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Nature frequently employs the buckling phenomenon to facilitate the formation of complicated patterns across length-scales.
Current knowledge, however, is limited to a small set of buckling-induced microstructure transformations in soft composites; and
the pattern formation phenomenon remains largely unknown for a vast pool of material morphologies. Here, we investigate the
unexplored rich domain of soft heterogeneous composites. We experimentally observe the formation of instability-driven domains
in stratified composites with a non-dilute stiff phase. We illustrate that the discovered domain patterns are energetically favorable
over wrinkling. Moreover, we introduce a closed-form analytical expression allowing us to predict the evolution of the patterns in
the post-buckling regime. Finally, we show that various patterns can be pre-designed via altering material compositions. These
findings can help advance our understanding of the mechanisms governing pattern formations in soft biological tissues, and

potentially enable the platform for mechanical metamaterials.
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INTRODUCTION

Biological systems frequently employ the buckling phenomenon
as a part of complex processes to form a variety of patterns from
the folds of brain cortex' and the rippled edges of leaves and
flower petals? to the helical coils of plant roots®. Understanding of
the mechanisms that give rise to the phenomenon is essential for
unraveling the evolution of biological systems*>. Moreover, the
associated elastic instabilities or buckling phenomena can be used
to design new materials and systems with unusual properties and
functions®’. These ideas, combined with the recent advances in
material manufacturing® have resulted in the design of mechan-
ical metamaterials®'°, switchable optical’’ and acoustic'? filters,
reversible auxetic materials'>. Furthermore, these material systems
hold significant potential for diverse applications in soft robotics'#,
sensors'>, flexible electronics'®, adhesive systems'”'8, and unique
product identifiers'®.

Elastic instabilities in soft microstructured materials can develop
at various length scales that are dictated by the constituent
material properties and microstructural geometries®®. These
critical length-scales can be detected by (superimposed “small-
on-large”') Bloch wave instability analysis?2. The long-wave limit
of the analysis is equivalent to the loss of ellipticity condition®®
that can be effectively expressed in terms of homogenized
material moduli. In fact, in many soft composites, these so-called
long wave or macroscopic instabilities are theoretically predicted to
develop before microscopic instabilities of the length-scales
comparable with microstructure characteristic sizes. Thus, for
example, the finite length-scale instabilities happen only at the
very limited range of dilute volume fractions of stiffer fibers?*2>;
whereas, in the extensive range of material morphologies, the
long-wave instabilities are to develop.

Here, we investigate this unexplored rich domain of soft
material morphologies that give rise to long-wave instabilities. As
we shall show, this type of instability gives rise to formations of
fully determined and highly ordered microstructures in the post-
buckling regime. We illustrate the concept with the example of
periodic non-dilute layered composites for which the long-wave
instability is predicted. We experimentally observe the formation
of twinning patterns and their transition to the classical
microscopic wavy patterns in 3D-printed soft composites. Through
numerical modeling, we show that the development of the
twinning pattern is energetically favorable over the wavy pattern
in these soft composites. In addition, a closed-form analytical
expression is introduced to predict the evolution of the domains
in the post-buckling regime. Finally, we investigate the influence
of geometrical microstructure parameters and material properties
on pattern formations.

RESULTS AND DISCUSSION
Observation of instability-induced domain pattern

We start with considering the soft layered composite with a non-
dilute stiff phase volume fraction (illustrated in Fig. 1a), where the
composite is predicted to develop long-wave instability, upon
exceeding the critical value of the compressive strain along the
layers. Our experimental observations, however, reveal the
formation of a twinning microstructure characterized by finite-
size anti-symmetric domains. Figure 1b illustrates the experimen-
tally observed twinning pattern in the composite with the stiff
layer volume fraction of ¢» = 0.5. The realized domain pattern is
distinctly different from the classical wrinkling?®. We note that
geometrically similar domain or twinning patterns were also
identified in various systems, such as particle reinforced
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Fig. 1
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Twinning pattern in soft laminate. a Schematic illustration of periodic layered composites. b Instability-induced twinning

microstructure in layered composite with ¢() = 0.50 at strain level £ = 0.16. Scale bar: 10 mm. ¢ Evolution of domain orientation angle as a
function of applied strain. Error bars refer to standard deviations of the experimentally calculated orientation angles based on selected

domains.
composites?’, thin films on compliant substrates?®2°
crystals®®, and nematic elastomers®'32,

The evolution of the observed domain orientation is shown in
Fig. 1c. Initially, the layers maintain their flat shape, however, upon
exceeding the critical strain, the domains start forming, and the
orientation angle rapidly increases. This is also captured by our
numerical modeling predicting the onset of instabilities and post-
buckling behavior. To provide an estimate for the evolution of the
domain pattern, we assume that (i) the domains are wide enough
in comparison to the width of the localized domain interphase
region, (ii) the deformation in stiffer and softer layers is piece-wise
homogeneous. The buckling strain is obtained based on the loss
of ellipticity analysis [20]. Under those assumptions and energy
considerations, we derived closed-form expressions to predict the
deformation field of domain pattern in the layered composite for
both 2D and 3D layer composite. The equation derivation details
are provided in Supplementary Note 4. Thus, the domain
orientation angle for 2D layered composite under the plane-
strain conditions can be expressed as

6 = 2 arccos ()\(1 - ﬂ/ﬂ)’%), (M

where A denotes the stretch ratio related to the strainasA=1—¢;
€ is the applied compressive strain along layer direction. The
effective elastic moduli are = cOu) + My, and =
pOum / (cOplm 4 cmyD) - where u and ¢ denote the shear
modulus and phase volume fraction, respectively; the superscripts
() or (m), corresponding to the stiffer layer or soft matrix,
respectively. We note the agreement between the numerical
results and the analytical expressions, as well as the agreement
with the experimental observations shown in Fig. 1c.

, liquid

Transition from domain pattern to classical wrinkle

The presented results thus far are for the composite with a
relatively large stiff layer volume fraction, illustrating the formation
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of the twinning patterns, whereas the classical wavy mode
develops in the composites with dilute stiff layer volume fraction.
To illustrate the transition from domains to wrinkling modes, we
show the critical wavenumber and critical strain as functions of
the stiff phase volume fraction in Fig. 2. We observe that the non-
dilute laminates develop domain patterns (see Fig. 2a, b), whereas
the composites with small stiff layer volume fractions transition to
the wrinkle patterns (see Fig. 2d). Thus, a decrease in stiffer phase
volume fraction leads to the transition in instability-triggered
pattern from domain to wrinkling microstructure, owing to a
significant decrease in the interaction between stiffer layers.

To elucidate the mechanism of the transition of buckling mode,
Fig. 2e shows the critical wavenumber and critical strain as
functions of the stiff phase volume fraction. The continuous curves
are detected numerically through the Bloch-Floquet instability
analysis, while discrete points are the experimental results. The
initial constituent shear modulus contrast is u®) /u™ = 49, The
numerical instability analysis predicts the transition from
the microscopic instability (dotted curves) to long-wave one at
the volume fraction ¢ =0.092. We observe a qualitative agree-
ment between experimental and numerical results. Both experi-
ments and simulations show that the critical strain and critical
wavenumber decrease with an increase in stiffer layer volume
fraction. For the composite approaching dilute volume fractions,
both critical strain and critical wavenumber barely change with
volume fraction (c!) <0.04). This is due to weakening interactions
between stiffer layers, as the distance between them increases.
Moreover, the analysis does predict the corresponding change in
the instability mode. We note, however, that the experiments
show the development of the finite length-scale microstructures as
opposite to the dramatic increase in the critical wavelength that
would correspond to the long-wave mode for the composites with
non-dilute volume fraction beyond the threshold.
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Fig. 2 Experimental observations of the transition from domain to wavy modes. a ¢’ = 0.50, b ¢’ = 0.30, ¢ ¢ = 0.15,d ¢’ = 0.01. The
deformed configurations are given at e = 0.16 (a), 0.19 (b), and 0.22 (c, d). Scale bar: 10 mm. e Numerical prediction of critical strain and critical
wavenumber vs. stiffer layer volume fraction in soft laminates. The dashed vertical line denotes the transition value of the volume fraction
between long-wave and microscopic instability. Blue circular and black triangular points refer to the experimental critical strains and
wavenumbers, respectively. The dotted and continuous curves are numerical results for microscopic and long-wave instabilities, respectively.

Error bars indicate standard deviations.
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Fig. 3 Mechanism of the formation of domain patterns. a Stress-scape of buckled laminate, the magenta curve refers to the onset of
instability at the given buckled wavelength. b Comparison of stored elastic energy in the laminate with domain and wavy modes. The results

are given for the laminate with ¢() = 0.5, u®) /u(™ = 49,

Mechanism of domain pattern formation

To study the mechanism for the formation of finite length-scale
domains in the non-dilute composite, we perform the numerical
post-buckling analysis. In the post-buckling analysis, we enforce
the development of instability modes with different wavelengths
by imposing small-amplitude geometrical imperfections and

Published in partnership with the Shanghai Institute of Ceramics of the Chinese Academy of Sciences

microstructural periodicity. Figure 3a presents the stress map of
the composite with experimentally observed twinning micro-
structure (" =0.5). The stress is normalized by the effective
modulus pi. We observe that in the postbuckling regime, the stress
state initially significantly decreases with an increase in buckled
wavelength, however, when the buckled wavelength exceeds a
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buckling stage of strain-level e =&, + 0.2.

threshold value (L/t =40), the stress surface exhibits a plateau
feature. Moreover, we note that the critical strain function does
not exhibit a minimum for any wavelength in the considered

range, and the function asymptotically approaches the value g, =

1-(1-— [1/;7)‘1' corresponding to the onset of long-wave instabil-
ities?®. Note that our post-buckling analyses indicate that the
buckling wavelength of the domain pattern is sensitive to initial
imperfections; the sensitivity is illustrated by our numerical
analysis in Supplementary Note 5. Finally, it is worth mentioning
that the corresponding experimentally observed critical wave-
length L./t =37.5 and critical strain &, =0.025, are found to be
close to the plateau values. These observations are consistent with
the results given in Fig. 2e, showing that the composite with no
minimum strain function buckles at the wavelength that is
significantly smaller than the overall sample size. We note that a
similar phenomenon was also observed in the herringbone mode
arisen in the buckling of thin films on compliant substrates?®33,

Next, we numerically illustrate the hypothesis that the twinning
patterns are energetically favorable than the wavy modes in the
composites with a non-dilute stiff phase. Figure 3b shows the
evolution of the elastic energy in the laminates with twinning and
wavy modes. Note that the numerical simulations fully account for
the highly localized deformation at the domain interfaces. The
energy is normalized by the stored energy value in the
corresponding flat laminate W, :‘5‘()\2 +A72 - 2). The energy
functions are calculated from the post-buckling analysis, and the
examples are given for the experimentally observed wavelength.
We observe that upon the onset of instability, the normalized
energy functions for the twinning (solid black) and wavy (dashed
blue curve) patterns rapidly decrease. Importantly, the domain
pattern results in a lower energy state, and the difference in the
stored energies increases with an increase in deformation. Thus,
the example illustrates that the domain microstructures are
energetically favorable over the wavy pattern in the composite
with the non-dilute stiff phase volume fraction, for which the long-
wave instability is theoretically predicted.

Pattern evolution process and morphology map

We finally study the influence of the composite morphology, its
microstructural geometry, and constituent material properties, on
the evolution of these distinct patterns. To this end, we introduce
a measure for quantifying the post-buckling mode shape. We
define a weighted function for fitting the post-buckling micro-
structural geometry as a combination of the domain and wavy-like
geometrical shapes.  The  function is given as
X1 = A(pf(Xa/(ALg)) + (1 = p) sin(2mXa/ (AL¢))), where A denotes

npj Computational Materials (2022) 100

the pattern amplitude, and f; (§) is the domain shape function
defined in Supplementary Note 6; p is the shape weight
coefficient, defined such that, when p is close to 1, the stiffer
layer develops in domain microstructure; whereas, the wrinkling
mode dominates when p is close to 0. Figure 4a shows the shape
coefficient values plotted versus applied strain for laminates with
various stiffer phase volume fractions. The shape weight
coefficient for the case ¢”=0.16 rapidly increases from 0 to
nearly 1 upon exceeding the critical strain, thus, indicating the
formation of the twinning patterns in the post-buckling regime.
However, the laminate with a slightly low stiff phase volume
fraction, c) = 0.14, experiences microscopic instability with the
wavelength L/t = 14.01, and the shape weight coefficient is
nearly 0, showing that the buckled pattern develops in the wavy
mode. Note that for the considered laminates (with initial shear
modulus ratio u)/u(™ = 10), the classical analysis predicts the
transition from the microscopic to long-wave instabilities at
c) = 0.155. In the vicinity of this composition, the laminates (for
example, with volume fractions c{) = 0.148 (blue), 0.150 (orange),
0.152 (green)) exhibit transitional patterns manifesting in merged
twinning and wavy modes.

To complete the picture of the material composition influence
on the post-buckling behavior, we show the shape weight
coefficient map as functions of stiffer layer volume fraction and
shear modulus contrast in Fig. 4b. The dashed black curve
separates the compositions developing wavy (on the left side of
the curve) and twinning (on the right side of the curve)
microstructures. In addition, there is a narrow range of volume
fraction (depending on the shear modulus contrast), at which the
laminates exhibit transitioning buckling modes combining wavy
and twinning patterns. This transition range narrows as the shear
modulus contrast is increased.

In summary, we have revealed an instability-induced twinning
microstructure in soft layered composites. We experimentally
demonstrated the formation of twinning microstructures in 3D
printed laminates with a large stiff layer volume fraction. We
illustrated that the domain patterns are energetically favorable
and are characterized by a lower energy state over the
corresponding classical wavy modes. We have derived an
analytical estimate allowing us to predict the evolution and
energy states of the domain patterns in the post-buckling regime.

Moreover, we have analyzed the influence of the soft composite
compositions on the instability-induced patterns, and provided
the guidelines for designing tunable materials systems with
tailored microstructure transformations through initial composi-
tions. We note that the soft composites can recover their original
shape and microstructure upon realizing the applied loadings.
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