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Decomposition of Jacobians and Shimura subvarieties of A,
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Abstract. Using the decomposition of Jacobians with group action, we
prove the non-existence of some Shimura subvarieties in the moduli space
of ppav Ay arising from families of dihedral and quaternionic covers of
the complex projective line P*.
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1. Introduction. Consider a family of non-singular complex projective curves
f :C — T of genus g. The Torelli map associated to this family is the map
7:T — A, which sends a curve [C] to its Jacobian [J(C)]. It is known by the
classical Torelli theorem that this map is injective. The moduli space A4 of
g-dimensional complex principally polarized abelian varieties has the structure
of a Shimura variety. Indeed, Ay = Ay = T'y(1)\H,, where Hy is the Siegel
upper half-space of genus g and I'y(l) is the principal congruence subgroup of
level-l in Spa,(Z) which is the kernel of the natural map Sp, ,(Z) — Spy ,(Z/1),
where [ > 3 is an odd integer. In this case, I'y (1) is torsion-free and the quotient
[y(1)\Hy is a smooth complex submanifold. Note that H, = Sp,,(R)/U(g).
Inside A, there are specific subvarieties called special subvarieties or Shimura
subvarieties. These are algebraic subvarieties of the form I'g({)\L, where L
comes from an algebraic subgroup G(R) — Sp,,(R). Special subvarieties have
many interesting properties. They are for instance totally geodesic subvarieties.
In this paper, we consider families f : C — T of G-Galois covers of P! that
generate special subvarieties in A,. The special subvarieties arising from fam-
ilies of curves and in particular by Galois covers of P! have been studied by
many authors for instance in [3,5,6,13-15]. Below, we will describe our main
tools for studying such families in this paper.
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1.1. Group algebra decomposition of abelian varieties. For a more detailed
presentation of the content of this subsection, we refer to the book of Birken-
hake and Lange [2, Chapter §13.6]. Another reference is [10] by Lange and
Rodriguez. Let A be an abelian variety over the complex numbers and sup-
pose that a finite group G acts on A. This induces an algebra homomorphism

p: Q[G] — Endg(4), (1.0.1)

where Q[G] denotes the rational group algebra of G. This homomorphism
induces a decomposition of the abelian variety A up to isogeny. Although
the representation p may not be faithful, we do not distinguish between ele-
ments of Q[G] and their images in Endg(A). An element o € Q[G] defines an
abelian subvariety A® := im(ma) C A, where m is some positive integer such
that ma € End(A). We remark that Q[G] is a finite dimensional semisimple
Q-algebra and therefore admits a unique decomposition

QG =Q1 x -+ x Qy (1.0.2)

with simple Q-algebras @Q,...,Q,. The following theorem gives the decom-
position of abelian varieties with a G-group action and is key to our further
analysis.

Theorem 1.1. Let G be a finite group acting on an abelian variety A. Let
Wi, ..., W, denote the irreducible Q-representations of G and n; := dimp, (W;)
with D; := Endg(W;) for i = 1,...,r. Then there are abelian subvarieties
Yi,..., Y, of A and an isogeny A ~ Y™ x - x Y7,

This decomposition is called the group algebra decomposition of the abelian
variety A with respect to G. For more details about the above results, we refer
to the book of Birkenhake and Lange [2, §13.6]. In this article, we are mainly
interested in the case that X is a smooth projective curve over C and A = J(X)
is the Jacobian of X which is a principally polarized abelian variety over the
complex numbers.

1.2. Families of Galois covers of P'. In this paper, we deal with families of
Galois covers of the projective line P!. Let us briefly describe such covers.
Consider a finite subset A = {t1,...,t,.} C PL. It is then well-known that the
fundamental group 71 (P \ A) has the following presentation

(P \NA) =T, ={(g1,...,9: | g1---gr = 1). (1.1.1)

If C — P! is a Galois cover of curves with branch locus A, let us set
U:=P'\Aand V := f~1(U). Then f|y : V — U is an unramified Galois
covering. If G is the Galois group of f, then there is an epimorphism w1 (U) — G
or in other words an epimorphism I', — G. We therefore make the following
definition.

Definition 1.2. A datum is a triple (m, G, ®), where m = (mq,...,m;) is an r-
tuple of integers m; > 2, G is a finite group, and ¢ : I',, — G is an epimorphism
such that ®(v;) has order m; for each 1.
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Riemann’s existence theorem asserts that a cover C' — P! can be completely
determined by a datum. The following is one of our main tools for excluding
Shimura varieties generated by families of Galois covers of P!.

Lemma 1.3. Let C — T be a family of G-covers of P! given by the datum
(m, G, ®). Suppose that N < G is a normal subgroup and write G' = G/N.
Consider the family of quotients C = C/N — P! of G'-covers of P* correspond-
ing to the datum (m/,G',®"). If (m,G,®) gives rise to a Shimura subvariety
in the Torelli locus Ty, then (m/,G’, @) is also a Shimura subvariety in T, .

Proof. This is a generalization of [15, Lemma 4.4]. Let f : C — P! be a Galois
G-cover of degree |G| = n. Consider the following diagram in which f : C' — P!
is the quotient cover with the notations as above:

c—1 ., p

N

If A (resp. A) is the branch locus of f (resp. f), then we have A C A.
Therefore if T C Al and 7" C A" denote the parametrizing locus of the
families C and C respectively, we let p : T — T denote the projection which
is induced from the natural projection Al — Al'. Here C — T" is the family
of curves associated with the datum (m’,G’,®’). Let J — T and J — T" be
the corresponding relative Jacobians. Then p*.J is an isogeny factor of J. Let
0 :T — Ay be the morphism corresponding to p*J. Since p*J is an isogeny
factor of J, it follows that the closure of the image of 6 is a special subvariety.
Now this morphism is the composition of the projection p : T — T’ which is a
dominant morphism and the morphism ¢ : 7" — A,/ corresponding to J — T”.
Hence the closure of the image of ¢ agrees with that of . In particular, the
family J — T gives also rise to a Shimura subvariety in Ay O

Let f:C — T be a family of Galois G-covers of P'. Then the local system
L = R'f.C gives rise to a polarized variation of Hodge structures (PVHS)
of weight 1. Consider the associated monodromy representation (7T, z) —
GL(V), where V is the fiber of £ at x. The Zariski closure of the image of
this morphism is called the monodromy group of L. We denote the identity
component of this group by Mon®(£).

The following special case will be used in the next section to exclude
Shimura subvarieties from the Torelli locus in A,: Suppose that f: C — T is
a family of cyclic Z,,-covers of P'. The PVHS decomposes according to the
action of the Galois group Z,, and the eigenspaces £; (where i € Z,,) are again
variations of Hodge structures and we are mainly interested in these. Take a
t € T and assume that h'°((L;);) = a and h®'((L;);) = b. Since the mon-
odromy group respects the polarization of the Hodge structures ([16, 3.2.6]),
(L;)t is equipped with a Hermitian form of signature (a, ). This implies that
Mon®(£;) € U(a,b). In this case, we say that £; is of type (a,b). Note that if
we set a = d;, then b = d_;. Finally let us remark that for families of Z,,-cyclic
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covers of P! of the form y™ = (x — t;)% -+ (z — ;)® (which we also denote
occasionally by the monodromy data (m,as,...,q;)), we have

! .
ia;

d; = —1 -1y, 1.3.1

2 (13.)

where (-) denotes the fractional part of a real number. Let £; be an eigenspace
as discussed above of type (d;,d_;) with d;d_; # 0. Then by [16, Theorem
5.1.1], Mon®(£;) = SU(d;,d_;) unless m is even and i is of order 2 in Z,,, in
which case Mon®(£;) = SU(d;, d;) = Spag,, where n = d;.

Remark 1.4. If the family f : C — T gives rise to a Shimura subvariety in
Ay, then the connected monodromy group Mon" is a normal subgroup of the
generic Mumford—Tate group M. In fact, in this case, Mon" = M9, See for
example [16].

Remark 1.5. Let f : C — T be a family of curves. Let M be the generic
Mumford-Tate group of the family f : C — T. For the definition and con-
struction of the generic Mumford—Tate group, we refer to Rohde’s book [16].
Note that M is a reductive Q-algebraic group. Let Sy be the natural Shimura
variety associated to M. The Shimura subvariety Sy is in fact the smallest
special subvariety that contains the image Z of T' in A,. The dimension Sy
depends on the real adjoint group Mﬂ‘gd. Namely, if Mﬂgd =@ X - XQ, is the
decomposition of Mg into R-simple groups, then dim Sy = Y~ 6(Q;). If Q;(R)
is not compact, then §(Q;) is the dimension of the corresponding symmetric
space associated to the real group @; which can be read from Table V of [9].
If Q;(R) is compact, i.e., if Q; is anisotropic, we set 6(Q;) = 0. We remark
that for @ = PSU(p,q), 0(Q) = pq and for Q = Psp,,,, 6(Q) = p(pT'H). Note
also that Z is a Shimura subvariety if and only if > §(Q;) =1 — 3, i.e., if and
only if dimZ = dim Sy = | — 3, where [ is the number of branch points of
the covers in the family. According to Remark 1.4 above, if M2¢ = [1] Qi is
the decomposition into R-simple factors, then Mon%’“d = H; Q; as well. In
the next section, we will find eigenspaces L£;, of cyclic quotients of the family
giving rise to simple factors Q; = PSU(d;,d_;), or Q; = Pspy,, such that
>-6(Q;) > 1 — 3. This shows that dim Sy > [ — 3 and hence the family is not
a Shimura family.

2. Shimura subvarieties.

2.1. Families of dihedral covers. Throughout this note, we fix the following
presentation for the dihedral group of order 2n

D, = (r,s|r" = s* = (rs)* = 1). (2.0.1)

The elements of the form r* with 1 < u < n are called a rotation and elements
of the form r®s with a > 0 are called a reflection. Reflections are elements of
order 2. We begin our analysis of dihedral covers by the following lemma.

Lemma 2.1. Let f: C — P! be a D,,-cover. Then the number of branch points
whose stabilizer is given by reflections r®s as mentioned above is a non-zero
even number.
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Proof. For this and more general results on dihedral and non-abelian covers,
we refer to [12], especially Proposition 3.12. Note that we always assume that
the cover is not ramified over infinity. O

Let C be a curve with Dyp-action, where p is an odd prime. If C — Y =
C/ Dy, is the quotient cover, then by results of [11, §4.4], we have

J(C) ~J(Y)x P(Cyy/Y) x P(Cp,/Y) x P(Cf)p/Y) x B. (2.1.1)

Here D, = (2, s), D, = (r2,rs), and (r) are normal subgroups of index 2. The
factor B is a product of abelian varieties which we do not need in the sequel.

In the case that n = 2p, with p an odd prime number, we exclude all of the
families with a special ramification type.

Proposition 2.2. Suppose that we have a family of Dap-covers of P' with [
branch points. Let k be the number of branch points whose stabilizer is a re-
flection, i.e., of the form r®s with a > 0 and suppose that all of the stabilizers
in (r) (i.e., given by rotations) are of the form r* with u an odd number (the
notation being as in presentation (2.0.1)). If k > 10, then the image of this
family under the Torelli map is not a Shimura subvariety.

Proof. Suppose that the family is given by the branch points (t1,...,%). Now
consider the the normal subgroup N := (r) of index 2 and the quotient family
of double covers C;/N — PL. Then the above quotient family corresponds to
the family of Zs-covers of P! with monodromy data (2,(1,1,...,1,0,...,0))
k
(see p. 4 for the notation), where the number of 1’s is equal to k. By formula
(1.3.1), the eigenspace L := £ of this family is of type (% -1, g —1) and hence
§(L) = tk(k—2), where 6(L) is introduced in Remark 1.5. On the other hand,
considering the normal subgroup D, = (r?, s) of index 2, the quotient family
Ct/D, — P! yields a cover with the monodromy (2, (1,1,...,1,0...,0)). As
———

>l—k
before, this family has an eigenspace M with 6(M) > +(I—k)(I—k—2) as in
Remark 1.5. Using the decomposition 2.1.1 and the above formula, we see that
in the decomposition of the adjoint group of our original family the factors £
and M occur and therefore the dimension of the smallest Shimura subvariety
containing this family is at least §(£) + 6(M). Therefore, if we have

5(L) + (M) > Zk(k—2)+=(l—k)(I—k—2)>1—3, (2.2.1)

1
8

co| —

the family is not special. Now (2.2.1) is equivalent to [2—2(k+5)I+2(k*+12) >
0. It is straightforward to verify that for £ > 10, the above inequality holds
true. 0
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Remark 2.3. From the (1-dimensional) families of Dg,-covers of P! in [7] which
give rise to Shimura subvarieties, none have the property that the stabilizers
in (r) are all of the form r* with u odd. Therefore, in view of Proposition 2.2,
one expects that such Shimura families should not exist.

2.2. Families of (Qg-covers. Let Qg be the quaternion group, i.e., the following
group

Qs = (i, jli* = j° = (ij)* = —1).
If X — Y is a Qg-cover, then
J(X)~J(Y) x P(X»y/Y) x P(X(;y/Y) x P(X(i5y/Y) x P(X/X(_1y).

Consider the family of Qg-covers of P! given by the monodromy data (2,4, 4,4).
For every such curve, we have the following commutative diagram:

C P!
h) A (2.3.1)
C/(i)

Indeed, this is the family (36) of the paper [7] and hence is a Shimura
family. The intermediate cover C — C/(i) is cyclic of order 4. One checks that
g(C/{i)) = 0 and so C/(i) ~ P! and indeed the quotient cover C/(i) — P! is a
double cover ramified at two points. The same is true about C/(j) and C/(ij).
Therefore we have that P(Cy;/P') = P(Cy;/P') = P(C; /Ph)) = J(P!) =
0. On the other hand,

C p!
m % (2.3.2)
C/(-1)

We remark that (—1) is the center of Qg and that Qg/(—1) ~ Zs X Zs.
So the 4 : 1 cover C/(—1) — P! is an abelian Zy x Zg-cover. One checks
that this cover has 3 branch points all of which of ramification index 2 and
therefore C/(—1) ~ PL. The double cover C — C/(—1) = P! is ramified
over 10 points and therefore exhibits C' as a hyperelliptic curve of genus 4.
Therefore P(C/C(_1y) = J(C) and the family is a Shimura curve contained
in the hyperelliptic locus. Here we prove the following result about families of
simple Jacobians of QQg-covers up to isomorphism over a Shimura curve.

Proposition 2.4. A 1-dimensional family of Qg-covers of P' such that the Ja-
cobian J(Cy) is a simple abelian variety is a hyperelliptic family and the mon-
odromy datum is (2,4,4,4).
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Proof. Assume that we have a family such that the Jacobian J(C}) is simple
and consider again the following diagram:

c P!

N % (2.4.1)

C/(-1)

Now since J(C;) is simple, it holds that C/(—1) ~ P!, for otherwise
J(C/(-1)) will be a non-trivial isogeny factor of J(C}). Consequently, the
ramification over at least one branch point must be given by the element (—1).
One easily checks that the only possible monodromy indices are (2,4,4,4). O

Proposition 2.5. There does not exist a 1-dimensional Shimura family of non-
hyperelliptic Qg-covers of P'.

Proof. Suppose that we have a 1-dimensional family of Qg-covers of P! whose
fibers are non-hyperelliptic. We claim that there are no branch points with
ramification (—1), for if there exists such a point, then C'/{—1) ~ P! and the
cover C' — (C/(—1) = P! exhibits C' as a hyperelliptic curve, a contradiction.
This shows that the monodromy data of the family is of the form (4,4, j, j)
which corresponds to monodromy indices (4,4,4,4). If C — P! is a Qg-cover
with the above monodromy, then by the Riemann—-Hurwitz formula, g(C) = 5.
However, there exist no Shimura curves parametrizing non-hyperelliptic curves
of genus 5 with Qg Galois group by [7, Table 2]. O

Remark 2.6. Suppose that we have a family of genus 5 non-hyperelliptic Qg-
covers C' — P! as above, then we have

C p!
h A (2.6.1)
C/(i)

The quotient cover C/(i) — P! is a double cover ramified at two points
and hence g(C/(i)) = 0 and C/(i) ~ P!. The same is true also about the
quotient cover C/(j) — P!. The quotient cover C/(ij) — P! is the Legendre
family of elliptic curves which is a special family. In particular, g(C/(ij)) = 1.
Therefore, by the above, we have J(C) ~ C\;;y x P(C/C(_yy).
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