3))/2
111 1 E3? E3 E3 1 E3?

21.. 2 2 2 2 2 2

1.2. 3 ER(—3) —ER(-3) (=34+ER(-3))/2 0 (—3—ER(-3))/2
1.2 3 —ER(-3) ER(—3) (-=3—ER(-3))/2 0 (=3+ER(-3))/2
2.1. 3 (3+ER(-3))/2 (3—ER(-3))/2 ER(—3) 0 —ER(-3)
21. 2 2E3 2E32 2E32 2 2E3

1.2 3 (=3—ER(-3))/2 (-3+ER(-3))/2 (3+ER(-3))/2 0 (3—ER(-3))/2
2.1 3 (3 —ER(-3))/2 (3+ER(-3))/2 —ER(-3) 0 ER(—3)

2.1 3 (-34+ER(-3))/2 (-3—ER(-3))/2 (3—ER(-3))/2 0 (3+ER(-3))/2
.21 2 2E3? 2E3 2E3 2 2E3?

3. 1 1 1 1 1 1

3. 1 E3 E3? E3? 1 E3

.3 1 E3?2 E3 E3 1 E3?

Table 4.4: Character table of the monomial group G3 3

Taking Table 4.4, Table 4.5 and Table 4.6 altogether side-by-side, we obtain the character
table of dimension 22 x 22 of the group G3 3. The notations used in the figures are how square

roots and roots of unity are represented in GAP. Here E(r) = w, and ER(n) = /1.
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Jd11. Jd1.1 111 L1121, 12, 1.2 21, 21,
1. ] 1 1 1 1 -1 -1 —1 —1 —1
11.1. | 3E3 (=3+4+ER(-3))/2 (=3—ER(-3))/2 3E3* -1 -1 —1 —E3 —E3
11..1 | 3B32 (-3 —ER(-3))/2 (—-3+ER(-3))/2 3E3 -1 -1 -1  —E32 —E3?
1.11. | 3B32 (3—ER(-3))/2 (3+ER(-3))/2 3E3 -1 —-E3 -E3> -1 —E3
1.1.1] 6 0 0 6 0 0 0 0 0
1.11 | 33 (34+ER(-3))/2 (3—ER(-3))/2 3E3> —1 —E3* —E3 —1 —E3?
J11.] 1 E3 E3? 1 -1 —E3 —E3* —E3 —E3?
1.1 | 3E3 —ER(—-3) ER(—3) 3E32 -1 —E3 —E3? —E3*? -1
.1.11 | 3E3? ER(-3) —ER(-3) 383 -1 —E32 —-E3 —-E3 -1
W11 1 E3? E3 1 -1 —E3* —E3 —E3* —E3
21.. 2 2 2 2 0 0 0 0 0
1.2. | 3E32 (3—ER(-3))/2 (3+ER(-3))/2 3E3 1 E3 E3? 1 E3
1.2 | 3B3 (3+ER(-3))/2 (3—ER(-3))/2 3E3?> 1 E3? E3 1 E3?
2.1. | 3B3 (=3 +ER(-3))/2 (-3 —ER(-3))/2 3E3? 1 1 1 E3 E3
21. 2 2E3 2E3? 2 0 0 0 0
.1.2 | 3E3? ER(-3) —ER(-3) 33 1 E3? E3 E3 1
2..1 | 3E3? (-3 —ER(-3))/2 (-3+ER(-3))/2 3E3 1 1 1 E32  E3?
2.1 | 3E3 —ER(-3) ER(-3) 3E32 1 E3 E3? E3? 1
.21 2 2E3? 2E3 2 0 0 0 0 0
3.. 1 1 1 1 1 1 1 1 1
3. 1 E3 E3? 1 1 E3 E3?2 E3 E3?
.3 1 E3? E3 1 1 E3? E3 E? E3

Table 4.5: Character table of the monomial group G3 3

12 2.1 21 .21 3. 3. .3
1. | —1 —1 —1 —1 1 1 1
11.1.| —E3 —E3? —E3?* —E3?2 0 0 0
11..1 | =E3* —E3 —E3 —E3 0 0 0
1.11. | -E3? —-1 —E3 —E3?2 0 0 0
1.1.1 0 0 0 0 0 0 0
1.11| -E3 -1 —E3? —E3 0 0 0
11| -1 —E3*? -1 —E3 1 E3 E3?
JAl1| —E3 —E3 —E3?2 -1 0 0 0
A.11 | —E32 —E3? —E3 -1 0 0 0
W11 -1 —E3 -1 —E3? 1 E3? E3
21... 0 0 0 0 -1 -1 —1
1.2. | E3? 1 E3 E3? 0 0 0
1.2 | E3 1 E3? E3 0 0 0
2.1. | E3 E32 E3? E3? 0 0 0
21. 0 0 0 0 -1 —E3 —E3?
.1.2 | E32 E3? E3 1 0 0 0
2.1 | E32 E3 E3 E3 0 0 0
2.1 E3 E3 E3? 1 0 0 0
.21 0 0 0 0 —1 —E3?* -E3
3.. 1 1 1 1 1 1 1
3. 1 E3?2 1 E3 1 E3 E3?
.3 1 E3 1 E32 1 E3? E3

Table 4.6: Character table of the monomial group G3 3
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Chapter 5

Hyperoctahedral Groups

In this chapter we are going to look at a special construction of the Specht modules for the
hyperoctahedral groups H,,, the group of symmetries of a n-dimensional cube. These groups
also comes under the family of Coxeter groups, more specifically, group of signed permutations
is same as the Coxeter group of type-B on n points.

The H,, or B,, groups can also be attained by restricting the parameter r to 2 in the mono-
mial groups, which would then give us the elements in the matrices up to the second roots
of unity, which are 1 and —1. However the construction discussed in this chapter is different
from the 1 = 2 monomial case. We will explore more on it as we keep developing the con-
cepts throughout the course of this chapter by introducing all the relevant ideas specific to the

hyperoctahedrals.

5.1 Hyperoctahedral Groups, Generators and Class Repre-

sentatives

Let us start by defining a signed permutation. A hyperoctahedral group can then be defined as

a group of signed permutations.

Definition 5.1.1 (Signed Permutation). A signed permutation on the points 1,2,...,n is a

permutation o on the set {—nm,—(n—1),...,—1,1,..., (n—1),n} such that c(—1) = —o(1).

For every n € N the hyperoctahedral group can be defined to be a permutation group, as a

subgroup of a symmetric group on 2n points.

95
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Definition 5.1.2 (Hyperoctahedral Group). Let n > 1. Then the hyperoctahedral group H,,

is the group of all signed permutations on " points.

Alternatively, we can define the H,, group as a group generated by the sign-change permu-

tations. Then, we have an equivalent definition of H,, in Definition 5.1.3.

Definition 5.1.3. Ler n > 1 and take X = {—n,—(n—1),...,—1,1,...,(n—1),n}. Then
the hyperoctahedral group H,, is the subgroup of Sx generated by the elements (—1 1) and
(1 i+1)(—1 —(+1)) for 1 <i<n

A hyperoctahedral group can also be viewed as a group isomorphic to a wreath product of
cyclic group Z; and symmetric group S,,, with respect to the natural S,,-action on{1,2,...,n},
such that for i € {1,2,...,n}and © € S,, we have (i,71) — 7t(i) where Z, = 7Z/27 is the
cyclic group of order 2. Here the cyclic group Z, operates by sign change.

Given the similarities in the generators of both S,, and H,,, the elements in H,, are signed
permutations, which implies that for certain elements as permutations in the group contain
negatives of the {1, 2, ..., n}. Therefore we have that the order of the group, |[H,,| = 2™ -n!. To
generate permutations with negative entries, a specific element (—i i) changes any i to —1i by
right multiplication, and we refer to it by a sign change. Likewise, we have the other generators
that are product of a transposition (i i+1) and its negative transposition (—i —(i+1)) for all
1 <i<mn,ie, (i i+1)(—1 —(i+1)). Therefore the generating set for the hyperoctahedral
group Hy, is {(—11),(12)(—=2 —1),...,(n—1 n)(—m —n—+1)}

Now let us have a look at the Coxeter diagram that also describes the hyperoctahedral group

but in terms of generators.

Definition 5.1.4. Type-B,, group is a finite irreducible Coxeter group understood by the fol-

lowing Coxeter diagram

Bnm=>1)
o S1 S2 S3 Sn—1
where the nodes are the generators {0, si|i € {1,2,...,n — 1}} of the group such that s; =

(1 i+1)(—1 —(i+1))andie{1,2,...,.n—1}and 6 = (—11).

It is to be noted that H,, and B,, are essentially the same group but with different presenta-

tions. We consider the following elements as defined in [&].

67 =0 and &; =sidi_1sy for i=1,2,...,n—1.
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Then we have 0;d; = 8;6; forall i,j =0,...,n—1, and

8161,] lfj = ],

0iSj = ¢ 51410447 ifj=1+41

$;04 otherwise.
\

Similar to the other families of groups discussed before, each element in the hyperoctahe-
dral group has an associated cycle-type. The cycle structure of an element in the H,, group can
be described in the same way as it has been done for the monomial groups as hyperoctahedral

is nothing but a special type of monomial group.

Definition 5.1.5 ([10, Section 1.6: Length Function]). The length of a signed permutation o
for all o € By, is defined as

{(0) =min{m > 0| 0 = 8,8, Si, . . - Si,, for some iy, ..., im €{0,...,n—1}L

Definition 5.1.6 ([10, Section 1.6]). The sign of a signed permutation o for all c € B,, is
defined as
sgn(o) = (—1)4°),

By fixing 1 = 2 in G, ,, a bipartition is defined below which will be used throughout this

chapter.

Definition 5.1.7 (Bipartition). Letn = &+ 3 and &, B,n € N. Let \° - cand \' - B. Then
the pair A = (A°, A1) is called a bipartition of . denoted by X = n.

For an example, let us consider n = 5. Now for « = 3 and 3 = 2 we have that x + 3 = n.
IfA° =(2,1) F cand A" = (1,1) F 3 then we have A = (A°,A") = ((2,1),(1,1)) = 5.

The conjugacy classes of the hyperoctahedral group H,, are parameterized by the biparti-
tions of the natural number n. We will discuss further on positive and negative cycles in the
next section when talking about bipartitions.

Therefore, each distinct cycle-type corresponds to a conjugacy class of the group H,,. This

implies that we have as many conjugacy classes in the group H,, as there are distinct cycle
types.

Theorem 5.1.8 ([ 12, Theorem 4.2.8]). o, p € H,, have the same cycle type if and only if o is a

conjugate to p.
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If we consider the Coxeter description of the hyperoctahedral groups then we can simply
use the generators d; and s; to describe the class representatives of the signed permutations in
the group B,,. In Section 3.4 of [£], this idea is well described using blocks and signed block
forms. This is another way of looking into the cycle types of group elements as here the idea

that has been used is of the positive and negative cycles.

5.2 Bipartitions and Words

Like seen for the other groups, we need to define a notion of words in order to build the Specht
modules for the hyperoctahedral groups. Most of the definitions in this chapter are different to
the monomial groups with 1 being restricted to 2.

In general, this construction is different than that of the G, ,, groups as here we do not
restrict the group action only to just symmetric group but we let the full H,, group act on words
corresponding to each bipartition. Also, later we will see that the words being used to build
the module are very different to that of the monomial construction. This results into the Specht
matrices having a full H,, orbit of nonzero entries as opposed to just n!in the G, ,, case.

Bipartitions are nothing but a special case of a multipartitions of n by fixing one of the
parameters. The reason for redefining the bipartition is to introduce the notions of positive and
negative cycles. We say that the for a bipartition A = (A°,A') = . we have the parts of A° - «
is corresponding to a positive cycle and the parts of A! I (3 is corresponding to a negative cycle
of an element of H,,. Due to the fact that the sign change functionality of the H,, groups affect
the distinct letters in a word, we have that a bipartition consists of positive and negative cycles.

Now, for the construction of the Specht modules and more specifically the Specht matrices,
the concept of words corresponding to a bipartition is crucial. We already have seen a construc-
tion of the monomial group words where we can use the indexed-letters by fixing r = 2. As
this is a different construction, the new way to define the words is by embedding the H,, group
as a subgroup inside the S,,, group and that gives us the words of length 2n in the following
way.

So we make the convention of making words using two types of letters 1l and U’ for 1 €
{1,...,n}. The letters I are invariant under sign change and the letters 1 are sign variant and
changes to —1 under the effect of sign change. We also make the convention of denoting —1 by

1 to be more efficient in using the space when we talk about Specht matrices.
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Definition 5.2.1. Let £ = {1, U : 1 € {1,...,n}} be the set of letters. Then we define | = —1
ifle{£l,...,£n}and U =1.

Then we have for each bipartition A = (A°,A') = n we define canonical word w, =
(Wyo)'wy1 is made of o« number of sign invariant letters 1" followed by 3 number of sign
changing letters 1 so that o« + 3 = n.

As an example, let A = (A%, A1) = ((2,1,1)(2,2)) = 8. We have (wyo)' = 1’1’2’3’ and
wy1 = 1122. Then the canonical word for wy = (Wyo)'wyi = 1/172/3/1122.

For any word w of length n, we define A(w) = n to be the shape of w if w = w,, - o for

any o € H,,. We now define a function that maps the length n words to length 2n as follows.

Definition 5.2.2 (Length-change Function). Let w denote a word of length n. Let w =
(Lily...1.) be a word of length n. We define the length-change function Q) that maps w to a
word Q(w) of length 2n by the map (L1l ... 1.) — (Lila...laly ... LL).

Consider words of length . have letters arranged in such a way that the sign invariant letters
come first and then followed by the sign changing letters. Whereas in the length 2n words, the
first n letters are as they are in the original word and the next n letters are simply attained by
a modified mirror-like effect so that the the first n letters are repeated in the reverse order with
their respective signs changed. It also describes how the number of sign invariant, and sign
changing letters are adding up to the positive and negative cycles o« and 3 respectively.

The H,, groups get very complicated to work with due to the signed permutations and that is
why the requirement to work flawlessly with computer programmes for experimental purposes,
we embed it in S;,, group. As it is easier to work with the symmetric group without worrying
too much about the extra generators as sign change and that is why this method of embedding
inside S, has been adapted. In terms of computer language [9], each word is considered to be
a list of letters where the sign changing letters are simple letters | € N and the sign invariant
letters 1’ are strings of letters.

As an example, let us consider the bipartition A = ((2,1),(1)). Then the corresponding
canonical word of length n is w, = 1’1’2’1, Therefore, the canonical word of length 2n is
Q(wy) = 1"1'2/112/1'1. Similarly, if we take the word w = 1’12’1’ which is non-canonical,
then by the map we get the word Q(w) = 1/12/11'2/11".

We also define a map that takes any permutation o in S;,, and sends it to a signed permuta-
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tion in H,,. Let us defineamap v : {+1,£2,...,#n} — {1,2,...,2n} by

i—=((1—1) mod 2n+1))+1.

Therefore the embedding of H,, inside S,,, is now concrete by implementation of the map
L in such a way that a point 1 in a signed permutation o € H,, gets transformed into a point
j = (i) in a permutation 7t € S,,,. The reverse can be done by simply considering the inverse
function.

We then have the inverse mapv—' : {1,2,...,2n} — {+1,42,...,4+n} by

i—~(i+n) mod 2n+1))—n.

As an example, for n = 5 we have the list of integers [1,2,3,4,5,—5,—4,—3,—2,—1]
where simply the points belong to set{+1,...,+5}. Now forevery i € [1,2,3,4,5,—5,—4, —3,
— 2,—1], one can apply the map and list out all the v(i) in that order to obtain the list
1,2,3,4,5,6,7,8,9,10].

It is now time to understand the group action of H,, on the words on length n. Given a
word w of length n, we have the symmetric group S;, acting transitively on it by rearranging
the letters of the word in the usual way as we have seen before and that gives us w - S,,. Also,
we have that H,, group acts on it from the right sign change on the respective positions where
the sign changing letters are present in the word as it has no visual changes on the sign invariant
letters. Eventually as a result of these actions we retrieve the orbit set consisting of all possible

rearrangements of w induced by signed permutations.

Definition 5.2.3. Let w = Wi - - Wi_1WiWi,1 - Wy, be a word of length n. For any ¢ €
Sn < Hy, we have the permuted action w - 0 = Wq.g-1 -+ Wi g1 - Wy .o 1, else for & € Hy

we have w - 51 =Wy - 'W171W1Wi+1 e Wh

Let 0 € H,, be any arbitrary signed permutation. Let w be any word of length n. Then
by the right-action of H,, on w we obtain a rearrangement w - 0. Similarly, if we take the
length 2n version of the word Q(w), then we obtain the rearrangement Q (w) - 0. As there is
a well defined correspondence between w and Q) (w), the H,,-actions on them are compatible.

Therefore we have the following proposition.

Proposition 5.2.4. Let w be any word of length n and Q(w) be its corresponding word of
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length 2n.. Then for every signed permutation &; € H,,, we have that Q(w - ;) = Q(w) - ;.

Proof. Letw =w;---wy---wy. Then we have

O

Let x + 3 = n and w be any length n word. We see no visual change on the arrangement
of letters of w by action of some permutations in H,,. For a word w this happens by the action

of the stabilizer of the word.

Proposition 5.2.5. Let w be any word of length 1 = o« + 3 and (A°,\') |= n be its shape,
where \° = & and \' = . Then the length of the orbit w - H,, obtained by the right action of

H, onwis
IHy|

Hpl = ——.
|W | |H}\0 X 57\1|

Proof. Letw be any word of length n with shape A = (A°, A'). Let us take the action of H,, to
obtain the the word w that has all of its letters as positive letters. H,, has no effect on the sign
invariant letters and only affects the sign variant letters. As the total number of sign changing
letters in W is 3, we have a total of 2P possibilities of changing w to w.

We also have the S, -action on this positive word w™ giving us all the rearrangements and

so we have that the length of the orbit by this action is

n!

k
IT A
k=0,1
i=1,...,|AK]|

|W+ ' Sn| =

where [A¥| is same as «,  for k equals to 0, 1 respectively.
Then by the above argument, the orbit length of the H,,-action w is at least 2F - jw™* - S|,
i.e.,

|VV]_ln|<2[3
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On the other hand, Hyo X Sy1 stabilizes w. Therefore, from the orbit-stabilizer theorem it

follows that all inequalities are in fact equalities:
1. the length of the orbit of w is exactly 2F - jw™* - S|
2. Hyo x Sy1 is the full stabilizer of w
Therefore, as a result of the overall H,, group action, we have

n! _ 8. n! 2Bl 2'nl [Hy
[T AF 7 ISpolt-ISalt 2% AL ]AT[L [Hpol - [Sx1] [Hao x Syl

Hence, by the group action of H,, groups on the word w we obtain the set of all possible signed
rearrangements induced by H,, group.

]

As an example of such an orbit, let us consider the bipartition A = ((1),(1,1)). The
associated canonical word of length n = 3 is w, = 1’12 which can be extended to a word of
length 2n = 6 by using the length-change function () as seen earlier. Then by the action of S3
on w, we first obtain 3! = 6 rearrangements of the all positive lettered word which are ordered
as

(1712,121,1172,1217,21'1, 211"},

Now there are two letters 1,2 that change signs under the H3 action, therefore for each of
the six rearrangements we will have 22 = 4 possibilities. Therefore by the overall action of Hj

on the word we obtain all possible 22 - 3! = 4 - 6 = 24 rearrangements as shown below

(1112,2117,112,121,112, 211, 211, 21'1, 127, 1"72, 121/, 121,
211,211, 217,112, 121, 121,121, 211, 1172, 1172, 1217, 1172).

We also get from Proposition 5.2.5 that the stabilizer of a word is of the form Hjyo X Sy1,
where H,, is a direct product of hyperoctahedral groups corresponding to the positive cycles &
and Sg is a direct product of symmetric groups corresponding to the negative cycles 3. The

group H, stabilizes the 1'-letters and the group Sg stabilizes the 1-letters.

Definition 5.2.6. Let (u, V) be the pair of words of length n corresponding to the bitableau

t. Then the row stabilizer subgroup of t is same as the stabilizing subgroup of word u, and
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so R(t) = Staby,, (u). Likewise, the column stabilizer subgroup of t is same as the stabilizing

subgroup of word v, and so C(t) = Stabyy,_ (v).

For any given word w of length n made up of sign-changing and sign-invariant letters, one
can obtain its shape which is a bipartition A(w) = A. This process is same as how it is done
for the monomial groups. While counting the repetitions of letters in the word w of length 2n,
one thing to keep in mind is that we eventually have to look for the letters in the first half, i.e.,

up to length n in order to achieve a bipartition A of n.

Proposition 5.2.7. As permutation action of H,,, the rearrangements of a word w1 of length
2n and the rearrangements of a word w, of length 2n are isomorphic if and only if wy and w;

have the same shape, i.e., if A(wq) = A(w;).

Proof. The proof of this proposition follows in the same fashion as the proof of Proposition
3.3.3. The only difference now is that now we need to consider that H,, action on the words are
slightly different than the S,, actions.

Let o, B € N with o + 3 = n. By the action of Hyo x S1 on the word wy for some A°, A’
such that A°| = ocand [A'| = B and A(w;) = (A%, A1), we find all the rearrangements of w.
Similarly, By the action of H,,o x S,,1 on the word w; for some pu°, 1! such that |n°| = « and
lu'| = B and A(w;) = (u°, '), we find all the rearrangements of w.

The actions on the orbits are isomorphic because the stabilizers Hyo x S)1 and Hyo X S ;1
are conjugates to each other, and this possible if and only if (A°, A1) = (u°, '), ie., A(w;) =

We can now restrict 1 = 2 in the Definition 4.4.2, Definition 4.4.3 and Proposition 4.4.4 to
obtain an analogue of the same that fits the theme of this chapter. By fixing r = 2, we obtain a
bidiagram from Defintion 4.4.2 as a subset of a multidiagram.

To construct the Specht modules, we are interested in bidiagrams where each component
diagram of it is corresponding to a partition. Therefore, for each word in the orbit of w,, we can
associate a bihistogram to it. The idea of a bihistogram corresponding to a word is different to
the idea of constructing multihistograms for words in G; ,, representations. Then, for any word
w, we can find the bipartition A(w) = (A° A"), and therefore we have two histograms each
corresponding to a A' for i = 0, 1, together giving us a bihistogram. Therefore, a bihistogram

for A is a pair of histograms corresponding to each A'.
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As there are now letters of two different types, sign variant and sign invariant, we consider
that in the bipartition A = (A°, A1), the partition A° correspond to the ’-letters and the partition
A'! correspond to the l-letters. For this reason, we make the convention that in the pair of
histograms, the rows of the first histogram is labelled by the sign invariant letters and the rows

of the second histogram is labelled by the sign changing letters.

Definition 5.2.8 (Bihistogram). Let w be a word as a function w : {—n, —(n—1),...,—1,1,

S m=1),n} = {1,2,3...,£1,£2, 43, .. . }such thatw(i) = Q(w)L~ (i) and w(—i) =
w(i) where Q(w)[L~"(1)] denotes the letter at position v~ (i) in Q(w). Then the bihistogram,
denoted by H,,, of the word w is the set {w='(1'),w=1(2"),w=1(3"),

oW N (1), W (2), w1 (3),...} of pre-images of its distinct letters.

It is to be noted that due to the correspondence of each of the component histograms to a
positive and negative cycles, we only record the absolute values of the i € {£1,--- ,4+n} as
entries in rows of the histogram corresponding to the positive cycle. Also, as in the histogram
corresponding to the positive cycle the row labels are sign invariant letters, the change of sign
has no effect on them. Therefore, negative entries only occur in the histogram corresponding
to A! in the bihistogram J of shape A = (A%, A1).

As an example, consider A = ((3,1),(2,2)) and wy = 1'1"12’1122. The rows of each
histogram corresponding to each partition is labelled by distinct sign invariant and variant let-
ters. Let 0 = (1 —376)(4 —5)(—13 —7 —6)(—45) € Hg be a signed permutation. Then
we have another rearrangement wy, - o = 1'1212’1/12 by the right action of o on w,. The
respective bihistograms are shown in Figure 5.1.

Again, for each component histogram we get a sequence of subsets of {+1,4+2,...,+n}
decreasing in size. Union of the collection of all these subsets returns the set {£1, +2,...,+n}.
One can recover the word corresponding to a given bihistogram.

This recovery process is similar to how it was for the monomial groups, the difference being
that a bihistogram can take negative integers as well. However, it can only take value as either
the positive or the negative of a same integer, i.e., the integers with same absolute value can
appear only once in a bihistogram.

If the integer corresponding to a letter in the bihistogram is negative, we need a way to
retrieve the words with negative letters. If in the bihistogram, we have a negative integer i €
{~1,—2,...,—n} then we first check whether i belongs to component histogram of shape A°

or A'. If i belongs to the histogram of shape A° then 1 is corresponding an 1’ letter and therefore
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171 2 3 1 5 6
2" 4 2 7 8
(a) wy, bihistogram
71 2 6 1 4 7
25 2 3 8

(b) wy, - o bihistogram

Figure 5.1: Bihistograms for wy = 1'112/1122 and w,, - 0 = 11/112/21'2

we consider the 1’ letter as it is. If 1 belongs to the histogram of shape A; then we replace 1 by
—1 at position i in the word w.

Letw be a word with distinct letters {1/, 2/, 3/, ..., £1,+2, 43, ... }. Let H = {hy, ,, huw,, }
be a bihistogram. For i = 0,1, each row of h,, , has some elements producing a subset of
{£1,42,...,£n} corresponding to a row tabloid. Each row of hy, is labelled by a sign
invariant or sign changing letter. Let us denote the row subsets by h,, , [l'] or h,, | [l] where U
and 1 are the letter labelling the corresponding rows of h,, , and h,, , respectively. Then we
have that |hw)\0 U] Uy Ith] | ={1,2,...,n} where |h’W)\o [U']] and IhWA] [l]] denote the sets of
absolute values of the integers corresponding to the letters 1’ and 1 respectively. These subsets
describe the position of the letter " or 1 in the word w. Therefore, running through all letters U
and 1, we obtain the n-lettered word w corresponding to .

For example, if we consider the bihistogram in Figure 5.1(b), then we see that we have the
corresponding set of distinct letters I, 1 € {1/,2, 1, 2} with respective set of subsets D(A°)[l] €
{{2,3,7},{5}} and D(A")[1] € {{1,—4},{6, 8}} describing the positions of each letter in the word.
Therefore, we obtain the word corresponding to this bihistogram is w = 11/1/12/21/2.

The action of H,, groups on the words w of length n can be understood with the help of
their respective bihistograms. Now, as we have sign invariant and sign changing letters, we

introduce a new lexicographic ordering on these letters.

Definition 5.2.9. Let us set the convention of the ordering of the letters for the hyperoctahedral
groups

1"<2 <3 < <1<2<3<---<1<2<3<---.
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Letw = wiwy ... Wy and v = v1Va ...V, be two words of same length n. Then for all i if
Wi = Vi, we say that w = v. Also, w < v or w appears earlier than v in the lexicographic
order if for some w; < vi and w > v or w appears later than v in the lexicographic order if

for some wi > vi and w; = vj forall j < i.

5.3 Bitableaux and Pair of Words

A bidiagram is nothing but a multidiagram corresponding to a bipartition of a natural number
n, each row of the corresponding component diagrams has a length. We convert it into a Young
bidiagram by assigning an empty box to each of these positions in the rows of the diagrams.
Clearly, there are n boxes in a Young bidiagram.

Now, filling the n boxes with numbers {+1, +2, ..., +n} will give us a bitableau, which is

different to that of the Young multitableau that are used to represent the G, .

Definition 5.3.1 (Young Bitableau). If A = n, then a A-bitableau (or Young bitableau of shape
A) is a 3-dimensional array t of integers obtained by placing {+1,£2, ..., £n} in the boxes of
two Young diagrams corresponding to each \' for i = 0,1 respectively satisfying the criterion
that only one of the numbers with same absolute value can appear in the boxes at a time, i.e.,

t = (1%, t") is a Young bitableau where t' is a Young tableau of shape \* fori =0, 1.

As an example, we have A = (A%, A1) = ((3,1),(2,2)) = 8 and therefore one of the

corresponding bitableaux is as follows

2|
7

1153
4

b

6
8

Clearly, by the right-action of Hg, we will have a corresponding tableau for each element in

Bs. This implies there will be a total of 28 - 8! Young bitableaux of shape ((3,1),(2,2)).

Definition 5.3.2 (Standard Bitableau). A Young bitableau is said to be a standard bitableau
when the integers in the boxes of each t* for i = 0,1 in t are all positive and increasing to the

right and to the bottom for each row and each column respectively.

As it is allowed for a bitableau to contain both positive and negative entries, for any biparti-
tion of n we have a total of 2™ - ! Young bitableaux. From now on we will use the abbreviation

SYBT for standard Young bitableau.
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Definition 5.3.3 (Canonical Bitableau). A canonical bitableau t, of shape A is a special case

of v = 2 for a canonical multitableau corresponding to the group G .

As an example, for A = ((3,1),(2,2)) = 8 we have the standard canonical A-bitableau as

ta=[1]213],[5]6]
4 718

By natural action of hyperoctahedral group on the labelling of the boxes of the bitableau
we get the numbers permuted with their signs changed in the boxes.
As an example, (1 —376)(4 —5)(—13 —7 —6)(—45) € Hg acts from the right on the

above bitableau as follows

217,141
6|8

112]3)[5]6]- (1 =376)(4 —=5)(=13 —7 —6)(—45) =
4 718

3
5]

by preserving the shape of the bitableau but with a different numbering of the diagram. Then
each bitableau corresponds to an element in H,,. If the canonical SYBT corresponds to the
id € H,, then by applying the group action on the canonical SYBT we can generate all the
possible numbering of the bitableau.

The definition of conjugate bipartition is going to be different for this construction from the

one already seen for the monomial groups.

Definition 5.3.4 (Conjugate Bipartition). Ler A = (A°,A") = n. Then the conjugate bi-

oT

partition of N is u = (1O, 1u') = n such that p° = AT and uw' = A°'. Therefore we have

p=A" = (A T, 7\°T) to denote the conjugate bipartition of \.

For every conjugate bipartition AT we also have a corresponding bidiagram of which the first
component diagram is the transpose diagram of the second one in the bidiagram corresponding
to A and vice versa. As an example, for A = ((3, 1), (2,2)) we have its conjugate bipartition

AT =((2,2),(2,1,1)) which is obtained from the bidiagram

Then we have a bitableau

t=[4]1[8],12]7
3 65

corresponding to the bipartition A, then the transpose of t, say t", corresponds to the conjugate

bipartition AT, so that the shape of t" is AT. It is possible by following the same idea of a
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conjugate bipartition of a bipartition on to the transposed bitableau of a bitableau. Then we

have that

th =

3.

NN

IS

Clearly, it can be seen from the above example is that there is no effect of the conjugation on
the signs attached to any of the integers present in the boxes of the bitableau t.
The canonical word for AT = ((2,2),(2,1,1)) is wyr = 1'1'2/2/1123. So we have the

bihistogram associated to wyt as:

6

5
v
8

Definition 5.3.5 (Bitabloid). A bitabloid of shape A gives us the row equivalence class for the
underlying bitableau corresponding to it. Similarly, one can define the column-equivalence
class for a A-bitableau. We denote the row and column equivalence classes of t by {t} and [t]

respectively.

For any two bihistograms corresponding to two words of same length n, we get an intersec-
tion bihistogram. For the intersection to work, we need to have that the component histograms

intersect in a crosswise fashion.

Definition 5.3.6 (Intersection Bihistogram). Let w and v be two words of same length n
consisting sign invariant and sign changing letters, and H,, = {h,, hy, } and I, = {h,,, hy,}
be their corresponding bihistograms respectively. We define the intersection bihistogram H =
Hy NH,, such that H = ((£hy,) Nhy,, hy, N (£hy,)) where £h,, and +h,,, denote the sets
hy, and h,,; have their entries with both signs +.

This crosswise intersection of bitableaux does indeed always work for two bitableaux cor-
responding to any pair of words of same length. Like we have seen for the other cases, here
as well, we have the notion of good and bad intersection bihistograms. Due to the effect of
this cross intersection between the bihistograms, the intersection bihistogram that we attain has
its rows and columns labelled by two different types of letters and later on we will make it a
concrete criterion to be satisfied in order to retain such intersection bihistograms. Same as be-
fore, we only are interested in intersection bihistograms that preserve the shapes of the original

bipartitions that we start with.
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Definition 5.3.7 (Simultaneous Bihistogram). Let (u,V) be a pair of words of same length n
consisting of sign invariant and sign changing letters. Then there exists a simultaneous bihis-
togram H = (h°, h') corresponding to (\,Vv) obtained by the intersection of two bihistograms

corresponding to W and v respectively if the following criteria hold
1. each component histogram h' for i = 0,1 is a simultaneous histogram,
2. the shape of J is a bidiagram that represents a bipartition of n.

As usual, we consider a pair of n-lettered words (u,v) where A(u), A(v) = n. As the H,,
words are now made up of two types of letters, we further need to impose a criterion to be sat-
isfied for a pair of signed-lettered words to be fit in a good intersection bihistogram. In general,
a simultaneous bihistogram is a Young bitableau such that each of the component tableaux has
its rows and columns labelled by the distinct letters in the row and column word respectively
and the pair (u,v) has complementary words. Therefore, the shapes of bihistograms of the

corresponding words that intersect each other diagonally need to be conjugates to each other.

Proposition 5.3.8. Let u and v be two words of same length, and h be the intersection bihis-

togram of their corresponding bihistograms, then shape of W must be the transpose of the shape

of v.

Example 5.3.9. For n = §, let us have wy = 1"1'1'21122 and w, = 1'1'2'2’1123. Clearly, if
we use the pair

Wy 1121122

W) 717221123
then they not only fail to satisfy criterion 1 in Definition 5.3.7 but also the criterion for the cross
intersection of the bihistograms, and therefore cannot be fitted in a simultaneous bihistogram.
Instead if we consider the word wy = 1/1/1/2’1122 as it is and take a rearrangement of w, as

wh, =12311'2"1"2’. Now we have the pair
Wi 11211 2 2
wh T2 3 1172172

that satisfies all the criteria to become a simultaneous bihistogram as shown in Figure 5.2.

Clearly, A(w7) = ((3,1),(2,2)) and A(w>) = ((2,2),(2,1,1)) = A(w;)T. As usual, in

the pair (w7, w)), each column is corresponding to a numbering in the boxes of tableaux in the



110 CHAPTER 5. HYPEROCTAHEDRAL GROUPS

¢« column letters —

P12 3 1 2
§1'123 11516
52| 4 21718
1

Figure 5.2: Simultaneous bihistogram of the pair (1'1/1'2/1122,12311'2'1'2’)

bihistogram and the respective numbers in the boxes denote the position of the column in the

sequence of columns in the word pair.

12345678
vi=1717172"11 2 2
w1 2311212

Hyperoctahedral group H,, acts on the pair of words from the right and we get different or-
derings of the columns and in return we get all the possible numbering of the boxes in the
simultaneous bihistogram.

We find that the bitableau found for the pair of words (wq,w;) in Example 5.3.9 is a
simultaneous bihistogram. An interesting thing to notice is that the letters in any column of the
pair are of different types. This indicates the cross intersection of component histograms of the
bihistograms for the words.

Here we get the H,, group action on the words as described earlier. Therefore we get
possible arrangements of the words with their signed letters. For two words u, v of same length
n, consider the sets of rearrangements U, V by the H,, action on u,v respectively. Therefore,
H.,, acts on the pairs (u,Vv), which gives us a subset of U x V.

As seen in [ 18] and for the monomials, we have an analog for the case of the H,, groups.
Two words wi, w; of same length n have complementary rearrangements if the action of H,,
on the product of rearrangements of the words has a unique free orbit. The idea of complemen-
tary words is same as that of the symmetric groups, with the added criterion that letters in each

column are of different types.

Definition 5.3.10. A pair (\u, V) of words consisting of sign invariant and sign changing letters

is said to be complementary if and only if the following hold:
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* there is no repeated columns in the pair (u,Vv),

* the letters in each column are of different types, i.e., if any one of the letters is a sign-

invariant letter U then the other one must be a sign-changing letter 1.
Clearly, the H,,-orbit of a complementary pair of words is a free orbit.

Theorem 5.3.11. Let v and w be two words of length n made up of sign-invariant and sign-
changing letters. Then the action of H,, on the pair (V',W'), where v' and W' are some signed-
rearrangements of v and w respectively, has a unique free orbit if and only if A(w) is the

transposed bipartition of A\(v).

Proof. The proof of this theorem uses the same theme of the proofs of Theorem 3.4.11 and
4.5.11.

Let v, w be two words with sign-invariant and sign-changing letters of same length n. Let
A= (A%A) Enand u = (u° u') = n such that A(v) = A and A(w) = p. Now, let
v/, W' be some rearrangement of the words v, w respectively for which we have a simultaneous
bihistogram H = (h° h'). Therefore,  can be considered as a matrix that has its columns
made of letters of the complementary words such that no column has letters of same type.

Now, as explained in Section 5.2, for each of the words V' and W’ we have a corresponding
bihistogram. We also know that bihistograms are set of subsets of {+-1, +2, ..., +n}. Then for
a pair of words (V', W), we have two bihistograms as two sets of subsets of {+1,+2, ..., +n}
corresponding to each word v/ and W' respectively.

The simultaneous bihistogram J{ therefore is simply the intersection of the two bihis-
tograms corresponding to v/ and w’ such that H{ = (h® h') = (hy, N h,1,hy N hyo)
where the bihistograms individually corresponding to the words are H,, = (hyo,h,1) and
Hy = (hyo, hy1) respectively. Now, for each of these component tableau h; in H, we can
apply the recovery process to avoid the failures (F;) and (F,) as explained in Theorem 3.4.11
and as follows.

Let £R = {4+r,—r : v € R} denote any row of a simultaneous bihistogram where +r and
—r are the positive and negative entries in the corresponding rows R respectively. Similarly, let
C denote the columns of the simultaneous bihistograms consisted of just the absolute values
of the entries in the same column. If J{ is the simultaneous bihistogram corresponding to the
some rearrangements of wy and w,, then {3} = |J£R and [H] = | C. Then for k¢, k, =0, 1

and 1 <1 < |A*and T < j < |pu*| we have that H; ;) = +RM N C;*kz for kq # k. Now if
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we have that the entry in the box having coordinate (1,j) has a negative sign, then we take the
letters corresponding to the row and column words with their signs negative, although it has no
effect for one of the letters as it is sign-invariant.

We also do the vice versa of this process whenever we are going in the reverse direction,
i.e., while finding out the simultaneous bihistogram for a pair of word if we have that in any
column of the pair we have a signed letter then we take assign a negative sign to the integer that
goes into the corresponding box in the bihistogram.

Therefore, we obtain the pair of word in the same way as described in earlier chapters as
well as given by the aforementioned mechanism for deciding the signs of the corresponding
letters. Iterating through all the letters for each word, we find that the shape of k;-th histogram
of H,, is the transpose of the k;-th histogram of H,,, such that k; # k,. Hence, p = AT —=
Alw) =A(W)T.

[]

Just like in the other cases, we have a canonical bitableau which corresponds to a canonical
pair of word. A canonical pair of word for the H,, groups is chosen by following the guidelines
mentioned below, which is not going to be exactly the same as that of the monomial groups.
Here we need to have a careful consideration of the fact that due to the properties of a conju-
gate bipartition we have the effect of the cross intersection, which eventually results in having

different types of letters in each column of the word pair.

Definition 5.3.12 (Canonical Pair). For the canonical bitableau of shape M, let (1, V) be the
corresponding pair of complementary words of same length made of sign invariant and sign

changing letters.

Then a pair (u,Vv) is the canonical pair if we keep u as it is and take v in such a way that
all the distinct sign-changing letters appear first once each in the increasing order and then they
repeat the pattern until their multiplicities are exhausted, then repeat the same for sign-invariant
letters until all the letters of v are exhausted.

Quite clearly, there can be only one canonical pair of such words, but overall there are
2™ - n! ways to pair up words of same length corresponding to a bipartition and its conjugate
bipartition so that each of them correspond to a Young bitableau. In Example 5.3.9 we find all
the criteria for satisfying a pair to be canonical hold, we can say that the chosen pair (wy,w))

is canonical. Canonical bitableau always corresponds to canonical pair of words. Therefore,
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we consider the canonical pair/bitableau to be a representative of id € H,,. Hyperoctahedral
group acts on the canonical bitableau from the right by giving us all possible 2™ - n! possible

bitableaux of the same shape.

Similar to that of the other groups, we have the following as a direct implication of Defini-

tion 5.3.10 and Theorem 5.3.11.

Corollary 5.3.13. Let U and V be the set of all rearrangements of complementary words with
sign-invariant and sign-changing letters w and v respectively. Then for W' € U and V' € V, the

pairs (W,V') is in the free orbit if and only if the intersection bihistogram is a bitableau.

Corollary 5.3.14. Let A = n. The function H : (v,w) — simultaneous bihistogram of (v, w)
establishes a bijection between the elements of the unique free H,, -orbit on the set {rearrangements

of wia} x { rearrangements of wyt} and the set of bitableaux of shape A.

We can also find nonstandard inter-bitableaux for the case of hyperoctahedral groups. An
inter-bitableau is a special case of inter-multitableau obtained by fixing r = 2. The intersection
of two bitableaux follows the same description as that of the monomial groups. Therefore,
one can refurbish Example 4.5.14 by ignoring its third component to get an example of an

inter-bitableau. Let us have a look at another example.

Example 5.3.15. Let us consider two SYBT of shape A = ((3,2), (1,1)),

3,

respectively. Then for t; we have the row stabilizer subset as {t;} = {{{1, 3,5}, {2, 4}}, {6}, {7}}}
and similarly for the transposed t, we have {t1} = {{{6, 7}}, {{1,4},{2, 5}, {3}}}. Therefore, we
obtain a inter-bitableau t = (t°,t') such that t = (&{t{} N {(t;f}, +Htln {(t;)o}) where
{9} N {(t])'} and £{t!} N {(t])°} denote the sets {t°} N {(t])"} and {t!} N {(t])°} can take

t = 1 35‘, and t, = 1
214

[S21]\S)

their entries with sign positive or negative if there is an element in the intersection which is the
absolute value of elements in the tabloids. In such cases where there are elements in both the
tabloids that are intersecting each other and in the intersection have at least one entry which are

the absolute values of corresponding entries in the tabloids then we put this entry with its sign
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in the box of the intersection bitableau. Therefore, we have

t 1) = +{1,3,5}n{1,4} = {1}
t) 5y = +{1,3,5} N {2,5} = {5}
t) 3y = +{1,3,5)N {3} ={3}
0 1) = +{2,41N{1,4} = {4}
t0, 5 = £{2,4}n{2,5} = {2}
t°23 =+2,44N{38} =92

1) = £{6}n{6,7} = {6}
Ly =H7IN{6,7) = {7}

implying that we have

t=[1[5]3],/6]
412

By changing the order of the tableaux t; and t, and considering the row stabilizers {t,} and

{t1}, then we find that in the intersection tableau s (say), we have
syl = 11,2,3}n{1,2)| = (1,2} # 1.

Then intersection bitableau, in this case, only exists for (tq,t2) and not for (t;, t;). There-
fore, we can sum up this property as a proposition for this group by an extension of Proposition

3.4.15 and Proposition 4.5.15.

Proposition 5.3.16. Let t; = (t9,t]) and t; = (t5,t}) be two bitableaux of shape A =
(A®,A1). Then there exists an inter-bitableau t = (t°,t") such that t = ({:I:t?}ﬂ{(t})]}, {t1n
{i(tg)o}) where {+1%} and {j:(tg)o} denote the sets {t%} and {(tg)o} have their entries with
both signs =+, if and only if for any (i,j) we have that |t‘(<i’].)| = 1fork = 0,1 where (i,j) is a

position of a box in the Young tableau t* of shape \*.
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5.4 Specht Objects

It is time now to construct the Specht modules for the hyperoctahedral groups. The idea of
a flat-bitableau can be drawn in a similar way to that of a flat-multitableau, except for that
now it can contain negative entries. As usual, for any bitableau t, we denote the flat-bitableau
corresponding to it by t” and the canonical flat bitableau is denoted by t}.

Then we have a permutation action on the 2n-lettered words similar to that of the symmetric
group action, whereas we still preserve the sign action whenever we are looking at it from the
perspective of the n lettered words, which is simply the first half of each 2n-lettered word.

The Young character of a bitableau t is decided by the sign of the permutation o that con-

verts the canonical multitableau t, to t.

Definition 5.4.1 (Young Character for Bitableau). Let t} be the canonical flat-bitableau
corresponding to the bitableau t of shape A |=n. For o € H,, if we obtain t* = t?\ - 0 of same
shape A then we define the Young character denoted by Y(t) as Y(t) = sgn(t®) where sgn(t?)

is as given in Definition 5.1.6.

As the Young character of a bitableau t is decided by a signed permutation ¢ such that
t, - 0 = t, the Definition 3.5.6 holds true for the case of H,,.

Then we have the Specht matrix for shape A. As seen before, if we consider the alternate no-
tation of the flat-bitableau t* = (W}, w}) where the pair of words corresponds to the bitableau

t, then we can simply write Y(t) = Y(w},w)).

Definition 5.4.2 (Specht Matrix for H,, Group). Let A = . Let wi = Wy, and wy = Wyt
be the complementary canonical words of length 1 and of shapes N and A" respectively. Let A
and B be the sets of all rearrangements of wy and w; respectively. Then we define the Specht
matrix @(A) : A x B — {0, £1} defined by (W}, w,) — Y(Wi, W) where Y(W), W) = Y(t)

only if (W}, W) corresponds to the bitableau t.

The elements in the Specht matrix are decided by the sign of the simultaneous bihistograms
corresponding to pairs (W), w}). Clearly, there will be 2™ - n! nonzero entries in the Specht
matrix @(A).

For a concrete understanding , let us have a look at an example on how we build the Specht

matrix for monomial groups.
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Example 5.4.3. Letn = 3 and A = ((1,1),(1)). Then the conjugate multipartition is AT =
((1),(2)). Therefore, we have the corresponding canonical words uy = 12’1121’ and v,r =
1117771/ respectively. We choose the canonical pair of these words as our row and column
words pair. Then the row word is u = 1°2/112/1" as it was but we take a rearrangement of
letters of vyr and so our column word is Vi, = 111" 11. If we consider the words as a pair

then we have

u 2112w
Vi 11T

and clearly it is now complementary. As we already have obtained the free orbit for this pair,
it implies that this pair satisfies the criteria for a simultaneous bihistogram. As usual, this pair
is corresponding to the canonical bitableau of shape A and therefore we can obtain the Specht
matrix.

Let wy = u, and w, = V). Then, the Specht matrix @(A) is shown in Table 5.4.3. It
can be seen that each row in the matrix is labelled by some rearrangement of the row word

172’1121 and each column is labelled by some rearrangement of the column word 111/1/11.

11171711 1171171 Vit an1 o avnvn iy o vniny v manrr 1 vt it

172/112/1/ 1 . . -1 . . . 1 . 1
1271717271 . . -1 . . 1 1 . . . . 1
17127211/ . -1 . . 1 . . . 1 . 1
172771271 —1 . . 1 . . . 1 . _

12/1/1/2"1 . . 1 . . —1 1 . . . . 1
112/2/1/7 . . 1 . . -1 1 . . . . 1
211171712/ . 1 . . —1 . . . 1 . 1

171227117 . 1 . . —1 . . . . | . 1

117272711 . . -1 . . 1 1 . . . . 1
21711172/ -1 . . 1 . . . 1 . .

271171712/ . -1 . . 1 . . . 1 . .

21711172/ 1 . . -1 . . . 1 , 1

Table 5.1: Specht matrix @ (((1,1),(1)))

As seen in the other cases, we claim that the column space of the Specht matrix corre-
sponding to the bipartition A is an irreducible representation of H,, and for any two distinct
bipartitions they are nonisomorphic to each other.

Let us take A to be the set of all rearrangements of w,. Then we have a signed permutation

module M* described by A.

Definition 5.4.4 (Signed Permutation Module). Let A = n be a bipartition and w), be the
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canonical word of shape \. We define the signed permutation module
M* = (qw : W € A)c

as a vector space over C, where A is the set of all rearrangements of wW,.

Letv € M?. Then by Definition 5.4.4 we have v = ZWGA X qyw for some «,, € C. Then

for any o € H,, we have that

V'G:(Z (quw)‘U:Z(Cquw)'G: Z Xw.cQw.c = Vo-

wEeA wWEA wW-0€EA

Therefore we clearly have that M? for A = n is a H,,-module.

Proposition 5.4.5. Let A = n and M” be the corresponding signed permutation module. Then

M is a H,,-module.

Consider t, a bitableau of shape A = n and C[H,,] be a group ring. Let the row and column
stabilizers of t be R(t) and C(t) respectively, both as subgroups of H,,. Then we define the

formal sums

pi=) P =) ¢
)

peER(t
where € = sgn(c) - ¢. Then picy is an element of C[H,,]. Let {t} be the row bitabloid corre-
sponding to t expressed as {t} =t - py.

Like in the symmetric group case, we then have p to be the sum of all bitableaux in the
same row and c; to be signed sum of all bitableaux in the same column corresponding to
t in @(A) where t is a A-bitableau. Similarly, {t}, the row bitabloid of t corresponds to all
the bitableaux in the same row of t in @(A) and so can be indicated by the word W} € A

corresponding to it.
Definition 5.4.6. We define a polybitabloid v for a bitableau t given by vi = {t} - cy.

Like seen for the other cases, we have vy = t - pic¢. Then for t = t) we find vy, = paca
as t) corresponds to the identity in H,,. We obtain the elements in the same column of the
bitableau t ordered differently by a signed permutation action of C(t) on {t} and so for all

€ C(t) we get row bitabloids {t - 7t}.
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Definition 5.4.7. Let wq and w; be complementary words of shape A |= 1 and corresponding

to a Specht matrix @ (). We define the elements
Vw, = Z Y(W/1 )VVZ)qW’1
w1

where Y(w',w3) is the Young character corresponding to the pair (Wh,w2) and .y, is the

vector corresponding to w} in M*.

By the action of C(t) on bitabloid {t} with its corresponding element as its coefficient, we
obtain v;. Recording all the coefficients of these bitabloids in a sequence, we obtain the column
corresponding to t in @ (A) labelled by w.

Irrespective of an ordinary or signed permutation o, and for a bitableau t we always have

the property that {t}- 0 = {t- o}. Therefore Proposition 3.5.14 also holds in this case as follows.
Proposition 5.4.8. For a bipartition A of n. we have that v.,,, = sgn(t’) - vy.

Proof. Proof follows from the proof of Proposition 3.5.14 by considering t to be a bitableau of
shape A = n. O

Now we define the Specht module for the hyperoctahedral groups in a similar fashion to

that of the monomial groups.

Definition 5.4.9 (Specht Module for H,, Group). For a bipartition A |= n, the Specht module
SA is the submodule of M spanned by all vy.

Proposition 5.4.10. The Specht module S» is the column space of the Specht matrix @(A),

spanned by v, where W, is the column word in @ ().
Now we have that Lemma 3.5.15 also applies in this case for a bipartition A.
Lemma 5.4.11. Let t be a A-bitableau of shape A |= n.. Then the following hold.

1. For 0 € R(t) and m € C(t), we have that p, - 0 = 0 -py = prandcy - T =T -Cy =

sgn(71)cy.
2. We have that p - pr = [R(t)|p and ¢y - ¢y = |C(t)|ct.

Proof. The proof follows like Lemma 3.5.15. []
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We need to now show that the Specht module S” is closed under the action of H,, group.

Lemma 5.4.12. Let t be any bitableau of shape A and o € H,, be any arbitrary group element.

Then we have that vy - 0 = vy.o € SM.

Proof. Take a signed permutation ¢ € H,,. Then the proof follows using the same steps of the

proof of Lemma 3.5.16. []

Then we have from Lemma 5.4.12 that the Specht module S* is closed under H,,-action

and so we have it as follows.
Proposition 5.4.13. S” is a H,, module for A = n.

Now let us understand if we can pair up row word of one bitableau with the column word of
another bitableau and call the pair to be complementary, given that the two words are of same
length. Let us consider o, 3, &', 3’ € N such that x + 3 = &’ + ' = n for some n € N.
Let A = (A%A") and N’ = (A°,\"') be two bipartitions of n such that \° - a, A" - B and
N E o, N+ B Let t, t’ be two bitableaux of shapes A, A’ corresponding to the word pairs
(u,v) and (W', V') respectively. Therefore, all four words u, v, u', v are of same length n.

We now take 1’ and v, and pair them up. It is to be noticed that the shape of u’ is A’ and
the shape of vis AT = (?\1T, A°"). If in the pair (1, v), we find that u’ has more sign-invariant
letters than in v then we have that &’ 4+ 3 > n. It implies that in the pair of words, we have
at least one column with both letters being sign-invariant. Therefore 0 = (i —1i) is present in
both C(t) and R(t').

Now, o’ +B' ' =n —= &« =n—pB . Then&d'+p>n —= n—pR'+p>n — p > p’
and so o > «.

If o € C(t) such that sgn(o) = —1,e.g. 0 = (ij)(—1i —j) or 0 = (i —i), then we have

that

(o) co=(—0)-( ) sgn(m)-m = > sgnfom)-om= ) sgn(c)-c=cu.
e C(t) oneC(t) ceC(t)
So we find that o - ¢y = —c4.
An element p € R(t) also belongs to the stabilizer subgroup Stab(u) where u is the row
word corresponding to t. Then clearly p acts on any pair of words with row word u in such a

way that u remains unchanged while the column words get rearranged. Therefore, all pairs of



120 CHAPTER 5. HYPEROCTAHEDRAL GROUPS

words that have their row words fixed to u, can move from one pair to another by the action of
Stab(u). Likewise, Stab(v) acts the same way on the pair of words with their column words
being fixed to v.

If A = N, then the two bitableaux t,t" are of same shape. Then for some p € R(t’) and

q € C(t) we have thatt’-p=1t-q.

Lemma 5.4.14. Let A\ = nand A > N. Let t,t’ be the bitableaux corresponding to A\, \'
respectively. If the row word of t' and column word of t make a complementary pair of words, or
if there exists a sign change permutation (1 —1) in both R(t") and C(t) then we have {t'}-cy = 0

and otherwise {t'} - ¢, = tvy.

Proof. If such a complementary pair of words exists then let o € R(t’) be the transposition that
permutes them. Now since 0 € C(t), we have that o - ¢, = —c¢ but {t'} - 0 = {t’}. Then by

considering {t'} = 1 where 1’ is the row word corresponding to t’, we obtain that

UWeoep=u -0-cp=u - (—cy) =—u-cy.

Sowehaveu' - ¢y =0 — {t'}-c, =0.

If no such pair exists, then for o € R(t’) and 7t € C(t) we have t’' - 0 =t - 7t. Then

wWeoce={ttco={t'-ot-co ={t-m}-ce ={t} -7 ¢t =sgn(m){t} cy = sgn(7) - v;.

O

It is to be noted that if t is a SYBT of shape A and p € R(t), ¢ € C(t), then we have that
t-p > tandt-c < tascan be decided by an extension of the linear ordering on tableaux

given in Section 7.1 in [6].

Lemma 5.4.15. For two standard bitableaux t,t’ with the property that t' > t, we find that
there is a pair of integers in the same row of t' and the same column of t or there exists a sign

change permutation (1 —1) in both R(t') and C(t).

Proof. The shape of t cannot dominate the shape of t’ since t" > t. If no such pair exists then
for some o € R(t') and 7t € C(t) we have thatt' - 0 = t - 7t. Since t,t’ are standard, we have

thatt’- o > t’ and t - 7t < t. It is contradictory to the assumption t’ > t. Hence proven. Il
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Then as a consequence of Lemma 5.4.14 we have the following and the proof of it can be

drawn in a similar fashion from the proof of Corollary 3.5.19.

Corollary 5.4.16. For two standard Young bitableaux t and t’ with the property that t' > t we
find that {t'} - ¢ = 0.

Therefore, from Lemma 5.4.11, Lemma 5.4.14 and Corollary 5.4.16 we have the following.

Theorem 5.4.17. For a Young bitableaux t of shape A |= n we have that

MMcp =S¢, =C- v #0; (5.1
MN ey =SN ey = 0ifN > A (5.2)

Proof. 1t follows from the proof of Theorem 3.2 by considering t to be a bitableau of shape
AFn. []

Now the equations in Theorem 5.4.17 implies that each Specht module S* is irreducible
for A ranging over all bipartitions of n. Over a field with characteristic zero, irreducibility is
same as indecomposability. So we can bring a similar argument in here to that of the symmetric
groups.

IfS* =VaW, thenC v, =S" ¢, = V-cy ®W - ¢, implies that v must be contained in
either V or W. If say v is contained in V - ¢, without loss of generality, then it must be true that
V contains v;. As C - v, is a one-dimensional space, then for ¢; € C[H,] and V being a H .-
module, we have that V - ¢, € V. Therefore, if v, is contained in V then S» = C[H,,] - v = V.

For N > A, equation (5.2) gives us that ¢, acts as 0 on S», which implies that for any
two distinct bipartitions A, A’ we have that their corresponding Specht modules S*, S*" are non-
isomorphic. It is also true that there are as many irreducible representations of H,, as the

number of bipartitions of n and hence we have the following.

Theorem 5.4.18. The set of Specht modules {S” for all A = n} gives the complete set (up to

isomorphism) of pairwise non-isomorphic irreducible representations of H,,.

Proof. Following this construction we obtain that there are as many irreducible representations
of H,, as the number of bipartitions of n. Each S* corresponding to A |= n is an irreducible
representation, and any two of them are pairwise non-isomorphic. Therefore, {S* for all A = n}

produces the complete set of irreducible representations of H,, up to isomorphism. ]
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We now prove that the columns corresponding to the standard bitableaux create a basis for

the Specht module S*.

Lemma 5.4.19. The standard Young bitableaux entries in the Specht matrix belong to distinct

rows and columnes.

Proof. This proof follows the same pattern as that of the ones seen before for the other groups.

In the Specht matrix all the entries sitting in any row belong to the bitableaux of same row-
equivalence class or row bitabloid. If t is a standard A-bitableau then in the row bitabloid {t}
there can be only one SYBT, i.e., t itself. This implies that every SYBT belong to different
row-equivalence classes and therefore they all sit in different rows.

Likewise, every SYBT belong to different column-equivalence classes and therefore they
all sit in different columns.

Hence the standard Young bitableaux entries in the Specht matrix belong to distinct rows

and columns. OJ

We will also show that SYBT entries are the first nonzero entries in the respective rows and

columns to prove the linear independence of these rows and columns.

Theorem 5.4.20. In the Specht matrix corresponding to the bipartition A = n, we have the

standard bitableaux elements as the first nonzero elements in their respective rows and columns.

Proof. In the Specht matrix the rows and columns are labelled by the rearrangements of the
row word u and the rearrangements of the column word v respectively, where A(u) = A and
A(v) = psuch that = (0, u') = (AT, A°T) = AT,

In each column we have a column-equivalence class, i.e. a column bitabloid. Then each
column consisting a SYBT entry has exactly one such corresponding simultaneous bihistogram
that is column-standard.

By the construction of simultaneous bihistogram for a pair of words, it is clear that the dis-
tinct letters of the word u appear in positions corresponding to the entries in the first column of
each of the component tableau t* and they have repetitions in respective positions correspond-
ing to the further columns in each t* for k = 0, 1. As each t* is column-standard, if the smaller
entry in a column has row word letter e and larger entry in the same column has row word letter
f then it must be that e < f where e and f both are letters of same type.

Now if we label the boxes of each t* by (i,j) to denote its position then we have that
- Foranyid #me C=H

tk

k 13 k
i) < Y, 1 X Sy, column stabilizer, we have t¢ ;) - 7 >

i
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k

(a1 " T is non-standard. Therefore,

tk

a1,y T implying that at least one of the columns in t

for w- 7 we have u ;) > (u- ) ) implying that u < u-7t, i.e., u- 7t comes later than w in

i+1,]
lexicographical order. In the Specht matrix @(A), if we order the row words lexicographically
then the column standard multitableaux entries appearing on top of the respective columns
making it the nonzero elements. Likewise we can establish a similar argument that the row
standard multitableaux entries are the first nonzero elements in their respective rows.

Hence, for t being both row and column standard, i.e., t being a SYBT we have that the

corresponding element in the respective rows and columns are the first nonzero entries.

]

Therefore, by combining Lemma 5.4.19 and Theorem 5.4.20 together we prove that the
rows (and columns) containing SYBT entries in the Specht matrix are linearly independent.
Now, by extracting from Table 5.1 only the rows and columns containing the SYBT entries

and replace them by their corresponding simultaneous bihistograms then we obtain Table 5.2.
111111 111111 1111171

1721121 | [1]2][3]

11127211 : 1[3]2]

1172211 . . 2[3]1]

Table 5.2: SYBT-extracted submatrix of Specht matrix @ (((1,1),(1)))

By converting the SYBT in the submatrix back to their Young character values, we obtain

the submatrix shown in Table 5.3.

nrrit 11T iy

12112'1 1

1112211 . —1

112211 : : 1

Table 5.3: SYBT-extracted submatrix of Specht matrix @ (((1,1),(1)))

It can be seen that each row and column has exactly one nonzero entry the submatrix takes a
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nice form with its nonzero entries on its main diagonal. Therefore, evidently, the rows (respec-

tively columns) containing the SYBT elements in the Specht matrix are linearly independent.
In this case as well, we have noticed that for n > 5 we find the inter-bitableau for some

of the bipartitions of n. The idea here is quite similar to that of the monomial groups. Let us

demonstrate it using Example 5.4.21.

Example 5.4.21. Let n = 5. Let us consider A = ((3,2), &) and the corresponding conjugate
bipartition AT = (&, (2,2,1)). The respective row and column words are 1/1'1/2/2/2/2/11'1/
and 1122332211. In the truncated version of the Specht matrix @(A), we find a lower-triangular
matrix with all the diagonal entries being the SYBT entries.

Now considering the SYBT entries with the corresponding row and column simultaneous

bihistograms being

—_—

,J

3/5,@ and |1]2]3
214 415

then we have an entry at the intersection of these two, giving us a inter-bitableau

]

5|3].@.
412

Again, the reason behind the existence of this inter-bitableau is very similar to that of the

other groups and as explained earlier.

Now we need to prove that the set of SYBT columns is a spanning set for the module. We
are going achieve this in a similar way how it was done for the symmetric groups.
The hooklength formula for the bitableaux is going to be a special case to that of the mono-

mial groups and therefore it needs no special treatment other than fixing the parameter v = 2.

Definition 5.4.22. Letra+b =nand A = (A\°,A\') =En for A\° - aand \' - b. Then by using
the generalised hooklength formula (Definition 4.6.19) we find that

n 0 1
A = AR A
(o)

Theorem 5.4.23. The number of standard Young bitableau for the hyperoctahedral groups

corresponding to a bipartition X of 1 is decided by the hooklength formula .

Proof. The proof of this theorem follows from that of the Theorem 4.6.21. [
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Theorem 5.4.24. The RSK correspondence for hyperoctahedral groups is

> () =2"nl

AEn
Proof. The proof of this theorem follows from the proof of Theorem 4.6.22 by simply fixing
r=2. []

It is now time that we establish a similar global argument to that of the other cases in order to
prove for the spanning set. As shown already, the SYBT columns in the Specht matrix are lin-
early independent and there are precisely f* of them. It is not possible to have anymore linearly
independent columns as otherwise it would fail the general RSK correspondence. Therefore,
there are exactly as many linearly independent columns as the number of t,, where t, is a
SYBT of shape A.

In a spanning set all the vectors have to be linearly independent. Hence, the span of the set
of SYBT-columns in the Specht matrix for each A is the module S*.

Again, from [12] and [8] we know that each S* is irreducible and for any two bipartitions
A, u = nand A # u we have that S* and S* are non-isomorphic. It implies that there are
as many Specht modules as the number of bipartitions A of n. This forms the complete set of
irreducible representations.

General RSK-correspondence implies that the sum of the squares of the degrees of irre-
ducible representations is same as the order of the group H,,.

Let for our construction d* = dim(S*). Then we from the general RSK-correspondence,

for each A we have that d* > f*. Now

> ()2 =2"n!
A=n
implies that d* = f» must be true. Hence, dimension of each S is equal to the number of the
SYBT of shape A.
Then, the set of SYBT-columns of the Specht matrix are linearly independent and they span
the module S*. Therefore, we have proved that SYBT columns in ¢(A) is a basis of S*.
Similar to the other cases, the coefficients of the row bitabloids {t - o} for all permutations
o € C(t) in a sequence is same as the columns corresponding to the bitableaux t in the Specht

matrix. Then the polybitabloids v, are same as these columns.
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For each bipartition of n we have a conjugacy class of H,, and for each pair of conjugacy
classes we have a unique Specht matrix. Hence, for any two bipartitions A, L = n, we have
that S* is non-isomorphic to S* except for when A = .

Throughout the chapter we have established that the SYBT columns of the Specht matrix

are linearly independent and span the module S*. Therefore, we have the following.

Theorem 5.4.25. Let A = n. Then the set of SYBT-columns in @(\) form a basis of S

5.5 Representing Matrices

As usual, now let us go through the process of making representing matrices.

Let us pick an element o, a signed permutation from the hyperoctahedral group on n points
H,. Let u be a row word of length 2n made of sign-invariant and sign-changing letters. Let U
be the set of all rearrangements of u and |U| = k.

Now we define a map { : H,, — Sy, which is a homomorphism such that it gives a
permutation action of H,, on U. Now let 7t € Sy be a permutation such that 7w = (o) = o¥,
1.e., 7t is a permutation obtained by the image of o under 1.

Let @(A) be the Specht matrix corresponding to the row and column words u and v of
shape A respectively. Let C be the set of all columns of @(A). Let C' = {c”™|c € C} be another
rearrangement of C, of which elements are obtained by the permutation action of 7t on each of
the elements of C individually.

We now consider the SYBT column vectors from C’ and express them as a linear combina-
tion of the SYBT columns from C. Like seen in other groups, if we now extract the coefficients
of these linear combinations and put them in the rows of a matrix, we obtain the representing
matrix corresponding to the element o. Let us denote the representing matrix corresponding to
the permutation o by M.

If there are f* SYBTs corresponding to the module S*, then the representing matrices for
each of these irreducible representations are of dimensions f» x f*. As usual, this method of
finding the matrix M fits similar linear algebraic description of representing matrices found
in the chapters concerning the other groups. The example that follows shows explicitly the

compatibility of this construction with the hyperoctahedral group elements.

Example 5.5.1. Let us consider that n = 3. The Coxeter diagram of the group Hj is
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) S1 S>

Let S = {9, s1, s2} be the generator set of Hz where

5=(1—=1), ss=(12)(=2 —1), s2=(23)(=3 —-2).

We have a total of 10 bipartitions of 3, namely

{(m1n,e), ((L1,M), (1), 0,1), (@, 0,1,1), (21), (@),
((1),(2)), ((2), (1), (2,(2,1)), ((3),2), (&, (3))}

Now we pick each of the generators, o € S, and for each of them we find the corresponding

representing matrix M.
1. For A = ((1,1,1), &), we find:

(a) if 0 = 6 then

(b) if c =s; fori= 1,2 then

My, = [-1]
2. For A = ((1,1),(1)), we find:
(a) if 0 = 6 then
10 0
Ms=101 0
00 -1
(b) if 0 = s7 then ) )
-1 0 0
MS1 - O O 1
0O 10
(c) if 0 = s, then 3 i}
o1 0
Mg, =11 0 0
0 0 —1
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3. For A = ((1),(1,1)), we find:

(a) if o = 6 then

(b) if 0 = s; then

(c) if 0 = s, then

4. For A = (2, (1,1,1)), we find:

(a) if o = 6 then

(b) if c =s; fori= 1,2 then

5. ForA = ((2,1), @), we find:

(a) if o = 6 then

(b) if 0 = s then

(c) if o = s, then

6. For A = ((1),(2)), we find:

CHAPTER 5. HYPEROCTAHEDRAL GROUPS

0 0 —1

-1 0 0
Msg,=10 0 1
0O 10
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(a) if o = b then

(b) if 0 = s7 then

(c) if 0 = s, then

7. For A = ((2), (1)), we find:

(a) if 0 = 6 then

(b) if 0 = s; then

(c) if 0 = s, then

8. ForA = (&, (2,1)), we find:

(a) if 0 = 6 then

2
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(b) if 0 = s7 then

1 0
M, =
-1 -1
(c) if 0 = s, then
0 1
M, =
10
9. For A = ((3), @), we find:
(a) if 0 = 6 then
Ms = [1
(b) if 0 =s; fori= 1,2 then
.
10. For A = (@, (3)), we find:
(a) if o = 6 then
o=
(b) if 0 =s; fori= 1,2 then
o= [

5.6 Characters and Character Tables

As usual, the way to validate the accuracy of this new construction, we again follow the same
way of matching the traces of the representing matrices with the existing character table for
this group.

For every bipartition of a number n we have a corresponding cycle structure, which is
associated to a conjugacy class of the hyperoctahedral groups H,,. Again, we have our way
of choosing representatives for each of these conjugacy classes and each of them is a signed
permutation as a group element. The traces of the representing matrices corresponding to each
of these class representatives, therefore, give us the character values. If we find the character
values corresponding to all the conjugacy classes for all the bipartitions and put them in a table

then we find the character table of the group H,,.
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We have been using the group Hj or B3 as an example to demonstrate multiple ideas in the
previous sections and it has a reasonable size of the set of bipartitions and therefore we will use
the same to demonstrate the character table.

The set of generators for Hz is {8, s1,s2} ={(1 —1),(1 2), (2 3)}. Now, in order to find the
class representatives of each conjugacy class corresponding to each bipartition, let us denote the
sign changes on the first position by 8 = 6; = (1 —1), in the second position by 6, = (2 —2)
and in the third position by 83 = (3 —3). We now have that 5, = s7187s7 and 63 = $,0,55.

Then we have the list of class representatives as

[id, 03, 0203, 018203, S1, 0252, 5103, 015183, S152, 018152]

corresponding to the list of bipartitions

[((n,1,1,2), ((0,1),0), ((1M,0,1), (2,0,1,1), ((21),9),
(1), (2)), ((2),(M), (2,(2,1), ((3),2), (2,3))]

Therefore we obtain the character table for H3 as shown in Table 5.4.

id 63 6263 010263 S 6252 5163 6]5]63 S1S2 6]5]52
(L,1L,1),2) 1T 1 1 1 -1 -1 —1 —1 1 1
(1,1),(1)) | 3 1 —1 -3 e 1 1 0 0
(M, (1,1) 13 =1 -1 3 —1 1 —1 1 0 0
(o,(1,1,1) |1 =1 1 —1 —1 1 1 —1 1 —1
(2,1,2) (2 2 2 2 0 0 0 0 —1 —1
((1),(2)) 3 -1 -1 3 1 —1 1 —1 0 0
((2),(1)) 3 1 —1 -3 1 1 —1 —1 0 0
(2,(2,1) |2 =2 2 2 0 0 o 1 1
(3),2) |1 1 1 1 11 1 1 1 1
(@,(3) |1 —1 1 11 -1 1 1 1

Table 5.4: Character table of Coxeter group B3
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Chapter 6

Conclusion and Outlook

In this concluding chapter, I summarize the work presented throughout the thesis. While tra-
ditional methods in the representation theory of finite groups have described the irreducible
representations of finite Coxeter and monomial groups, the challenge of finding a base change
matrix that converts the large permutation matrices from these representations into block forms
has remained unresolved. Through this novel approach, leveraging the concept of Specht ma-
trices, I introduce a new construction of Specht modules.

I have identified these base change matrices for several large families of finite groups,
specifically for symmetric groups (type-A,_; Coxeter groups), monomial groups, and hyper-
octahedral groups (type-B,,Coxeter groups). This method has proven to be robust, relying on
straightforward concepts from linear algebra (such as solving systems of linear equations using
Gaussian elimination) and combinatorics. The effectiveness of this approach is now established
both theoretically and computationally, and it is easily comprehensible. Consequently, this
new construction has the potential to complement existing literature in addressing challenging
questions in the representation theory of finite groups. Looking ahead, I plan to explore several

future directions stemming from this research, which are outlined below.

* Given that this method has consistently proven effective and compatible with major fam-
ilies of groups such as symmetric groups, monomial groups, and hyperoctahedral groups,
the next question arises: Can this construction be generalized to other finite group repre-

sentations, particularly for other finite Coxeter groups?

* For Coxeter groups, there are associated Hecke algebras. This raises another open ques-

tion: first, to test the compatibility of this construction with the Hecke algebras of the

133
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group families discussed in this work, and subsequently with those of other finite Cox-
eter groups. I have already begun experimenting with the Hecke algebras for type-A,,_;
groups, drawing on ideas from Chapter ¢ in [8]. Initial findings suggest that Specht
matrices can be constructed using similar concepts, but with the introduction of an inde-

terminate. Further research is ongoing.

Although the irreducible representations of symmetric groups are fully classified over
fields with characteristic zero, the question of whether all irreducible representations of
S, can be classified over a field with prime characteristic has remained a widely re-

searched open problem for the past few decades.

Given that the elements in the Specht matrices, as determined by the Young character, are
all rational numbers, specifically integers {—1, 0, 1}, this construction can be extended to
any field IF,, where p is a prime, by taking i mod p for i € {—1,0,1}. The next step
is to verify whether the remainder of the method is applicable over F,,. Since modular
representation theory is generally more complex than representation theory over fields
of characteristic zero, it requires more careful and sophisticated analysis, making it an

excellent topic for future research.
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Appendix A
GAP Code

####Section-3.1. The group, generators and class reps

#Symmetric group generators

SymmGens:= function (n)
local gens, i;
gens:= [];

for i in [1l..n-1] do
Add(gens, (i, i+1));
od;
return gens;
end;

#Symmetric Group

SymmGroup:= function(n)
local G;
G:= GroupWithGenerators (SymmGens (n)) ;
return G;

end;

#Class representatives
SymmRep:= function (lambda)
local cycle, p, classes, cycle_list, cycle_structure;

cycle_list:= [];
cycle:= function (n)

return ([1l..n] mod n) + 1;
end;

for p in lambda do
Append (cycle_list, cycle(p) + Length(cycle_1list));
od;
cycle_structure:= PermList (cycle_1list);
return cycle_structure;
end;

####Section-3.3. Partitions and words

#Conjugate partition
ConjugatePartition:= function (lambda)

return AssociatedPartition (lambda);
end;

#Word corresponding to a partition

WordPartition:= function (lambda)
local i, 1, W;
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W:= [];

for 1 in [1l..Length(lambda)] do
for 1 in [1l..lambdall]] do

Add(w, 1);

od;

od;

return W;

end;

#Partition corresponding to a word
PartitionWord:= function (word)

local lambda, 1i;

Sort (word) ;

lambda:= [];

for i in Set (word) do

Add (lambda, Size (Positions (word, 1)));

od;

return lambda;
end;

#####Section-3.4. Tableaux and pairs of words

#Standard Young tableaux for a partition lambda
SYTs:= function (lambda)

local isOneHook, removeOneHook, addOneHook, n, list, i, new, t;
isOneHook:= function (lambda, 1)
return i = Length (lambda) or lambda[i] > lambda[i+1];
end;
removeOneHook:= function (lambda, i)

local new;
if i = Length(lambda) and lambda[i] = 1 then
return lambda{[l..i-1]};

fi;
new:= ShallowCopy (lambda) ;
newl[i]:= newl[i]-1;
return new;
end;
addOneHook:= function(t, i, n)

if i > Length(t) then
Add(t, [n]);
else
Add(t[i], n);
fi;
return t;
end;
# trivial case first
if lambda = [1] then
return [[[1]]];
fi;
# initialize
n:= Sum(lambda);
list:= [];
# loop
for i in Reversed([l..Length (lambda)]) do
if isOneHook (lambda, 1) then
new:= removeOneHook (lambda, 1i);
for t in SYTs (new) do
addOneHook (t, i, n);



Add(list, t);
od;
fi;
od;
return list;
end;

#Canonnical tableau for a partition lambda
CanonicalTableau:= function (lambda)
local t, o, 1;
t:= [1;
o:= 0;
for 1 in lambda do
Add(t, o + [1..1]);
o:= o + 1;
od;
return t;
end;

#Word corresponding to a tableau

WordsTableau:= function (tableau)
local rows, cols, i, k, a;
rows:= [];
cols:= []

for i in [1..Length(tableau)] do
for k in [1l..Length(tableau[i])] do
a:= tableau(i] [k];

rows[a]:= 1i;
cols[al:= k;
od;
od;
return rec(rows:= rows, cols:= cols);

end;

#Tableau corresponding to a word

TableauWords:= function (row_word, col_word)
local pair, pairTransposed, lambda, tableau, 1i;
pair:= [row_word, col_word];

pairTransposed:= TransposedMat (pair);

lambda:= PartitionWord (row_word) ;

tableau:= CanonicalTableau (lambda);

if Size(Set (pairTransposed)) < Length(pairTransposed) then
return false;

else
for i in pairTransposed do

tableau[i[1]][1i[2]]:= Position(pairTransposed, 1);

od;

fi;

return tableau;

end;

#Transpose of a tableau corresponding to the conjugate partition
ConjugateTableau:= function (t)
local i, 3j, result;
result:= List(t[1l], x —-> []1);
for 1 in [1l..Length(t)] do
for 7 in [1..Length(t[i])] do
result[J][i]:= t[1]1[]];
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od;
od;
return result;
end;

#Intersection tableau at the intersection of two tableaux t and s

IntersectionTableau:= function(t,s)
local cols, tt, a, uu, row, i, k;
cols:= WordsTableau(t) .cols;
uu:= List(t[1l], x —> []);

for row in s do
for 1 in [1l..Length(row)] do
a:= row([i];
k:= cols[al;
Add(uulk], a);
od;
od;
return TransposedMat (uu) ;
end;

####Section-3.5. Specht objects

#Young character of two words u and v
YoungCharSymm:= function(u, v)

local ¢, d, pi;

c:= TransposedMat ([u,Vv]);

if Size(Set(c)) < Length(c) then

return O0;

fi;

d:= ShallowCopy(c);

pi:= Sortex(d);

return SignPerm(pi);
end;

#Specht matrix corresponding to the arrangements of the row words
and column word A and B respectively
SpechtMatSymm:= function (A, B)

local u, v, matrix, row;

matrix:= [];
for u in A do
row:= [];

for v in B do
Add (row, YoungCharSymm(u,vVv));
od;
Add (matrix, row);
od;
return matrix;
end;

#Specht object to record all the previous information needed for
further concepts
SpechtSymm:= function (lambda)
local syt, a, A, k, b, B, sm;
syt:= SYTs (lambda) ;
a:= WordPartition (lambda);
Arrangements (a, Size(a));
WordPartition (ConjugatePartition (lambda));
:= Arrangements (b, Size(b));

w o >
Il
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k:= List(syt, x —-> [Position (A, WordsTableau (x).rows),
Position (B, WordsTableau(x).cols)]);
sm:= SpechtMatSymm (A, B);
return rec(sm:= sm, A:= A, B:= B, syt:= syt, k:= k);
end;

####Section-3.6. Representing matrices

#Representing matrix corresponding to the permutation sigma of
symmetric group
SpechtRepPerm:= function (specht, perm)
local pi, rows, cols, i, stdrows, stdcols, stdrowspermuted,
stdcolspermuted, m;

pi:= Permutation (perm, specht.A, Permuted);
cols:= List (specht.k, i -> i[2]);
stdcols:= TransposedMat (specht.sm) {cols};

stdcolspermuted:= List (stdcols, 1 -> Permuted(l, pi));
m:= List (stdcolspermuted, 1 -> SolutionMat (stdcols, 1));
return m;

end;

####Section-3.7. Characters and character table

#Characters correspnding to a partition lambda for all the
class reps
SymmCharacter:= function (lambda, reps)
local specht;
specht:= SpechtSymm (lambda) ;
return List (reps, sigma -> Trace (SpechtRepPerm(specht, sigma)));
end;

#Character table for all the partitions lambda of n
SymmCharTable:= function (n)
local P, reps, CharTable;
P:= Partitions (n);
reps:= List (P, SymmRep);
CharTable:= List (P, lambda -> SymmCharacter (lambda, reps));
return CharTable;
end;

s sss s Esass s s AR AR EAREE R AR EEEEEEEEEEE
####Section-4.1. The group, generators and class reps

#Monomial group generators as matrices in GL_n(C) with r-th
roots of unity
MonoGens:= function(n, r)
local gen, 1, 1i;
gen:= [];
l:= ListWithIdenticalEntries(n, 1);
1[1]:= E(xr);
Add (gen, DiagonalMat(l));
for i in [1..(n-1)] do
Add (gen, PermutationMat ((i, i+1l), n, 1));
od;
return gen;
end;
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#Monomial Group

MonoGroup:= function(n, r)
local gens;
gens:= MonoGens (n, r);

return GroupWithGenerators (gens);
end;

#Class representatives as a block matrix
MonoRep:= function (lambda)

local n, M, o, i, a, mat, r;

n:= Sum(lambda, Sum);

r:= Length (lambda) ;

M:= NullMat (n,n);

o:= 0;

for i in [1l..r] do

for a in lambda[i] do

mat := PermutationMat (PermList (([1l..a] mod a) + 1), a);
mat[a] [1]:= E(r)  (i-1);

M{ot+[1l..al}{ot[1l..a]}:= mat;

o:= o + a;

od;
od;
return M;
end;

####Section-4.4. Multipartitions and words

#Multipartitions of a number n having r partitions
MultiPartitions:= function(n, r)

return PartitionTuples(n, r);
end;

#Conjugate multipartition
ConjugateMultiPartition:= function (lambda)

return List (lambda, AssociatedPartition);
end;

#Word corresponding to a multipartition
WordMultiPartition:= function(multipartition)
local WordPartition, W, u, 1, 1i, 7j;
W:= [];
l:= List (multipartition, WordPartition);
for i in [1..Length(multipartition)] do
for 7 in 1[1i] do
Add(W, [3, i-11);
od;
od;
return W;
end;

#Multipartition corresponding to a word
MultiPartitionWord:= function (word)
local lambda, index, 1, 1i;
index:= Set (List (word, 1 —-> 1[2]1));

lambda:= List (index, i -> []);
for 1 in Set (word) do
Add(lambda[i[2]], Size(Positions(word, 1i)));

od;



return lambda;
end;

#####Section-4.5. Multitableaux and pair of words
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#Standard Young multitableaux (SYMTs) for a multipartition lambda

SYMTs:= function (multipartition)

local isOneHook, removeOneHook, addOneHook, n, 1list, i, k,

lambda, new, t;
#here lambda is an ordinary partition

isOneHook:= function (lambda, i)

return i = Length(lambda) or lambda[i] > lambda[i+1];
end;
removeOneHook:= function (multipartition, k, 1)

local lambda, new;
lambda:= ShallowCopy (multipartitionf[k]);
new:= ShallowCopy (multipartition);
if i = Length(lambda) and lambda[i] = 1 then
newl[k]:= lambda{[l..i-11};
else
lambda[i] := lambda[i]-1;
new[k] := lambda;
fi;
return new;
end;
addOneHook:= function(t, k, i, n)
if i > Length(t[k]) then
Add(t[k], [n]);
else
Add(t[k][i], n);

fi;
return t;
end;
# trivial case first
if ForAll (multipartition, x -> x = []) then
return [List (multipartition, x —-> [[]11)1;
fi;
# initialize
n:= Sum(multipartition, Sum);
list:= [];
# loop
for k in Reversed([l..Length(multipartition)]) do
lambda:= multipartition([k];
for 1 in Reversed([l..Length(lambda)]) do
if isOneHook (lambda, i) then
new:= removeOneHook (multipartition, k,
for t in SYMTs (new) do
addOneHook (t, k, i, n);
Add(list, t);
od;
fi;
od;
od;

return list;
end;

#Canonnical multitableau for a multipartition lambda
CanonicalMultiTableau:= function (lambda)
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local CanonicalTableau,
tab:= List (lambda,

tab, 1i;
CanonicalTableau) ;
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for i in [2..Length(lambda)] do
if lambda[i] <> [] then
tab[i]:= tab[i] + Sum(List (lambda{[l..i-1]}, Sum));
fi;
od;
return tab;
end;
#Word corresponding to a multitableau
WordsMultiTableau:= function (tab)
local rows, cols, i, 3, k, a;
rows:= [];
cols:= [];
for i in tab do
for 7 in [1..Length(i)] do
for k in [1l..Length(i[j])] do
a:= i[31[k];
rows [a]: [j, Position(tab, 1i)-11;
cols[a]:= [k, Position(tab, i)-11;
od;
od;
od;
return [rows, cols];
end;

####Section-4.6. Specht objects

#Young character of two words u and v

YoungCharMono:= function (u, v)

local ¢, d, pi, i;

c:= TransposedMat ([u,Vv]);

if Size(Set(c)) < Length(c) then
return O;

fi;

for i in ¢ do
if i[1]1([2] <> i[2][2] then

return 0;

fi;

od;

d:= ShallowCopy(c);

pi:= Sortex(d);

return SignPerm(pi) ;
end;

#Specht matrix corresponding to the arrangements of the row word

and column words A and B respectively

SpechtMatMono:= function (Al, A2)
local u, v, matrix, row;
matrix:= [];
for u in Al do

row:= [];

for v in A2 do
Add (row,
od;
Add (matrix, row);

od;

YoungCharMono (u,v) ) ;
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return matrix;
end;

#Specht object to record all the previous information needed for
further concepts
SpechtMono:= function (lambda)
local n, wl, wlreversed, w2reversed, w2, A, sigma, B, sm,
symt, words, k;
n:= Sum(lambda, Sum);
wl:= WordMultiPartition (lambda) ;
#sorting the words lexicographically in the set of all
arrangements of wl

wlreversed:= List (Arrangements (List (wl, Reversed), Length(wl)));
A:= List (wlreversed, w —-> List (w, Reversed));

sigma:= ConjugateMultiPartition (lambda) ;

w2:= WordMultiPartition(sigma) ;

#sorting the words lexicographically in the set of all
arrangements of w2
w2reversed:= List (Arrangements (List (w2, Reversed), Length(w2)));
B:= List (w2reversed, w —> List (w, Reversed));
sm:= SpechtMatMono (A, B)
symt := SYMTs (lambda) ;
words:= List (symt, WordsMultiTableau);
k:= List (words, i1 -> [Position(A, i[l]), Position(B, i[2])]);
return rec(sm:= sm, A:= A, B:= B, k:= k, symt:= symt);

end;

####Section-4.7. Representing matrices

###Representing matrix corresponding to a matrix element in the
monomial group is a product of two matrices, a diagonal matrix
and a permutation matrix

#The diagonal matrix D corresponding to the decomposition of the
rep mat of an elemet in the group, we say that the diagonal is
consisted of the signs
SpechtRepSign:= function (specht, mat)

local n, so, 1, sign, index, D;

n:= Length (mat);

l:= List (specht.k, 1 -> i[1l]);

sign:= List (mat, row —-> First(row, 1 -> i <> 0));

index:= List (specht.A{1l}, i -> Product([l..n], Jj —->

sign[3]°1[31[21));

D:= DiagonalMat (index) ;

return D;
end;

#The permutation matrix P corresponding to the decomposition of
the rep mat of an elemet in the group, we say that the diagonal
is consisted of the signs
SpechtRepPermMat := function (specht, mat)
local n, sigma, pi, smT, 1, submat, k, M, P;

n:= Length (mat) ;

sigma:= PermList (List (mat, x —-> PositionProperty(x, i ->

i <> 0)));
pi:= Permutation(sigma, specht.A, Permuted);
smT:= TransposedMat (specht.sm);

l:= List (specht.k, i -> 1i[2]);
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submat:= smT{1l};
k:= List (submat, i -> Permuted(i, pi));
P:= List (k, i -> SolutionMat (submat, 1i));
return P;

end;

#The representing matrix corresponding to a matrix element Mat
in G(r,1,n) as a product of the diagonal mat D and Permutation
mat P, i.e., Mat:= D«P
SpechtRepMono:= function (specht, mat)

local D, P;

D:= SpechtRepSign (specht, mat);

P:= SpechtRepPermMat (specht, mat);

return DxP;
end;

####Section-4.8. Characters and character table

#Characters correspnding to a multipartition lambda for all the
class reps

MonoCharacter:= function (lambda, reps)
local n, r, ClassReps, specht, RepMats;
n:= Sum(lambda, Sum);

r:= Length (lambda) ;
specht := SpechtMono (lambda) ;
RepMats:= List (reps, x —> SpechtRepMono (specht, x));
return List (RepMats, x -> Trace(x));
end;

#Character table for all the multipartitions lambda of n
MonoCharTable:= function(n, r)
local P, reps, CharTable;
P:= MultiPartitions(n, r);
reps:= List (P, MonoRep);
CharTable:= List (P, lambda —-> MonoCharacter (lambda, reps));
return CharTable;
end;

SRR R SRR R R R
####Section-5.1. The group, generators and class reps

#Hyperoctahedral group (as a subgroup of S_2n) generators as perms
on 2n points [1,2,...,n,2n,2n-1,...,n+1l] = [1,2,...n,-n,-n-1,...,]
HypoGens:= function (n)
local i, gens;
gens:= [];
for i in [0..n-2] do
Add (gens, (i+1l,i+2) (2xn—-1i,2*n-i-1));
od;
Add(gens, (1, 2%n), 1);
return gens;
end;

#Hyperoctahedral Group
HypoGroup:= function (n)

return GroupWithGenerators (HypoGens(n));
end;



#Class representatives as a generator word
HypoRepGenWord:= function (lambda)
local w, o, 1, pcycle, ncycle;

pcycle:= function (o, 1)

return o+[2..1];

end;

ncycle:= function (o, 1)

return Concatenation([o+1l,0..1]1,[2..0+1]);

end;

w:=[];

o:= 0;

for 1 in Reversed(lambda[2]) do
Append (w, ncycle(o,1));
o:= 1+o0;

od;

for 1 in lambda[l] do
Append (w, pcycle(o,1));
o:= 1l+o;
od;
return w;
end;

#Class representatives for a set of bipartitions
HypoReps:= function(all_bipartitions)
local n, gens, classes, conj_classes, cC;

n:= Sum(Sum(all_bipartitions([1]));

gens:= HypoGens (n);

classes:= List (all_bipartitions, HypoRepGenWord) ;
classes[Position(classes, [])]:= [1,1];
conj_classes:= List (classes, c¢ —-> Product (gens{c}));

return conj_classes;
end;

####Section-5.2. Bipartitions and words

#Bipartitions of a number n
BiPartitions:= function (n)

return PartitionTuples (n, 2);
end;

#Conjugate bipartition
ConjugateBiPartition:= function (lambda)

return Reversed(List (lambda, AssociatedPartition));
end;

#Word corresponding to a bipartition
WordBiPartition:= function (lambda)
local WordPartition, w_1, w_2, word;
WordPartition:= function (lambda)
local i, 1, u;
u:= [];
for 1 in [1l..Length(lambda)] do
for 1 in [1l..lambda[l]] do
Add(u, 1);
od;
od;
return u;
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end;
w_1:= List (WordPartition(lambdal[l]), String);
w_2:= WordPartition (lambdal[2]);
word:= Concatenation(w_1, w_2, —-Reversed(w_2), Reversed(w_1));
return word;
end;

#Arrangements of words by the action of hyperoctahdral group

HypoArrangements:= function (w)
local B_nGroup, al, a2, sigma, pi;
B_nGroup:= function (n)
return Centralizer (SymmetricGroup (2+n),
PermList (Reversed([1l..2xn])));
end;

al:= Orbit (B_nGroup (Length(w)/2), w, Permuted);
a2:= Orbit (HypoGroup (Length(w)/2), w, Permuted);
sigma:= Sortex (ShallowCopy(al));
pi:= Sortex(ShallowCopy(az2));
return Permuted (a2, pixsigma”-1);

end;

#Bipartition corresponding to a word
BiPartitionWord:= function (w)
local lambda, a;
lambda:= [[],[]1];
for a in w{[l..Length(w)/2]} do
if IsInt (a) then
a:= AbsInt (a);
if IsBound(lambdal2][a]) then

lambda[2] [a] := lambdal[2] [a]+1;
else
lambda[2] [a]l:= 1;
fi;
else
a:= Int(a);
if IsBound(lambda[l][a]) then
lambda[l] [a] := lambdal[l] [a]+]1;
else
lambda[l] [a]l:= 1;
fi;
fi;
od;
return lambda;
end;

#Mirrored word corresponding to a word of length n and returns
a word of length 2n. Same as the Length Change function
MirroredWord:= function (w)
local wl, w2, i;
wl:= [];
w2:= [1];
for i in w do
Add(wl, 1i);
if IsInt (i) then
Add (w2, -1i);
else
Add (w2, 1);
fi;
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od;
return Concatenation (wl, Reversed(w2));
end;

#####Section-5.3. Bitableaux and pair of words

#Standard Young biltitableaux (SYBTs) for a multipartition lambda
#tuple = [lambdal, lambda2]

SYBTs:= function (tuple)

local isOneHook, removeOneHook, addOneHook, n, list, i, k,
lambda, new, t;

#here lambda is an ordinary partition

isOneHook:= function (lambda, i)

return i = Length(lambda) or lambdal[i] > lambda[i+1l];
end;
removeOneHook:= function (tuple, k, 1)

local lambda, new;
lambda:= ShallowCopy (tuple[k]);
new:= ShallowCopy (tuple) ;
if i = Length(lambda) and lambda[i] = 1 then
newl[k]:= lambda{[1l..i-11};
else
lambda[i] := lambda[i]-1;
new[k] := lambda;
fi;
return new;
end;
addOneHook:= function(t, k, i, n)
if i > Length(t[k]) then
Add(t[k], [nl);
else
Add (t[k][1], n);

fi;
return t;
end;
# trivial case first
if tuple = [[],[]] then
return [[[[11,[[1111;
fi;
# initialize
n:= Sum(tuple, Sum);
list:= [1;
# loop
for k in Reversed([l..Length(tuple)]) do
lambda:= tuplel[k];
for 1 in Reversed([l..Length(lambda)]) do
if isOneHook (lambda, i) then
new:= removeOneHook (tuple, k, 1);
for t in SYBTs (new) do
addOneHook (t, k, i, n);
Add(list, t);
od;
fi;
od;
od;

return list;
end;
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#Canonnical biltitableau for a multipartition lambda

CanonicalBiTableau:= function (lambda)
local CanonicalTableau, t, tl, o, 1;
CanonicalTableau:= function (lambda)
local t, o, 1;
t:= [1;
o:= 0;

for 1 in lambda do
Add(t, o + [1..11);
o:= o + 1;
od;
return t;

tl:= [];
Add(t, CanonicalTableau(lambdall]l));
o:= Sum(lambdal[l]);
for 1 in lambda[2] do
Add(tl, o + [1..1]);
o:= o + 1;

od;
Add(t, tl);
return t;

end;

#Word corresponding to a biltitableau

WordsBiTableau:= function (tab)

local rows, cols, i, k, a, b, tabl, tab2;
rows:= [];
cols:= [];
#tableau 1

tabl:= tab[1l];
for 1 in [1..Length(tabl)] do
for k in [1l..Length(tabl[i])] do
a:= tabl[i][k];
if a > 0 then

rows[a] := String(i);
colsl[a]:= k;
else
rows[—a]:= String(i);
cols[—-a]:= —-k;
fi;
od;
od;
#tableau 2

tab2:= tab[2];
for i in [1l..Length(tab2)] do
for k in [1l..Length(tab2[i])] do
b:= tab2[i] [k];
if b > 0 then

rows [b] := 1i;

cols[b]:= String(k);
else

rows [—-b]:= —-1i;

cols[-b]:= String(k);

fi;
od;
od;
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return List ([rows, cols], MirroredWord);
end;

#Tableau corresponding to a word
BiTableauWords:= function (u,v)

local lambda, n, pair, pairTransposed, tableau, coords, tl1, i;
lambda:= BiPartitionWord (u) ;
n:= Sum(List (lambda, Sum));
pair:= [u,v];
pairTransposed:= TransposedMat (pair);
tableau:= CanonicalBiTableau (lambda) ;
coords:= pairTransposed{[l..n]l};
tl:= tableaull];
t2:= tableau(2];
if Size (Set (coords)) < n then
return false;
else
for 1 in coords do
if Number (i, IsInt) <> 1 then
return false;
elif IsString(i[l]) = true then
t1[Int(i[1])][AbsInt(i[2])]:= SignInt(i[2])
* Position (coords, 1i);
else
t2[AbsInt (1[1])]1[Int(i[2])]:= SignInt(i[1])
* Position (coords, 1i);
fi;
od;
fi;
return [tl, t2];
end;
####Section-5.4. Specht objects
#Young character of two words u and v
YoungCharHypo:= function(wl, w2)
local ¢, p, n, list, 1, pi, lambda, t, pi0O, ul, w;
c:= TransposedMat ([wl, w2]);
if Size(Set(c)) < Length(c) then
return 0;
fi;
p:= Set(c, x —> Number(x, IsInt));
if p <> [1] then
return O;
fi;
lambda:= BiPartitionWord(wl);
t:= CanonicalBiTableau (lambda) ;
w:= WordsBiTableau (t);
pi0:= Sortex(ShallowCopy (TransposedMat (w)));
pi:= Sortex(ShallowCopy(c));
ul:= pi/pi0;
if ul <> () then
n:= (LargestMovedPoint (ul) + SmallestMovedPoint (ul)-1)/2;
list:= (ListPerm(ul){[1l..n]} + n) mod (2*n + 1) — n;

l:= List(list, AbsInt);

pi:= PermList (1l);

return SignPerm(ul * pi);
else
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return 1;
fi;
end;

#Specht matrix corresponding to the set of arrangements of
the row word and column words, A and B respectively
SpechtMatHypo:= function (A, B)
local u, v, matrix, row;
matrix:= [];
for u in A do
row:= [];
for v in B do
Add (row, YoungCharHypo (u,v));
od;
Add (matrix, row);
od;
return matrix;
end;

#Specht object to record all the previous information
needed for further concepts
SpechtHypo:= function (lambda)
local wl, A, w2, B, mu, sm, sybt, words, k;
wl:= WordBiPartition (lambda) ;
A:= HypoArrangements (wl);
mu:= ConjugateBiPartition (lambda) ;
w2:= WordBiPartition (mu) ;
B:= HypoArrangements (w2) ;
sm:= SpechtMatHypo (A, B);
sybt:= SYBTs (lambda) ;
words:= List (sybt, 1 -> WordsBiTableau(i));
k:= List (words, i -> [Position(A, i[l]), Position(B, i[2])]);
return rec(sm:= sm, A:= A, B:= B, k:= k, sybt:= sybt);

end;
####Section-5.5. Representing matrices

###Representing matrix corresponding to a signed permutation
element in the hyperoctahedral group
SpechtRepHypo:= function (specht, sigma)
local act, pi, rows_label, new_rows_label, sm_rows;
act:= ActionHomomorphism (HypoGroup (Length (specht.A[1])/2),
specht.A, Permuted);

pi:= sigma”act;

rows_label:= List (specht.k, i -> 1i[11]);

new_rows_label:= OnTuples (rows_label, pi);

sm_rows:= List (specht.k, i1 -> specht.sm[i[1]]);

return List (new_rows_label, i -> SolutionMat (sm_rows, specht.sm[i]));
end;

####Section-5.6. Characters and character tables

#Characters correspnding to a bipartition lambda for all of
the generators of hypo group
HypoCharacterWordGens:= function (lambda, gens)

local n, Bipartitions, specht, classes, list;

n:= Sum(lambda[l])+Sum(lambdal2]);

Bipartitions:= BiPartitions (n);



end;

specht := SpechtHypo (lambda) ;

classes:= List (Bipartitions, HypoRepGenWord) ;
classes([1l]:= [1,17;

list:= List (gens, sigma -> SpechtRepHypo (specht, sigma));
return List (classes, c —-> TraceMat (Product (list{c})));

#Characters correspnding to a bipartition lambda for all of

the

class reps (permutations)

HypoCharacter:= function (lambda, reps)

end;

local specht;
specht := SpechtHypo (lambda) ;
return List (reps, sigma -> TraceMat (SpechtRepHypo (specht,

#Character table for all the bipartitions lambda of n
HypoCharTable:= function (n)

end;

local P, reps, CharTable;

P:= BiPartitions (n);

reps:= HypoReps (P);

sigma)))

CharTable:= List (P, lambda —-> HypoCharacter (lambda, reps));

return CharTable;
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