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Introduction

The origin of zeta functions goes back to Leonhard Euler, who introduced what
we now call a zeta function as a function of a real variable

ζ(s) =
∞∑
n=1

n−s,

where the infinite sum converges when s > 1. Euler also proved that

ζ(s) =
∏

p prime

1
1− p−s ,

which is called the Euler decomposition of ζ(s). This decomposition gave
us what is known as the local zeta function

ζp(s) = 1
1− p−s

at the prime p. Bernhard Riemann extended the definition of Euler’s zeta
function to a complex variable. This function converges when Re(s) > 1. It is
known as the Riemann zeta function, which led to the development of the
renowned Riemann hypothesis.

Later, Richard Dedekind generalized the Riemann zeta function to number
fields. Let K be a number field with ring of integers O. For a complex variable
s, the Dedekind zeta function

ζK(s) =
∑
a⊂O
| O : a|−s

converges when Re(s) > 1, where a ranges over the nonzero ideals of O. The
Dedekind zeta function admits the Euler decomposition

ζK(s) =
∏
p

1
1− |O : p|−s ,

where p ranges over the nonzero prime ideals of O. The Riemann zeta function
is recovered for K = Q.

Gustave Lejeune Dirichlet modified the Riemann zeta function by multiply-
ing each term of the sum by a term from a complex sequence (an)n. Such a
series ∞∑

n=1
ann

−s

1



Introduction 2

is known as a Dirichlet series. For more historical context, see [20, Section
1.1].

A Dirichlet series can be given by a sequence (an)n where each term of the
sequence enumerates a finite number of algebraic objects. For instance, let G
be a finitely generated, torsion-free, and nilpotent group. Let an(G) be the
number of subgroups of G of finite index n. Then the Dirichlet series

ζG(s) =
∞∑
n=1

an(G)n−s

is known as the subgroup zeta function of G.
Grunewald, Segal, and Smith [26] were the first to study (normal) subgroup

zeta functions. They introduced zeta functions as a tool for invistegating
asymptotic and arithmetic aspects of subgroup growth. Later, du Sautoy and
Grunewald [19] studied analytic properties of (normal) subgroup zeta functions
of nilpotent groups. Various types of zeta functions later emerged and were
studied as zeta functions became important tools to study asymptotic group
and ring theory. See the book [20] as well as the surveys [33,46,57,58].

Let R be a ring. By a matrix of linear forms over R, we mean a matrix
of the form A(X) := A1X1 + . . . + A`X` where A1, . . . , A` ∈ Md×e(R) and
X = (X1, . . . , X`) consists of algebraically independent variables over R (i.e.
X1, . . . , X2 do not satisfy a trivial polynomial over R). Such a matrix of linear
forms A(X) defines two types of modules. The first type is called the image
module of A(X), defined as M(A(X);R) := {A(x) : x ∈ R`}. (This is a
submodule of Md×e(R).) Define [d] = {1, 2, . . . , d} and write Ak = [akij] for
1 ≤ k ≤ `. The second type is called the relation module of A(X), defined
as Rel(A(X);R) := {[xij] ∈ Md×e(R) : ∀k ∈ [`],∑(i,j)∈[d]×[e] akijxij = 0}.

We devote this thesis to the study of a particular type of zeta function: ask
zeta functions associated with modules of matrices and matrices of linear forms
(single matrices and matrix pencils, in particular). These zeta functions are
obtained by averaging over the sizes of the kernels of matrices obtained from
modules of matrices or module representations. Next, we go over some of these
ingredients in greater detail.

Matrix pencils
Amatrix pencil is a matrix of linear forms of the form A1X1+A2X2 where the
matrices A1 and A2 are linearly independent. Matrix pencils can be partitioned
into classes through notions called equivalence and weak equivalence. These
relations arise from elementary row and column operations as well as (in the case
of weak equivalence) from a change of variables, see Definitions 1.1.2–1.1.3. A
natural problem that arises over a given base field is selecting a representative
matrix pencil in a “normal form” from each class. (We only consider this
problem over infinite fields, not over general rings.)

This classification problem was introduced in the literature more than a
century ago. Weierstrass was the first to introduce irrational forms of non-
singular matrix pencils (see Section 2.1 for a definition). He defined these
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forms in terms of the elementary divisors of the non-singular matrix pencil.
Weierstrass’s irrational normal form may contain entries in an extension of the
base field. Kronecker considered irrational normal forms of the singular case
of matrix pencils using Jordan normal forms. For Weierstrass and Kronecker
matrix pencil forms, see [31, Section 3]. Later, Frobenius introduced rational
forms for non-singular matrix pencils. Turnbull and Aitken [53, Chapter IX]
gave a full account of the theory of matrix pencils using rational forms of
singular and non-singular matrix pencils. See the historical notes [53, Section
IX.16] as well as the survey [31]. In this thesis, we use their rational forms of
matrix pencils since these forms can be obtained over any infinite field.

Ask zeta functions
Let X = (X1, . . . , X`) be algebraically independent variables over Z. Let
A(X) ∈ Md×e(Z[X]) be a matrix of linear forms. Let Ān(X) be the image of
A(X) under the natural map Md×e(Z[X]) −→ Md×e((Z/nZ)[X]). Then the zeta
function

ζask
A(X)(s) =

∞∑
n=1

ask(Ān(X))n−s

is called the ask zeta function associated with A(X) where ask(Ān(X)) is
the average size of the kernel of Ān(x) for all x ∈ (Z/nZ)`, defined by

ask(Ān(X)) = 1
n`

∑
x∈(Z/nZ)`

|Ker(Ān(x))|.

Rossmann [47,49] introduced ask zeta functions and studied the effects of so-
called Knuth duality on these zeta functions. Later, Carnevale and Rossmann
[11] studied the effect of passing to relation modules associated with “admissible
partial colourings”. Rossmann and Voll [50] studied and introduced ask zeta
functions associated with graphs and hypergraphs. They also gave an explicit
formula to compute ask zeta functions associated with hypergraphs.

Related types of zeta functions
Some other types of zeta functions, such as orbit-counting and conjugacy class
zeta functions, can be instances of ask zeta functions in some cases.

For a simple type of conjugacy class zeta functions, let G ≤ GLd(Z). Define
Gn to be the image of G under the natural map GLd(Z) −→ GLd(Z/nZ). Then
the conjugacy class zeta function of G is

ζcc
G (s) =

∞∑
n=1

k(Gn)n−s,

where k(Gn) denotes the number of conjugacy classes of Gn.
Similar conjugacy class zeta functions were introduced by du Sautoy [18].

They were further studied by Berman et al. [8] for Chevalley groups and
Lins [14–16] for unipotent groups. For the correspondence between ask and



Introduction 4

conjugacy class zeta functions, see [11,47,49,50]. Conjugacy class zeta functions
have other names found in the literature such as “class number zeta functions”
and “class counting zeta functions”.

For G ≤ GLd(Z), the orbit-counting zeta function of G is

ζoc
G (s) =

∞∑
n=1
|(Z/nZ)d/G|−s.

Avni et al. computed a certain type of orbit-counting zeta functions, see
[2, Theorem E]. Rossmann [47] investigated cases in which orbit-counting zeta
functions are instances of ask zeta functions.

Main results
Our main results in this thesis consist of Theorems A, B, C, D, E, F, and G.

Conjugacy class zeta functions: Rossmann [47, Theorem 1.7] showed that
conjugacy class zeta functions of particular types of Lie groups can be converted
into ask zeta functions of Lie algebras. In Theorem A, we prove a formula
for converting conjugacy class zeta functions of a particular type of saturable
Lie groups into ask zeta functions of Lie algebras. Theorem A shows that
the conjugacy class zeta functions of this type of saturable Lie groups are
instances of ask zeta functions of Lie algebras. The formulas in Theorem A
and [47, Theorem 1.7] allow us to study conjugacy class zeta functions of these
types of groups using methods developed for computing ask zeta functions.

Antisymmetric matrices and Pfaffians: Rossmann [47, Section 4] gave
explicit formulas for computing ask zeta functions of modules of matrices using
sets of minors. In Section 6.1, we write an explicit formula for computing
ask zeta functions of modules of antisymmetric matrices using Pfaffians. A
similar method was used by Avni et al. [1, Section 3] to compute another type
of zeta functions called representation zeta functions. Moreover, we use the
formula in Section 6.1 to prove Theorem B which gives an explicit formula
for ask zeta functions of image modules of antisymmetric matrices of linear
forms with smooth Pfaffian hypersurfaces. The statement in Theorem B is
analogous to [47, Theorem 7.1] which deals with image modules of matrices
with smooth determinantal hypersurfaces. Moreover, a similar formula can
be found in [55, Theorem 3] for the normal zeta function of class 2-nilpotent
groups with smooth Pfaffian hypersurfaces. A type of group scheme can be
constructed by antisymmetric matrices, see [50, Section 1.2]. The conjugacy
class zeta functions of this group scheme are instance of ask zeta functions of the
modules of these antisymmetric matrices, see [50, Proposition 1.1]. Therefore,
the formula in Section 6.1 and Theorem B can be also used for studying the
conjugacy class zeta functions of this group scheme.
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Image modules: Rossmann [45] studied zeta functions enumerating sub-
modules invariant given by a constant matrix. In Chapter 7, we give a generic
and explicit (Theorem C) formula for the local ask zeta function of a module
generated by a constant matrix. We call this type of modules the image modules
associated with single matrices (i.e. A(X) = A1X1). We also obtain an explicit
and generic formula for the local ask zeta functions of an image module of a
row or column of linear forms which arises from the so-called Knuth duals, see
[49, Section 4.2] and Section 1.4. Moreover, we write formulas for the global ask
zeta function of an image module associated with a single matrix and its Knuth
duals. In Theorem D, we give a generic formula for ask zeta functions of image
modules associated with matrix pencils. A similar work has been done by Voll
for the normal zeta functions of class 2-nilpotent groups, see [56, Theorem 2].
The generic formula in [56, Theorem 2] has similar shape as the formula in
Theorem D. We note that the map φG in [56, Theorem 4] is represented by an
antisymmetric matrix pencil.

Relation modules: We define a type of modules, called Relation modules
associated with matrices of linear forms, motivated by the work of Carnevale
and Rossmann [11] on relation modules associated with partial colorings. In
Section 9.1, we replace partial colorings with a matrix of linear forms associated
to a sequence of pairwise disjoint sets. This allows us to use the results of the
so-called admissible partial colorings in [11, Corollary B] and our results on the
so-called weak equivalence of matrices of linear forms to study ask zeta functions
of relation modules associated to matrices of linear forms (single matrices and
matrix pencils, in particular). Theorem E gives generic formulas for ask zeta
functions of relation modules associated with single matrices. Furthermore, we
prove Theorem F, which provides a formula for the effects of adding zero rows
and columns to a matrix pencil on the ask zeta function of the relation module
associated with that matrix pencil. The formula we obtained in Theorem F is
analogous to the formula for the effects of adding generic rows and columns
on ask zeta functions associated with hypergraphs, see [50, Proposition 5.24].
Moreover, we write generic formulas for ask zeta functions of relation modules
associated with arbitrary matrix pencils (Theorem G).

Other results
Weak equivalence: We introduce a notion called weak equivalence between
matrices of linear forms. We also proved that weakly equivalent matrices of
linear forms give rise to the so-called isotopic module representations, see Section
1.3. Rossmann [49, Section 3.1] noted that isotopic module representations
have the same ask zeta functions. In Section 4.4, we show that image modules
and relation modules associated to weakly equivalent matrices of linear forms
have the same ask zeta functions. Therefore, we use weak equivalence as a tool
to study ask zeta functions of image modules and relation modules associated
to matrices of linear forms.
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Matrix pencils: The literature on rational forms of matrix pencils, found
in [52,53], is older than 80 years. We modernize their language that is used for
obtaining rational forms of singular and non-singular matrix pencils. We also
write algorithms to compute rational forms of both singular and non-singular
matrix pencils. Each weak equivalence class can be represented by a rational
form, and we prove that all modules within a weak equivalence class have the
same generic ask zeta functions. The rational forms of matrix pencils are used
in Chapter 8 and Chapter 10 to compute ask zeta functions of image modules
and relation modules associated with matrix pencils, respectively.

Counting numbers of matrices: Bender [7] gave a formula for calculating
the number of traceless matrices by rank over a finite field. In Section 9.2, we
developed a formula for calculating the number of matrices by rank of a vector
space after adding generic rows and columns. We use this formula to count
the number of matrices by rank of relation vector spaces associated with single
matrices which generalizes the formula for counting the number of traceless
matrices by rank over a finite field. We also use this formula to write equivalent
classes of relation modules associated to single matrices.

Strategy for computing ask zeta functions
Here, we sketch our strategy for computing ask zeta functions of modules
of matrices. We use a formula to compute ask zeta functions of modules
of matrices by integrating norms of set of minors of said modules over a
compact discrete valuation ring. Corollary 4.4.1 shows that equivalent modules
of matrices have the same ask zeta functions. Hence, we choose a suitable
equivalence class with minors that can be computed using Proposition 4.5.1.
In some cases, computing ask zeta functions of modules which arise from one
of Knuth duals are less complicated than computing the original modules, e.g.
see Lemma 10.5.2. Therefore, we obtain these modules and use Proposition
4.3.3 to obtain the ask zeta functions of the original modules. For computing
the integral in Proposition 4.5.1 or Proposition 4.5.2, we use the strategy of
“divide and compute” by dividing the domain of the integral into sets comes
from rational cones. In each set, we break the polynomials of the minors into
monomials using some statements derived from Hensel’s lemma or using change
of variables. Then we compute the generating functions of each cone. Finally,
we use Corollary 3.5.6 to compute the integral of each set.

Overview of the thesis
The first four chapters are background material. In Chapter 1, we introduce
weak equivalence of matrices of linear forms and recall some terminology
about module representations and Knuth duals. We also prove that module
representations which arise from weakly equivalent matrices of linear forms are
isotopic. In Chapter 2, we recall the notion of rational forms of matrix pencils
from [53]. We also give algorithms to obtain these rational forms. In Chapter
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3, we recall some background on non-Archimedean local fields and valuation
rings. We also write statements derived from Hensel’s lemma and give integral
computations using polyhedra which will be needed for our computations in the
later chapters. In Chapter 4, we recall from [47] and [49] the notion of local and
global ask zeta functions. Moreover, we prove that the modules associated with
weakly equivalent matrices of linear forms have the same ask zeta functions.
In Chapter 5, we recall from [18] and [47] the definition of the conjugacy class
and orbit-counting zeta functions of groups. We also prove Theorem A. In
Chapter 6, we give a formula for computing ask zeta functions of modules of
antisymmetric matrices using the set of all nonzero principal Pfaffians. We
also prove Theorem B. In Chapter 7, we give an explicit formula for the local
(Theorem C) and global ask zeta functions of an image module associated with
a single matrix and its Knuth duals. In Chapter 8, we prove a formula for the
ask zeta function of an image module associated with a matrix pencil (Theorem
D). In Chapter 9, we give a formula for computing the number of matrices by
rank in a relation of vector spaces associated with a single matrix over a finite
field and prove Theorem E. By studying ask zeta functions of relation modules
of rational forms of matrix pencils, we write all the possible zeta functions of
relation modules associated with matrix pencils in Chapter 10. We also prove
Theorem F and Theorem G.
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Chapter 1

Modules of matrices and
module representations

In this chapter, we define weak equivalence on matrices of linear forms and
equivalence of modules of matrices. We also recall terminology from [49] about
so-called module representations and Knuth duality. The former provide means
to write modules of matrices up to equivalence classes. The latter provide
techniques to study zeta functions, averaging over the sizes of the kernels known
as ask zeta functions, associated with modules of matrices as we shall recall
in Chapter 4. Throughout this chapter, we denote by R a ring (associative,
commutative, and unital). The unit group of R is denoted by R×. When we
speak of modules over R (denoted by R-module), we mean right modules.

1.1 Matrices of linear forms
For ` ≥ 1, let A1, . . . , A` ∈ Md×e(R). Let X = (X1, . . . , X`) consist of al-
gebraically independent variables over R. We say that A(X) = A1X1 +
· · · + A`X` ∈ Md×e(R[X1, . . . , X`]) is a matrix of linear forms . If ` = 1,
we call A(X1) = A1X1 a single matrix. Moreover, if ` = 2, we call
A(X1, X2) = A1X1 + A2X2 a matrix pencil when A1, A2 ∈ Md×e(R) is
linearly independent (i.e. A1λ1 + A2λ2 = 0 if and only if λ1 = λ2 = 0 for
λ1, λ2 ∈ R). Let B1, . . . , B` ∈ Md×e(R). Let B(X) = B1X1 + · · · + B`X` be
another matrix of linear forms. Then A(X) = B(X) if and only if Ai = Bi for
all 1 ≤ i ≤ `.

Let S be an R-algebra. For Z = (Z1, . . . , Z`) ∈ S`, we define A(Z) ∈
Md×e(S) to be the matrix obtained from A(X) by replacing each Xi by Zi
for all 1 ≤ i ≤ `. In the following, we always assume A(X) = ∑`

i=1AiXi and
B(X) = ∑`

i=1BiXi.

Lemma 1.1.1. Let A(X), B(X) ∈ Md×e(R[X]) be two matrices of linear forms.
Then A(X) = B(X) if and only if A(x) = B(x) for all x ∈ R`.

Proof. If A(X) = B(X), then we have Ai = Bi for all 1 ≤ i ≤ `. Hence
A1x1 + · · ·+A`x` = B1x1 + · · ·+B`x` for all x ∈ R`. Suppose now that A(x) =
B(x) for all x ∈ R`. Let (e1, . . . , e`) ⊂ R` be the standard basis (i.e. e1 =

9
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(1, 0, . . . , 0), e2 = (0, 1, 0 . . . , 0), . . . , e` = (0, . . . , 0, 1)). Since A(ei) = B(ei) for
all 1 ≤ i ≤ `, we see that Ai = Bi for all i. Therefore, A(X) = B(X).

Definition 1.1.2. Let R be a subring of a ring S. Let A,B ∈ Md×e(S) be two
matrices over S. We say that A and B are equivalent over R if there exist
g ∈ GLd(R) and h ∈ GLe(R) such that gAh = B.

Let Ω ⊂ Md×e(R[X]) be the set of all matrices of linear forms A(X) =
A1X1 + · · ·+ A`X` with A1, . . . , A` ∈ Md×e(R). Define a map

Ω× (GL`(R)×GLd(R)×GLe(R)) −→ Ω; (1.1)

via A(X)(f, g, h) = g−1A(Xf−1)h for A(X) ∈ Ω and (f, g, h) ∈ GL`(R)×
GLd(R) × GLe(R). Here, we regard X as a row in R[X]`. Since f ∈
GL`(R), the product Xf−1 ∈ R[X] is defined such that [X1, . . . , X`]f−1 =
[f1(X), . . . , f`(X)] where fi(X) is a polynomial in R[X] for 1 ≤ i ≤ `.

Definition 1.1.3. Let A(X), B(X) ∈ Md×e(R[X]) be two matrices of linear
forms. We say that A(X) is weakly equivalent to B(X) over R if there exist
g ∈ GLd(R), h ∈ GLe(R), and f ∈ GL`(R) such that gA(Xf)h = B(X) where
Xf ∈ R[X]`.

Definition 1.1.3 allows us to write matrices of linear forms up to weak
equivalence classes over a ring R.

Corollary 1.1.4. Let A(X), B(X) ∈ Md×e(R[X]) be two matrices of linear
forms and f ∈ GL`(R). If A(Xf) = B(X), then {A(x) : x ∈ R`} = {B(x) :
x ∈ R`}.

Proof. Lemma 1.1.1 shows that A(Xf) = B(X) if and only if A(xf) = B(x)
for each x ∈ R`. Hence {A(x) : x ∈ R`} = {B(x) : x ∈ R`}.

For two matrices A ∈ Md×e(R) and B ∈ Mm×n(R), let A⊗̄B be the Kro-
necker product such that if A = [aij]1≤i≤d

1≤j≤e
then A⊗̄B = [aijB]1≤i≤d

1≤j≤e
where

[aijB]1≤i≤d
1≤j≤e

=


a11B · · · a1eB
...

. . .
...

ad1B · · · adeB

 ∈ Mdm×en(R).

Lemma 1.1.5. Let A(X), B(X) ∈ Md×e(R[X]) be two matrices of linear forms
and f ∈ GL`(R). If A(Xf) = B(X), then

[A1, . . . , A`](fT ⊗̄Ie) = [B1, . . . , B`],

where fT is the transpose of f .

Proof. Write f = [fij]1≤i,j≤`. Then

Xf = [X1, . . . , X`]f = [X1f11 + · · ·+X`f`1, . . . , X1f1` + · · ·+X`f``].



Chapter 1. Modules of matrices and module representations 11

Hence

A(Xf) = (A1f11 + · · ·+ A`f1`)X1 + · · ·+ (A1f`1 + · · ·+ A`f``)X`

= B1X1 + · · ·+B`X` = B(X).

Thus [A1, . . . , A`][fjiIe]1≤i,j≤` = [B1, . . . , B`].

Corollary 1.1.6. Let A(X), B(X), C(X) ∈ Md×e(R[X]) be matrices of linear
forms. For f1, f2 ∈ GL`(R), if A(Xf1) = B(X) and B(Xf2) = C(X), then
A(Xf2f1) = C(X).

Proof. By Lemma 1.1.5, we have [A1, . . . , A`](fT1 ⊗̄Ie) = [B1, . . . , B`] and
[B1, . . . , B`](fT2 ⊗̄Ie) = [C1, . . . , C`]. Thus

[C1, . . . , C`] = [A1, . . . , A`](fT1 ⊗̄Ie)(fT2 ⊗̄Ie) = [A1, . . . , A`](fT1 fT2 ⊗̄Ie)
= [A1, . . . , A`]((f2f1)T ⊗̄Ie).

In the following proposition, we show that the action in (1.1) is a group
action.

Proposition 1.1.7. Let Ω ⊂ Md×e(R[X]) be the set of all matrices of linear
forms. Then the map in (1.1) is a group action.

Proof. For any A(X) ∈ Ω, since (I`, Id, Ie) ∈ GL`(R)×GLd(R)×GLe(R), we
have A(X)(I`, Id, Ie) = IdA(XI`)Ie = A(X). By Corollary 1.1.6

A(X)(f1, g1, h1)(f2, g2, h2) = g−1
2 g−1

1 A(Xf−1
2 f−1

1 )h1h2

= (g1g2)−1A(X(f1f2)−1)h1h2

= A(X)(f1f2, g1g2, h1h2)

for any (f1, g1, h1), (f2, g2, h2) ∈ GL`(R)×GLd(R)×GLe(R).

Proposition 1.1.7 shows that weak equivalence defines an equivalence relation
on the set of all matrices of linear forms A1X1 + · · ·+ A`X` with A1, . . . , A` ∈
Md×e(R).

A matrix of linear forms A(X) ∈ Md×e(R[X]) defines two types of modules.
The first type is the image module of A(X) defined as

M(A(X);R) = {A(x) : x ∈ R`} ⊂ Md×e(R),

of which we show examples in Chapter 7 (image modules of single matrices) and
Chapter 8 (image modules of matrix pencils). Let 〈·, ·〉 : Md×e(R)×Md×e(R) −→
R be the bilinear form defined by 〈A,B〉 = tr(ATB) for A,B ∈ Md×e(R) where
tr(·) denotes the trace. We call 〈·, ·〉 the standard inner product. The
other type of modules is called the relation module associated with A(X)
defined as

Rel(A(X);R) = {x ∈ Md×e(R) : 〈A1, x〉 = · · · = 〈A`, x〉 = 0}.
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We think of Rel(A(X);R) as the module obtained by the orthogonal complement
of M(A(X);R) with respect to 〈·, ·〉. We shall show examples of Rel(A(X);R)
in Chapter 9 (relation modules associated with single matrices) and Chapter 10
(relation modules associated with matrix pencils). Relation modules associated
with matrices of linear forms can be thought of as a generalization of relation
modules associated with partial colorings [11].

Corollary 1.1.8. Let A(X), B(X) ∈ Md×e(R[X]) be two matrices of lin-
ear forms and f ∈ GL`(R). If A(Xf) = B(X), then Rel(A(X);R) =
Rel(B(X);R).

Proof. Let f = [fij]1≤i,j≤`. By Lemma 1.1.5, Bi = A1fi1 + · · · + A`fi`. For
x ∈ Md×e(R), if x ∈ Rel(A(X);R), then 〈Ai, x〉 = 0 for 1 ≤ i ≤ `. Hence
〈Bi, x〉 = 〈A1fi1+· · ·+A`fi`, x〉 = 〈A1, x〉fi1+· · ·+〈A`, x〉fi` = 0 for all i. Thus
x ∈ Rel(B(X);R). Suppose now that x ∈ Rel(B(X);R). Then 〈Bi, x〉 = 0 for
all i. Put ti = tr(ATi x) for all i. Then we obtain the linear equations system:

〈B1, x〉 = t1f11+ · · ·+t`f1` = 0
...

...
...

〈B`, x〉 = t`f`1+ · · ·+t`f`` = 0

Since f ∈ GL`(R), the linear equations system has one solution (t1, . . . , t`) =
(0, . . . , 0). Thus ti = 〈Ai, x〉 = 0 for all i. Hence x ∈ Rel(A(X);R).

In the next section, we shall explain the relevance between weak equivalence
of matrices of linear forms and equivalence of modules associated with matrices
of linear forms.

1.2 Equivalence of modules of matrices
For two modules of matrices M1,M2 over a ring R, we say that M1 and M2 are
equivalent if there exist g ∈ GLd(R) and h ∈ GLe(R) such that gM1h = M2.
In the following definition, we generalize the notion of equivalence of modules
of matrices into equivalence over a ring extension R ⊂ S.

Definition 1.2.1. For a ring extension R ⊂ S. Let M1,M2 ⊂ Md×e(R) be
submodules. We say that M1 and M2 are equivalent over S (S-equivalent)
if there exist g ∈ GLd(S) and h ∈ GLe(S) such that gM1h = M2. If R is an
integral domain with field of fractions S, we say M1 and M2 are rationally
equivalent.

Since most of our main results are focused on modules defined by matrices
of linear forms, we shall next relate the equivalence between matrices of linear
forms and the modules they define.

Lemma 1.2.2. Let A(X) ∈ Md×e(R[X]) be a matrix of linear forms. For any
g ∈ GLd(R) and h ∈ GLe(R),

gRel(A(X);R)h = Rel(g−TA(X)h−T ;R).
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Proof. Let x ∈ Md×e(R). Then x ∈ Rel(A(X);R) if and only if 〈Ai, x〉 =
tr(ATi x) = 0 for 1 ≤ i ≤ `. For each invertible matrix h ∈ GLe(R),
tr(h−1xh) = tr(x). Therefore, tr(ATi x) = tr(h−1ATxh) = tr(h−1ATi g

−1gxh) =
tr((g−TAih−T )Tgxh) = 〈g−TAih−T , gxh〉. Hence 〈Ai, x〉 = 〈g−TAih−T , gxh〉 =
0 for all i if and only if gxh ∈ Rel(g−TA(X)h−T ;R).

Next, we show that weak equivalence of matrices of linear forms gives us
equivalence between image modules and equivalence between relation modules
associated with these matrices of linear forms.

Corollary 1.2.3. Let A(X), B(X) ∈ Md×e(R[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent, then:

(i) M(A(X);R) and M(B(X);R) are equivalent over R, and

(ii) Rel(A(X);R) and Rel(B(X);R) are equivalent over R.

Proof. For (i), suppose that A(X) and B(X) are weakly equivalent. Hence there
exist g ∈ GLd(R), h ∈ GLe(R), and f ∈ GL`(R) such that gA(Xf)h = B(X)
where Xf ∈ R[X]`. By Lemma 1.1.4, we obtain {gA(x)h : x ∈ R`} = {B(x) :
x ∈ R`}. Therefore, we have M(gA(X)h;R) = M(B(X);R) if and only if
gM(A(X);R)h = M(B(X);R). For (ii), let gA(Xf)h = B(X). By Corollary
1.1.6, we have Rel(gA(X)h;R) = Rel(B(X);R). By Lemma 1.2.2, we obtain
g−T Rel(A(X);R)h−T = Rel(B(X);R).

1.3 Module representations
Here, we recall from [49, Section 2.1] the notion of module representations. For
two R-modules V and W , the set of all R-linear maps from V to W is denoted
by Hom(V,W ). For example, when V = Rd and W = Re, then there exists a
nature isomorphism between Hom(Rd, Re) and Md×e(R), see [23, Section 1.11].

Definition 1.3.1 ([49, Section 2.2]). Let M,V and W be R-modules. A
module representation is a homomorphism M

θ−→ Hom(V,W ). We denote
by Mθ the image of M under θ.

A matrix of linear forms A(X) ∈ Md×e(R[X]) gives rise to a module
representation

R` A(·)−−→ Hom(Rd, Re), x 7→ A(x).

Other examples of module representations are the inclusion maps M(A(X);R)
θ−→ Hom(Rd, Re) and Rel(A(X);R) θ′−→ Hom(Rd, Re).

Definition 1.3.2 ([49, Section 2.2]). For two module representations, M1
θ1−→

Hom(V1,W1) andM2
θ2−→ Hom(V2,W2), an isotopy θ1 −→ θ2 is a triple of module

isomorphisms M1
ν−→M2, V1

φ−→ V2, and W1
ψ−→ W2 such that (aθ1)ψ = φ((aν)θ2)

for all a ∈ M1. We use the notation θ1 ≈ θ2 to indicate the existence of an
isotopy between θ1 and θ2.
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Next, we show that weak equivalence classes of matrices of linear forms
corresponds to isotopy classes of the module representations arise from those
matrices of linear forms.

Lemma 1.3.3. Let A(X) and B(X) be matrices of linear forms. Then A(X)
and B(X) are weakly equivalent if and only if A(·) and B(·) are isotopic.

Proof. Let A(·) and B(·) are isotopic if and only if there exists a triple of
isomorphisms R` ν−→ R`, Rd φ−→ Rd, and Re ψ−→ Re such that A(x)ψ = φB(xν) for
all x ∈ R`. By Lemma 1.1.1, the latter condition is equivalent to φ−1A(X)ψ =
B(Xν) where X = (X1, · · · , X`) consists of independent variables over R. Now
we regard ν, φ, and ψ as matrices over R[X]. Since ν ∈ GL`(R), φ ∈ GLd(R)
and ψ ∈ GLe(R), we have A(X) and B(X) are weakly equivalent over R.

For two modules of matrices M1 and M2 over a non-trivial ring R, if
there exists an isotopy between the inclusion maps M1

θ1−→ Hom(Rd1 , Re1) and
M2

θ2−→ Hom(Rd2 , Re2), then d1 = d2 and e1 = e2. The maps Rd1 φ−→ Rd2 and
Re1 ψ−→ Re2 can be isomorphisms if and only if rank(Rd1) = rank(Rd2) and
rank(Re1) = rank(Re2); see [43, Theorem 1 and Theorem 2].

In the following lemma, we show that equivalence classes of modules and
isotopic classes of their injective maps to Hom(Rd, Re) are the same when
dealing with modules of matrices.

Lemma 1.3.4. For two modules of matrices M1,M2 ∈ Md×e(R), Let M1
θ1−→

Hom(Rd, Re) and M2
θ2−→ Hom(Rd, Re) be two injective maps. Then the images

M1θ1 and M2θ1 are equivalent over R if and only if θ1 and θ2 are isotopic.

Proof. Let θ1 and θ2 are isotopic. Then there exists a triple of isomorphisms
M1

ν−→ M2, R
d φ−→ Rd, and Re ψ−→ Re such that φ−1(aθ1)ψ = (aν)θ2 for all

a ∈ M1. Thus φ−1(M1θ1)ψ = M2θ2. We regard ν, φ, and ψ as matrices
over R[X]. Since ν ∈ GL`(R), φ ∈ GLd(R) and ψ ∈ GLe(R), we have M1θ1
and M2θ2 are equivalent over R. Conversely, suppose that M1θ1 and M2θ2
are equivalent. Then there exist φ ∈ GLd(R) and ψ ∈ GLe(R) such that
φ−1(M1θ1)ψ = M2θ2. Then φ and ψ are isomorphic maps such that Rd φ−→ Rd

and Re ψ−→ Re. Since θ1 and θ2 are injective maps, we obtain two isomorphic
maps, say, δ1 : M1 −→ M1θ1 and δ2 : M2 −→ M2θ2. Let ν be the composite
mapping from M1 to M2 such that aν = (φ−1(aδ1)ψ)δ−1

2 ∈M2 for all a ∈M1.
Then ν is isomorphic since ν is the composite of the isomorphic maps δ1, φ

−1, ψ,
and δ−1

2 . Since (aν)δ2 = φ−1(aθ1)ψ ∈ M2θ2, then φ−1(aθ1)ψ = (aν)θ2. Thus
(aθ1)ψ = φ((aν)θ2) for all a ∈M1. Therefore θ1 and θ2 are isotopic.

1.4 Knuth duality
Knuth duals were first introduced for hypercubes in [35, Section 4.1]. Later the
operations ◦, •, and ∨, which generalize Knuth duals on module representations,
were introduced in [49, Section 4.2]. We recall from [49, Section 4.2] the
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definition of Knuth duals on module representations. Let (·)∗ = Hom(·, R)
denote the dual module. Let M θ−→ Hom(V,W ) be a module representation
over R. For a ∈M,x ∈ V and ω ∈ W ∗, the module representations θ◦, θ• and
θ∨ are Knuth duals of the module representation θ defined as follows:

V
θ◦−→ Hom(M,W ); x 7→ (a 7→ x(aθ)),

W ∗ θ•−→ Hom(V,M∗); ω 7→ (x 7→ (a 7→ (x(aθ))ω)), and

M
θ∨−→ Hom(W ∗, V ∗); a 7→ (ω 7→ (x 7→ (x(aθ))ω)).

In the following definition, we will define operations ◦, • and ∨ on a matrix
of linear forms A(X1, . . . , X`).

Definition 1.4.1. For A1, . . . , A` ∈ Md×e(R), let A(X1, . . . , X`) = A1X1 +
· · ·+ A`X` = [∑`

k=1 akijXk]1≤i≤d
1≤j≤e

∈ Md×e(R[X1, . . . , X`]) be a matrix of linear
forms where akij is the (i, j) entry of Ak for 1 ≤ k ≤ `. Then define A◦, A• and
A∨ as follows:

(i) A◦(X1, . . . , Xd) = [∑d
i=1 akijXi]1≤k≤`

1≤j≤e
∈ M`×e(R[X1, . . . , Xd]),

(ii) A•(X1, . . . , Xe) = [∑e
j=1 akijXj]1≤i≤d

1≤k≤`
∈ Md×`(R[X1, . . . , Xe]), and

(iii) A∨(X1, . . . , X`) = [∑`
k=1 akijXk]1≤j≤e

1≤i≤d
∈ Me×d(R[X1, . . . , X`]).

Note that A∨(X) is the transpose of A(X).

Example 1.4.2. Let A(X1, X2, X3, X4, X5, X6) =
a1X1 a2X2 a3X3

a4X4 a5X5 a6X6

. By

applying definition 1.4.1, we obtain the following matrices of linear forms:

(i) A◦(X1, X2) =



a1X1 0 0
0 a2X1 0
0 0 a3X1

a4X2 0 0
0 a5X2 0
0 0 a6X2


,

(ii) A•(X1, X2, X3) =
a1X1 a2X2 a3X3 0 0 0

0 0 0 a4X1 a5X2 a6X3

, and

(iii) A∨(X1, X2, X3, X4, X5, X6) =


a1X1 a4X4

a2X2 a5X5

a3X3 a6X6

 = A(X1, . . . , X6)T .
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Let A(X) be a matrix of linear forms. Let A(·) be the module representation
arising from A(X) such that

R` A(·)−−→ Hom(Rd, Re), x 7→ A(x).

The following proposition shows the correspondence between Knuth duals on
a module representation arise from a matrix of linear forms A(X) and the
module representations arising from A◦(X), A•(X), and A∨(X).

Proposition 1.4.3 ([49, Proposition 4.12(i)]). Let R` A(·)−−→ Hom(Rd, Re) be a
module representation given by a matrix of linear forms A(X). Then

(i) A(·)◦ = A◦(·),

(ii) A(·)• ≈ A•(·), and

(iii) A(·)∨ ≈ A∨(·).





Chapter 2

Rational forms of matrix pencils

In this chapter, we recall from [53, Chapter IX] and [52] the notions of singular
and non-singular matrix pencils and rational forms of matrix pencils. We
also describe algorithms to obtain rational forms of singular and non-singular
matrix pencils. We assume that K is an arbitrary infinite field throughout this
chapter. Other forms such as Weierstrass forms of non-singular matrix pencils
and Kronecker forms of singular matrix pencils can be used over algebraically
closed infinite fields, see [31, Section 3].

2.1 Matrix pencils
For linearly independent A1, A2 ∈ Md×e(K), Let A(X1, X2) = A1X1 + A2X2 ∈
Md×e(K[X1, X2]) where X1 and X2 are algebraically independent variables over
K. Then we say that A(X1, X2) is a singular matrix pencil if d 6= e or
det(A(x1, x2)) = 0 for all x1, x2 ∈ K. Otherwise, we say that A(X1, X2) is a
non-singular matrix pencil when the determinant of A(X1, X2) does not
vanish as a polynomial (i.e. det(A(X1, X2)) is not a zero polynomial). Moreover,
a matrix pencil A(X1, X2) is called regular if one, or both, of its coefficients
A1 or A2 is a non-singular matrix.

Recall from [42, Proposition I.2.4] that a polynomial F (X) ∈ K[X1, . . . , X`]
is zero if and only if F (x0) = 0 for all x0 ∈ K`. Hence, the determinant of
A(X1, X2) vanishes if and only if det(A(x1, x2)) = 0 for all x1, x2 ∈ K. In this
chapter, we exclude finite fields, since there are some cases when a matrix
pencil A(X1, X2) can be defined as both a singular and a non-singular matrix
pencil over finite fields. That is the case when det(A(X1, X2)) does not vanish
as a polynomial, and det(x1, x2) = 0 for all x1, x2 ∈ K.

Example 2.1.1. Consider the matrix pencil

A(X1, X2) =


X1 0 0
0 X1 +X2 0
0 0 X2

 ∈ M3(F2[X1, X2]).

Then det(A(X1, X2)) = X2
1X2 +X1X

2
2 , and det(A(x1, x2)) = 0 for all x1, x2 ∈

F2.

18
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A matrix pencil A(X1, X2) = A1X1 + A2X2 ∈ Md×e(K[X1, X2]) can be
converted to a polynomial matrix via X−1

1 A(X1, X2) = A(Y ) = A1 + A2Y ∈
Md×e(K[Y ]) where Y = X2

X1
. Alternatively, X−1

2 A(X1, X2) = A(Z) = A1Z +
A2 ∈ Md×e(K[Z]) where Z = X1

X2
. If a matrix pencil A(X1, X2) is non-singular,

we can write
det(A(X1, X2)) = a0X

n
1 + a1X

n−1
1 X2 + . . .+ anX

n
2 , (2.1)

where a0, . . . , an ∈ K. In this case, we have n or less distinct roots of
det(A(X1, X2)). By converting a non-singular matrix pencil A(X1, X2) to
a polynomial matrix A(Z) via Z = X1

X2
, we obtain

det(A(Z)) = a0Z
n + a1Z

n−1 + · · ·+ an.

Definition 2.1.2 ([29, Proposition VII.2.11]). Let R be a principal ideal
domain. For a matrix A ∈ Md×e(R), there exist g ∈ GLd(R) and h ∈ GLe(R)
such that

gAh = diag(a1, . . . , an, 0, . . . , 0), (2.2)
where ai’s are nonzero elements in R satisfies ai|ai+1 for 1 ≤ i ≤ n. We call
the canonical form in (2.2) the Smith normal form of A and we call ai’s the
invariant factors of A.

For a matrix pencil A(X1, X2), we can reduce A(X1, X2) into a diagonal
form, denoted by DA(X1, X2), by using the Smith normal form of A(Y ) (where
Y = X2

X1
) or A(Z) (where Z = X1

X2
). Indeed, since K[Z] is a principal ideal

domain, there exist g(Z) ∈ GLd(K[Z]) and h(Z) ∈ GLe(K[Z]) such that
g(Z)A(Z)h(Z) = diag(a1(Z), . . . , an(Z), 0, . . . , 0), (2.3)

where ai(Z)’s are nonzero polynomial in K[Z] satisfies ai(Z)|ai+1(Z) for 1 ≤
i ≤ n. Then we can multiply the polynomial matrix in (2.3) by Xm

2 , for a large
enough m, to obtain the diagonal form:

DA(X1, X2) = diag(a1(X1, X2), . . . , an(X1, X2), 0, . . . , 0), (2.4)
where a(X1, X2)’s are nonzero homogeneous polynomials in K[X1, X2]. We
call a(X1, X2) the invariant factors of the matrix pencil A(X1, X2), see
[52, Section 1].
Lemma 2.1.3. Let A1, A2 ∈ Mn(K). Let A(X1, X2) = A1X1 + A2X2 be a
non-singular matrix pencil. Then A(X1, X2) is weakly equivalent to a regular
matrix pencil.
Proof. Let det(A(X1, X2)) = a0X

n
1 + a1X

n−1
1 X2 + . . . + anX

n
2 . If A1 or A2 is

a non-singular matrix, then A(X1, X2) is regular. Suppose that both A1 and

A2 are singular matrices. Put f =
 1 0
z0 1

 then [X1, X2]f = [X1 + z0X2, X2]

where z0 ∈ K×. Thus A((X1, X2)f) = A(X1 + z0X2, X2) = A1X1 + A′2X2
where A′2 = A1z0 + A2. Consider the polynomial matrix A(Z) = A1Z + A2
where Z = X1

X2
. Then A′2 = A(z0). Since A(Z) is a non-singular polynomial

matrix, then there exist z0 ∈ K such that A(z0) 6= 0. In this case, det(A′2) 6= 0.
Thus, A′2 is a non-singular matrix. Hence A(X1 + z0X2, X2) is a regular matrix
pencil.
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2.2 Rational forms of non-singular matrix pen-
cils

Here, we recall from [53, Section IX.2] the rational forms of non-singular matrix
pencils on arbitrary infinite fields.

For n > 0, let F (X) = a0+a1X+· · ·+an−1X
n−1+Xn be a monic polynomial

over K. The companion matrix of the polynomial F (X), denoted by CM(F ),
is a matrix of the form

CM(F ) =



0 1 0 · · · 0
...

. . .
. . .

. . .
...

0 · · · 0 1 0
0 · · · 0 0 1
−a0 −a1 −a2 · · · −an−1


.

Theorem 2.2.1 ([52, Section VI.4]). Let K be any field. For each matrix
A ∈ Mn(K), there exist u ∈ GLn(K) such that

u−1Au = diag(C1, . . . , Cw), (2.5)

where each Ci = CM(Fi) for some monic polynomial Fi(X) ∈ K[X] for
1 ≤ i ≤ w. The polynomials Fi(X)’s are uniquely determined and satisfy
F1(X)|F2(X)| · · · |Fw(X).

We call the canonical form in (2.5) the rational canonical form of the
matrix A.

Lemma 2.2.2 ([52, Section IX.2]). Let A(X1, X2) ∈ Mn(K[X1, X2]) be a non-
singular matrix pencil. Then A(X1, X2) is weakly equivalent to a matrix pencil
of the form

RX1 + InX2, (2.6)

where R is a matrix in a rational canonical form.

By swapping X1 and X2, Lemma 2.2.2 can also be written as

InX1 + RX2,

where R is a matrix in a rational canonical form.

Definition 2.2.3. We call the form in (2.6) a rational form of the non-
singular matrix pencil A(X1, X2), denoted by RA(X1, X2). Moreover, let
R = diag(C1, . . . , Cw) where each Ci = CM(Fi) for some monic polynomial
Fi(X) of degree ni for 1 ≤ i ≤ w and F1(X)| . . . |Fw(X). Then we call
Fi(X1, X2) = det(CiX1 + IniX2), for all i, the rational invariant factors of
the non-singular matrix pencil A(X1, X2).
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The following algorithm can be used when the matrix pencil A(X1, X2) is
non-singular.

Algorithm 2.1 Rational form of non-singular matrix pencil
Input: a non-singular pencil A(X1, X2) = A1X1 + A2X2 ∈ Mn(K[X1, X2])
Output: a rational form of RA(X1, X2) = RX1 + InX2

1: loop
2: if A2 is non-singular then
3: compute the rational canonical form R of A−1

2 A1
4: RA(X1, X2) := RX1 + InX2
5: else if A1 is non-singular then
6: swap A1 ↔ A2
7: A(X1, X2) := A1X1 + A2X2
8: else A1 and A2 are singular matrices
9: find z0 such that det(A1z0 + A2) 6= 0
10: A(X1 = X1 + z0X2, X2 = X2) is regular
11: A1 := A(X1 = 1, X2 = 0)
12: A2 := A(X1 = 0, X2 = 1)
13: A(X1, X2) := A1X1 + A2X2

14: return RA(X1, X2)

Remark 2.2.4. Since det(A(Z)) = a0Z
n + a1Z

n−1 + . . .+ an 6= 0 has at most
n distinct roots and K is an infinite field, we can enumerate z0 in line 9 over
K until the condition det(A1z0 + A2) 6= 0 is true.

Example 2.2.5. Consider the matrix pencil

A(X1, X2) =


X1 0 0
0 X1 +X2 0
0 0 X2

 ∈ M3(Q[X1, X2]).

Let f =
1 0

1 1

. Then [X1, X2]f = [X1 + X2, X2]. Thus A((X1, X2)f) =

A(X1 +X2, X2) = A1X1 + A′2X2 where A′2 = A1 + A2. We have

A(X1 +X2, X2) =


X1 +X2 0 0

0 X1 + 2X2 0
0 0 X2


is a regular matrix pencil since

A′2 =


1 0 0
0 2 0
0 0 1


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is a non-singular matrix. Hence (A′2)−1A(X1 +X2, X2) = (A′2)−1A1X1 + InX2.
Computing by Sage [51], we obtain RA(X1, X2) = RX1 + InX2 where

R =


0 1 0
0 0 1
0 −1

2
3
2

 .

2.3 Minimal row and column dependences
Let A(X1, X2) be a singular matrix pencil. The method, for writing a rational
form in Section 2.5, requires obtaining the so-called minimal row and column
dependences. In this section, we recall from [53, Section XI.5] the definition of
minimal row and column dependences. We also write algorithms for obtaining
an explicit row or column dependence.

Theorem 2.3.1 ([52, Theorem 1]). Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a
singular matrix pencil. Then:

(i) If d ≥ e, then there exists a nonzero row u ∈ K[X1, X2]d such that
uA(X1, X2) = 0 and the nonzero components of u are homogeneous of
the same degree.

(ii) If d ≤ e, then there exists a nonzero column v ∈ K[X1, X2]e such that
A(X1, X2)v = 0 and the nonzero components of v are homogeneous of the
same degree.

Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a singular matrix pencil. we say that
u as in Theorem 2.3.1(i) is a row dependence of A(X1, X2). Similarly, we
say that v as in Theorem 2.3.1(ii) is a column dependence of A(X1, X2).
The order of a row (or a column) dependence is the degree of the nonzero
components in that row (or column) dependence. Moreover, we say that a row
(or a column) dependence is a minimum row dependence (or minimum
column dependence) if that row (or column) dependence has the smallest
order.

Proposition 2.3.2. Let A(X1, X2) be a singular matrix pencil. Let u be a
minimum row (or column) dependence of order m. Then one of the components
of u contains a term of the form aXm

1 where a ∈ K×. Similarly, one of the
components of u contains a term of the form bXm

2 where b ∈ K×.

Proof. Suppose that u is a minimum row (or column) dependence of order
m and does not contain a component with a term of the form aXm

1 . Then
there exist a row (or a column) u0, say, such that u = X2u0. Then u0 is also
a row dependence u0A(X1, X2) = 0 (or column dependence A(X1, X2)u0 = 0)
whose nonzero components are homogeneous polynomials of degree m−1 which
contradicts that u is a minimum row (or column) dependence.

Next, we recall from [52] a method to determine the minimal order m of
row and column dependences.
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Definition 2.3.3 ([52, Section 3]). For A1, A2 ∈ Md×e(K), let A(X1, X2) =
A1X1 + A2X2 be a singular matrix pencil. Define the block matrices Dm(A)
and Em(A), for m = 1, 2, . . . , by the following:

D1(A) =
[
A1, A2

]
,D2(A) =

A1 A2 0
0 A1 A2

 ,D3(A) =


A1 A2 0 0
0 A1 A2 0
0 0 A1 A2

 , . . .

E1(A) =
A1

A2

 ,E2(A) =


A1 0
A2 A1

0 A2

 ,E3(A) =


A1 0 0
A2 A1 0
0 A2 A1

0 0 A2

 , . . .

such that Dm(A) is a matrix of dm rows and e(m + 1) columns; Em(A) is a
matrix of d(m+ 1) rows and em columns. Define δm(A) = dm− rank(Dm(A))
and ηm(A) = em− rank(Em(A)).

For a matrix pencil A(X1, X2) ∈ Md×e(K), we always have δi(A), ηi(A) ≥ 0
for all i ≥ 1.

Lemma 2.3.4. Let u be a row dependence of order m for a singular matrix
pencil A(X1, X2). Then δm+1(A) > 0. Similarly, if v is a column dependence
of order m for a singular matrix pencil A(X1, X2), then ηm+1(A) > 0.

Proof. By Theorem 2.3.1, we can write u = [u1, . . . , ud] where ui is either
0 or a homogeneous polynomial of order m for 1 ≤ i ≤ d. Therefore, we
write ui = ai0X

m
1 + ai1X

m−1
1 X2 + · · ·+ aimX

m
2 where aij ∈ K for 0 ≤ j ≤ m.

Define ū = [ū0, . . . , ūm] ∈ Kd(m+1) where each ūj = [a1j, . . . , adj]. Since u =
ū0X

m
1 + ū1X

m−1
1 X2 + · · ·+ ūmX

m
2 and uA(X1, X2) = 0, then

(ū0X
m
1 + ū1X

m−1
1 X2 + · · ·+ ūmX

m
2 )(A1X1 + A2X2) = 0.

Thus we obtain the following chain of vector equations:

0 = ū0A1, ū0A2 = −ū1A1, . . . , ūm−1A2 = −ūmA1, ūmA2 = 0.

Hence ūDm+1(A) = 0. Therefore u is a row dependence of Dm+1(A). Thus
rank(Dm+1(A)) < m+ 1 and δm+1(A) > 0. Similarly, we prove ηm+1(A) > 0 if
we have a column dependence of order m.

Lemma 2.3.4 shows that the existence of δi(A) > 0 or ηi(A) > 0 if A(X1, X2)
is a singular matrix pencil. Thus we can use the following theorem for obtaining
a minimum row or column dependence.

Theorem 2.3.5 ([52, Theorem 2]). Let A(X1, X2) be a singular matrix pencil.
If δm+1(A) is the first nonzero integer in the sequence δ1, δ2, . . . , then m is the
order of minimum row dependence. Similarly, the minimum order of column
dependence m is given by the first nonzero integer ηm+1(A).
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For A1, A2 ∈ Md×e(K), let A(X1, X2) = A1X1 +A2X2 be a singular matrix
pencil with a minimal row dependence u of order m. By [52, Section 4], the
row dependence u can be written explicitly as

u = ū0X
m
1 + ū1X

m−1
1 X2 + · · ·+ ūmX

m
2 6= 0, (2.7)

where each coefficient ūi, for 0 ≤ i ≤ m, are row vectors in Kd. The row vectors
ūi’s can be determined by a nonzero solution of the chain of vector equations:

0 = ū0A1, ū0A2 = −ū1A1, . . . , ūm−1A2 = −ūmA1, ūmA2 = 0. (2.8)

In particular, if m = 0, then we determined ū0A1 = ū0A2 = 0. Thus u = ū0
since ū0A(X1, X2) = 0. In general, let ū = [ū0, ū1, . . . , ūm] ∈ Kdm be a nonzero
row vector, where ū0, . . . , ūm ∈ Kd are row vectors, such that ūDm(A) = 0.
Since rank(Dm+1(A)) < dm, a nonzero row vector ū exists. Hence, we obtain
the chain of vector equations in (2.8). By writing u as in (2.7), we obtain
uA(X1, X2) = 0. Similarly, let A(X1, X2) have a minimal column dependence
v of order m. Then v can be written as

v = v̄0X
m
1 + v̄1X

m−1
1 X2 + · · ·+ v̄mX

m
2 6= 0, (2.9)

where each coefficient v̄i, for 0 ≤ i ≤ m, is a column vector in Ke. Similarly,
the column vectors v̄i’s can be determined by a nonzero solution of the chain
of vector equations:

0 = A1v̄0, A2v̄0 = −A1v̄1, . . . , A2v̄m−1 = −A1v̄m, A2v̄m = 0. (2.10)

Remark 2.3.6. We can also obtain the rows ū0, . . . , ūm ∈ Kd in (2.8) once
we obtain a nonzero row vector ū = [ū0, . . . , ūm] ∈ Kdm from the left kernel
of Dm+1(A). Similarly, we can obtain the columns v̄1, . . . , v̄m ∈ Ke once we
obtain a nonzero column v̄ = [v̄0, . . . , v̄m]T ∈ Kem which lies in the right kernel
of Em+1(A).

Example 2.3.7. Let A(X1, X2) ∈ M4(Q[X1.X2]) be a singular matrix pencil
such that

A(X1, X2) =


X1 X1 +X2 0 0
X2 X1 0 0
0 0 X1 X2

X1 +X2 0 0 0

 .

Computing by Sage [51], the ranks of D1(A),D2(A),D3(A) are 4, 8, 11, respec-
tively. Hence δ3(A) = 1 > 0 is the first nonzero in the sequence of δi(A) for
1 ≤ i ≤ d. By Theorem 2.3.5, we have m = 3 − 1 = 2 is the order of the
minimal row dependence. The following row vector is a nonzero row in the left
kernel of D3(A):

ū = [ū0, ū1, ū2] = [1,−1, 0,−1, 1,−2, 0, 1, 0,−1, 0, 1].

Hence, we write ū0 = [1,−1, 0,−1], ū1 = [1,−2, 0, 1], and ū2 = [−1, 1, 0, 1]. By
Equation (2.7), we obtain u = [X2

1 +X1X2,−(X1 +X2)2, 0,−X2
1 +X1X2 +X2

2 ].
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Similarly, the ranks of E1(A),E2(A),E3(A) are 4, 7, 10, respectively. Hence
η2(A) = 1 > 0 is the first nonzero in the sequence of ηi(A) for 1 ≤ i ≤ e. By
Theorem 2.3.5, we have m = 1 is the order of the minimal column dependence.
The following column is a nonzero column in the right kernel of E2(A):

v̄ = [v̄0, v̄1]T = [0, 0, 0, 1, 0, 0,−1, 0]T .
Hence, we write v̄0 = [0, 0, 0, 1]T and v̄1 = [0, 0,−1, 0]T . By Equation (2.9),
v = [0, 0, 0,−X2, X1]T .

The following algorithms are used to obtain an explicit row and column
dependence for a singular matrix pencil A(X1, X2).

Algorithm 2.2 Minimum row dependence
Input: a singular matrix pencil A(X1, X2) = A1X1 + A2X2
Output: a minimum row dependence of A(X1, X2)
1: find the least m ≥ 0 such that δm+1(A) > 0
2: find a nonzero row ū = [ū0, . . . , ūm] such that ūDm+1(A) = 0
3: return ū0X

m
1 + ū1X

m−1
1 X2 + · · ·+ ūmX

m
2

Algorithm 2.3 Minimum column dependence
Input: a singular matrix pencil A(X1, X2) = A1X1 + A2X2
Output: a minimum column v dependence of A(X1, X2)
1: find the least m ≥ 0 such that ηm+1(A) > 0
2: find a nonzero column v̄T = [v̄0, . . . , v̄m]T such that Em+1(A)v̄ = 0
3: return v̄0X

m
1 − v̄1X

m−1
1 X2 + · · ·+ v̄mX

m
2

2.4 Canonical minimal submatrices
In this section, we recall from [53, Section IX.6] terminology about the so-called
canonical minimal submatrices and how they occur in singular matrix pencils.
Definition 2.4.1 ([53, Section IX.6]). A row ω(m) over K[X1, X2] is called a
row of apolarity if it is of the form

ω(m) = [Xm
2 ,−X1X

m−1
2 , . . . , (−X1)m, 0, . . . , 0],m ≥ 0.

In particular, ω(0) = [1, 0, . . . , 0]. Similarly, we call ωT(m) a column of apolar-
ity.
Definition 2.4.2 ([53, Section IX.6]). Let A(X1, X2) be a singular matrix
pencil over K[X1, X2]. A submatrix Lm(X1, X2) of the form

Lm(X1, X2) =



X1 0 . . . 0
X2 X1 . . . 0

0 . . .
. . .

...
...

. . . X2 X1

0 . . . 0 X2


∈ M(m+1)×m([X1, X2])
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is called a canonical minimal submatrix .

Note that the canonical minimal submatrix L0 ∈ M1×0(K[X1, X2]) is a zero
row. Therefore, we write

diag(L0, A(X1, X2)) =
 0
A(X1, X2)

 .
Next, we show that for any change of variables occurs in Lm(X1, X2), we can
use non-singular transformations to regain the same canonical form.

Lemma 2.4.3. Let f ∈ GL2(K). Then Lm(X1, X2) and Lm((X1, X2)f) are
equivalent over K.

Proof. From [13, Section 2], the group GL2(K) can be generated by

S =


 1 0
y0 1

 , y0 ∈ K

 ∪

0 −1

1 0

 ∪

y1 0

0 y2

 , y1, y2 ∈ K×
 .

Suppose that f =
 1 0
y0 1

 where y0 ∈ K. Then [X1, X2]f = [X1 +y0X2, X2].

Let ḡi,∈ GLi+1(K) and h̄i ∈ GLi(K) for 1 ≤ i ≤ m such that

ḡ1 =
1 −y0

0 1

 , ḡ2 =


1 −y0 0
0 1 −y0

0 0 1

 , . . . , ḡm =



1 −y0 0 · · · 0

0 . . .
. . .

. . .
...

...
. . .

. . .
. . . 0

0 · · · 0 1 −y0

0 · · · · · · 0 1


,

h̄2 =
1 y0

0 1

 , h̄3 =


1 y0 y2

0

0 1 y0

0 0 1

 , . . . , h̄m =



1 y0 y2
0 · · · ym−1

0

0 . . .
. . .

. . .
...

...
. . .

. . .
. . . t20

0 · · · 0 1 y0

0 · · · · · · 0 1


.

In particular, if i = 1, then h̄1 = 1. Put gi = diag(Im−i, ḡi) and hi =
diag(Im−i, h̄i) where 1 ≤ i ≤ m. Let g = gm . . . g1 and h = h1 . . . hm. One

can check that gLm((X1 + y0X2, X2)h = Lm(X1, X2). If f =
0 −1

1 0

, then



Chapter 2. Rational forms of matrix pencils 27

[X1, X2]f = [X2,−X1]. Let Jj ∈ GLj(K) for 1 ≤ j ≤ m+ 1 such that

J1 = 1,J2 =
0 −1

1 0

 , . . . ,Jm+1 =



0 · · · 0 0 −1
0 · · · 0 1 0
... . .

.
. .
.
. .
. ...

0 (−1)m 0 · · · 0
(−1)m+1 0 0 · · · 0


.

Then one can check that Jm+1Lm(X2,−X1)Jm = Lm(X1, X2). Moreover, if

f =
y1 0

0 y2

 where y1, y2 ∈ K×, then [X1, X2]f = [y1X1, y2X2]. Let Gm+1 ∈

GLm+1(K) and Hm ∈ GLm(K) such that

Gm+1 =



1
y1

0 0 0 · · · 0
0 1

y2
0 0 · · · 0

0 0 y1
y2

2
0 · · · 0

...
. . .

. . .
. . .

. . .
...

0 · · · 0 0 0 ym−1
1
ym2


and Hm



1 0 0 · · · 0
0 y2

y1
0 · · · 0

...
. . .

. . .
. . .

...

0 · · · 0 0 ym−1
2
ym−1

1

 .

Then we can check that Gm+1Lm(y1X1, y2X2)Hm = Lm(X1, X2). Now consider
the group action in (1.1). Since GL2(K) is generated by S, write f = f1 · · · fs ∈
GL2(K) where fk ∈ S for 1 ≤ k ≤ s. By induction on s, if s = 1, then
f = f1 ∈ S. We proved that there exist g1 ∈ GLm+1(K) and h1 ∈ GLm(K)
such that L(X1, X2)(f−1

1 , g−1
1 , h1) = g1L((X1, X2)f)h1 = L(X1, X2) for all

f ∈ S. Fix s > 1. Suppose that there exist gs ∈ GLm+1(K) and hs ∈ GLm(K)
such that L(X1, X2)(f−1, g−1

s , hs) = L(X1, X2). For s + 1, let fN = f1 · · · fs
and f = fNfs+1. Then there exist g1, gs ∈ GLm+1(K) and h1, hs ∈ GLm(K)
such that

L(X1, X2)(f−1
N , g−1

s , hs)(f−1
s+1, g

−1
1 , h1) = L(X1, X2)(f−1

N f−1
s+1, g

−1
s g−1

1 , hsh1)
= L(X1, X2)(f−1, (g1gs)−1, hsh1)
= L(X1, X2).

For simplicity, we shall use the notation Lm instead of Lm(X1, X2) for
canonical minimal submatrices. The following lemmas are essential to obtain a
rational form for a singular matrix, as we shall see in Section 2.5.

Lemma 2.4.4 ([52, Lemma IX.6.I]). Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a
singular matrix pencil with row dependence u of order m. Then there exist
g ∈ GLd(K) and h ∈ GLe(K) such that

g−1A(X1, X2)h =
 Lm 0
BX2 Ā(X1, X2)

 , (2.11)
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where B ∈ M(d−m−1)×(m)(K) and Ā(X1, X2) ∈ M(d−m−1)×(e−m)(K[X1, X2]) is a
matrix pencil. In particular, if m = 0, then we can assume h = Ie so that

g−1A(X1, X2) =
 0
Ā(X1, X2)

 .
We use the following algorithm from the proof of [52, Lemma IX.6.I]. For

a matrix pencil A(X1, X2), we let A(X1, X2)(i,j) denote the submatrix pencil
obtained by removing the first i rows and j columns. Similarly, for a row u, we
let u(`) denote the row derived from u by omitting the first `th components.

Algorithm 2.4 Singular matrix pencil form in (2.11)
Input: a singular matrix pencil A(X1, X2) ∈ Md×e(K[X1, X2]) with d ≥ e
Output: a singular matrix pencil as in (2.11), which is equivalent to A(X1, X2)
1: using Algorithm 2.2 construct a minimum row dependence u

of A(X1, X2)
2: if m = 0 then
3: find g ∈ GLd(K) such that ug = ω(0) and h := Ie
4: else m > 0
5: Ā(X1, X2) := A(X1, X2)
6: ` := 0
7: repeat
8: find g` ∈ GLd(K) such that the first component of (ug`)(`) is

(−X1)`Xm−`
2 and casts out any term contains (−X1)`Xm−`

2
from the remaining components in ug`

9: find h` ∈ GLe(K) such that (g−1
` Ā(X1, X2)h`)(`,`) has a first

row of the form [aX1, 0, . . . , 0]
10: find f` ∈ GLd(K) such that (f`g−1

` Ā(X1, X2)h`)(`,`) has X1 in
the leading entry and casts out any term contains X1 in the
first column except the leading entry

11: u := ug`f
−1
` and Ā(X1, X2) := f`g

−1
` Ā(X1, X2)h`

12: ` := `+ 1
13: until ` > m
14: g := g0f

−1
0 · · · gmf−1

m , and h := h0 · · ·hm
15: return g−1A(X1, X2)h and m

Remark 2.4.5. In line 8, if ` = 0, then Proposition 2.3.2 shows that at least
one of the components of u contains a term of the form aXm

2 where a ∈ K×.
Then X−1

1 (ug0)(1) is a minimum row dependence of order m− 1 of the matrix
pencil (g−1

0 Ā(X1, X2))(1,1), see the proof of [53, Lemma IX.6.I]. In general, we
have X−`1 (u)(`) is a minimum row dependence of order m− ` of (Ā(X1, X2))(`,`).
Therefore, Proposition 2.3.2 shows that at least one of the components of u(`)

contains a term of the form aX`
1X

m−`
2 where a ∈ K×.

Remark 2.4.6. In line 3, we have m = 0. Therefore u is a nonzero constant
row in Kd. We can write g as a multiple of three matrices g = ḡ1ḡ2ḡ3 where
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ḡ1, ḡ2, ḡ3 ∈ GLd(K). If the first component of u is zero, then ḡ1 swap the
first component of u with any nonzero component. Otherwise ḡ1 = Id. If
the first component of uḡ1 is a nonzero constant a 6= 1, then ḡ2 multiply
the first component by a−1. Otherwise ḡ2 = Id. Finally, ḡ3 casts out any
nonzero component except the first component in uḡ1ḡ2. Consider the matrix
Id = [e1, . . . , ed] where ei’s are the i column of Id for 1 ≤ i ≤ d. Those
operations are given by the followings:

(i) To swap the i component with the j component in u, we multiply u by
Id after swapping ei with ej.

(ii) To multiply the i component in u by a constant a, we multiply u by Id
after multiplying ei by a.

(iii) To cast out all nonzero components in u except i component, we multiply
u by [e1, . . . , ei−1, (− u

ui
)T , ei+1, . . . , ed]T where ui is the i component of u.

Similarly, we can write the operations which gives us g` in line 8 where g` makes
the ` component in ug` contains a term (−X1)`X2 and eliminates this term
from the other components. In line 9, the first row in (g−1

` Ā(X1, X2)h`)(`,`)

does not contain a term in X2 but it does contain a term of the form aX1, see
the proof of [53, Lemma IX.6.I]. Therefore h` and f` in line 9 and 10 can be
obtained by operations similar to Gaussian elimination.

Lemma 2.4.7 ([52, Lemma IX.6.II]). Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a
singular matrix pencil with column dependence v of order m. Then there exist
g ∈ GLd(K) and h ∈ GLe(K) such that

gA(X1, X2)h−1 =
LTm BX1

0 Ā(X1, X2)

 , (2.12)

where B ∈ Mm×(e−m−1)(K) and Ā(X1, X2) ∈ M(d−m)×(e−m−1)(K[X1, X2]) is a
matrix pencil. In particular, if m = 0, then we can assume g = Id so that

A(X1, X2)h−1 =
[
0, Ā(X1, X2)

]
.

Remark 2.4.8. We can use Algorithm 2.4 on the transpose of AT (X1, X2) to
obtain a singular matrix pencil form as in (2.12).

2.5 Rational forms of singular matrix pencils
Here we recall from [53, Section IX.7] a method for writing rational forms for
singular matrix pencils over arbitrary infinite fields.

Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a singular matrix pencil. If A(X1, X2)
has a minimal row dependence of order m1, we can apply Lemma 2.4.4 on
A(X1, X2) to obtain a submatrix pencil as in (2.11), say A1(X1, X2). If
A1(X1, X2) also have a minimal row dependence of order m2, we can keep
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applying Lemma 2.4.4 until we either exhaust the rows or arrive at some
Ak(X1, X2) which has independent rows (i.e. Ak(X1, X2) has no row depen-
dence) 

Lm1 0 · · · 0

∗
. . .

. . .
...

...
. . . Lmk 0

∗ · · · ∗ Ak(X1, X2)


,

where ∗ are submatrices in X2. Similarly, if Ak(X1, X2) has a column depen-
dence mk+1, we can apply Lemma 2.4.7 on Ak(X1, X2). Moreover, we can keep
applying Lemma 2.4.7 until we either exhaust the columns or arrive at some
non-singular matrix Ā(X1, X2) such that

Lm1 0 · · · · · · · · · · · · 0

∗
. . .

. . .
...

∗ ∗ Lmk 0 · · · · · · 0
∗ ∗ ∗ LTmk+1

∗ ∗ ∗

∗ ∗ ∗ 0 . . . ∗ ∗

∗ ∗ ∗
...

. . . LTm` ∗
∗ ∗ ∗ 0 · · · 0 Ā(X1, X2)



, (2.13)

where ∗ are submatrices in X2. If Ā(X1, X2) exists, it can be either a non-
singular polynomial matrix of degree one or a non-singular matrix pencil
which can be replaced by its canonical form RĀ(X1, X2) using Algorithm 2.1
and the redundant ∗ can be cleared by row-column reductions, see proof
of [52, Theorem IX.7.I]. In the case of Ā(X1, X2) is not regular, we replace
Ā(X1, X2) with Ā((X1, X2)f) where f is defined as in Lemma 2.1.3. This
step will replace Lmi(X1, X2)’s and Lmj (X1, X2)T ’s with Lmi((X1, X2)f)’s and
Lmj((X1, X2)f)T ’s, for 1 ≤ i ≤ k < j ≤ `. By Lemma 2.4.3, we can retain
Lmi(X1, X2)’s and LTMj

(X1, X2)’s from Lmi((X1, X2)f)’s and Lmj ((X1, X2)f)T ’s
by non-singular transformations.

Theorem 2.5.1 ([53, Section IX.6 Theorem I]). Let A(X1, X2) be a singular
matrix pencil. then A(X1, X2) is weakly equivalent to a matrix pencil of the
form

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTm` ,RĀ(X1, X2)), (2.14)

where RĀ(X1, X2) is either empty matrix or in a rational form of non-singular
matrix of linear forms Ā(X1, X2).

Note that RĀ(X1, X2) is an empty matrix if Ā(X1, X2) is an empty matrix.
If Ā(X1, X2) = Ā1X1 + Ā2X2 ∈ Mn(K[X1, X2]) is not a matrix pencil (i.e.
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Ā1 and Ā2 are not linearly independent), then A1 or A2 must be a non-
singular matrix. We still can apply Algorithm 2.1 to Ā(X1, X2) to obtain
RĀ(X1, X2) = RX1 + InX2 where R is a matrix in a rational canonical form.

Definition 2.5.2. Let A(X1, X2) be a singular matrix pencil over K[X1, X2].
Then we call the form in (2.14) a rational form of the singular matrix
pencil A(X1, X2), denoted by RA(X1, X2). We also call the non-singular matrix
of linear forms Ā(X1, X2) the non-singular core of A(X1, X2).

Next, we use the following algorithm from the proof of [52, Section IX.7 The-
orem I]. For a matrix pencil A(X1, X2), let A(X1, X2)(i,j) denote the submatrix
of A(X1, X2) after removing the first i rows and j columns.

Algorithm 2.5 Rational form of singular matrix pencil
Input: a singular matrix pencil A(X1, X2)
Output: a rational form RA(X1, X2) of A(X1, X2) as in (2.14)
1: k := 0
2: repeat
3: while A(X1, X2) is singular and d ≥ e do
4: k := k + 1
5: apply Algorithm 2.4 to A(X1, X2) to obtain B(X1, X2) and mk

6: A(X1, X2) := B(X1, X2)(mk+1,mk)

7: ` := 0
8: while A(X1, X2) is singular and d < e do
9: ` := `+ 1
10: apply Algorithm 2.4 to A(X1, X2)T to obtain B(X1, X2) and m`

11: A(X1, X2) := (B(X1, X2)T )(m`,m`+1)

12: until A(X1, X2) is an empty matrix or a non-singular matrix pencil
13: if A(X1, X2) is an empty matrix then
14: return diag(Lm1 , . . . , Lmk , L

T
mk+1

, . . . , LTmk+`
)

15: else
16: use Algorithm 2.1 to obtain RA(X1, X2)
17: return diag(Lm1 , . . . , Lmk , L

T
mk+1

, . . . , LTmk+`
,RA(X1, X2))

Example 2.5.3. Let A(X1, X2) ∈ M7×5(Q[X1, X2]) be a matrix pencil where

A(X1, X2) =



X1 X1 +X2 0 0 0
X2 X1 0 0 0
0 0 X1 X2 X2

X1 +X2 0 0 X2 X2

X1 0 X2 X2 X2

X1 X2 X2 0 0
X1 X1 X2 X2 X2


.
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By using algorithm 2.2, we obtain a minimum row dependence
u0 = [1, 1, 0,−1, 3,−1,−2].

Applying Algorithm 2.4, we obtain g0 such that u0g0 = ω(0) where

g0 =



1 −1 0 1 −3 1 2
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


and

g−1
0 A(X1, X2) =



0 0 0 0 0
X2 X1 0 0 0
0 0 X1 X2 X2

X1 +X2 0 0 X2 X2

X1 0 X2 X2 X2

X1 X1 X2 0 0
X1 X1 X2 X2 X2


.

Hence, we have L0 and A1(X1, X2) = (g−1
0 A(X1, X2))(1,0). Similarly, we obtain

a minimum row dependence for A1(X1, X2)
u1 = [X2, X2, X1 −X2, X2 −X1, 0,−X2].

By Algorithm 2.4, we obtain u1g1 = ω(1) where

g1 =



1 −1 0 −1 0 1
0 0 0 1 0 0
0 0 1 0 0 0
0 1 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1


.

Moreover

h1 =



−1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


and f1 =



1 0 0 0 0 0
0 1 0 0 0 0
1 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1


.
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Thus

f1g
−1
1 A1(X1, X2)h1 =



X1 0 0 0 0
X2 0 0 0 0
−X2 0 X1 +X2 X2 X2

0 0 X1 X2 X2

0 X2 X1 +X2 0 0
0 X1 X1 +X2 X2 X2


.

Then we obtain L1 and A2(X1, X2) = (f1g
−1
1 A1(X1, X2)h1)(2,1). By Algorithm

2.2, we obtain a minimum row dependence for A2(X1, X2)

u2 = [−X2
1 −X1X2 +X2

2 , X
2
1 +X1X2, X1X2,−X2

2 ].

By Algorithm 2.4, we have u2 = ω(2) where

g2 =


1 0 0 1
1 0 1 1
0 −1 −1 0
0 0 0 1

 .

Moreover

h2 =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 and f2 =


1 0 0 0
0 1 0 0
0 0 1 0
1 1 0 1

 .

Then

f2g
−1
2 A2(X1, X2)h2 =


X1 0 0 0
X2 X1 0 0
0 X2 0 0
X2 −X2 X2 X2

 .

Hence, we obtain L2 and A3(X1, X2) = (f2g
−1
2 A2(X1, X2)h2)(3,2). By Algorithm

2.3, we obtain a minimum column dependence A3(X1, X2) u3 = [1,−1]T . Since
uT3 is a minimum row dependence of A3(X1, X2)T , we use Algorithm 2.4 to

obtain uT3 g3 = ω(0) where g3 =
1 1

0 1

. Then A3(X1, X2)g−T3 = [0, X2]. Then

we obtain LT0 and A4(X1, X2) = (A3(X1, X2)g−T3 )(0,1) is a non-singular matrix
pencil. By Algorithm 2.1, the rational form of A4(X1, X2) is RA4(X1, X2) = [X2].



Chapter 2. Rational forms of matrix pencils 34

Therefore RA(X1, X2) = diag(L0, L1, L2, L
T
0 ,RA4(X1, X2))

=



0 0 0 0 0
X1 0 0 0 0
X2 0 0 0 0
0 X1 0 0 0
0 X2 X1 0 0
0 0 X2 0 0
0 0 0 0 X2


.

2.6 Weak equivalence classes of matrix pencils
In this section, we recall some facts regarding rational forms of matrix pencils
which allow us to write matrix pencils up to weak equivalence.

Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a matrix pencil with a rational form
as in (2.14)

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
, RĀ(X1, X2)),

where RĀ(X1, X2) is the non-singular core. We use (2.14) as the general rational
form. If A(X1, X2) is a non-singular matrix pencil, we put k = ` = 0. In this
case, the non-singular core is A(X1, X2).
Theorem 2.6.1 ([52, Sections XI.3–XI.4]). For a matrix pencil A(X1, X2), the
invariant factors of the non-singular core of A(X1, X2) are invariant under
equivalent transformations of A(X1, X2) in the field K and covariant (invariant
up to change of variables) under weak equivalence.

Theorem 2.6.1 shows that two non-singular matrix pencils are weakly equiva-
lent if they have the same invariant factors up to change of variables. Moreover,
Lemma 2.4.3 shows that two weakly equivalent singular matrix pencils have the
same canonical minimal submatrices. Thus, if RA(X1, X2) and R̄A(X1, X2) are
rational forms of a matrix pencil A(X1, X2) then RA((X1, X2)f) = R̄A(X1, X2)
for some f ∈ GL2(K).
Theorem 2.6.2 ([52, Theorem IX.8.II]). Let A(X1, X2), B(X1, X2) be two
matrix pencils. Then A(X1, X2) and B(X1, X2) are weakly equivalent if and
only if they have the same canonical minimal submatrices and same invariant
factors up to change of variables.

Let R be an integral domain with field of fractions K. Let A(X1, X2) ∈
Md×e(K[X1, X2]) be a matrix pencil. By Corollary 1.2.3
(i) M(A(X1, X2);R) and M(RA(X1, X2);R) are rationally equivalent.

(ii) Rel(A(X1, X2);R) and Rel(RA(X1, X2);R) are rationally equivalent.
Therefore, we can use the general rational forms, as in (2.14), as rational

equivalence classes of image and relation modules associated with matrix pencils
over the integral domain R. In the later chapters, we compute ask zeta functions
for these rational forms to obtain a generic formula.





Chapter 3

Compact discrete valuation
rings

In this chapter, we collect some terminology and some facts found in [40,41]
regarding the so-called non-Archimedean valuations and non-Archimedean local
fields. We also recall from [27] some facts about integration on non-Archimedean
local fields. As in the previous chapters, K is an arbitrary field unless otherwise
noted. We also denote by Z,Q, R, and C the ring of integers, rational field,
real numbers, and complex numbers, respectively.

3.1 Non-Archimedean valuations
Recall from [41, Section I.11] that a local ring is precisely a ring that has one
maximal ideal. If a local ring is also a principal ideal domain, then we call it a
discrete valuation ring.

Definition 3.1.1 ([40, Section 7.1]). For a field K, a non-Archimedean
absolute value of K is a function

| · | : K → R,

with the following properties:

(i) |x| ≥ 0, and |x| = 0 if and only if x = 0,

(ii) |xy| = |x||y|, and

(iii) |x+ y| ≤ max{|x|, |y|} where x, y ∈ K.

For example, consider the p-adic absolute value | · |p where p is a prime
number. For x ∈ Q, we can write x = pma

b
where m, a, b ∈ Z and p does not

divide a or b. In this case, |x|p = p−m. For more about p-adic absolute value,
see [41, Section II.2].

Remark 3.1.2 ([41, Section II.3]). If |x| 6= |y|, then |x+ y| = max{|x|, |y|}.

36
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Define the distance between two points x, y ∈ K by

d(x, y) = |x− y|.

This function d is a metric. In particular, K together with this metric
becomes a topological space. We say two absolute values are equivalent if
they define the same topology on K. Then the absolute value | · | together with
K admit a metric space, and hence in particular a topological space. The field
K, together with | · |, is called a valued field, denoted by (K, | · |).

Recall from [41, Section II.3] that let | · | be a non-Archimedean absolute
value of K. Define a function

v : K → R ∪ {∞},

by v(x) = − log |x| for x 6= 0 and v(0) =∞. This function v has the following
properties for x, y ∈ K:

(i) v(x) =∞ if and only if x = 0,

(ii) v(xy) = v(x) + v(y), and

(iii) v(x+ y) ≥ min{v(x), v(y)}.

Then we call v a non-Archimedean valuation of K. A non-Archimedean
valuation on K is called discrete if v(K×) = sZ, for a real s > 0. Moreover, if
s = 1, we say the valuation is normalized. If K is a number field, we call the
valuation of an equivalence class of absolute value on K a place. We generally
use the notation v for a normalized place.

Proposition 3.1.3 ([41, Proposition II.3.8]). Let K be a field. If v is a
non-Archimedean valuation then the subset

O = {x ∈ K : |x| ≤ 1} = {x ∈ K : v(x) ≥ 0}

is a ring with group of units

O× = {x ∈ K : |x| = 1} = {x ∈ K : v(x) = 0} ,

and a unique maximal ideal

P = {x ∈ K : |x| < 1} = {x ∈ K : v(x) > 0} .

We call O a valuation ring. For example, the vaulation ring O could
be the so-called p-adic integers Zp with maximal ideal pZp, see [41, Section
II.1]. The field K := O/P is called the residue class field of K. An element
p ∈ P \P2 such that v(p) = 1 is called a uniformizer (or prime element)
and every element x ∈ K× admits a unique representation x = pmu where
m ∈ Z and u ∈ O×. In this case v(x) = m. Moreover, |x| = q−v(x) = q−m for a
fixed real number q > 1. In this thesis, we normalize the absolute value | · | so
that q is the size of the residue field K.



Chapter 3. Compact discrete valuation rings 38

Proposition 3.1.4 ([41, Proposition II.3.9]). If v is discrete valuation, then O
is a principal ideal domain with only one maximal ideal. Hence O is a discrete
valuation ring.

Sometimes, we write | · |v instead of | · | to denote an absolute value which
represents the equivalence class v.

Definition 3.1.5 ([40, Section 7.6]). Let L/K be an extension of fields. For
every place w of L, an absolute value | · |w that represents the equivalence class
w restricts to an absolute value on K that represents a place v of K. We write
w|v to indicate this relationship and say that w divides v (or w lies over v).

3.2 Non-Archimedean local fields
Let K be a field with an absolute value | · |. Recall from [41, Definition II.4.1]
that a sequence {an}n∈N of elements in K is called a Cauchy sequence with
respect to the absolute value | · | if, for every ε > 0, there exist N ∈ N such that

|an − am| < ε,

for all n,m > N . The field K is complete with respect to | · | if every Cauchy
sequence {an}n∈N in K converges to an element of a ∈ K.

lim
n→∞

|an − a| = 0.

Moreover, for any valued field (K, | · |), we obtain a complete valued field (K, | · |)
by the process of completion. For more details, see [41, Section II.4]. If K
is a number field, we call its completion field the v-adic completion of K,
denoted by Kv. In this case, we use the notation Ov for its valuation ring.

Definition 3.2.1 ([41, Section II.5]). A non-Archimedean local field is a
field which is complete with respect to a discrete non-Archimedean valuation
and has a finite residue class field.

Recall from [34, Section I.5.3] that a directed set is a partially ordered
set I = (I,≥) such that for all i, j ∈ I there exists k ∈ I such that i ≥ k and
j ≥ k. An inverse system (Ai, σij) of sets over I consists of a family of sets
Ai, i ∈ I and maps σij : Ai −→ Aj whenever j ≤ i. Satisfying the conditions

σii = idAi , and σijσjk = σik for all i, j, k ∈ I with k ≤ j ≤ i.

The inverse limit of the inverse system (Ai, σij) is the set

lim←−
i

Ai :=
{

(ai)i∈I ∈
∏
i∈I
Ai | aiσij = aj whenever j ≤ j

}
.

Proposition 3.2.2 ([41, Proposition II.4.5]). Let K be complete with respect
to a discrete valuation v. Let O be the valuation ring with the maximal ideal
P. For n ≥ 1, we have the canonical homomorphisms O→ O/Pn which gives
us the isomorphism

O→ lim←−
n

O /Pn.
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Recall from [34, Section I.3] that a topological space S is compact if
every covering of S by open sets has a finite subcover. Moreover, S is locally
compact if every s ∈ S has a compact neighbourhood.

Proposition 3.2.3 ([41, Proposition II.5.1]). A non-Archimedean local field
K is locally compact, and its valuation ring O is compact.

For example. let K = Q. Then we have a non-Archimedean local field
Kv = Qp (p-adic number) in which case Ov = Zp (p-adic integers). Moreover,
let K = Fq(x) be the rational functions with coefficients in a finite field Fq. In
this case, K = Fq((x)) (the field of formal Laurent series over Fq) is the local
field and O = Fq[[x]] (the ring of formal power series) its valuation ring.

Proposition 3.2.4 ([41, Proposition II.5.2]). The non-Archimedean local fields
are precisely the finite extensions of the fields Qp and Fq((x)).

A finite extension of the field Q or Fq(x) is called global field, see [41,
Chapter VI].

3.3 Hensel’s Lemma
In this section, we recall Hensel’s Lemma and derive other related statements.
These statements will be used for later chapters. Let O be a compact discrete
valuation ring with a maximal ideal P and a residue field K.

Lemma 3.3.1 (Hensel’s Lemma [41, Proposition II.6.7]). If a monic polynomial
f(X) ∈ O[X] admits a factorization over the residue class field K = O/P as

f(X) ≡ ḡ(X)h̄(X) mod P

into relatively prime monic polynomials ḡ, h̄ ∈ K[X], then f(X) admits a
factorization

f(X) = g(X)h(X)
into monic polynomials g, h ∈ O[X] such that g(X) ≡ ḡ(X) mod P and
h(X) ≡ h̄(X) mod P.

The following corollary is a special case of multivariable Hensel’s Lemma.

Lemma 3.3.2. Let f ∈ O[X1, . . . , X`]. Let α = (α1, . . . , α`) ∈ O` such that
f(α) ≡ 0 mod P and ∂f(α)

∂X1
6≡ 0 mod P. Then there exists a unique x1 ∈ O

such that x1 ≡ α1 mod P and f(x1, α2, . . . , α`) = 0.

Proof. Define F = (f,X2−α2, . . . , X`−α`). By [9, Chapter III, §4.5, Corollary
2], there exists a unique x ∈ O` such that x ≡ α mod P, F (x) = 0 and xk = αk
for 2 ≤ k ≤ `.

Let K be a number field with ring of integers O. Let VK be the set of all
non-Archimedean places of K. For v ∈ VK , let Kv be the v-adic completion of
K with its valuation ring Ov. Let Pv be the maximal ideal of Ov and Kv be
the residue field.



Chapter 3. Compact discrete valuation rings 40

Lemma 3.3.3. Let f(X) be a monic irreducible polynomial in K[X]. For
almost all places v ∈ VK, if f(ᾱ) ≡ 0 mod Pv where ᾱ ∈ Kv, there exists
α ∈ Ov such that for all x ∈ Ov with x ≡ ᾱ mod Pv

|f(x)| = |x− α|.
Proof. Let n ∈ K[X] be a nonzero polynomial which divides both f(X) and
f ′(X). Note that f ′(X) is a nonzero polynomial. Since deg(n) ≤ deg(f ′) <
deg(f) and f(X) is an irreducible polynomial in K[X], then n must be a
constant. By Bézout’s identity, there exist a, b ∈ K[X] such that af(X) +
bf ′(X) = 1. By multiplication of a suitable nonzero N ∈ O, we obtain
Af(X) + Bf ′(X) = N for some A,B ∈ O[X]. For any place v with Pv - N ,
we have Af(X) +Bf ′(X) = N 6≡ 0 mod Pv. Therefore f(X) and f ′(X) have
no non-unit common factor mod Pv. It follows that f(X) has no repeated
roots mod Pv. Let ᾱ ∈ Kv such that f(ᾱ) ≡ 0 mod Pv. Since f(X) is monic
and has no repeated roots mod Pv, then f(X) ≡ (X − ᾱ)h̄(X) mod Pv where
h̄(ᾱ) 6≡ 0 mod Pv. By Hensel’s Lemma 3.3.1, there exist monic polynomials
g, h ∈ Ov[X] such that f(X) = g(X)h(X) where g(X) ≡ X − ᾱ mod Pv

and h(X) ≡ h̄(X) mod Pv. Since g(X) is a monic and linear polynomial,
there exists α ∈ Ov such that g(X) = X − α. Also, we have h(ᾱ) ≡ h̄(ᾱ) 6≡
0 mod Pv. Thus for all x ∈ Ov with x ≡ ᾱ mod Pv, we have |h(x)| = 1 and
|f(x)| = |g(x)h(x)| = |x− α|.
Lemma 3.3.4. Let f1(X) and f2(X) be irreducible polynomials over K[X].
For almost all places v ∈ VK , if α ∈ Kv is a common root for f1(X) and f2(X)
over K, then f1(X) = f2(X).
Proof. Since f1(X) and f2(X) are irreducible polynomials over K[X], then
either f1(X) = f2(X) or gcd(f1(X), f2(X)) = 1. Therefore, there exist a and
b ∈ K[X] such that af1(X) + bf2(X) = 1. For any place v ∈ VK such that
af1(X) + bf2(X) 6≡ 0 mod Pv, we have af1(X) + bf2(X) ≡ 1 mod Pv. Since
α is a common root in f1(X) and f2(X), we have (X − α)|(af1(X) + bf2(X))
But (X − α) - 1. Thus f1(X) = f2(X).

3.4 Integration over compact discrete valua-
tion ring

In this section, we recall the notion of integration over compact discrete
valuation rings. These integrals will be used as a technique to compute the so-
called ask zeta functions, see Section 4.5. Let O be a compact discrete valuation
ring. For s ∈ C, we denote the real part of s by Re(s). For a non-empty subset
U ⊂ O, we denote by ||U || the norm of U where ||U || = sup(|u| : u ∈ U).

Topology
Recall from [17, Section 0.7] that a topological group G is a group which is
also a topological space such that group operations are continuous, i.e. the map

G×G→ G, (g, h) 7→ g−1h
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is continuous. Moreover, recall from [22, Section 2.2] that a Borel measure µ in
a locally compact topological group is called a Haar measure if the followings
hold:
(i) µ(U) > 0 for every non-empty open set U ⊂ G, and

(ii) µ(gE) = µ(E) for every g ∈ G and every Borel set E ⊂ G.
Theorem 3.4.1 ([22, Theorem 2.10]). Every locally compact topological group
carries a Haar measure.

A Haar measure in Theorem 3.4.1 is a unique measure up to multiplication
by a positive real number, see [22, Theorem 2.20].

Let O be a compact discrete valuation ring. Then O is a topological group
under addition. By Theorem 3.4.1, it admits a Haar measure µ such that
µ(E+a) = µ(E) for every Borel set E ⊂ O and every a ∈ O. If we normalize
µ, i.e. µ(O) = 1, then the measure is unique.

Integration over O

For ` ≥ 1, let X = (X1, . . . , X`) consist of algebraically independent variables
over the valuation ring O. Let f1(X), . . . , fm(X) ∈ O[X] be polynomials. Here,
we consider the integral ∫

O`

m∏
i=1
||fi(x)||siv dµ(x),

where s1, . . . , sm ∈ C and µ is the additive normalized Haar measure on O. For
f(X) ∈ O[X], we obtain the special case

Zf (s) =
∫
O`

|f(x)|sv dµ(x),

where s is a complex variable with Re(s) > 0. This function is called Igusa’s
local zeta function associated with f(x), see [30, Section 8.2]. If O = Zp,
then we have the so-called p-adic integration.
Example 3.4.2 (Cf. [54, Example 1.22]). Consider f(X) = X. Since Zp =
∞⋃
n=0

pnZp \ pn+1Zp, we have |x|sp = p−ns for x ∈ pnZp \ pn+1Zp and
∫
Zp

|x|sp dµ(x) =
∞∑
n=0

p−nsµ(pnZ \ pn+1Zp).

Since µ(Zp) = 1, we have µ(pnZp) = p−n (see [54, Definition 1.17]). Thus∫
Zp

|x|sp dµ(x) =
∞∑
n=0

p−ns(p−n − p−(n+1))

= (1− p−1)
∞∑
n=0

p−(s+1)n

= 1− p−1

1− p−s−1 .
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For more about p-adic integration, see [38] and [54, Section 1.4]. Also, we
show more applications on computing integrals over O in Section 3.6.

Change of variables
Let X = (X1, . . . , X`) be algebraically independent variables over O. For a non-
empty open subset U ⊂ O`, a map f0 : U −→ O is said to be an analytic map
on U if for every point a = (a1, . . . , a`) ∈ U , there exists a convergent power
series Pa(x) ∈ O[[x− a]] = O[[x1− a1, · · · , x`− a`]] such that f(x) = Pa(x) for
any point x in a neighbourhood of a ∈ U . If f : U −→ O` where f = (f1, . . . , f`)
and fi’s are analytic, then f is called analytic. Moreover, if f is invertible and
both f and f−1 are analytic, then f is said to be bi-analytic, see [30, Section
2.4].

Theorem 3.4.3 ([12, Theorem 1.4.2]). Let J = (J1, . . . , J`) : O` −→ O` be an
analytic map. Let U1 be an open subset of O`. Suppose that the determinant of
the Jacobian matrix

det
[
∂(J1(x0), . . . , J`(x0))

∂(X1, . . . , X`)

]
6= 0,

for all x0 ∈ U1. The J defines a bi-analytic map from U1 to a set U2. Let
f : U2 −→ R be an integrable function. Then∫

U2

f(y) dµ(y) =
∫
U1

f(J(x))
∣∣∣∣∣det

[
∂(J1(x), . . . , J`(x))

∂(x1, . . . , x`)

]∣∣∣∣∣ dµ(x).

3.5 Polyhedra and integrals
Here, we start with some terminology about polyhedra. Then, we recall a
technique to compute integrals of the norms of monomial ideals by computing
the generating functions associated with these monomial ideals. In this section,
we denote by 〈·, ·〉 the scalar product.

A polyhedron P ⊂ Rn is a set defined by finitely many linear inequalities

P = {x ∈ Rn : 〈αi, x〉 ≤ βi, i ∈ I},

where I is a finite set, αi ∈ Rn, and βi are real numbers. If αi ∈ Zn and βi
are integers, then we say that P is a rational polyhedron. A half-open
polyhedron is a polyhedron with some of its defining inequalities are strict.
A bounded polyhedron is called a polytope and a polyhedron is a cone if
0 ∈ P and for every m ∈ P and every λ ≥ 0 we have λm ∈ P, for more details
see [5, 6].

Definition 3.5.1 ([5, Definition VIII.2.1]). Let αi ∈ Zn. Then the set

C = {x ∈ Rn : 〈αi, x〉 ≤ 0, i ∈ I}

is called a rational cone where I is a finite set.
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Recall from [5, Definition II.4.1] that for a vector space V , a point s ∈ S ⊂ V
is called an extreme point in S if for every two points a, b ∈ S such that
a+b

2 = s, then a = b = s. If S is a polyhedron, then the extreme points in S
are called vertices.

Definition 3.5.2 ([6, Definition 10.1]). A subset S ⊂ Rn is called a lattice if:

(i) S is an additive subgroup of Rn,

(ii) S is discrete (i.e. for every bounded subset B of Rn, the intersection S∩B
is finite), and

(iii) S spans Rn.

Recall from [4, Section 7.2] that a lattice polytope is a polytope with
vertices in a given lattice.

Definition 3.5.3 ([5, Section VIII.1]). Let C ⊂ Rn be a rational polyhe-
dron and let X = (X1, . . . , Xn) be independent variables over R. Then the
generating function for ω = (ω1, . . . , ωn) ∈ C ∩ Zn is

[C](X) =
∑

ω∈C∩Zn
Xω,

where Xω = Xω1
1 · · ·Xωn

n .

Recall from [6, Definition 4.1] that for u, v ∈ Rn, the set {v + τu : τ ∈ R}
is called a line in Rn.

Theorem 3.5.4 ([6, Theorem 13.8a(1)]). Let C ⊂ Rn be a non-empty half-open
rational polyhedron which does not contain any line. Then [C](X) is a rational
function belonging to Q(X).

By the definition of a line, the assumption that C does not contain any line
is satisfied when P ⊂ Rn

≥0.
The following proposition is used to compute integrals associated with

the norms of monomial ideals. Let K be a non-Archimedean local field with
valuation ring O. Let K be the residue field with q denoting the size of K.

Proposition 3.5.5. Let C ⊂ Rn
>0 be a non-empty half-open rational cone. Let

P1, . . . ,Pm ⊂ Rn
>0 be non-empty lattice polytopes. Define U(C) := {x ∈ Kn :

v(x) ∈ C}, where v(x) = (v(x1), . . . , v(xn)). Then
∫

U(C)

m∏
j=1
||Pj(x)||sj dµ(x) = (1− q−1)n

∑
ω∈C∩Zn

q−〈1,ω〉−
∑m

j=1 sj min(〈α,ω〉:α∈Pj),

where 1 = (1, . . . , 1) and s1, . . . , sm ∈ C.

Proof. See the proof of [44, Proposition 3.9].

From Proposition 3.5.5, we derive the following corollary.
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Corollary 3.5.6. Let C ⊂ Rn
>0 be a non-empty half-open rational cone and

α1, . . . , αm ∈ Zn≥0. Then:∫
U(C)

m∏
j=1
|xαj |sj dµ(x) = (1− q−1)n[C](q−1−

∑m

j=1 αj1sj , . . . , q−1−
∑m

j=1 αjnsj).

Proof. This follow directly from Proposition 3.5.5 by setting Pj(x) = xαj for
1 ≤ j ≤ m. Then∫

U(C)

m∏
j=1
|xαj |sj dµ(x) = (1− q−1)n

∑
ω∈C∩Zn

q−〈1,ω〉−〈α1,ω〉s1−···−〈αm,ω〉sm

= (1− q−1)n[C](q−1−
∑m

j=1 αj1sj , . . . , q−1−
∑m

j=1 αjnsj).

In Section 3.6, we show examples about computing integrals over O using
3.5.6.

3.6 Integral computations
Here, some applications on using polyhedra to compute integrals. The following
lemmas are to help us compute ask zeta functions in later chapters. Let O be
a compact discrete valuation ring with maximal ideal P. Let K be the residue
field with size q.

Lemma 3.6.1. Let A1, . . . , A` ∈ Md×e(O) and let X = (X1, . . . , X`) consist of
algebraically independent variables over O. Define A(X) = A1X1 +· · ·+A`X` ∈
Md×e(O[X]). Let x ∈ O` and y ∈ O, define Ik(x) to be the ideal of O generated
by the nonzero k × k minors of A(x). Then

(i) ||Ik(x)|| ≤ ||x||k.

(ii) ||Ik(x) ∪ Ik−1(x)y|| = ||Ik−1(x)y|| if |y| ≥ ||x||.

Proof. For (i), let A(x) = [aij(x)]i,j. Each aij(x) can be written as the lin-
ear combination ∑`

h=1 ahijxh where ahij is the (i, j) entry in Ah. By Defini-
tion 3.1.1(iii), we have |aij(x)| = ||∑`

h=1 ahijxh|| = ||a1ijx1, . . . , a`ijx`||. Then
|aij(x)| ≤ ||x1, . . . , x`|| since |ahij| ≤ 1. Hence ||I1(x)|| = ||a11(x), . . . , ade(x)||
≤ ||x||. Suppose that (i) is true for k = N−1 whereN ≥ 2 and let B(x) ∈ IN (x).
By Laplace expansion, we have B(x) = ∑N

j=1(−1)i+jbij(x)Bij(x) where bij(x) ∈
I1(x) and Bij(x) ∈ IN−1(x). Therefore ||B(x)|| = ||∑N

j=1(−1)i+jbij(x)Bij(x)||
≤ ||bi1(x)Bi1(x), . . . , biN(x)BiN(x)|| ≤ ||x|| · ||Bi1(x), . . . , BiN(x)||. Therefore
||IN (x)|| ≤ ||x|| · ||IN−1(x)|| ≤ ||x||N . For (ii) similar to (i), we have ||Ik(x)|| ≤
||x|| · ||Ik−1(x)|| ≤ |y| · ||Ik−1(x)||. Therefore ||Ik(x) ∪ Ik−1(x)y|| = ||Ik−1(x)y||.

The following two lemmas will be used to compute the integrals in Lemma
7.2.1, Theorem D, and Lemma 10.5.2. In the followings, we define a matrix of
linear forms A(X) as in Lemma 3.6.1.
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Lemma 3.6.2. Let A(X) be a matrix of linear forms with rankK(X)(A(X)) = r.
Let Cy = {(v1, . . . , v`, vy) ∈ R`+1

≥0 : vy < v1, . . . , v`} be a half-open rational
cone where vy = v(y) and vj = v(xj) for 1 ≤ j ≤ `. Define U(Cy) :=
{(x1, . . . , x`, y) ∈ O`+1 : (v1, . . . , v`, vy) ∈ Cy}. Let Ik(X) be the ideal of O
generated by the nonzero k × k minors of A(X) then∫

U(Cy)

|y|s−d+r−1
r∏

k=1

||Ik−1(x)||
||Ik(x) ∪ Ik−1(x)y|| dµ(x, y) = q−`(1− q−1)

1− qd−`t .

Proof. By Definition 3.5.3, we have the following generating function for Cy

[Cy](X1, . . . , X`, Y ) =
∞∑

v1=vy+1
· · ·

∞∑
v`=vy+1

∞∑
vy=0

Xv1
1 · · ·X

v`
` Y

vy

= X1 · · ·X`

∞∑
v1=0

Xv1
1 · · ·

∞∑
v`=0

Xv2
2

∞∑
vy=0

(X1 . . . X`Y )vy

= X1 · · ·X`

(1−X1) · · · (1−X`)(1−X1 · · ·X`Y ) . (3.1)

Since |y| > ||x||, Lemma 3.6.1(ii) shows that ||Ik(x)∪Ik−1(x)y|| = ||Ik−1(x)y|| =
||Ik−1(x)|| · |y|. Hence∫

U(Cy)

|y|s−d+r−1
r∏

k=1

||Ik−1(x)||
||Ik(x) ∪ Ik−1(x)y|| dµ(x, y)

=
∫

U(Cy)

|y|s−d+r−1
r∏

k=1

||Ik−1(x)||
||Ik−1(x)|| · |y| dµ(x, y)

=
∫

U(Cy)

|y|s−d−1 dµ(x, y). (3.2)

By Corollary 3.5.6 and (3.1), the integral in (3.2) becomes∫
U(Cy)

|y|s−d−1 dµ(x, y) = (1− q−1)`+1[Cy](q−1, . . . , q−1, qdt)

= q−`(1− q−1)
1− qd−`t .

Lemma 3.6.3. Let A(X) be a matrix of linear forms with rankK(X)(A(X)) = r.
Let Ci be a half-open rational cone defined as follows:

Ci = {(v1, . . . , v`, vy) ∈ R`+1
≥0 : vi < vi+1, . . . , v` and vi ≤ vy, v1, . . . , vi−1},

where vy = v(y) and vi = v(xi) for 1 ≤ j ≤ `. Also, define U(Ci) :=
{(x1, . . . , x`, y) ∈ O`+1 : (v1, . . . , v`, vy) ∈ Ci}. Let Ik(X) be the ideal of O
generated by the nonzero k× k minors of A(X). For x ∈ O`, if ||Ik(x)|| = |x1|k
for all 1 ≤ k ≤ r then∫

U(Ci)

|y|s−d+r−1
r∏

k=1

||Ik−1(x)||
||Ik(x) ∪ Ik−1(x)y|| dµ(x, y) = q−`+i(1− q−1)2

(1− qd−rt)(1− qd−`t) .
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Proof. By Definition 3.5.3, we have the following generating function for Ci

[Ci](X1, . . . , X`, Y ) =
∞∑

vy=vi
· · ·

∞∑
vi−1=vi

∞∑
vi=0

∞∑
vi+1=vi+1

· · ·
∞∑

v`=vi+1
Xv1

1 · · ·X
v`
` Y

vy

= Xi+1 · · ·X`

∞∑
vi=0

(X1 . . . X`Y )vi
∞∑
vy=0

Y vy
∏̀
k=1
k 6=i

∞∑
vk=0

Xvk
k

=

∏̀
k=i+1

Xk

∏̀
k=1
k 6=i

(1−Xk)(1− Y )(1−X1 · · ·X`Y )
. (3.3)

Since |xi| > ||x||, Lemma 3.6.1(i) shows that ||Ik(x)|| = |xi|k. Hence∫
U(Ci)

|y|s−d+r−1
r∏

k=1

||Ik−1(x)||
||Ik(x) ∪ Ik−1(x)y|| dµ(x, y)

=
∫

U(Ci)

|y|s−d+r−1
r∏

k=1

|xi|k−1

|xi|k
dµ(x, y)

=
∫

U(Ci)

|y|s−d−1|xi|−r dµ(x, y). (3.4)

By corollary 3.5.6 and (3.3), the integral in (3.4) becomes

(1− q−1)`+1[Ci](q−1, . . . , q−1, qr−1, . . . , q−1, qd−rt) = q−`+i(1− q−1)2

(1− qd−rt)(1− qd−`t) .





Chapter 4

Ask zeta functions

In this chapter, we recall from [47] the definition of ask zeta functions of
modules. We also recall some facts about ask zeta functions and their abscissae
of convergence. We consider a ring R to be associative, commutative, and
unital.

4.1 Ask zeta functions
Let R be a ring. Let V and M be R-modules with |V |, |M | < ∞. Let
M

θ−→ Hom(V,W ) be a module representation. Then the average size of the
kernel of M is

ask(θ) := 1
|M |

∑
a∈M
| ker(aθ)|.

Lemma 4.1.1 ([47, Lemma 2.1]). Let M θ−→ Hom(V,W ) be a module represen-
tation. Let Mθ be the image of M under θ then ask(θ) = ∑

x∈V |xMθ|−1.

Lemma 4.1.1 shows that if we have two module representations M θ−→
Hom(V,W ) and M̄

θ̄−→ Hom(V,W ) where xMθ = xM̄θ̄ for all x ∈ V \ {0}.
Then ask(θ) = ask(θ̄). Next, we will be using the following notations to define
local ask zeta functions.

Notation 4.1.2. Let O be a compact discrete valuation ring with field of
fractions K and maximal ideal P. Let K := O /P denote the residue field, and
let q and p denote the size and the characteristic of K, respectively. We write
Pn = P · · ·P for the nth ideal power of P and On = O× · · · ×O for the nth
Cartesian power of O. For O-modules V and W , we write Vn = V ⊗O /Pn

and Wn = W ⊗O /Pn, respectively.

Definition 4.1.3 (Cf. [47, Definition 1.3]). Let V and M be finitely generated
O-modules. Let M θ−→ Hom(V,W ) be a module representation. Let θn denote
the map M ⊗O /Pn −→ Hom(Vn,Wn). Then the ask zeta function of θ is
defined by

Zask
θ (t) =

∞∑
n=0

ask(θn)tn.

48
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In this thesis, we focus on modules of matrices M ⊂ Md×e(O). Hence we
consider V = Od and W = Oe. For a module of matrices M ⊂ Md×e(O), let θ
be the inclusion map M −→ Hom(Od,Oe). Then we write Zask

θ (t) = Zask
M (t).

Example 4.1.4 ([47, Section 1]). Let {0d×e} θ−→ Hom(Od,Oe) be the inclusion
map. Then | ker(0d×eθn)| = qdn and ask(θn) = qdn. Hence

Zask
{0d×e}(t) =

∞∑
n=0

qdntn = 1
1− qdt .

Corollary 4.1.5. Let M, M̄ ⊂ Md×e(O) be two submodules. Let xM = xM̄
for every x ∈ Od \{0}. Then Zask

M (t) = Zask
M̄

(t).

Proof. Let M θ−→ Hom(Od,Oe) and M θ̄−→ Hom(Od,Oe) be the inclusion maps.
Since xMθ = xM̄θ̄, then xMθn = xM̄θ̄n for all n. By Lemma 4.1.1, we have
ask(θn) = ask(θ̄n). Therefore Zask

M (t) = Zask
M̄

(t).

Theorem 4.1.6 ([47, Theorem 4.10]). Let M ⊂ Md×e(O) be a submodule.
Then there exist f(t) ∈ Z[t], nonzero (a1, b1), . . . , (am, bm) ∈ Z × N0, and
n ∈ N0 such that

Zask
M (t) = f(t)

qn(1− qa1tb1) · · · (1− qamtbm) ∈ Q[t]. (4.1)

4.2 Global and local ask zeta functions
Let R be a ring which contains only finitely many ideals a of given finite
norms |R/a|. Let M,V and W be finitely generated R-modules. Let θ be a
module representation M −→ Hom(V,W ). Given a / R, let Va = V ⊗R/a and
Wa = W ⊗ R/a. Let θa denote the map M ⊗ R/a −→ Hom(Va,Wa). Define a
formal Dirichlet series

ζask
θ (s) =

∑
a

ask(θa) · |R/a|−s, (4.2)

where s ∈ C. We also define the abscissa of convergence, denoted by αθ, of
the Dirichlet series ζask

θ (s) as follows:

αθ = inf{α ∈ R : ζask
θ (s) converges for every s for which Re(s) > α}.

Next, we will be using the following notations to define the local and global
ask zeta functions, see [47, Definition 3.1].

Notation 4.2.1. Let K be a number field with ring of integers O. Let VK
be the set of non-Archimedean places of K. For v ∈ VK, let Kv be the v-adic
completion of K and Ov be its valuation ring with a maximal ideal Pv. Let Kv
denote the residue field with size qv.
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For example, if K = Q, non-Archimedean places of Q are the prime numbers
(see the proof of [41, Proposition II.3.7]). For every p prime, we have Kv = Qp

the p-adic numbers and Ov = Zp the p-adic integers, see Section 3.2.
In Notation 4.2.1, we consider Kv and Ov to be finite extensions of Qp and

Zp, respectively.
Given M ⊂ Md×e(R), if θ is the inclusion map M −→ Hom(Rd, Re), we also

write ζask
θ (s) = ζask

M (s) and αθ = αM .

Global setting: Put R = O in (4.2). Then ζask
M (s) defines the global zeta

function for M ⊂ Md×e(O). In this case, the abscissa of convergence αM of
ζask
M (s) is called the global abscissa of convergence.

Local setting: For Mv ⊂ Md×e(Ov), the formal Dirichlet series ζask
Mv

de-
fines the local zeta function where ζask

Mv
(s) = Zask

Mv
(q−sv ). Then the abscissa

of convergence of ζask
Mv

(s), denoted by αMv , is called the local abscissa of
convergence.

Proposition 4.2.2 ([47, Proposition 3.4(ii)]). Let M ⊂ Md×e(O) be sub-
module. For v ∈ VK, let Mv be Ov-submodule generated by M . Then
ζask
M (s) = ∏

v∈VK
ζask
Mv

(s).

Recal from [47, Section 3.2] that the local abscissa of convergence is the
largest real pole of Zask

Mv
(q−sv ).

Remark 4.2.3. It is well-known to experts in the area that removing finitely
many Euler factors from a global zeta function does not affect the global
abscissa of convergence. This analytic property was established by du Sautoy
and Grunewald [19] for Euler products of cone integrals. Dung and Voll
[21, Section 4.1] proved analogous results for representation zeta functions
of nilpotent groups. The type of integrals which expresses their local zeta
functions are essentially the same type of integrals that expresses local ask zeta
functions of modules of matrices as we shall recall in Section 4.5.

The following proposition is analogous to Remark 4.2.3 for ask zeta functions.

Proposition 4.2.4. Let M and Mv be defined as in Proposition 4.2.2. Let
S ⊂ VK be a finite set of places. Then the global abscissa of convergence is the
abscissa of convergence of ∏

v 6∈S
Zask
Mv

(q−sv ).

Proposition 4.2.4 allows us to obtain the global abscissa of convergence
from generic formulas of ask zeta functions.

Theorem 4.2.5 ([47, Theorem 4.18]). Let Mv ⊂ Md×e(Ov) be a submodule.
Let Zask

Mv
(t) = W (qv, t). Then for almost all places v ∈ VK

W (qv, t) = W (q−1
v , t−1)
−qdvt

.
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4.3 Ask and module representations
In this section, we recall from [49] ask zeta functions of isotopic module
representations and Knuth duals. Here, we use Notation 4.1.2.

In the following Remark, the first part was noted in [49, Section 3.1] and
the second part is an immediate consequence of the first part.

Remark 4.3.1. Let M1
θ−→ Hom(V1,W1) and M2

θ̄−→ Hom(V2,W2) be isotopic
module representations where Mi, Vi, and Wi be finitely generated O-modules.
Then ask(θn) = ask(θ̄n), and Zask

θ (t) = Zask
θ̄

(t).

In the following theorem, for a ring R, let V and M be R-modules with
|V |, |M | <∞. Let M θ−→ Hom(V,W ) be a module representation.

Theorem 4.3.2 ([49, Theorem 5.2]). Let θ◦, θ• and θ∨ be Knuth duals of the
module representation θ. Then:
(i) ask(θ◦) = |M |

|V | ask(θ), (ii) ask(θ•) = ask(θ), and (iii) ask(θ∨) = |W |
|V | ask(θ).

In the following corollary, let X = (X1, . . . , X`) consist of algebraically
independent variables over O. Let A(X) ∈ Md×e(O[X]) be a matrix of linear
forms.

Proposition 4.3.3 (Cf. [49, Corollary 5.6]). Let A◦(X), A•(X) and A∨(X) be
Knuth duals of A(X). Then:

Zask
M(A(X);O)(t) = Zask

M(A◦(X);O)(qd−`v t) = Zask
M(A•(X);O)(t) = Zask

M(A∨(X);O)(qd−ev t).

4.4 Weak equivalence and ask zeta functions
Here, we show that modules of weakly equivalent matrices of linear forms have
the same ask zeta functions.

In the following corollary, we use Notation 4.1.2.

Corollary 4.4.1. Let A(X), B(X) ∈ Md×e(O[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent over O, then:
(i) Zask

M(A(X);O)(t) = Zask
M(B(X);O)(t), and (ii) Zask

Rel(A(X);O)(t) = Zask
Rel(B(X);O)(t).

Proof. By Corollary 1.2.3, we have M(A(X);O) is equivalent to M(B(X);O)
and Rel(A(X);O) is equivalent to Rel(B(X);O). For (i), define θ1 and
θ2 to be the inclusion maps such that M(A(X);O) θ1−→ Hom(Od,Oe) and
M(B(X);O) θ2−→ Hom(Od,Oe). By Lemma 1.3.4, we have θ1 and θ2 are iso-
topic. By Remark 4.3.1, we have Zask

θ1 (t) = Zask
θ2 (t). Similarly, we define θ̃1

and θ̃2 to be the inclusion maps such that Rel(A(X);O) θ̃1−→ Hom(Od,Oe)
and Rel(B(X);O) θ̃2−→ Hom(Od,Oe). Then θ̃1 and θ̃2 are isotopic. Thus
Zask
θ̃1

(t) = Zask
θ̃2

(t).

Next, we use Notation 4.2.1. We will show that if A(X) and B(X) are
equivalent matrices over a number field K, then the modules associated with
A(X) and B(X) are equivalent over Ov for almost all places v ∈ VK .
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Lemma 4.4.2. If g ∈ GLd(K), then g ∈ GLd(Ov) for almost all places v ∈ Vk.

Proof. First, we want to show that if x ∈ K×, then x ∈ Ov for almost
all places v ∈ VK . If K = Q, we can write x = a

b
where a, b ∈ Z× and

gcd(a, b) = 1. Then x ∈ Zp if and only if 0 ≤ |x|p ≤ 1. If b = 1 then
clearly x ∈ Zp. For b 6= 1, we can write b = ±ps1

1 · · · psnn where si > 0 and
pi 6= pj for i 6= j. Define S[x] := {p1, . . . , pn}. For any prime p 6∈ S[x],
then b is a unit in Zp. Hence x ∈ Zp. In general, let x ∈ K× and let
f = a0 + a1X + . . .+ an−1X

n−1 +Xn ∈ Q(X) be a minimal polynomial of x
over Q where X ∈ O. Then ai ∈ Zp for almost all primes p where 0 ≤ i ≤ n−1.
Hence |x|v ≤ 1 for v|p and x ∈ Ov. For gij ∈ K be an entry in g, we have
gij ∈ Ov for almost all places v ∈ VK and g ∈ Md(Ov). Since g ∈ GLd(K),
we have det(g) ∈ K×. Then det(g) and det(g)−1 ∈ Ov. Thus det(g) ∈ O×v .
Therefore g ∈ GLd(Ov).

In the following, we will show that the modules associated with these
matrices of linear forms have the same ask zeta function for almost all places
v ∈ VK .

Corollary 4.4.3. Let A(X), B(X) ∈ Md×e(K[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent over K, then for almost all
places v ∈ VK:
(i) Zask

M(A(X);Ov)(t) = Zask
M(B(X);Ov)(t), and (ii) Zask

Rel(A(X);Ov)(t) = Zask
Rel(B(X);Ov)(t).

Proof. Since A(X) and B(X) are equivalent over K, there exist g ∈ GLd(K)
and h ∈ GLe(K) such that gA(X)h = B(X). By Lemma 4.4.2, we have
g ∈ GL(Ov) and h ∈ GLe(Ov) for almost all places v ∈ VK . Hence, the proof
follows directly from Corollary 4.4.1.

Note that the argument in the proof of Lemma 4.4.2 can be also used to
show that if A(X) and B(X) are equivalent over Kv, then they are equivalent
over Ov for almost all places v ∈ VK . Hence the proof of the following remark
is the same in Corollary 4.4.3.

Remark 4.4.4. Let A(X), B(X) ∈ Md×e(Ov[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent over Kv, then for almost all
places v ∈ VK :
(i) Zask

M(A(X);Ov)(t) = Zask
M(B(X);Ov)(t), and (ii) Zask

Rel(A(X);Ov)(t) = Zask
Rel(B(X);Ov)(t).

4.5 Computing ask zeta functions
Here, we recall from [47] methods to compute the ask zeta function of an image
module of a matrix of linear forms over a compact discrete valuation ring O.
In this section, we use Notation 4.1.2.

In the followings, let A(X) = ∑`
i=1AiXi ∈ Md×e(O[X]) be a matrix of

linear forms.
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Proposition 4.5.1 (Cf. [47, Corollary 4.9]). Let rankK(X)(A(X)) = r. Then

(1− q−1) · Zask
M(A(X);O)(q−s) =

∫
O`+1

|y|s+r−d−1 ·
r∏
i=1

||fi−1(x)||
||fi(x) ∪ fi−1(x)y|| dµ(x, y),

where fi(X) is the set of nonzero i× i minors of A(X).

In some cases, computing the image modules of Knuth duals of A(X) can
be less complicated than computing the image module of A(X). The following
corollary is used to compute the image module of A(X) by integrating the set
of minors of the image module of A◦(X).

Proposition 4.5.2 (Cf. [47, Corollary 4.13]). Let rankK(X)(A◦(X)) = r̄. Then

(1− q−1) · Zask
M(A◦(X);O)(q−s) =

∫
Od+1

|y|s+r̄−d−1
r̄∏
i=1

||gi−1(x)||
||gi(x) ∪ gi−1(x)y|| dµ(x, y),

where gi(X) is the set of nonzero i× i minors of A◦(X).

Proposition 4.5.3 ([47, Proposition 1.5]). Zask
Md×e(Ov)(t) = 1−q−et

(1−t)(1−qd−et) .





Chapter 5

Orbit and conjugacy class zeta
functions

In this chapter, we recall other related zeta functions, conjugacy class and orbit
zeta functions. We also prove Theorem A which is analogue to [47, Proposition
8.13] for conjugacy class zeta functions. Theorem A allows us to convert
conjugacy class zeta functions of saturable Lie groups into ask zeta functions of
Lie algebras. Here, we use Notation 4.1.2. Let gld(O) denote the set of d× d
Lie algebra matrices over a ring O. Let O be the valuation ring of a local field
K ⊃ Qp, and let e(K/Qp) denote the ramification index of K/Qp.

Theorem A. Let g ⊆ gld(O) be a Lie subalgebra, where g is an isolated
submodule of gld (O). Let Gm = exp (Pmg) where m > e(K /Qp)

p−1 and r = rank g.
Then:

(i) Zask
adPmg

(t) = ∑m
n=0 t

n +∑2m−1
n=m+1 q

r(n−m)tn + qrmt2mZask
adg

(t).

(ii) Zcc
Gm(t) = Zask

adPmg
(t).

5.1 Lie correspondence
In this section, we recall the correspondence between nilpotent Lie algebras
and nilpotent finite p-groups. We also recall the notion of saturability (or
p-saturable). The structure of saturability on Lie algebras allows us to use
the correspondence between saturable p-groups and Lie algebras. Moreover,
saturability allows us to use the ingredients in Section 5.3 for proving Theorem
A.

Let R be a ring. Recall from [34, Section I.2.3] that a Lie algebra g is an
R-module equipped with a bilinear skew-symmetric map [·, ·] : g× g −→ g and
satisfies the Jacobi identity:

[x, x] = 0 and [[x, y], z] + [[y, z], x] + [[z, x], y] = 0,

for all x, y, z ∈ g. Moreover, if R is a principal ideal domain and g is a free
R-module of finite rank, then we say g is a Lie lattice.

55
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For an indeterminate X, define

exp(X) =
∞∑
n=0

Xn

n! and log(1 +X) =
∞∑
n=1

(−1)n−1X
n

n
. (5.1)

Then the two formal series in (5.1) can translate between a nilpotent finite
p-group G of nilpotency less than p and a nilpotent Lie ring g of nilpotency
class less than p whose additive group is a finite p-group via

exp : g −→ G and log : G −→ g.

This correspondence is called Lazard’s correspondence. We call G the Lie
group associated with g and we write G = exp(g), see [34, Section I.2.4].

Definition 5.1.1 ([34, Section I.5.6]). A pro-p group is a topological group
which is isomorphic to the inverse limit of finite groups of p-power order.

Let G be a group and X, Y ≤ G. For x ∈ X and y ∈ Y , define [x, y] =
x−1y−1xy. We call [x, y] the commutator of x with y. In the following
definition, we write [X, Y ] to denote the subgroup of G which is generated by
[x, y] for all x ∈ X and y ∈ Y .

Definition 5.1.2 ([34, Section I.8.3]). Let G be a pro-p group and let N
be a closed normal subgroup of G. A potent filtration of N in G is a
descending series Ni, i ∈ N of closed normal subgroups of G such that (i)
N1 = N , (ii) ⋂ {Ni|i ∈ N} = 1, (iii) [Ni, G] ⊆ Ni+1 and [Ni,(p−1)G] :=
[· · · [[Ni, G], G] · · · , G]︸ ︷︷ ︸

p−1

⊆ Np
i+1 for all i ∈ N.

In [37], Lazard developed the theory of saturable (p-saturable) groups.
However, we will be using the description of González-Sánchez [24] of saturable
pro-p groups in terms of potent filtrations.

Definition 5.1.3 ([24, Theorem A]). A torsion-free finitely generated pro-p
group is called saturable if it admits a potent filtration.

For example, Lazard [37] proved that the pro-p Sylows of GLd(Zp) and
SLd(Zp) with n ≤ p− 2 are saturable.

Let L/K/Qp be finite field extensions. Let OK and OL denote the valuation
rings of K and L with maximal ideals PK and PL, respectively. Let pK be
the uniformizer of K. Then pKOL = Pe

L for some positive integer e. The
integer e is called the ramification index for L over K, denoted by e(L/K).
If e(L/K) = 1, we say that L/K is unramified, see [41, Sections I.8 & II.6].
In the following, recall Notation 4.1.2 and let Qp ⊂ K.

Proposition 5.1.4 ([1, Proposition 2.3]). Let g be a Lie O-algebra whose
underlying O-module is free of finite rank. Then Pmg is saturable when m >
e(K/Qp)
p−1 .
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For example, consider gld(Zp) with p > 2. Then Proposition 5.1.4 shows
that pmgld(Zp) is saturable for all m ≥ 1.

Write glmd (O) := {x ∈ gld(O) : x ≡ 0 mod Pm} and GLmd (O) := {x ∈
GLd(O) : x ≡ 1 mod Pm}. When m > e(K /Qp)

p−1 , then the two formal series in
(5.1) induce the bijection maps:

exp : glmd (O) −→ GLmd (O) and log : GLmd (O) −→ glmd (O)
between a saturable Lie lattice g ⊂ glmd (O) and a saturable pro-p group
G ⊂ GLmd (O), see [32, Lemma B.1]. We write G := exp(g).

5.2 Orbit-counting and conjugacy class zeta
functions

In this section, we recall other types of zeta functions, orbit-counting zeta
functions and conjugacy class zeta functions. We also recall some cases where
we can convert those zeta functions into ask zeta functions. In this section, we
use Notation 4.1.2.
Definition 5.2.1. Let G ≤ GLd(O) be a subgroup.
(i) ([47, Definition 1.2]) The orbit-counting zeta function of G is

Zoc
G (t) =

∞∑
n=0
|(O /Pn)d/G|tn.

(ii) ([18, Definition 1.1]) The conjugacy class zeta function of G is

Zcc
G (t) =

∞∑
n=0

k(Gn)tn,

where Gn is the image of G under the map GLd(O) −→ GLd(On) and
k(Gn) denotes the number of the conjugacy classes of Gn.

Note that if g ⊂ gld(O) is an isolated submodule (i.e. gld(O)/g is torsion-
free), then we may naturally identify g ⊗On with the image of g under the
map gld(O) −→ gld(On), see [47, Section 4.1]. In the following Theorem, let
adg denote the adjoint representation where adg : g −→ gl(g) is given by
adg(a) : x 7→ [x, a] for a ∈ g. Also, let nd(O) ⊂ gld(O) denote the Lie algebra
of strictly upper triangular d× d matrices.
Theorem 5.2.2 ([47, Theorem 1.7]). Let g ⊆ nd(O) be a Lie subalgebra and
G := exp (g). Suppose that p ≥ d and g is an isolated submodule of nd(O).
Then Zoc

G (t) = Zask
g (t), and Zcc

G (t) = Zask
adg

(t).
Theorem 5.2.2 relies on Lazard’s correspondence to convert orbit-counting

and conjugacy class zeta functions of nilpotent groups associated with nilpotent
Lie algebra to ask zeta functions of these nilpotent Lie algebra when they have
nilpotency d ≤ p.
Proposition 5.2.3 ([47, Proposition 8.13]). Let O be the valuation ring of
a local field K ⊃ Qp. Let g ⊆ gld(O) be a saturable subalgebra and define
Gm := exp (Pmg). If m > max(e(K/Qp)−1, e(K/Qp)

p−1 ), then Zoc
Gm(T ) = Zask

Pmg(T ).
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5.3 Preliminaries
This section contains the ingredients for proving Theorem A. For a group
G, we denote by CG(a) the centralizer of a ∈ G. We also use the notation
[X, Y ]Group = X−1Y −1XY for X, Y ∈ G. For a Lie algebra g , we use [x, y]Lie =
xy − yx for x, y ∈ g.

Lemma 5.3.1. For finite group G, the number of the conjugacy classes of G is

k(G) = 1
|G|

∑
a∈G
|CG(a)|.

Proof. Consider the conjugacy action f : G × G → G defined as a 7→ x−1ax,
for all x, a ∈ G. The orbits of this action are the conjugacy classes (i.e.
k(G) = |Of (G)|, where Of (G) is the set of orbits in G under the group action
f). Let stabf(a) denotes the stabilizer of a ∈ G under the group action f .
Then stabf (a) = CG(a). By the orbit-counting theorem

k(G) = |Of (G)| = 1
|G|

∑
a∈G
|stabf (a)| = 1

|G|
∑
a∈G
|CG(a)|.

Lemma 5.3.2. Let θ : A→ B be a module epimorphism and let |A|, |B| <∞.
If β ≤ B, then |α| = | ker θ| · |β| where α := βθ−1.

Proof. Since 0 ∈ β, we have ker(θ) ≤ α. By the 1st isomorphism theorem, we
have α/ ker(θ) ∼= β. Hence |α|/| ker(θ)| = |β|.

Recall from [34, Section I.7.8] that the Hausdorff formula gives an expression
for

Φ(X, Y ) := log(exp(X) exp(Y )) ∈ Q[[X, Y ]],

where X, Y are non-commuting indeterminates. A computation of the first
three terms shows that

Φ(X, Y ) = X + Y + [X, Y ]Group

2 + [X, [X, Y ]Group]Group + Y, [Y,X]Group

12 + · · · .

Corollary 5.3.3. For some m ≥ 0, let Pmg be a saturable Lie algebra and
let Gm = exp (Pmg) be the Lie group associated with Pmg. Then x, y ∈ Pmg
commute if and only if X, Y ∈ Gm commute where X = exp (x) and Y =
exp (y).

Proof. Consider the mapping exp : Pmg → Gm and let adPmg : Pmg →
gl(Pmg) denote the adjoint representation given by adPmg(y) : x 7→ [x, y]Lie for
y ∈ Pmg. If x ∈ CPmg(y), then [x, y]Lie = 0. By Hausdorff formula

exp (x) exp (y) = exp (x+ y + 1
2[x, y]Lie + · · ·).
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Thus

XY = exp (x) exp (y) = exp (x+ y) = exp (y) exp (x) = Y X.

Now consider the mapping log : Gm → Pmg. By [24, Theorem 4.2]

[x, y]Lie = log ( lim
n→∞

[Xpn , Y pn ]p
−2n

Group).

If X ∈ CG(Y ), then [X, Y ]Group = 1. By [24, Proposition 2.2]

lim
n→∞

[Xpn , Y pn ]p
−2n

Group = 1.

Hence [x, y]Lie = 0.

Lemma 5.3.4 ([47, Lemma 8.2]). Let g be a p-saturable Lie Zp-algebra and
let h be a p-saturable subalgebra of finite additive index. Let G and H be
the saturable pro-p groups associated with g and h via the Hausdorff series,
respectively. Then |G : H| = |g : h|.

5.4 Proof of Theorem A
Proof of Theorem A(i). Let gn denote the image of g under the natural map
gld(O) → gld(On). Let adPmgn : Pmgn −→ gl(Pmgn) denote the adjoint rep-
resentation given by adPmgn(Pma) : Pmx 7→ [Pmx,Pma]Lie for a ∈ gn. By
Definition 4.1.3

Zask
adPmg

(t) =
∞∑
n=0

ask(adPmgn)tn

=
∞∑
n=0

1
|Pmgn|

∑
Pma∈Pmgn

| ker(adPmgn(Pma))|tn.

Note that if m ≥ n, then Pmgn = 0d mod Pn. Therefore |Pmgn| = 1 and
| ker(adPmgn(Pma))| = 1 for every Pma ∈ Pmgn. Hence

ask(adPmg) = 1. (5.2)

If m < n ≤ 2m, then

ker(adPmgn(Pma)) = {Pmx ∈ Pmgn : [Pmx,Pma]Lie ≡ 0 mod Pn}
= {Pmx ∈ Pmgn : P2m[x, a]Lie ≡ 0 mod Pn}
= {Pmgn}.

Therefore | ker(adPmgn(Pma))| = |Pmgn| = qr(n−m). Hence

ask(adPmg) = 1
|Pmgn|

∑
Pma∈Pmgn

| ker(adPmgn(Pma))| = |Pmgn| = qr(n−m).

(5.3)
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If 2m < n, then

ker(adPmgn(Pma)) = {Pmx ∈ Pmgn : [Pmx,Pma]Lie ≡ 0 mod Pn}
= {Pmx ∈ Pmgn : P2m[x, a]Lie ≡ 0 mod Pn}
= {x ∈ gn−2m : [x, a]Lie ≡ 0 mod Pn−2m}.

Consider the module epimorphism θ : Pmgn → gn−2m. Then ker(adPmgn(Pma))
is the preimage of ker(adgn−2m(a)) under θ and by Lemma 5.3.2

| ker(adPmgn(Pma))| = | ker θ| · | ker(adgn−2m(a))|
= |gm| · | ker(adgn−2m(a))|
= qrm · | ker(adgn−2m(a))|.

Therefore

ask(adPmgn) = qrm · ask(adgn−2m). (5.4)

Since g is an isolated submodule of gld(O), we obtain the following by combining
(5.2), (5.3), and (5.4)

Zask
adPmgn

(t) =
∞∑
n=0

ask(adPmg)tn

=
m∑
n=0

tn +
2m−1∑
n=m+1

qr(n−m)tn + qrmt2m
∞∑

n=2m
ask(adgn−2m)tn−2m

=
m∑
n=0

tn +
2m−1∑
n=m+1

qr(n−m)tn + qrmt2mZask
adg

(t).

Proof of Theorem A(ii). Let Gm
n denote the image of Gm in GLmd (On). Let

k(Gm
n ) be the number of conjugacy classes of Gm

n . By Lemma 5.3.1

k(Gm
n ) = 1

|Gm
n |

∑
A∈Gmn

|CGmn (A)|,

where CGmn (A) is the centralizer of A in Gm
n . Let A = exp (a) for some a ∈

Pmgn. Now consider the mapping log : Gm
n → Pmgn. By Lemma 5.3.3, we

have correspondence between CGmn (A) and CPmgn(a). Consider the adjoint
representation adPmgn : Pmgn → gl(Pmgn) given by adPmgn(a) : x 7→ [x, a] for
a ∈ Pmgn. Note that ker(adPmgn(a)) = CPmgn(a). By Lemma 5.3.4

k(Gm
n ) = 1

|Gm
n |

∑
A∈Gmn

|CGmn (A)| = 1
|Pmgn|

∑
a∈Pmgn

|CPmgn(a)|

= 1
|Pmgn|

∑
a∈Pmgn

| ker(adPmgn(a))| = ask(adPmgn).
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Since g is an isolated submodule of gld(O), we have

Zcc
Gm(t) =

∞∑
n=0

k(Gm
n )tn =

∞∑
n=0

ask(adPmgn)tn

= Zask
adPmg

(t).

Remark 5.4.1. (i) If g is an abelian Lie algebra, then we have |Pmgn| =
ask(adPmgn). Hence Zask

adPmg
(t) = ∑m−1

n=0 t
n + tmZask

adg
(t).

(ii) If G is an abelian group, then the Lie algebra g which is associated with
the Lie group G is also an abelian Lie algebra. Therefore, |Pmgn| =
ask(adPmgn) and we obtain Zcc

Gm(t) = ∑m−1
n=0 t

n + tmZask
adg

(t).

(iii) Theorem A does not generally hold if g is not an isolated submodule of
gld(O) (Cf. [47, Remark 8.18]).

Example 5.4.2. Let g = gl1(Zp) with p > 2, and define Gm := exp(pmg)
where m ∈ Z≥0. Then

k(Gm
n ) = 1

|Gm
n |

∑
a∈Gmn

|CGmn (a)|.

Since Gm
n is an abelian group, we have |CGmn (a)| = |Gm

n | for every a ∈ Gm
n .

Note that Gm
n is trivial for m ≥ n. Thus |Gm

n | = 1. However, if m < n, then
|Gm

n | = pn−m. Therefore, we have

Zcc
Gm(t) =

∞∑
n=0

k(Gm
n )tn =

∞∑
n=0

1
|Gm

n |
∑
a∈Gmn

|CGmn (a)|tn

= 1 + t+ t2 + · · ·+ tm−1 + tm
∞∑
n=m

pn−mtn−m

= 1 + t+ t2 + · · ·+ tm−1 + tm

1− pt.

By comparing our answer with L1,1 in [47, Section 9 Table 1], we obtain

Zcc
Gm(t) = 1 + t+ t2 + · · ·+ tm−1 + tmZask

adg
(t).





Chapter 6

Pfaffians and ask zeta functions
for antisymmetric matrices

In this section, we write an explicit formula to compute ask zeta functions
of modules of antisymmetric matrices using the sets of all nonzero principal
Pfaffians. Moreover, we prove Theorem B which is analogue to [47, Theorem 7.1]
for the image modules of antisymmetric matrices of linear forms with smooth
Pfaffian hypersurfaces. Also, a similar formula was given in [55, Theorem 3]
for the so-called normal zeta function of class 2-nilpotent groups with smooth
Pfaffian hypersurfaces. Using Notation 4.1.2, let p ∈ P \P2 be the uniformizer.
For an antisymmetric matrix A, let Pf(A) denote the Pfaffian of A where
(Pf(A))2 = det(A). Moreover, let P`(K) denote the rational points of the
projective `-space over K. For a background on rational points, see [25, Chapter
5].

Theorem B. Let A1, . . . , A` ∈ M2d(O) be antisymmetric matrices where ` ≥ 1.
Let X = (X1, . . . , X`) consist of algebraically independent variables over O.
Write A(X) = A1X1 + · · · + A`X` ∈ M2d(O[X]) and let F (X) := Pf(A(X)).
Suppose that the following smoothness condition is satisfied:

For all x̄0 ∈ K, if F (x̄0) = ∂F (x̄0)
∂X1

= · · · = ∂F (x̄0)
∂X`

= 0, then x̄0 = 0.

Let H := {[x1 : · · · : x`] ∈ P`−1(K) : F (x1, . . . , x`) = 0}. If q is odd, then

Zask
M(A(X);O)(t) = 1− q−`t

(1− t)(1− q2d−`t) + #H (q − 1)2(q + 1)q−`t
(1− t)(1− qt)(1− q2d−`t) .

6.1 Formula for computing ask zeta functions
of antisymmetric matrices

In [1, Section 3], Avni et al. introduced a new method to compute the so-called
representation zeta functions associated with groups over O in the form of
antisymmetric matrices. Here, we use a similar approach to give a new method
to compute ask zeta functions associated with antisymmetric matrices over O.
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Since the valuation ring O is a principal ideal domain, we can obtain
the Smith normal form for any antisymmetric matrix A ∈ M2d(O) with r =
1
2 rankK(A) such that

gAh =
diag(pλ1 , . . . , pλ2r) 0

0 0

 ,
where λ1 ≤ · · · ≤ λ2r and g, h ∈ GL2d(O).

Theorem 6.1.1 (Cf. [39, Theorem 4.2]). Let A ∈ M2d(O) be an antisymmetric
matrix with r = 1

2rankK(A). Let D = diag(pλ1 , . . . , pλ2r , 0, . . . , 0) be the Smith
normal form of A. Then λ2i−1 = λ2i for all i = 1, . . . , r.

For an antisymmetric matrix A ∈ M2d(O), the smith normal form in Theo-
rem 6.1.1 gives rise to “smith-like” form called the antisymmetric canonical
form. We define this canonical form in the following corollary.

Proposition 6.1.2 (Cf. [39, Corollary 4.3]). Let A ∈ M2d(O) be an antisym-
metric matrix with smith normal form D = diag(pλ1 , pλ1 , . . . , pλr , pλr , 0, . . . , 0).
Then there exist g, h ∈ GL2d(O) such that

gAh =
 0 pλ1

−pλ1 0

⊕ · · · ⊕
 0 pλr

−pλr 0

⊕ 02(d−r). (6.1)

Corollary 6.1.3. Let A(X) ∈ M2d(O[X]) be an antisymmetric matrix of linear
forms with r = 1

2 rankK(X)(A(X)). For x ∈ O, define fi(x) to be the set of all
the nonzero i× i minors of A(x). Then

2r∏
i=1

||fi−1(x)||
||fi(x) ∪ fi−1(x)y|| =

r∏
i=1

||f2(i−1)(x)||
||f2i(x) ∪ f2(i−1)(x)y2||

.

Proof. Let g, h ∈ GL2d(O) be defined as in (6.1). Define f̄i(x) to be the set of
nonzero i× i minors of gA(x)h. Recall from [10, Section 1.B] that the ideals
generated by the nonzero minors are invariant under linear transformations.
Therefore, we can replace ||fi(x)|| by ||f̄i(x)||. Since λ1 ≤ · · · ≤ λr, we have
||f̄2i(x)|| = ||f̄2i−1(x)pλi || = ||f̄2(i−1)(x)p2λi ||. Hence

2r∏
i=1

||f̄i−1(x)||
||f̄i(x) ∪ f̄i−1(x)y||

=
r∏
i=1

||f̄2(i−1)(x)|| · ||f̄2i−1(x)||
||f̄2i−1(x) ∪ f̄2(i−1)(x)y|| · ||f̄2i(x) ∪ f̄2i−1(x)y||

=
r∏
i=1

||f̄2(i−1)(x)||
||f̄2i−1(x) ∪ f̄2(i−1)(x)y|| · ||pλi ∪ y||

=
r∏
i=1

||f̄2(i−1)(x)||
||f̄2i(x) ∪ f̄2(i−1)(x)pλiy ∪ f̄2(i−1)(x)y2||

=
r∏
i=1

||f̄2(i−1)(x)||
||f̄2i(x) ∪ f̄2(i−1)(x)y2||

.
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For a commutative ring R whose additive group is torsion-free, let A ∈
M2d(R) be an antisymmetric matrix (i.e. AT = −A). Recall from [3, Section
3.2] that the Pfaffian of A, denoted by Pf(A), is defined by (Pf(A))2 = det(A).
A principal minor is the determinant of a square submatrix obtained by
removing the same number of rows and columns with the same indices. In an
antisymmetric matrix, the square root of a principal minor of even order is
called a principal Pfaffian.

In the following corollary, we write an explicit formula to compute ask zeta
functions of modules associated with antisymmetric matrices of linear forms.

Corollary 6.1.4. Let A(X) ∈ M2d(O[X]) be an antisymmetric matrix of linear
forms with r := 1

2 rankK(X)(A(X)). Write M := M(A(X);O). Then

(1− q−1) · Zask
M (q−s) =

∫
O`+1

|y|s+2r−2d−1 ·
r∏
i=1

||F2(i−1)(x)||2
||F2i(x) ∪ F2(i−1)(x)y||2 dµ(x, y),

where F2i(X) is the set of nonzero 2i× 2i principal Pfaffians of A(X).

Proof. By Proposition 4.5.1 and Corollary 6.1.3

(1− q−1) · Zask
M (q−s) =

∫
O`+1

|y|s+2r−2d−1 ·
r∏
i=1

||f2(i−1)(x)||
||f2i(x) ∪ f2(i−1)(x)y2||

dµ(x, y),

where f2i(X) is the set of all nonzero 2i× 2i minors of A(X). Let f̄2i(X) be
the set of all nonzero 2i× 2i principal minors of A(X). By [1, Remark 3.6], we
replace the set of minors f2i(X) by the set of principal minors f̄2i(X). Since
||F2i(X)||2 = ||f̄2i(X)||, we have

(1− q−1) · Zask
M (q−s) =

∫
O`+1

|y|s+2r−2d−1 ·
r∏
i=1

||f̄2(i−1)(x)||
||f̄2i(x) ∪ f̄2(i−1)(x)y2||

dµ(x, y)

=
∫

O`+1

|y|s+2r−2d−1 ·
r∏
i=1

||F2(i−1)(x)||2
||F2i(x) ∪ F2(i−1)(x)y||2 dµ(x, y).

Example 6.1.5. Let A(X) =


0 X 0 0
−X 0 X 0

0 −X 0 X

0 0 −X 0

. For i = 1, 2, we have

F2i(X) = {±X i}. Using Corollary 6.1.4

(1− q−1)Zask
M(A(X);O) =

∫
O2

|y|s−1 |x|2

||x, y||2 · ||x2, xy||2
dµ(x, y). (6.2)

Define U(·) = {(x, y) ∈ O2 : (vx, xy) ∈ ·}. Then we divide the domain of the
integral in (6.2) into U(Cx) and U(Cy) where

Cx = {(vx, vy) ∈ R2
>0 : vx ≤ vy} and Cy = {(vx, vy) ∈ R2

>0 : vx > vy},
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where vx and vy denote the valuation of x and y, respectively. By Lemma 3.6.2
and Lemma 3.6.3 (put ` = 1), we have

Zask
M(A(X);O) = q−1

1− q3t
+ (1− q−1)

(1− t)(1− q3t)

= 1− q−1t

(1− t)(1− q3t) .

Let M ⊂ Md(Z) be a submodule consisting of antisymmetric matrices.
A unipotent group scheme, denoted by GM , can be constructed from M ,
see [50, Section 1.2]. This group scheme is called the Baer group scheme
associated with M .

Proposition 6.1.6 (Cf. [50, Proposition 1.1]). Let M ⊂ Md(Z) be a submodule
of antisymmetric matrices of Z-rank `. Let GM be the Baer group scheme
associated with M . Then ζcc

GM
(s) = ζask

M (s− `).

Note that ζcc
GM

(s) in Proposition 6.1.6 is defined in [50, Section 1.3]. Propo-
sition 6.1.6 shows that conjugacy classes zeta functions of Baer group scheme
associated with modules of antisymmetric matrices are instances of ask zeta
functions of those modules of antisymmetric matrices. Hence, the method in
Corollary 6.1.3 can also be used to obtain the conjugacy classes zeta functions
of the Bear group scheme associated with modules of antisymmetric matrices.

6.2 Preliminaries
This section contains the ingredients for proving Theorem B. Let R be a
commutative ring whose additive group is torsion-free.

Recall from [3, §3.2 Definition 1] that for an antisymmetric matrix A ∈
M2d(R), we call the matrix Padj(A) = [aij ] the Pfaffian-adjugate matrix of
A where

aij =


0, if i = j,

(−1)i+jPf(Ai,j), if i < j,

(−1)i+j+1Pf(Ai,j), if i > j.

Note that Ai,j denotes the (2d − 2) × (2d − 2) submatrix of A obtained by
removing the i and j rows and columns.

Next, we recall some facts about Padj(A).

Proposition 6.2.1 ([3, §3.2 Corollary 1]). Let A ∈ M2d(R) be an antisymmet-
ric matrix. Then

A · Padj(A) = Pf(A) · I2d.

In particular, if A is invertible, then A−1 = 1
Pf(A)Padj(A).

In the following, we assume 2 is a unit in R.



Chapter 6. Pfaffians and ask zeta functions for antisymmetric matrices 67

Lemma 6.2.2 ([3, §3.2 Lemma 1]). Let A(t) ∈ M2d(R[t]) be an antisymmetric
matrix. Then

d
d tPf(A(t)) = 1

2tr(A′(t) · Padj(A(t)),

where A′(t) = d
dt
A(t).

Recall Notation 4.1.2. In the following lemma, let q be an odd number. Let
I2i(X) be the ideal of O[X] generated by the set of all nonzero 2i× 2i Pfaffians
of a(X).

Lemma 6.2.3. Let F (X) be defined as in Theorem B. Assume the smoothness
condition in Theorem B is satisfied. Then:

(i) ∂F (X)
∂Xk

∈ I2d−2(X), for all k = 1, . . . , `.

(ii) Let x̄ ∈ K` \ {0}. Then rankK(A(x̄)) ∈ {2d− 2, 2d}.

Proof. For (i), Lemma 6.2.2 gives us the Pfaffian version of the Jacobi’s formula

∂

∂Xk

Pf(A(X)) = 1
2

2d∑
i=1

2d∑
j=1

∂aij(X)
∂Xk

· Pf(Ai,j(X)),

where Pf(Ai,j(X)) ∈ I2d−2(X) and aij(X) is the (i, j) entry in A(X). Hence
∂F (X)
∂Xk

= ∂Pf(A(X))
∂Xk

∈ I2d−2(X). For (ii), suppose that rankK(A(x̄)) < 2d− 2 for
some x̄ ∈ K`. Then F (x̄) = 0 and I2d−2(x̄) = 0. However, part (i) and the
smoothness condition in Theorem B imply that x̄ = 0.

6.3 Proof of Theorem B
In this section, we will prove Theorem B by using a similar approach to the
proof of [47, Theorem 7.1]. We also give an example that can be solved by
using Theorem B instead of [47, Theorem 7.1].

Proof of Theorem B. By Lemma 6.2.3(ii), we have rankK(A(x̄)) ≥ 2d− 2 for
all x̄ ∈ K` \ {0}. Hence ||I2i(x)|| = 1 for 0 ≤ i ≤ d− 1. Thus

d∏
i=1

||I2i−2(x)||2
||I2i(x) ∪ yI2i−2(x)||2 = ||F (x), y||−2.

Write t = q−s and M := M(A(X);O). By [47, Proposition 4.17(ii)], we obtain

(1− q2d−`t)Zask
M (t) = 1 + 1

1− q−1

∫
(O`\PO`)×P

|y|s−1||F (x), y||−2 dµ(x, y). (6.3)

We decompose the domain of the integral in (6.3) into sets of the form (α +
PO`)×P where α ∈ O` \PO`. If F (α) 6≡ 0 mod P, then ||F (x)|| = 1. Put
px′ = x− α and pȳ = y then we map O`+1 −→ (α + PO`)×P via J1(x′, ȳ) =
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(px′ + α, pȳ) where the determinant of the Jacobian matrix |∂J1(x′,ȳ)
∂(x′,ȳ) | = |p|

`+1.
By Theorem 3.4.3, the integral in (6.3) becomes∫

(α+PO`)×P

|y|s−1||F (x), y||−2 dµ(x, y) =
∫

(α+PO`)×P

|y|s−1 dµ(x, y)

=
∫

O`+1

|ȳ|s−1|p|s+` dµ(x′, ȳ)

= q−`t(1− q−1)
1− t .

Write A(q, t) = q−`t
1−t . Suppose now that F (α) ≡ 0 mod P. By the smoothness

condition and Lemma 3.3.2, we can transform the map induced by F (α) on
α+ PO` into the map induced by X1 on PO` via J2(x1, . . . , x`) = (F (x), x2 −
α2, . . . , x` − α`). By [30, Corollary 2.1.1], the map J2 : α + PO` → PO` is
a bi-analytic map. Put px̄ = x. Then we also map O`+1 → PO` × P via
J3(x̄1, ȳ) = (px̄1, pȳ) where the determinant of the Jacobian matrix |∂J3(x̄1,ȳ)

∂(x̄1,ȳ) | =
|p|`+1. By the special case of [47, Lemma 5.8] (put r = 1, a0 = s − 1 and
a1 = −2), we obtain∫
(x0+PO`)×P

|y|s−1||F (x), y||−2 dµ(x, y) =
∫

PO`×P

|y|s−1||x1, y||−2 dµ(x, y)

=
∫

O`+1

|pȳ|s−1||px̄1, pȳ||−2|p|`+1 dµ(x̄, ȳ)

= q2−`t
∫
O2

|ȳ|s−1||x̄1, ȳ||−2 dµ(x̄1, ȳ)

= q2−`t(1− q−1)(1− q−1t)
(1− t)(1− qt) .

Write B(q, t) = q2−`t(1−q−1t)
(1−t)(1−qt) . From the proof of [47, Theorem 7.1], the condition

F (α) ≡ 0 mod P is equivalent to the image of α in P`−1(K) being contained in
H. Thus (6.3) becomes

(1− q2d−`t)Zask
M (t) = 1 + (q − 1)

(
#P`−1(K)−#H

)
A(q, t)

+ #H(q − 1)B(q, t)

= 1 + (q` − 1) q
−`t

1− t + #H(q − 1) q−`t(q2 − 1)
(1− t)(1− qt)

= 1− q−`t
1− t + #H(q − 1)(q2 − 1) q−`t

(1− t)(1− qt) .

Note that any polynomial F (X) that satisfies the smoothness condition in
Theorem B and has determinantal representation (i.e. there exists a matrix of lin-
ear forms A(X) such that det(A(X)) = F (X)) also has Pfaffian representation
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(i.e. there exists a matrix of linear forms B(X) such that Pf(B(X)) = F (X)).
We can simply show that by writing

B(X) =
 0 A(X)
−A(X)T 0

 . (6.4)

However, the opposite is not always true as we shall show in the next example.
Example 6.3.1. Let F (X, Y,W,Z) = X2 + Y 2 + WZ where X, Y,W,Z are
algebraically independent variables over O. Then F (X, Y,W,Z) satisfies the
smoothness condition in Theorem B. Suppose for the sake of contradiction
that A(X, Y,W,Z) is a matrix of linear forms such that det(A(X, Y,W,Z)) =
F (X, Y,W,Z). Then A(X, Y,W,Z) ∈ M2(O[X, Y,W,Z]). Write

A(X, Y,W,Z) =
a1X + a2Y + a3W + a4Z b1X + b2Y + b3W + b4Z

c1X + c2Y + c3W + c4Z d1X + d2Y + d3W + d4Z

 .
Since det(A(X, Y,W,Z) = F (X, Y,W,Z), we obtain the linear equations sys-
tem:

a3d3 = b3c3, a4b4 = b4c4, b1c2 + b2c1 = a1d2 + a2d1,

b1c3 + b3c1 = a1d3 + a3d1, b1c4 + b4c1 = a1d4 + a4d1,

b2c3 + b3c2 = a2d3 + a3d2, b2c4 + b4c2 = a2d4 + a4d2,

a1d1 − b1c1 = 1, a2d2 − b2c2 = 1, b3c4 + b4c3 − a3d4 − a4d3 = 1.
Computing by Sage [51], the linear equations system has no solution. Therefore,
the polynomial F (X, Y,W,Z) has no determinantal representation. However,
let B(X, Y,W,Z) ∈ M4(O[X, Y,W,Z]) be an antisymmetric matrix of linear
forms defined as follows:

B(X, Y,W,Z) =


0 X Y Z

−X 0 W Y

−Y −W 0 X

−Z −Y −X 0

 .

Then Pf(B(X, Y,W,Z)) = F (X, Y,W,Z). Computing by Zeta [48], we obtain
#H := {[x : y : w : z] ∈ P2(K) : x2 + y2 +wz = 0} = q2 +N(q)q + 1 for almost
all p where

N(q) =


1, if 2 | q,
0, if q ≡ 3 mod 4,
2, if q ≡ 1 mod 4.

By Theorem B

Zask
M(B(X);O)(t) = (1− q−4t)(1− qt) + (q2 +N(q)q + 1)(q − 1)2(q + 1)q−4t

(1− t)2(1− qt) .

Remark 6.3.2. When an antisymmetric matrix of linear forms B(X) defined
as in (6.4), the ask zeta function of the image module associated with B(X)
can be obtained by using [49, Theorem 7.9 & Remark 7.10].





Chapter 7

Ask zeta functions of image
modules of single matrices

In this chapter, we give a generic and explicit formula for local ask zeta functions
of image modules associated with single matrices (modules generated by a
constant matrix). A related work by Rossmann [45] studies a type of zeta
functions enumerating submodules invariant under a constant matrix. We also
give a formula for global ask zeta functions of image modules of single matrices.
Moreover, we study the analytic properties of these zeta functions and their
Knuth duals. Theorem C gives an explicit computation for the local ask zeta
function of the image module associated with a given matrix. We use Notation
4.1.2 for Theorem C. For a variable X over O, we use the notation M(AX;O)
for the image module of a matrix A over a compact discrete valuation ring O.

Theorem C. Let A ∈ Md×e(O) with r = rankK(A). There exist g ∈ GLd(O)

and h ∈ GLe(O) such that gAh =
diag(pλ1 , . . . , pλr) 0

0 0

 where 0 ≤ λ1 ≤

· · · ≤ λr. Define σi := λ1 + · · ·+ λi. Then

Zask
M(AX;O)(t) =

r∑
i=0

Qi(q, t),

where Q0(q, t) = (1−qd−1t)
∑λ1−1

n=0 (qdt)n+qdλ1−1tλ1

1−qd−1t
,

Qi(q, t) = qσi+(d−i)λi tλi (1−q−1)
∑λi+1−λi−1

n=0 (qd−it)n
(1−qd−1t) for 1 ≤ i ≤ r − 1, and

Qr(q, t) = (1−q−1)qσr+(d−r)λr tλr

(1−qd−rt)(1−qd−1t) .

7.1 Proof of Theorem C
Here, we use Notation 4.1.2. In the following lemma, we compute generating
functions which we will use later to compute (7.2) in the proof of Theorem C.
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Lemma 7.1.1. Let Ca, Cb and Cab ⊂ R2
>0 be rational polyhedra such that

Ca = {(vx, vy) ∈ R2
>0 : a+ vx ≤ vy},

Cb = {(vx, vy) ∈ R2
>0 : vy < b+ vx}, and

Cab = {(vx, vy) ∈ R2
>0 : a+ vx ≤ vy < b+ vx},

where a, b ∈ R>0. Then the generating functions of Ca, Cb and Cab in X and
Y are the followings:

[Ca](X, Y ) = Y a

(1− Y )(1−XY ) ,

[Cb](X, Y ) = 1
(1−X)(1− Y ) −

Y b

(1− Y )(1−XY ) , and

[Cab](X, Y ) = Y a − Y b

(1− Y )(1−XY ) .

Proof. By Definition 3.5.3, we have

[Ca](X, Y ) =
∞∑

vx=0

∞∑
vy=vx+a

XvxY vy = Y a
∞∑

vx=0
XvxY vx

∞∑
vy=0

Y vy

= Y a
( 1

1−XY

)( 1
1− Y

)
= Y a

(1− Y )(1−XY ) .

Similarly

[Cb](X, Y ) =
∞∑

vx=0

vx+b−1∑
vy=0

XvxY vy =
∞∑

vx=0
Xvx

[
1− Y vx+b

1− Y

]

= 1
1− Y

∞∑
vx=0

Xvx − Y b

1− Y

∞∑
vx=0

(XY )vx

= 1
(1−X)(1− Y ) −

Y b

(1− Y )(1−XY ) .

Also

[Cab](X, Y ) =
∞∑

vx=0

vx+b−1∑
vy=vx+a

XvxY vy =
∞∑

vx=0
XvxY vx

[
Y a − Y b

1− Y

]

= 1
1−XY

[
Y a − Y b

1− Y

]
= Y a − Y b

(1− Y )(1−XY ) .

Let A ∈ Md×e(O) with r = rankK(A). Since O is a principal ideal domain,
we can obtain the Smith normal form for A such that

gAh =
diag(pλ1 , . . . , pλr) 0

0 0

 , (7.1)
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where λ1 ≤ · · · ≤ λr, for some g ∈ GLd(O) and h ∈ GLe(O). Let X be
algebraically independent variable over O. Our goal is to compute M(gAh;O)
instead of M(A;O) since the local ask zeta function of the former can be
computed using Proposition 4.5.1. Moreover, Corollary 4.4.1 shows that
Zask
M(AX;O)(t) = Zask

M(gAhX;O)(t).

Proof of Theorem C. Consider gAh as in (7.1). The norm of the set of all
nonzero i× i minors of gAhx is

||fi(x)|| = | sup{|gAhx|i×i : x ∈ O}| = |pσixi|.

where σi = λ1 + · · · + λi for i ≤ r since |pλ1| ≥ . . . ≥ |pλr |. Define M :=
M(gAhX;O). By Proposition 4.5.1

Zask
M (q−s) = 1

1− q−1

∫
O2

|y|s−d+r−1
r−1∏
i=0

|pσixi|
||pσi+1xi+1, pσixiy|| dµ(x, y).

We construct the polyhedra Cy,C1, . . . ,Cr such that

Cy = {(vx, vy) ∈ R2
>0 : vy < λ1 + vx},

C1 = {(vx, vy) ∈ R2
>0 : λ1 + vx ≤ vy < λ2 + vx},

...

Ci = {(vx, vy) ∈ R2
>0 : λi + vx ≤ vy < λi+1 + vx},

...

Cr = {(vx, vy) ∈ R2
>0 : λr + vx ≤ vy},

where vx and vy denote the valuation of x and y, respectively. Define U(·) :=
{(x, y) ∈ O2 : (vx, vy) ∈ ·}. Then

Zask
M (q−s) = 1

1− q−1

 ∫
U(Cy)

|y|s−d−1 dµ(x, y) +
∫

U(C1)

|y|s−d|pλ1x|−1 dµ(x, y)

+ · · ·+
∫

U(Cr)

|y|s−d+r−1|pσrxr|−1 dµ(x, y)

 .
Now put t = q−s. By Corollary 3.5.6

Zask
M (t) = (1− q−1)

[
[Cy](q−1, qdt) + qλ1 [C1](1, qd−1t)

+ · · ·+ qσr [Cr](qr−1, qd−rt)
]
. (7.2)
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By Lemma 7.1.1

[Cy](q−1, qdt) = 1
(1− q−1)(1− qdt) −

qdλ1tλ1

(1− qdt)(1− qd−1t)

= (1− qd−1t)− (qdλ1tλ1 − qdλ1−1tλ1)
(1− q−1)(1− qdT )(1− qd−1t)

= (1− qdλ1tλ1)− qd−1t(1− qd(λ1−1)tλ1−1))
(1− q−1)(1− qdt)(1− qd−1t)

= (1− qd−1t)∑λ1−1
n=0 (qdt)n + qdλ1−1tλ1

(1− q−1)(1− qd−1t) = Q0(q, t)
1− q−1 . (7.3)

For 1 ≤ i < r, we have

[Ci](qi−1, qd−it) = q(d−i)λitλi − q(d−i)λi+1tλi+1

(1− qd−it)(1− qd−1t)

= q(d−i)λitλi(1− q(d−i)(λi+1−λi)tλi+1−λi)
(1− qd−it)(1− qd−1t)

= q(d−i)λitλi
∑λi+1−λi−1
n=0 (qd−it)n

1− qd−1t
.

Then
r−1∑
i=1

qσi [Ci](qi−1, qd−it) =
∑r−1
i=1 q

σi+(d−i)λitλi
∑λi+1−λi−1
n=0 (qd−it)n

1− qd−1t

=
∑r−1
i=1 Qi(q, t)
1− q−1 . (7.4)

Moreover

qσr [Cr](qr−1, qd−rt) = qσr+(d−r)λrtλr

(1− qd−rt)(1− qd−1t) = Qr(q, t)
1− q−1 . (7.5)

By inserting (7.3), (7.4), and (7.5) in (7.2), we obtain

Zask
M (t) =

r∑
i=0

Qi(q, t).

Example 7.1.2. Let A =
p2 0

0 p3

. By Theorem C

Q0(q, t) = 1− qt+ q2t

1− qt , Q1(q, t) = q4t2 − q3t2

1− qt , Q2(q, t) = q5t3 − q4t3

(1− t)(1− qt) .

Hence

Zask
M(AX;O)(t) = (q2 − 2q + 1)q3t3 + (q3 − q2 − q + 1)qt2 + (q2 − q − 1)t+ 1

(1− t)(1− qt) .

Corollary 7.1.3. Let A ∈ Md×e(O) with r = rankK(A). Then the local abscissa
of convergence of Zask

M(AX;O)(q−s) is αM(AX;O) = max(d− 1, d− r).
Proof. The proof follows directly from the largest real pole of the local ask zeta
function of M(AX;O) in Theorem C.
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7.2 Global ask zeta functions
In this section, we give a generic computation for local ask zeta functions of
image modules associated with single matrices. We also compute global ask
zeta functions of image modules of single matrices. Here, we use Notation 4.2.1.

For a matrix A ∈ Md×e(K) with r = rankK(A), there exist g ∈ GLd(K)
and h ∈ GLe(K) such that

gAh =
Ir 0

0 0

 . (7.6)

By Corollary 4.4.3, we have Zask
M(AX;Ov)(t) = Zask

M(gAhX;Ov)(t) for almost all places
v ∈ VK . In the following lemma, we replace M(AX;Ov) with M(gAXh;Ov)
since the latter is easier to compute using Proposition 4.5.1.

Lemma 7.2.1. Let A ∈ Md×e(K) with r = rankK(A). Then for almost all
places v ∈ VK

Zask
M(AX;Ov)(t) = 1− qd−r−1

v t

(1− qd−1
v t)(1− qd−rv t) . (7.7)

Proof. Consider gAh in (7.6). Since all nonzero i× i minors are 1 or 0 for i ≤ r,
the norm of the set of all nonzero i× i minors of gAhX is

||fi(x)|| = | sup{|gAhx|i×i : x ∈ Ov}| = |x|i,

for i ≤ r. Define Mv := M(gAhX;Ov). By Proposition 4.5.1

Zask
Mv

(q−sv ) = 1
1− q−1

v

∫
O2
v

|y|s−d+r−1
r−1∏
i=0

|xi|
||xi+1, xiy||

dµ(x, y).

Then we construct two cones Cx and Cy such that

Cx = {(vx, vy) ∈ R2
>0 : vx ≤ vy} and Cy = {(vx, vy) ∈ R2

>0 : vx > vy},

where vx and vy denote the valuation of x and y, respectively. Define U(·) =
{(x, y) ∈ O2

v : (vx, xy) ∈ ·}. Then

Zask
Mv

(q−sv ) = 1
1− q−1

v

 ∫
U(Cx)

|y|s−d+r−1|x|−r dµ(x, y) +
∫

U(Cy)

|y|s−d−1 dµ(x, y)

 .
Put t = q−sv . By Lemma 3.6.2 and 3.6.3 (put ` = i = 1)

Zask
Mv

(t) = (1− q−1
v )

(
1

(1− qd−rv t)(1− qd−1
v t) + q−1

v

(1− q−1
v )(1− qd−1

v t)

)

= 1− qd−r−1
v t

(1− qd−1
v t)(1− qd−rv t) .
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Note that the formula in Lemma 7.2.1 can be also derived from [47, Propo-
sition 6.4] when ` = dimK(Mv ⊗ K) = 1. In the following, recall Notation
4.1.2.

Remark 7.2.2. Let A ∈ Md×e(O) with r = rankK(A). Define λ1, . . . , λr to be
as in Theorem C. If λ1 = · · · = λr = m ≥ 0, then σi = im and Wi(q, t) = 0 for
1 ≤ i < r. Then

Zask
M(AX;O)(t) =

m−1∑
n=0

(qdt)n + qdmtm
1− qd−r−1t

(1− qd−rt)(1− qd−1t) .

Define Ã = diag(Ir, 0) ∈ Md×e(O). From the proof of Lemma 7.2.1

Zask
M(AX;O)(t) =

m−1∑
n=0

(qdt)n + qdmtmZM(ÃX;O)(t).

Let Q̄(qv, q−sv ) be the rational function in (7.7). For each place v ∈ VK ,
we regard Q̃v(qv, q−sv ) to be the sum of rational functions in Theorem C for
Av ∈ Md×e(Ov). Next, we give a formula for global ask zeta functions of image
modules associated with single matrices.

Corollary 7.2.3. Let A ∈ Md×e(O). Then

ζask
M(AX;O)(s) =

∏
v∈VK\S

Q̄(qv, q−sv ) ·
∏
v∈S

Q̃v(qv, q−sv ).

where S ⊂ VK is a finite set of places.

Proof. By Proposition 4.2.2, the global ask zeta function

ζask
M(AX;O)(s) =

∏
v∈VK

ζask
M(AX;Ov)(s).

By Lemma 7.2.1

ζask
M(AX;Ov)(s) = Zask

M(AX;Ov)(q−sv ) = Q̄(qv, q−sv )

for almost all places v ∈ VK . Let S be the excluded finite set of places. By
Theorem C

ζask
M(AX;O)(s) =

∏
v∈VK\S

Q̄(qv, q−sv ) ·
∏
v∈S

Q̃v(qv, q−sv ).

Corollary 7.2.4. Let A ∈ Md×e(O) with r = rankK(A). Then the global
abscissa of convergence of ζask

M(AX;O)(s) is αM(AX;O) = max(d, d+ 1− r).

Proof. Let S be the excluded places from the generic formula in Lemma 7.2.1.
By Proposition 4.2.4 and Lemma 7.2.1, the global abscissa of convergence is
the abscissa of convergence of ∏

v∈VK\S
Q̄(qv, q−sv ).
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7.3 Ask zeta functions of Knuth duals
Here, we also give formulas for local and global ask zeta functions of image
modules associated with Knuth duals of a single matrix.

In the following two corollaries, we use Notation 4.1.2. Let A ∈ Md×e(O)
with r = rankK(A). Write A(X1) = AX1. Recall the notations in Section 1.4.

Corollary 7.3.1. Let A◦(X1, . . . , Xd), A•(X1, . . . , Xe), and A∨(X1) be Knuth
duals of A(X1). Then:

(i) A◦(X1, . . . , Xd) ≈ [pλ1X1, . . . , pλrXr, 0, . . . , 0] ∈ M1×e(O[X1, . . . , Xd]).

(ii) A•(X1, . . . , Xe) ≈ [pλ1X1, . . . , pλrXr, 0, . . . , 0]T ∈ Md×1(O[X1, . . . , Xe]).

(iii) A∨(X1) = ATX1.

Proof. This follows directly by applying Definition 1.4.1 on gAhX1 in (7.1).

In the following corollary, we give explicit formulas for the local ask zeta
functions of the image modules associated with Knuth duals of A(X1).

Corollary 7.3.2. Let A◦(X1, . . . , Xd), A•(X1, . . . , Xe), and A∨(X1) be Knuth
duals of A(X1). Then the local ask zeta functions of the duals are:

(i) Zask
M(A◦(X1,...,Xd);O)(t) =

r∑
i=0

Qi(q, q1−dt),

(ii) Zask
M(A•(X1,...,Xe);O)(t) =

r∑
i=0

Qi(q, t), and

(iii) Zask
M(A∨(X1);O)(t) =

r∑
i=0

Qi(q, qe−dt),

where Qi defined as in Theorem C.

Proof. This follows directly from Proposition 4.3.3.

Recall Notation 4.2.1. Let A ∈ Md×e(O) with r = rankK(A). Let Q̃v and
Q̄ be defined as in Section 7.2. In the following corollaries, let A(X1) = AX1.

Corollary 7.3.3. Let A◦(X1, . . . , Xd), A•(X1, . . . , Xe), and A∨(X1) be Knuth
duals of A(X1). For a finite set of places S, the global ask zeta functions of the
duals are:

(i) ζask
M(A◦(X1,...,Xd);Ov)(s) = ∏

v∈VK\S
Q̄(qv, q1−d−s

v ) · ∏
v∈S

Q̃v(qv, q1−d−s
v ),

(ii) ζask
M(A•(X1,...,Xe);Ov)(s) = ∏

v∈VK\S
Q̄(qv, q−sv ) · ∏

v∈S
Q̃v(qv, q−sv ), and

(iii) ζask
M(A∨(X1);Ov)(s) = ∏

v∈VK\S
Q̄(qv, qe−d−sv ) · ∏

v∈S
Q̃v(qv, qe−d−sv ).

Proof. This follows directly by applying Proposition 4.3.3 to Corollary 7.2.3.
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Corollary 7.3.4. Let αM(A(X1);O) and αM(A(X1);Ov) be the global and local
abscissa of the image module of A(X1). Then the global and the local abscissa
of Knuth duals are:

(i) αM(A◦(X1,...,Xd);O) = max(2− r, 1) and αM(A◦(X1,...,Xd);Ov) = max(1− r, 0).

(ii) αM(A•(X1,...,Xe);O) = max(d, d− r + 1) and αM(A•(X1,...,Xe);Ov) = max(d−
1, d− r).

(iii) αM(A∨(X1);O) = max(e, e− r + 1) and αM(A∨(X1);Ov) = max(e− 1, e− r).

Proof. Similar to the proof of Corollary 7.2.4, Corollary 7.3.3 and Proposition
4.2.4 show that the global abscissae of convergence in (i), (ii), and (iii) are
the abscissae of convergence of ∏

v∈VK\S
Q̄(qv, q1−d−s

v ), ∏
v∈VK\S

Q̄(qv, q−sv ), and∏
v∈VK\S

Q̄(qv, qe−d−sv ), respectively. Moreover, the local abscissae of (i), (ii),

and (iii) are the largest real poles of (i), (ii), and (iii) in Corollary 7.3.2,
respectively.





Chapter 8

Ask zeta functions of image
modules of matrices pencil

In this chapter, we write a generic formula for ask zeta functions of image
modules associated with matrix pencils, see Theorem D. A similar work can be
found for normal zeta functions of class 2-nilpotent groups, see [56, Theorem
2]. Here, we use Notation 4.2.1.

Theorem D. For A1, A2 ∈ Md×e(K), let A(X1, X2) = A1X1 + A2X2 be a
matrix pencil with a rational form

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTm` ,RĀ(X1, X2)),

where RĀ(X1, X2) is a rational form of the non-singular core of A(X1, X2) (If
A(X1, X2) is a non-singular matrix pencil, we put k = ` = 0 and RA(X1, X2) =
RĀ(X1, X2)). Then

Zask
M(A(X1,X2);Ov)(t) = 1− qk−2

v t

(1− qkv t)(1− qd−2
v t) +

h∑
i=1

Ni(Kv)Wi(qv, t),

where Ni(Kv) = #{ᾱ ∈ Kv : gi(ᾱ) = 0}, gi is a univariate polynomial, and
Wi(qv, t) is a rational function. The univariate polynomials gi’s and the rational
functions Wi(qv, t)’s can both be read off from the matrix core RĀ(X1, X2) (see
Definition 2.5.2).

8.1 Preliminaries
In this section, we provide some computations on the non-singular core which
we will use to prove Theorem D. Recall that A is called a diagonal block
matrix if A = diag(A1, . . . , Aw) where each Aj is a matrix for 1 ≤ j ≤ w. We
also call each Aj a diagonal block of A.

Lemma 8.1.1. Define [n] = {1, . . . , n}. Let J1, . . . , Jw be disjoint subsets of
[n] such that J1∪· · ·∪Jw = [n]. Let A = diag(A1, . . . , Aw) be a square diagonal
block matrix of size n over an arbitrary ring R where each A` is a diagonal

80
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block of A with nonzero determinant and formed by J` rows and columns for
1 ≤ ` ≤ w. For JR, JC ⊂ [n] with |JR| = |JC |, define B to be a square submatrix
of A formed by JR rows and JC columns. Define B` to be a submatrix of B
formed by JR ∩ J` rows and JC ∩ J` columns. Then

(i) If |JR ∩ J`| 6= |JC ∩ J`| for some `, then det(B) = 0.

(ii) if B is a nonzero determinant submatrix with size n − w + r where
1 ≤ r ≤ w, then it contains at least r diagonal blocks of A.

Proof. For (i), if B is contained in one of the diagonal blocks of A, say As,
then B = Bs where B` is an empty matrix for each ` 6= s. Since B is a square
submatrix, then Bs is also a square submatrix. Hence |JR ∩ J`| = |JC ∩ J`| for
all `. If B 6= B` for any `. Write B = B1 ⊕ · · · ⊕ Bw. Let Bs be a submatrix
such that |JR ∩ Js| > |JC ∩ Js| for some 1 ≤ s ≤ w. Let Bs be a square
submatrix of B with size |JR ∩ Js| which contains the submatrix Bs. Then Bs
has |JR∩Js|−|JC∩Js| columns of zeros. Hence det(Bs) = 0. By induction on k,
suppose that any square submatrix of B which contains Bs with size |JR∩Js|+k
is zero determinant. Let B be a square submatrix of B which contains Bs with
size |JR ∩ Js|+ k + 1. By Laplace expansion, det(B) = ∑|JR∩Js|+k+1

j=1 bij det(Bij)
where bij ’s are entries in B and Bij ’s are submatrices of B obtained by removing
ith row and jth column. Fix i 6∈ JR ∩ Js, then bij = 0 for all j ∈ JC ∩ Js since
B` are diagonal block for all `. Hence det(B) = ∑

j 6∈JC∩Js bij det(Bij). However
Bij’s are square submatrices of B with size |JR ∩ Js|+ k and contains Bs for
all j 6∈ JC ∩ Js. Therefore det(B) = 0 since det(Bij) = 0 for all j 6∈ JC ∩ Js.
Thus, all square submatrices of B which contain Bs has a zero determinant.
Similarly, if Bs is a square submatrix of A with |JR ∩ Js| < |JC ∩ Js| for some
s, then all square submatrices of B which contain Bs has a zero determinant.
Thus det(B) = 0 if |JR ∩ J`| 6= |JC ∩ J`| for some `. For (ii), if det(B) 6= 0. By
(i), each B` is either an empty or square submatrix of B for all `. Let B be size
n− w + r. Let S be another submatrix of A obtained by removing a column
and a row from w − r diagonal blocks of A. Then S is submatrix with size
n− w + r and contains the least possible diagonal blocks of A. However, since
S contains r diagonal blocks of A, then B must contain at least r blocks.

Notation 8.1.2. For an infinite field K, let R ∈ Mn(K) be a matrix in a
rational canonical form with the companion matrices C1, . . . , Cw the diagonal
blocks of R. Let n1, . . . , nw be the sizes of the companion matrices, respectively.
For 1 ≤ j ≤ w, suppose that each Cj is a companion matrix for a monic
polynomial which can be written as Fj(X) = cj0 + cj1X + · · ·+ cjnj−1X

nj−1 +
Xnj = ∏h

i=1 g
eij
i (X) where gi(X)’s are different monic irreducible polynomials

over K and eij ≥ 0. Since F1(x) | F2(x) | · · · | Fw(x), then ei1 ≤ ei2 ≤ · · · ≤ eiw
and we write eij = 0 for all gi(x) - Fj(x). Write 0 < di1 < · · · < diri where
di1 = min{eij : eij > 0}, di2 = min{eij : eij > di1}, . . . , diri = min{eij : eij >
diri−1}. For 1 ≤ j ≤ ri, let aij be the number of gi(x)’s with the exponent dij
in Fj(x).

In the followings, we use Notation 8.1.2. Also, define R̃Ā(X1, X2) :=
−RX2 + InX1.
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Lemma 8.1.3. Let Aj(X1, X2) be a diagonal block of R̃Ā(X1, X2) such that
Aj(X1, X2) = −CjX2 + InjX1 for 1 ≤ j ≤ w. Then det(Aj(X1, X2)) =
X
nj
2 Fj(X1X

−1
2 ) = X

nj
1 F ∗j (X−1

1 X2) where F ∗j is the reciprocal polynomial of Fj.
Proof. By (2.1), we have det(Aj(X1, X2)) = det(−CjX2 + InjX1) = cj0X

nj
2 +

cj1X
nj−1
2 X1 + · · ·+ cjnj−1X2X

nj−1
1 +X

nj
1 where cj1, . . . , cjnj−1 ∈ K. Hence

det(Aj(X1, X2)) = X
nj
2

[
cj0 + cj1

(
X1

X2

)
+ · · ·+ cjnj−1

(
X1

X2

)nj−1
+
(
X1

X2

)nj]
= X

nj
2 Fj(X1X

−1
2 ).

Similarly

det(Aj(X1, X2)) = X
nj
1

[
cj0

(
X2

X1

)nj
+ cj1

(
X2

X1

)nj−1
+ · · ·+ cjnj−1

(
X2

X1

)
+ 1

]
= X

nj
1 F ∗j (X−1

1 X2).

Let O be a compact discrete valuation ring.
Corollary 8.1.4. Let Aj(X1, X2) = −CjX2 + InjX1 be a diagonal block of
R̃Ā(X1, X2). DefineM := {diag(A1(x1, x2), . . . , Aw(x1, x2)) : x1, x2 ∈ O)}. Let
fk(x1, x2) be the set of all nonzero k × k minors of M . Then:
(i) If |x1| ≤ |x2|, then ||fk(x1, x2)|| = |x2|k for 1 ≤ k ≤ n − w and
||fn−w+w0(x1, x2)|| = |x2|n−w+w0

∏w0
j=1 |Fj(x1x

−1
2 )| where 1 ≤ w0 ≤ w.

(ii) If |x1| > |x2|, then ||fk(x1, x2)|| = |x1|k for 1 ≤ k ≤ n.
Proof. For (i), we have |x1| ≤ |x2|. By Lemma 3.6.1(i), we have ||fk(x1, x2)|| ≤
|x2|k. For 1 ≤ k ≤ nj − 1, there exists a minor equals to Xk

2 in the set of all
nonzero k × k minors of Aj(X1, X2). Thus there exists a minor equals to xk2 in
the set of k× k minors of M for 1 ≤ k ≤ n−w. Hence ||fk(x1, x2)|| = |x2|k for
0 ≤ k ≤ n−w. By Lemma 8.1.1(ii), a nonzero determinant submatrix of the size
n−w+w0 must include at least w0 blocks ofM for 1 ≤ w0 ≤ w. By Lemma 8.1.3,
we have det(Aj(X1, X2)) = X

nj
2 Fj(X1X

−1
2 ) and F1(X1X

−1
2 )| · · · |Fw(X1X

−1
2 ).

Therefore, we have ||fn−w+w0(x1, x2)|| = |x2|n−w+w0
∏w0
j=1 |Fj(x1x

−1
2 )|. Similarly

for (ii), we have ||fk(x1, x2)|| = |x1|k for 0 ≤ k ≤ n − w. Moreover, we
have ||fn−w+w0(x1, x2)|| = |x1|n−w+w0

∏w0
j=1 |F ∗j (x−1

1 x2)| for 1 ≤ w0 ≤ w. Since
|x1| > |x2|, we have

|F ∗j (x−1
1 x2)| = |cj0

(
x2

x1

)nj
+ · · ·+ cjnj−1

(
x2

x1

)
+ 1| = 1.

Thus ||fk(x1, x2)|| = |x1|k for 1 ≤ k ≤ n.

Corollary 8.1.5. Let ᾱ ∈ Kv such that Fj(ᾱ) = 0 where Fj(X) defined as in
Notation 8.1.2. Then for almost all places v ∈ VK, there exists α ∈ Ov such
that for all x ∈ Ov with x ≡ ᾱ mod Pv

|Fj(x)| = |x− α|eij ,

where 1 ≤ i ≤ h.
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Proof. By Notation 8.1.2, we have gi(x)’s are different monic irreducible poly-
nomials. By Lemma 3.3.4, each gi(x) has a different root over Kv for almost
all places v ∈ VK . Since Fj(x) = ∏h

i=1 g
eij
i (x), there exist gm(x) such that

gm(ᾱ) = 0 and gi(ᾱ) 6= 0 for all i 6= m. Write F (x) = g
emj
m (x)F̄j(x) then

F̄j(ᾱ) 6= 0. For all x ∈ Ov with x ≡ ᾱ mod Pv, we have |F̄j(x)| = 1 and
|Fj(x)| = |gm(x)|emj . By Lemma 3.3.3, we have |gm(x)| = |x − α|. Thus
|Fj(x)| = |x− α|emj .

8.2 Technical lemmas
In this section, we compute the integral in (8.9) to prove Theorem D. We will
use Notation 4.1.2.

Lemma 8.2.1. Let d1, d2 ∈ Z with d1 < d2 . Define the half-open polyhedra
Cy, C1 and C2 as follows:

Cy = {(vx, vy) ∈ R2
≥0 : vy < d1 · (vx + 1)},

C1 = {(vx, vy) ∈ R2
≥0 : d1 · (vx + 1) ≤ vy < d2 · (vx + 1)}, and

C2 = {(vx, vy) ∈ R2
≥0 : d2 · (vx + 1) ≤ vy}.

Then the generating functions for Cy, C1 and C2 in X and Y are

[Cy](X, Y ) = 1− Y d1

(1−X)(1− Y )(1−XY d1) ,

[C1](X, Y ) = Y d1 −Xd2

(1− Y )(1−XY d1)(1−XY d2) , and

[C2](X, Y ) = Y d2

(1− Y )(1−XY d2) .

Proof. By Definition 3.5.3

[Cy](X, Y ) =
∞∑

vx=0

d1·(vx+1)−1∑
vy=0

XvxY vy =
∞∑

vx=0
Xvx

(
1− Y d1·(vx+1)

1− Y

)

= 1
1− Y

 ∞∑
vx=0

Xvx − Y d1
∞∑

vx=0
(XY d1)vx


= 1

1− Y

(
1

1−X −
Y d1

1−XY d1

)
= 1− Y d1

(1− Y )(1−X)(1−XY d1) .

Similarly,

[C1](X, Y ) =
∞∑

vx=0

d2·(vx+1)−1∑
vy=d1·(vx+1)

XvxY vy =
∞∑

vx=0
Xvx

(
Y d1·(vx+1) − Y d2·(vx+1)

1− Y

)

= 1
1− Y

Y d1
∞∑

vx=0
(XY d1)vx − Y d2

∞∑
vx=0

(XY d2)vx


= 1
1− Y

(
Y d1

1−XY d1
− Y d2

1−XY d2

)
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= Y d1 − Y d2

(1− Y )(1−XY d1)(1−XY d2) .

Also,

[C2](X, Y ) =
∞∑

vx=0

∞∑
vy=d2·(vx+1)

XvxY vy = Y d2
∞∑

vx=0
(XY d2)vx

∞∑
vy=0

Y vy

= Y d2

(1− Y )(1−XY d2) .

Lemma 8.2.2. Let x and y ∈ O. let k, aj, dj ∈ Z where 1 ≤ j ≤ r and
0 < d1 < . . . < dr. Define π(j) = a1d1 + · · ·+ ajdj and π(0) = 0. Also, define
γ(j) = k + aj + · · ·+ ar. Then

∫
O2

|y|s−k−1
r∏
j=1
||(px)dj , y||−aj dµ(x, y) = (1− q−1)

By + (1− q−1)
r∑
j=1

Bj

 ,
where

By = 1− qγ(1)d1td1

(1− qγ(1)t)(1− qγ(1)d1−1td1) ,

Bj = qπ(j−1)+γ(j)dj tdj − qπ(j)+γ(j+1)dj+1tdj+1

(1− qγ(j+1)t)(1− qπ(j−1)+γ(j)dj−1tdj)(1− qπ(j)+γ(j+1)dj+1−1tdj+1) ,

for 1 ≤ j < r, and

Br = qπ(r)+kdrtdr

(1− qkt)(1− qπ(r)+kdr−1tdr) .

Proof. Consider the half-open polyhedra Cy,C1, . . . ,Cr where

Cy = {(vx, vy) ∈ R2
≥0 : vy < d1 · (vx + 1)},

C1 = {(vx, vy) ∈ R2
≥0 : d1 · (vx + 1) ≤ vy < d2 · (vx + 1)},

...

Cr−1 = {(vx, vy) ∈ R2
≥0 : dr−1 · (vx + 1) ≤ vy < dr · (vx + 1)},

Cr = {(vx, vy) ∈ R2
≥0 : dr · (vx + 1) ≤ vy},

where vy = v(y) and vx = v(x). Define U(·) = {(x, y) ∈ O : (vx, vy) ∈ ·}. Then
divide the domain of the integral into U(Cy), U(C1), . . . , U(Cr). We obtain the
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following
∫
O2

|y|s−k−1
r∏
j=1
||(px)dj , y||−aj dµ(x, y) =

∫
U(Cy)

|y|s−γ(1)−1 dµ(x, y)

+ qπ(1)
∫

U(C1)

|y|s−γ(2)−1|x|−π(1) dµ(x, y)

...

+ qπ(r)
∫

U(Cr)

|y|s−k−1|x|−π(r) dµ(x, y).

(8.1)

Put t = q−s. By Corollary 3.5.6, the integral in (8.1) becomes

(1− q−1)2

[Cy](q−1, qγ(1)t) +
r∑
j=1

qπ(j)[Cj](qπ(j)−1, qγ(j+1)t)
 . (8.2)

By Lemma 8.2.1, the generating functions for these polyhedra are:

[Cy](X, Y ) = 1− Y d1

(1−X)(1− Y )(1−XY d1) ,

[Cj](X, Y ) = (Y )dj − (Y )dj+1

(1− Y )(1−XY dj)(1−XY dj+1) , for 1 ≤ j < r, and

[Cr](X, Y ) = Y dr

(1− Y )(1−XY dr) .

Define By = (1 − q−1)[Cy](q−1, qγ(1)t), Bj = qπ(j)[Cj](qπ(j)−1, qγ(j+1)t) for 1 ≤
j ≤ r. Then

By = 1− qγ(1)d1td1

(1− qγ(1)t)(1− qγ(1)d1−1td1) ,

Bj = qπ(j−1)+γ(j)dj tdj − qπ(j)+γ(j+1)dj+1tdj+1

(1− qγ(j+1)t)(1− qπ(j−1)+γ(j)dj−1tdj)(1− qπ(j)+γ(j+1)dj+1−1tdj+1) ,

for 1 ≤ j < r, and

Br = qπ(r)+kdr−1tdr

(1− qkt)(1− qπ(r)+kdr−1tdr) .

Note that π(j) + γ(j + 1)dj = π(j − 1) + γ(j)dj. Then (8.2) becomes

(1− q−1)
By + (1− q−1)

r∑
j=1

Bj

 .
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8.3 Proof of Theorem D
In this section, we prove Theorem D. We will use Notation 4.2.1 and Notation
8.1.2.

Let A(X1, X2) ∈ Md×e(Ov) be a matrix pencil with a rational form

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTm` ,RĀ(X1, X2)).

By Corollary 4.4.3, we have Zask
M(A(X1,X2);Ov)(t) = Zask

M(RA(X1,X2);Ov)(t) for almost
all places v ∈ Vk. Define R̃A(X1, X2) = RA(−X2, X1). By Corollary 1.1.4,
we have M(R̃A(X1, X2);Ov) = M(RA(X1, X2);Ov). In proof of Theorem D,
we write a formula for ask zeta function of M(R̃A(X1, X2);Ov) instead of
M(A(X1, X2);Ov) since both have the same ask zeta function for almost all
places v ∈ VK .

Proof of Theorem D. Let r = m1+· · ·+mk+mk+1+· · ·+mk+` and let n be the
size of the non-singular core. Since Lmi ∈ M(mi+1)mi(K[X1, X2]) for 1 ≤ i ≤ k+
`, we have d = n+r+k and e = n+r+` where rankK(X1,X2)(R̃A(X1, X2)) = n+r.
If A(X1, X2) is a non-singular matrix pencil, then ` = k = r = 0 and d = e = n.
Define Mv := M(R̃A(X1, X2);Ov). By Proposition 4.5.1

Zask
Mv

(q−sv ) = (1−q−1
v )−1

∫
O3
v

|y|s−k−1
n+r∏
j=1

||fj−1(x1, x2)||
||fj(x1, x2) ∪ fj−1(x1, x2)y|| dµ(x1, x2, y)

(8.3)
where fj(x1, x2) is the set of all nonzero j × j minors of Mv. Consider the
following half-open cones

Cy = {(v1, v2, vy) ∈ R3
≥0 : vy < v1 and vy < v2},

C1 = {(v1, v2, vy) ∈ R3
≥0 : v1 < v2 and v1 ≤ vy},

C2 = {(v1, v2, vy) ∈ R3
≥0 : v2 ≤ v1 and v2 ≤ vy},

where v1 = v(x1), v2 = v(x2) and vy = v(y). Define U(·) := {(x1, x2, y) ∈ O3
v :

(v1, v2, vy) ∈ ·}. Divide the domain of the integral in (8.3) into U(Cy),U(C1)
and U(C2). In U(Cy), we have |y| > ||x1, x2||. By Lemma 3.6.2 (put ` = 2)

∫
U(Cy)

|y|s−k−1
n+r∏
j=1

||fj−1(x1, x2)||
||fj−1(x1, x2)|| · |y| dµ(x1, x2, y) = q−2

v (1− q−1)
1− qd−2

v t
. (8.4)

where t = q−s. In U(C1), we have |x1| ≥ ||x2, y|| and |x1| > |x2|. Definition
2.4.2 shows that each Lmi contains a minor equal to Xmi

1 for 1 ≤ i ≤ k + `.
Hence, we have diag(Lm1 , . . . , Lmk , L

T
mk+1

, . . . , LTmk+`
) contains a minor Xr

1 . By
Corollary 8.1.4(ii), we have ||fj(x1, x2)|| = |x1|j for 1 ≤ j ≤ n+ r. By Lemma
3.6.3 (put ` = 2 and i = 1)

∫
U(C1)

|y|s−k−1
n+r∏
j=1

|x1|j−1

|x1|j
dµ(x1, x2, y) = q−1

v (1− q−1
v )2

(1− qkv t)(1− qd−2
v t) . (8.5)
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In U(C2), we have |x2| ≥ ||x1, y||. Put x1 = x′1x2 and y = x2y
′. Then we

map J : O3
v −→ U(C2) via J(x′1, x2, y

′) 7→ (x′1x2, x2, x2y
′) where the deter-

minant of Jacobian matrix det
[
∂J(x′1,x2,y′)
∂(x′1,x2,y′)

]
= x2

2. Similarly, Definition 2.4.2
shows that each Lmi contains a minor equal to Xmi

2 for 1 ≤ i ≤ k + `.
Hence diag(Lm1 , . . . , Lmk , L

T
mk+1

, . . . , LTmk+`
) contains a minor Xr

2 . By Corol-
lary 8.1.4(i), we have ||fj(x′1x2, x2)|| = |xj2| for 1 ≤ j ≤ n + r − w and
||fn+r−w+w0(x′1x2, x2)|| = |x2|n+r−w+w0

∏w0
j=1 |Fj(x′1)| for 1 ≤ w0 ≤ w. By Theo-

rem 3.4.3∫
U(C2)

|y|s−k−1
n+r∏
j=1

||fj−1(x1, x2)||
||fj(x1, x2) ∪ fj(x1, x2)y|| dµ(x1, x2, y)

=
∫
O3
v

|x2y
′|s−k−1|x2|2

n+r∏
j=1

||fj−1(x′1x2, x2)||
||fj(x′1x2, x2) ∪ fj−1(x′1x2, x2)x2y′||

dµ(x′1, x2, y
′)

=
∫
O3
v

|y′|s−k−1|x2|s−d+1
w∏
j=1

|∏j−1
j0=1 Fj0(x′1)|

||∏j
j0=1 Fj0(x′1),∏j−1

j0=1 Fj0(x′1)y′||
dµ(x′1, x2, y

′)

= 1− q−1
v

1− qd−2
v t

∫
O2
v

|y′|s−k−1
w∏
j=1
||Fj(x′1), y′||−1 dµ(x′1, y′). (8.6)

We can decompose the domain of x′1 in the integral (8.6) into sets of the form
α + Pv where α ∈ Ov. If Fj(α) 6≡ 0 mod Pv for all j, then |Fj(x′1)| = 1 for all
x′1 ∈ α+Pv. Put pvx = x′1−α then we map Ov −→ α+Pv via J0(x) 7→ pvx+α
where |d J0(x)

dx | = |pv|. Therefore, the integral in (8.6) becomes
∫

α+Pv×Ov

|y′|s−k−1
w∏
j=1
||Fj(x′1), y′||−1 dµ(x′1, y′) =

∫
O2
v

|y′|s−k−1|pv| dµ(x, y′)

= q−1
v (1− q−1

v )
(1− qkv t)

. (8.7)

Let ᾱ ∈ Kv such that Fj(ᾱ) = 0. Then there exists gi such that gi(ᾱ) = 0 for
1 ≤ i ≤ h. By Corollary 8.1.5, there exist α ∈ Ov such that for all x′1 ∈ Ov
with x′1 ≡ ᾱ mod Pv

|Fj(x′1)| = |x′1 − α|eij ,
Hence, if Fj(α) ≡ 0 mod Pv for any j, then the integral in (8.6) becomes

∫
α+Pv×Ov

|y′|s−k−1
w∏
j=1
||(x′1 − α)eij , y′||−1 dµ(x′1, y′). (8.8)

Put pvx = x′1 − α and consider 0 < di1 < · · · < diri and ai1, . . . , airi as in
Notation 8.1.2. Then (8.8) becomes

q−1
v

∫
O2
v

|y′|s−k−1
ri∏
j=1
||(pvx)dij , y′||−aij dµ(x, y′). (8.9)
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Define γi(j) = k + aij + aij+1 + · · · + airi and π(j) = a1d1 + · · · + ajdj. By
Lemma 8.2.2, then (8.9) becomes

(1− q−1
v )

By(i) + (1− q−1
v )

ri∑
j=1

Bj(i)
 , (8.10)

where

By(i) = q−1(1− qγi(1)di1
v tdi1)

(1− qγi(1)
v t)(1− qγi(1)di1−1

v tdi1)
,

Bj(i) = q
πi(j−1)+γi(j)dij−1
v tdij − qπi(j)+γi(j+1)dij+1−1

v tdij+1

(1− qγi(j+1)
v t)(1− qπi(j−1)+γi(j)dij−1

v tdij)(1− qπi(j)+γi(j+1)dij+1−1
v tdij+1)

,

for 1 ≤ j < ri, and

Bri(i) = q
πi(ri)+kdiri−1
v tdiri

(1− qkv t)(1− q
πi(ri)+kdiri−1
v tdiri )

.

Now define Ni(Kv) = #{ᾱ ∈ Kv : gi(ᾱ) = 0}. For 1 ≤ i ≤ h, define L(qv, t)
and Hi(qv, t) to be the rational functions in (8.7) and (8.10), respectively. Then
(8.6) becomes

1− q−1
v

1− qd−2
v t

[(
qv −

h∑
i=1

Ni(Kv)
)
L(qv, t) +

h∑
i=1

Ni(Kv)Hi(qv, t)
]
. (8.11)

Define the rational function Wi(qv, t) as follows

Wi(qv, t) =
(1− q−1

v )(1− qkv t)
[
By(i) + (1− q−1

v )∑ri
j=1Bj(i)

]
− q−1

v (1− q−1
v )

(1− qkv t)(1− qd−2
v t) .

Then (8.11) becomes

(1− q−1
v )2

(1− qkv t)(1− qd−2
v t) + (1− q−1

v )
h∑
i=1

Ni(Kv)Wi(qv, t). (8.12)

By (8.4), (8.5) and (8.12), we obtain

Zask
Mv

(t) = 1− qk−2
v t

(1− qkv t)(1− qd−2
v t) +

h∑
i=1

Ni(Kv)Wi(qv, t).

Remark 8.3.1. Define πi(j) = ai1di1 + · · ·+ aijdij and πi(0) = 0. Also, define
γi(j) = k + aij + · · · + airi . The rational function Wi(qv, t) in Theorem D is
defined by:

Wi(qv, t) :=
(1− q−1

v )(1− qkv t)
[
By(i) + (1− q−1

v )∑ri
j=1Bj(i)

]
− q−1

v (1− q−1
v )

(1− qkv t)(1− qd−2
v t) ,
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where

By(i) = q−1
v

∑di1−1
m=0 (qγi(1)

v t)m

(1− qγi(1)di1−1
v tdi1)

,

Bj(i) = q
πi(j−1)+γi(j)dij−1
v tdij

∑dij+1−dij−1
m=0 (qγi(j+1)

v t)m

(1− qπi(j−1)+γi(j)dij−1
v tdij)(1− qπi(j)+γi(j+1)dij+1−1

v tdij+1)
,

for 1 ≤ j < ri, and

Bri(i) = q
πi(ri)+kdiri−1
v tdiri

(1− qkv t)(1− q
πi(ri)+kdiri−1
v tdiri )

.

Example 8.3.2. Let A(X1, X2) be a non-singular matrix pencil with a rational
form R(X1, X2) = RX1 + I6X2, where

R =



0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 −1 0 −2 0


.

Using Notation 8.1.2, we have F1(X) = X2 + 1 and F2(X) = (X2 + 1)2. Hence
h = 1 where g1(X) = X2 + 1. By Remark 8.3.1

By(1) = q−1
v

1− qvt
, B1(1) = qvt

(1− qvt)(1− q2
vt

2) , and B2(1) = q2
vt

2

1− q2
vt

2 .

From Remark 8.3.1, we can obtain the rational function W1(qv, t). If qv ≡ 3
mod 4, then g1(X) = X2 + 1 has no solutions over Kv and N1(Kv) = 0. Thus

Zask
M(A(X1,X2);Ov)(t) = 1− q−2

v t

(1− t)(1− q4
vt)
.

If qv ≡ 1 mod 4, then g1(X) = X2 + 1 has two solutions and N1(Kv) = 2.
Hence

Zask
M(A(X1,X2);Ov)(t) = 1− q−2

v t

(1− t)(1− q4
vt)

+ 2 ·W1(qv, t).





Chapter 9

Ask zeta functions of relation
modules of single matrices

In this chapter, we introduce the notion of admissible matrices of linear forms
which is analogue to admissible partial colorings [11, Definition 1.4]. Over a
finite field, we compute the number of matrices by rank in relation vector spaces
associated with single matrices which allows us to write weakly equivalence
classes of these modules for almost all places. Moreover, we give formulas
for ask zeta functions of relation modules associated with single matrices, see
Theorem E. In Theorem E, we use Notation 4.2.1.
Theorem E. Let A ∈ Md×e(K) with r = rankK(A). Then for almost all places
v ∈ Vk

Zask
Reld×e(AX;Ov)(t) =


(1−q−e+1

v t)2

(1−t)(1−qd−ev t)(1−q−e+2
v t) , if r = 1,

1−q−ev t

(1−t)(1−qd−ev t) , otherwise.

9.1 Admissible matrices of linear forms
Here, we introduce admissible matrices of linear forms which are analogous to
admissible partial colorings mentioned in [11, Section 1.3].

Recall that [d] = {1, . . . , d}. Let d, e ≥ 1. Let A1, . . . ,A` be pairwise
disjoint subsets of [d] × [e]. For a ring R, let A1, . . . , A` ∈ Md×e(R) where
Ak = [akij] such that akij ∈ R× if and only if (i, j) ∈ Ak and zero otherwise
for 1 ≤ k ≤ `. Let A(X) = A1X1 + · · · + A`X`. Then we say that A(X)
is a matrix of linear forms associated with the pairwise disjoint sets
A1, . . . ,A`. Let JR ⊂ [d] and JC ⊂ [e] such that if Ak ∩ (JR × JC) 6= ∅, then
Ak ⊂ JR× JC for all k. Define B(X) to be the submatrix of A(X) obtained by
selecting rows from JR and columns from JC . Then we say B(X) is a closed
submatrix of A(X).
Definition 9.1.1. A matrix of linear forms A(X) is admissible if:
(i) A(X) is associated with a sequence of pairwise disjoint sets, and

(ii) every non-empty closed submatrix of A(X) contains at least one zero
entry.
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Example 9.1.2. Consider the matrix pencil A(X) = A1X1+A2X2 ∈ M3(Q[X])
where A1 and A2 are given by one of the following pairs of matrices.


1 2 0
1 0 0
0 0 1

 ,


0 0 1
0 1 0
0 3 0






1 2 0
1 0 0
0 0 1

 ,


0 0 0
0 1 0
0 3 0






1 2 0
1 0 0
0 0 0

 ,


0 0 1
0 1 2
0 0 0




(a) (b) (c)

Then A(X) is admissible in (a). However, we have the closed submatrices[
X2

3X2

]
and

[
X1 2X1 X2

X1 X2 2X2

]
in (b) and (c), respectively, which do not contain at

least a zero. Hence A(X) is not admissible.

Let A(X) ∈ Md×e(R) be a matrix of linear forms associated with disjoint
pairwise subsets A1, . . . ,A` ⊂ [d]× [e]. We can interpret these sets as sets of
partial colorings. Thus, a relation module of a matrix of linear forms associated
with these sets is also a relation module of partial colorings mentioned in
[11, Section 1.3]. Moreover, relation modules of admissible matrices of linear
forms are relation modules associated with admissible partial colorings, see
[11, Definition 1.4]. In the following theorem, we use Notation 4.1.2.

Theorem 9.1.3 (Cf. [11, Corollary B]). Let A(X) ∈ Md×e(O[X]) be an ad-
missible matrix of linear forms. Then Zask

Rel(A(X);O)(t) = 1−q−et
(1−t)(1−qd−et) .

Next, we use Notation 4.2.1.

Corollary 9.1.4. Let A(X) ∈ Md×e(K[X]) be an admissible matrix of linear
forms. Then for almost all places v ∈ VK

Zask
Rel(A(X);Ov)(t) = 1− q−ev t

(1− t)(1− qd−ev t) .

Proof. Let A(X) = A1X1 + · · · + A`X` where Ak = [akij] for 1 ≤ k ≤ `. Let
S := {v ∈ VK : v(akij) 6= 0 for any akij ∈ Ak, 1 ≤ k ≤ `}. Since S is a finite
set, choose any v ∈ VK \S. Then A(X) ∈ Md×e(Ov[X]) is an admissible matrix
of linear forms. By Proposition 9.1.3, we have

Zask
Rel(A(X);Ov)(t) = 1− q−ev t

(1− t)(1− qd−ev t)

for almost all places v ∈ VK .

We use Corollary 9.1.4 and Corollary 4.4.3 to obtain the same formula for
relation modules associated with matrices of linear forms which are weakly
equivalent to relation modules associated with admissible matrices of linear
forms for almost all place v ∈ VK .
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9.2 Counting the number of matrices in rela-
tion vector spaces of single matrices over
finite fields

In this section, we compute the number of matrices with rank r in a relation
vector space associated with a single matrix over finite fields.

For an arbitrary field K, let A ∈ Md×e(K) be a matrix with rankK(A) = n.
Then there exist g ∈ GLd(K) and h ∈ GLe(K) such that gAh = Un,d,e where
Un,d,e := diag(In, 0(d−n)×(e−n)). Therefore, we have Rel(AX;K) is equivalent to
Rel(UnX;K).

Let Fq denote a finite field with size q. For a subspace M ⊂ Md×e(Fq), we
denote by Nr(M) the number of matrices in M with rank r. Landsberg [36]
proved that

Nr(Md×e(Fq)) =
r−1∏
k=0

(qd − qk)(qe − qk)
qr − qk

. (9.1)

Moreover, Bender [7] stated that

Nr(sln(Fq)) = q−1
r−1∏
k=0

(qn − qk)2

qr − qk
− (1− q−1)

r−1∏
k=0

qn − qk

qk+1 − 1 , (9.2)

where sln(Fq) denotes the traceless n× n matrices over Fq. Note that

Rel(InX;Fq) = {x ∈ Mn(Fq) : 〈In, x〉 = 0}

= {[xij] ∈ Mn(Fq) :
n∑
i=1

xii = 0} = sln(Fq).

Thus

Rel(Un,d,eX;Fq) =
 sln(Fq) Mn×(e−n)(Fq)

M(d−n)×e(Fq)

 . (9.3)

In the following, we shall use the formulas in (9.1) and (9.2) to obtain a
formula for the number of matrices in (9.3). For a matrix A, we denote by
rowFq(A) the dimension of the row space of A over Fq. Moreover, define
Mj(r, d, e) := q(r−j)eNj(M(d−r+j)×e(Fq)).

Lemma 9.2.1. Let M̄ ⊂ Mm×n(Fq) be subspace. Define

M :=
{

[a, b] ∈ Mm×e(Fq) : a ∈ M̄, b ∈ Mm×(e−n)(Fq)
}
.

Then Nr(M) = ∑r
j=0Mj(r,m, e− n)Nr−j(M̄).

Proof. For r ≥ 0, fix a ∈ M̄ with rank r − j where 0 ≤ j ≤ r. Let b ∈
Mm×(e−n)(Fq) such that rankFq [a, b] = r. Then b induces a linear map Fe−nq −→
Fmq via x 7→ bx. Let ψ : Fe−nq → Fmq /rowFq(a) be the linear map induced via
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x 7→ bx + rowFq(a) = b̄x where b̄ is a submatrix of b obtained by removing
r − j rows from b with the same indices of r − j independent rows in a. Note
that if rankFq([a, b]) = r, then rankFq(b̄) = j. Moreover, if rankFq(b̄) = j,
then rankFq([a, b]) = r. Hence rankFq(b̄) = j if and only if rankFq([a, b]) = r.
First, we count all the possible ways to write b̄ with rankFq(b̄) = j. Since
Fmq /rowFq(a) ≈ Fm−r+jq , we count all matrices in M(m−r+j)×(e−n)(Fq) with rank
j which is given by Nj(M(m−r+j)×(e−n)(Fq)) in (9.1). Now we count the number
of ways to write b such that rankFq(b̄) = j. Define φ : Fmq → Fmq /rowFq(a)

via y 7→ y + rowFq(a). Consider the epimorphism Hom(Fe−nq ,Fmq ) Hom(Fe−nq ,φ)−−−−−−−→
Hom(Fe−nq ,Fmq /rowFq(a)) where (Fe−nq

b−→ Fmq ) 7→ (Fe−nq
b−→ Fmq

φ−→ Fmq /rowFq(a))
as in the following diagram:

Fe−nq Fmq

Fmq /rowFq(a).

b

b̄
φ

Then

Nr([a,Mm×(e−n)(Fq)]) = | ker(Hom(Fe−nq , φ)| · Nj(M(m−r+j)×(e−n)(Fq))
= |Hom(Fe−nq , ker(φ))| · Nj(M(m−r+j)×(e−n)(Fq))
= |Hom(Fe−nq , rowFq(a))| · Nj(M(m−r+j)×(e−n)(Fq))
= q(r−j)(e−n)Nj(M(m−r+j)×(e−n)(Fq)).

Therefore, the number of matrices in M is the sum

Nr([M̄,Mm×(e−n)(Fq)]) =
r∑
j=0

q(r−j)(e−n)Nj(M(m−r+j)×(e−n)(Fq))Nr−j(M̄)

=
r∑
j=0
Mj(r,m, e− n)Nr−j(M̄).

Remark 9.2.2. Let M̄ ⊂ Mm×n(Fq). Define

M :=
{

[a, b]T ∈ Md×n(Fq) : a ∈ M̄, b ∈ M(d−m)×n(Fq)
}
.

By using the transpose of MT and Lemma 9.2.1, we obtain the following:

Nr(MT ) =
r∑
j=0
Mj(r, n, d−m)Nr−j(M̄) = Nr(M).

Corollary 9.2.3. Let M̄ ⊂ Mm×n(Fq). Define

M :=


 a b

c

 ∈ Md×e(Fq) : a ∈ M̄, b ∈ Mm×(e−n)(Fq), c ∈ M(d−m)×e(Fq)

 .
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Then

Nr(M) =
r∑
j=0
Mj(r, e, d−m)

r−j∑
i=0
Mi(r − j,m, e− n)Nr−i−j(M̄).

Proof. Define M̃ := {[a, b] ∈ Mm×e(Fq) : a ∈ M̄, b ∈ Mm×(e−n)(Fq)}. By
Lemma 9.2.1, we have

Nr(M) =
r∑
j=0
Mj(r, e, d−m)Nr−j(M̃). (9.4)

By Remark 9.2.2 and (9.4), we obtain

Nr(M) =
r∑
j=0
Mj(r, e, d−m)

r−i∑
i=0
Mi(r − j,m, e− n)Nr−i−j(M̄).

In the following, we use (9.3) to give a formula for counting the number of
matrices in Rel(AX;Fq) where A.

Remark 9.2.4. Let A ∈ Md×e(K) be a matrix with rankK(A) = n. To
compute Nr(Rel(AX;Fq)), we compute Rel(UnX;Fq) by using Corollary 9.2.3
and (9.2). Thus

Nr(Rel(AX;Fq)) =
r∑
j=0
Mj(r, e, d− n)

r−i∑
i=0
Mi(r − j, n, e− n)Nr−i−j(sln(Fq)).

Computing by Sage [51], we obtain a formula for the number of matrices with
rank 1 in Rel(AX;Fq):

N1(Rel(AX;Fq)) = qd+e−1 + qd+e−n−1(q − 1)− qd − qe + 1
q − 1 . (9.5)

The formula in (9.5) shows that for any two matrices A,B ∈ Md×e(Fq) with
rankFq(A) 6= rankFq(B), we have

N1(Rel(AX;Fq)) 6= N1(Rel(BX;Fq)).

9.3 Equivalence classes and Proof of Theorem
E

In this section, we recall the notion of staircase modules of matrices. For a
number field K, we write the number of equivalence classes of relation modules
associated with single matrices in Md×e(K) for almost all places. We also prove
Theorem E. Here, we use Notation 4.2.1.

In Remark 9.2.4, we showed that for any two matrices A,B ∈ Md×e(Kv)
with rankKv(A) 6= rankKv(B), we have N1(Rel(AX;Kv)) 6= N1(Rel(BX;Kv)).
Hence Rel(AX;Kv) is not equivalent to Rel(BX;Kv).
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Lemma 9.3.1. Let A,B ∈ Md×e(K) with rankK(A) = nA and rankK(B) = nB.
Then Rel(AX;K) is equivalent to Rel(BX;K) if and only if nA = nB.
Proof. If nA = nB, then A is equivalent to B over K. Corollary 1.2.3(ii)
shows that Rel(AX;K) is equivalent to Rel(BX;K). Now suppose that
Rel(AX;K) is equivalent to Rel(BX;K). Then there exist g ∈ GLd(K)
and h ∈ GLe(K) such that Rel(AX;K) = gRel(BX;K)h. By Corollary
4.4.1, we have g ∈ GLd(Ov) and h ∈ GLe(Ov) for almost all places v ∈ VK .
Thus Rel(AX;Ov) is equivalent to Rel(BX;Ov) for almost all places v ∈ VK .
Let Rel(AX;Ov) θ−→ Hom(Odv,Oev) and Rel(BX;Ov) θ̄−→ Hom(Odv,Oev) be the
inclusion maps. By Lemma 1.3.4, we have θ and θ̄ are isotopic for almost
all places v ∈ VK . Let Rel(AX;Ov /Pn

v ) θn−→ Hom((Ov/Pn
v )d, (Ov/Pn

v )e) and
Rel(BX;Ov /Pn

v ) θ̄n−→ Hom((Ov/Pn
v )d, (Ov/Pn

v )e) be also the inclusion maps.
Then θn and θ̄n are isotopic for almost all places v ∈ VK . Thus Rel(AX;Kv) is
equivalent to Rel(BX;Kv) for almost all places v ∈ VK . By Remark 9.2.4, we
have rankKv(A) = rankKv(B) for almost all places v ∈ VK . Thus nA = nB.

Let m = (m0, . . . ,md) ∈ Nd+1
0 and let e = m0 + · · ·+md. Define a matrix

Sm = [sij]1≤i≤d
1≤j≤e

∈ Md×e(Z) such that

sij =


1 if j > ∑

k<i
mk,

0 otherwise.

Then we call Sm the staircase matrix associated with m, see [50, Section
5.1.1].
Proposition 9.3.2 ([50, Proposition 5.10]). Let M := {[sijxij] ∈ Md×e(O) :
xij ∈ O, sij ∈ Sm}. Then

Zask
M (t) = 1

1− t

d−1∏
j=0

1− q
−1+d−j−

∑
k>j

mk

t

1− q
d−j−

∑
k>j

mk

t

.

A module M , defined as in Proposition 9.3.2, is called a staircase module
associated with m ∈ Nd+1

0 .

Proof of Theorem E. We have A is equivalent to Ur,d,e since rankK(A) = r.
By Corollary 1.2.3(ii) and Lemma 4.4.2, we have Rel(AX;Ov) is equivalent
to Rel(UrX;Ov) for almost all places v ∈ VK . If r = 1, then Rel(U1X;Ov)
is equivalent to a staircase module associated with (0, . . . , 0, 1, e − 1). By
Proposition 9.3.2

Zask
Rel(U1X;Ov)(t) = (1− q−e+1

v t)2

(1− t)(1− qd−ev t)(1− q−e+2
v t) .

For r > 1, we have UrX is an admissible matrix of linear forms. By Proposition
9.1.3

Zask
Rel(UrX;Ov)(t) = 1− q−ev t

(1− t)(1− qd−ev t) .
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For n = min{d, e}, Lemma 9.3.1 shows that there are (n+ 1) equivalence
classes of relation modules associated with single matrices in Md×e(K). By
Corollary 4.4.3, relation modules of each equivalence class of single matrices
have the same ask zeta functions for almost all places v ∈ VK . However,
Theorem B gives us only two formulas for ask zeta functions of these modules.
Thus, relation modules of single matrices, that are not equivalent, may have
the same ask zeta functions.





Chapter 10

Ask zeta functions of relation
modules of matrix pencils

In this chapter, we write all the possible formulas for ask zeta function of
relation modules associated with matrix pencils for almost all places. We also
prove Theorem F which is analogous to [50, Eq 5.26 & 5.28] for relation modules
associated with matrix pencils. Here, we use Notation 4.2.1.

Theorem F. Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a matrix pencil such that

A(X1, X2) = diag(0(d−m)×(e−n), B(X1, X2)),

where B(X1, X2) ∈ Mm×n(K[X1, X2]) is also a matrix pencil. Then for almost
all places v ∈ VK

Zask
Rel(A(X1,X2);Ov)(t) = (1− qn−ev t)(1− qm−ev t)

(1− t)(1− qd−ev t) Zask
Rel(B(X1,X2);Ov)(qn−ev t).

Theorem F allows us to reduce a matrix pencil A(X1, X2) to a matrix pencil
B(X1, X2) which does not contain zero rows or columns. Then we use Theorem
F to obtain the ask zeta function of the relation module associated with
A(X1, X2) from the ask zeta of the relation module associated with B(X1, X2).

Theorem G. Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a matrix pencil. Let
B(X1, X2) be the largest submatrix pencil of A(X1, X2) which does not contain
zero rows or columns.

(i) If B(X1, X2) is weakly equivalent to an admissible matrix pencil, then for
almost all places v ∈ VK:

Zask
Rel(A(X1,X2);Ov)(t) = 1− q−ev t

(1− t)(1− qd−ev t) .

(ii) Suppose that B(X1, X2) is not weakly equivalent to an admissible matrix
pencil. Further suppose that B(X1, X2) has one of the following rational
forms:

– RB(X1, X2) = diag(L1, In−1aX1 + In−1X2),

99
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– RB(X1, X2) = diag(LT1 , In−1aX1 + In−1X2), or
– RB(X1, X2) = diag(In−2a, C)X1 + InX2

where C is a companion matrix of size 2, n ≤ d, e, and a ∈ K. Then for
almost all places v ∈ VK:

Zask
Rel(A(X1,X2);Ov)(t) = (1− q1−e

v t)2

(1− t)(1− qd−ev t)(1− q2−e
v t) .

(iii) If B(X1, X2) has a rational form RB(X1, X2) = L1 or RB(X1, X2) = LT1 ,
then for almost all places v ∈ VK:

Zask
Rel(A(X1,X2);Ov)(t) = (1− q1−e

v t)(1− q2−e
v t)

(1− t)(1− qd−ev t)(1− q3−e
v t) .

(iv) If B(X1, X2) has a rational form RB(X1, X2) = CX1 + I2X2 where C is
a companion matrix of size 2, then for almost all places v ∈ VK:

Zask
Rel(A(X1,X2);Ov)(t) = (1− q−ev t)

(1− t)(1− qd−ev t) +
h∑
i=1

Ni(Kv)Wi(qv, q2−e
v t),

where Ni(Kv)’s and Wi(qv, t)’s are defined as in Theorem D.

In the first two sections, we discuss all the cases of relation modules of
non-singular matrix pencils. We start with two cases, in the first section, which
are not (always) weakly equivalent to admissible matrix pencils. Then we
write the cases which are always weakly equivalent to admissible matrix pencils
in Section 10.2. In Section 10.3 and Section 10.4, we discuss all the cases of
relation modules of singular matrix pencils that do not contain zero rows or
columns. Similarly, we start with four cases, in Section 10.3, which are not
(always) weakly equivalent to admissible matrix pencils. In Section 10.4, we
write the cases which are always weakly equivalent to admissible matrix pencils.
Finally, we prove Theorem F and Theorem G in Section 10.5.

10.1 Relation modules of non-admissible non-
singular matrix pencils

In this section, we will show two cases where non-singular matrix pencils are
not (always) weakly equivalent to admissible matrix pencils. We will also write
formulas for the zeta functions of these two cases.

Recall from Definition 2.2.3 that a non-singular matrix pencil A(X1, X2) ∈
Mn(K[X1, X2]) has a rational form RA(X1, X2) = RX1 + InX2 where R is a
matrix in a rational canonical form. We write R = diag(C1, . . . , Cw) where Ci
is a companion matrix of a monic polynomial Fi(X) for 1 ≤ i ≤ w.
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Lemma 10.1.1. Let C ∈ M2(K) be a companion matrix of a monic polynomial
f(X) of degree 2. Let A(X1, X2) be a non-singular matrix pencil with a rational
form RA(X1, X2) = CX1 + I2X2. Then

Zask
Rel(A(X1,X2);Ov)(t) = Zask

M(A(X1,X2);Ov)(t)

for almost all places v ∈ VK.

Proof. Let f(X) = a0 + a1X +X2 where a0, a1 ∈ K. We have

RA(X1, X2) =
 X2 X1

−a0X1 X2 − a1X1

 .

Let g =
−1 0
a1 1

. Then

gRT
A(−X2, X1) =

−X1 a0X2 + a1X1

X2 X1

 .
where T is the transpose. By Corollary 1.2.3(ii) and Corollary 1.1.4

gM(RT
A(X1, X2);K) =


−x1 a0x2 + a1x1

x2 x1

 : x1, x2 ∈ K

 .
We also have

Rel(RA(X1, X2);Ov) =


−x1 a0x2 + a1x1

x2 x1

 : x1, x2 ∈ Ov

 ,
By Corollary 4.4.1 and Proposition 4.3.3, we obtain

Zask
Rel(RA(X1,X2);Ov)(t) = Zask

gM(RTA(X1,X2);Ov)(t) = Zask
M(RA(X1,X2);Ov)(t)

for almost all place v ∈ VK .

Lemma 10.1.1 gives us a case that can be computed using Theorem D.

Corollary 10.1.2. Let C ∈ M2(K) be a companion matrix of a monic polyno-
mial F (X) of degree 2. Write F (X) = ∏h

i=1 g
ei
i where gi’s are different monic

irreducible polynomials. Let A(X1, X2) be a non-singular matrix pencil with a
rational form RA(X1, X2) = CX1 + I2X2. Then for almost all places v ∈ VK

Zask
M(A(X1,X2);Ov)(t) = 1− q−2

v t

(1− t)2 +
h∑
i=1

Ni(Kv)Wi(qv, t),

where Wi(qv, t) = q−1
v (1−q−1

v )[qeiv tei−1+(1−t)
∑ei−1

m=0(qvt)m]
(1−t)2(1−qei−1

v tei )
.
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Proof. By Lemma 10.1.1, we have Zask
Rel(A(X1,X2);Ov)(t) = Zask

M(A(X1,X2);Ov)(t) for
almost all places v ∈ VK . Using Notation 8.1.2, we have w = 1 and k = ` = 0.
Since F (X) = ∏h

i=1 g
ei
i where gi is an irreducible polynomial and h, ei ≤ 2, we

have γi = 1 and πi = ei. Define N(Kv) = # {α ∈ Kv : gi(α) = 0}. By Remark
8.3.1, we have

By(i) = q−1
v

∑ei−1
m=0(qvt)m

1− qei−1
v tei

and B1(i) = qei−1
v tei

(1− t)(1− qei−1
v tei) .

Thus Wi(qv, t) = q−1
v (1−q−1)[qei tei−1+(1−t)

∑ei−1
m=0(qvt)m]

(1−t)2(1−qei−1
v tei )

. By Theorem D

Zask
M(A(X1,X2);Ov)(t) = 1− q−2

v t

(1− t)2 +
h∑
i=1

Ni(Kv)Wi(qv, t).

Proposition 10.1.3. Let d, e, n ∈ N where 3 ≤ n ≤ d, e and let c ∈ Ov. Define
M := {[xij] ∈ Md×e(Ov) : x(n−1)n = 0}, M1 = {[xij] ∈ Md×e(Ov) : ∑n

i=1 xii =
0, x(n−1)n = 0}, and M2 := {[xij] ∈ Md×e(Ov) : ∑n

i=1 xii = cxn(n−1), x(n−1)n =
0}. Then uM = uM1 = uM2 for all u ∈ Odv \{0}.

Proof. Let eij be the elementary matrix with 1 in position (i, j) and zeros
elsewhere. Let X = [Xij]1≤i≤d

1≤j≤e
. If X ∈M , then X can be written in terms of

the linear combination
X =

∑
J

Xijeij,

where J = {(i, j) ∈ [d]× [e] : (i, j) 6= (n− 1, n)}. Thus M is generated by all
eij where 1 ≤ i ≤ d and 1 ≤ j ≤ e with (i, j) 6= (n − 1, n). For a fix s < n,
write M1 = {[xij] ∈ Md×e(Ov) : ∑n

k=1
k 6=s

xkk = −xss, x(n−1)n = 0}. If X ∈ M1,
then Xss = −∑n

k=1
k 6=s

Xkk and X can be expressed as

X =
∑
J1

Xijeij +
n∑
k=1
k 6=s

Xkkekk −
n∑
k=1
k 6=s

Xkkess =
∑
J1

Xijeij +
n∑
k=1
k 6=s

Xkk(ekk − ess),

where J1 = {(i, j) ∈ [d] × [e] : i 6= j whenever i, j ≤ n, (i, j) 6= (n − 1, n)}.
Hence M1 is generated by eij and ekk− ess (with k ≤ n, i 6= j whenever i, j ≤ n,
and (i, j) 6= (n− 1, n)). Moreover, if X ∈M2, then Xn(n−1) = 1

c

∑n
k=1Xkk and

X can be written as

X =
∑
J2

Xijeij +
n∑
k=1

Xkk(ekk + 1
c
en(n−1)),

where J2 = {(i, j) ∈ [d] × [e] : i 6= j whenever i, j ≤ n, (i, j) 6= (n −
1, n) or (n, n− 1)}. Therefore M2 is generated by eij and 1

c
en(n−1) + ekk (with

i 6= j whenever i, j ≤ n, k ≤ n, and (i, j) 6= (n− 1, n) or (n, n− 1)). We want
to show that uM = uM1 = uM2 for all u ∈ Odv \{0}. Since M1,M2 ⊂ M , it
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suffices to show uM1, uM2 ⊃ uM . Let (e1, . . . , ed) ⊂ Odv be the standard basis.
Since ueij = uiej, we have uM spanned by all uiej with (i, j) 6= (n − 1, n).
Similarly, we have uM1 spanned by all uiej and ukek − uses (with i 6= j
whenever i, j ≤ n, k ≤ n, and (i, j) 6= (n − 1, n)). Moreover, we have uM2
generated by all uiej and 1

c
unen−1 + ukek (with i 6= j whenever i, j ≤ n,

k ≤ n, and (i, j) 6= (n − 1, n) or (n, n − 1)). Let u` = gcd(u1, . . . , un). Since
n ≥ 3, we may choose s 6= ` or n. To show that uM ⊂ uM1, uM2, we
need to show ukek ∈ uM1 ∩ uM2 for any 1 ≤ k ≤ n and unen−1 ∈ uM2.
Since |us| ≤ |u`|, we have u`e` = (u`e` − uses) + us

u`
u`es ∈ uM1. Hence

ukek = (ukek − u`e`) + u`e` ∈ uM1. Therefore, we have uM ⊂ uM1. More-
over, we have unen−1 = (unen−1 + cuses) − cus

u`
u`es ∈ uM2. Thus ukek =

(1
c
unen−1 + ukek)− 1

c
unen−1 ∈ uM2.

We will use Proposition 10.1.3 to prove a formula in the following lemma.

Lemma 10.1.4. For n ≥ 3, let R ∈ Mn(K) be a rational canonical form such
that R = diag(C1, . . . , C1, C2) where C1 is a companion matrix of a monic
polynomial f1(X) of degree 1, and C2 is a companion matrix for a monic
polynomial f2(X) of degree 2. Let A(X1, X2) be a non-singular matrix pencil
with a rational form RA(X1, X2) = RX1 + InX2. Then for almost all places
v ∈ VK

Zask
Rel(A(X1,X2);Ov)(t) =


(1−q1−n

v t)2

(1−t)2(1−q2−n
v t) if a0 = −a2,

1−q−nv t
(1−t)2 otherwise.

Proof. Let f1(X) = a+X and f2(X) = a0 +a1X+X2 where a, a0, a1 ∈ K and
f1(X)|f2(X). If a0 6= −a2, then the constant a 6= 0 in f1(X) since f1(X)|f2(X).
Hence

R(X1, X2) =



X2 + aX1
. . .

X2 + aX1

X2 X1

−a0X1 X2 − a1X1


.

Put X ′2 = X2 + aX1. Then we map RX1 + InX2 −→ R′X1 + InX
′
2 where

R′ = R− Ina. Then

RA(X1, X
′
2) =



X ′2
. . .

X ′2

X ′2 − aX1 X1

−a0X1 X ′2 − a′1X1


, where a′1 = a1 + a.
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Let g1 = diag

In−3,


1 0 0
−1 1 0
0 0 1


 and h1 = diag

In−3,


1 1 0
0 1 0
0 0 1


 . Then

g1RA(X1, X
′
2)h1 =



X ′2
. . .

X ′2 X ′2

−X ′2 −aX1 X1

−a0X1 X ′2 − a′1X1


.

If a′1 = 0, then g1RA(X1, X
′
2)h1 is an admissible matrix pencil. However, if

a′1 6= 0, let g2 = diag
In−2,

 1 0
a′1 1

 . Then

g2g1RA (X1, X
′
2)h1 =



X ′2
. . .

X ′2 X ′2

−X ′2 −aX1 X1

−a′1X ′2 −(a0 + aa′1)X1 X ′2


. (10.1)

Suppose that a0 = −aa′1 = −(a2 +aa1) and write f2(X) = (X+a)(X+b) where
b ∈ K. Since a0 = ab and a1 = a+ b, then ab = −(a2 + a(a+ b)) = −(2a2 + ab).
Thus a0 = −a2. However, we have a0 6= −a2 and a0 6= −(a2 + aa1) = −aa′1.
Then g2 (g1RA (X1, X

′
2)h1) is an admissible matrix pencil. By Corollary 9.1.4

and Corollary 4.4.1

Zask
Rel(A(X1,X2);Ov)(t) = 1− q−nv t

(1− t)2 ,

for almost all places v ∈ VK . For the second part, suppose that a0 = −a2.
Then a0 = −aa′1 and (10.1) becomes

g2g1RA (x1, x
′
2)h1 =



X ′2
. . .

X ′2 X ′2

−X ′2 −aX1 X1

−a′1X ′2 0 X ′2


.
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Let g3 = diag

In−3,


1 0 0
0 1 0
a′1 0 1


 and h2 = diag

In−2,

1 0
a 1

 . Then

g3g
−1
1 g2g1RA(X1, X

′
2)h1h

−1
1 h2 =



X ′2
. . .

X ′2

X ′2 X1

cX ′2 X ′2


, (10.2)

where c = a′1 + a. Put g = g3g
−1
1 g2g1 and h = h2. If c = 0, define M1 :=

Rel(gRA(X1, X
′
2)h;Ov) = {[xij] ∈ Mn(Ov) : ∑n

i=1 xii = 0, x(n−1)n = 0}. If
c 6= 0, define M2 := Rel(gRA(X1, X

′
2)h;Ov) = {[xij] ∈ Mn(Ov) : ∑n

i=1 xii =
cxn(n−1), x(n−1)n = 0}. Moreover, define M := {[xij] ∈ Mn(Ov) : x(n−1)n = 0}.
By Proposition 10.1.3 (put d = e = n), we have uM = uM1 = uM2 for all u ∈
Odv \ {0}. Using Corollary 4.1.5, we have Zask

M (t) = Zask
M1(t) = Zask

M2(t). Moreover,
we have M is equivalent to a staircase module of m = (0, . . . , 0, 1, n− 1). By
Proposition 9.3.2

Zask
M (t) = (1− q1−n

v t)2

(1− t)2(1− q2−n
v t) .

By Corollary 4.4.1

Zask
Rel(A(X1,X2);Ov)(t) = (1− q1−n

v t)2

(1− t)2(1− q2−n
v t)

for almost all places v ∈ VK .

10.2 Relation modules associated with admis-
sible non-singular matrix pencils

In this section, we write all cases of non-singular matrix pencils which are
always weakly equivalent to admissible matrix pencils. This allows us to use
Proposition 9.1.4 to obtain ask zeta functions of modules associated with these
matrix pencils for almost all places v ∈ VK .
Lemma 10.2.1. For ` ≥ 2, let R2` = diag(C, . . . , C) ∈ M2`(K) where C is a
companion matrix of a monic polynomial f(X) of degree 2. Let A(X1, X2) be a
non-singular matrix pencil with a rational form RA(X1, X2) = R2`X1 + I2`X2.
Then A(X1, X2) is weakly equivalent to an admissible matrix pencil.
Proof. Let f(X) = a0 + a1X +X2 where a0, a1 ∈ K. If ` = 2, then

RA(X1, X2) =


X2 X1 0 0
−a0X1 X2 − a1X1 0 0

0 0 X2 X1

0 0 −a0X1 X2 − a1X1

 .
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Let g1 =


1 0 0 0
0 1 1 0
0 0 1 0
1 0 0 1

 and h1 =


1 0 0 −1
0 1 0 0
0 −1 1 0
0 0 0 1

. Then

g1RA(X1, X2)h1 =


X2 X1 0 −X2

−a0X1 −a1X1 X2 (a0 + 1)X1

0 −X2 X2 X1

X2 (a0 + 1)X1 −a0X1 −a1X1

 . (10.3)

Then g1RA(X1, X2)h1 = g1(R4X1 + I4X2)h1 is an admissible matrix pencil. If
` = 3, then RA(X1, X2) is of form:

X2 X1 0 0 0 0
−a0X1 X2 − a1X1 0 0 0 0

0 0 X2 X1 0 0
0 0 −a0X1 X2 − a1X1 0 0
0 0 0 0 X2 X1

0 0 0 0 −a0X1 X2 − a1X1


.

Let g2 =



1 0 0 0 0 0
0 1 1 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 0 0 0 1 0
0 0 1 0 0 1


and h2 =



1 0 0 −1 0 0
0 1 0 0 0 0
0 −1 1 0 0 −1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


.

Then g2RA(X1, X2)h2 is of the form:

X2 X1 0 −X2 0 0
−a0X1 −a1X1 X2 (a0 + 1)X1 0 −X2

0 −X2 X2 X1 0 −X2

X2 (a0 + 1)X1 −a0X1 −a1X1 0 a0X1

0 0 0 0 X2 X1

0 −X2 X2 X1 −a0X1 −a1X1


.

Then g2RA(X1, X2)h2 = R6X1 + I6X2 is an admissible matrix pencil. For ` > 3,
we have RA(X1, X2) = R2`X1 + I2`X2. If 2|`, write g = diag(g1, . . . , g1) and
h = diag(h1, . . . , h1) such that

gRA(X1, X2)h = diag(g1(R4X1 + I4X2)h1, . . . , g1(R4X1 + I4X2)h1).
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If 2 - `, let g = diag(g1, . . . , g1, g2) and h = diag(h1, . . . , h1, h2) such that
gRA(X1, X2)h is of the form

diag(g1(R4X1 + I4X2)h1, . . . , g1(R4X1 + I4X2)h1, g2(R6X1 + I6X2)h2).

In both cases, we have gRA(X1, X2)h is an admissible matrix pencil.

Lemma 10.2.2. Let C ∈ Mn(K) be a companion matrix of a monic polynomial
F (X) of degree n ≥ 3. Let A(X1, X2) be a non-singular matrix pencil with a
rational form RA(X1, X2) = CX1 + InX2. Then A(X1, X2) is weakly equivalent
to an admissible matrix pencil.

Proof. Let F (X) = a0 + a1X + · · ·+ an−1X
n−1 +Xn where a0, . . . , an−1 ∈ K.

If an−1 = 0, then

RA(X1, X2) =



X2 X1
. . .

. . .

X2 X1

−a0X1 −a1X1 · · · X2

 .

Then RA(X1, X2) is an admissible matrix pencil. If an−1 6= 0 and an−3 = 0,

let g = diag(In−3, g1) and h = diag(In−3, h1) where g1 =


1 0 0
0 1 0
−1 0 1

 and

h1 =


1 0 1
0 1 0
0 0 1

 . Then

gRA(X1, X2)h =



X2 X1
. . .

. . .

X2 X1 0 X1

X2 X1 X2

X2 X1

−a0X1 . . . −an−4X1 −X2 −(an−2 + 1)x1 −an−1x1


.

Then gRA(X1, X2)h is an admissible matrix pencil. However, if an−1 6= 0 and
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an−3 6= 0, let h̄ = diag(In−3, h2) where h2 =


1 0 −an−1

an−3

0 1 0
0 0 1

 . Then

RA(X1, X2)h̄ =



X2 X1
. . .

. . .

X2 X1 0 −an−1
an−3

X1

X2 X1 −an−1
an−3

X2

X2 X1

−a0X1 −a1X1 · · · −an−3X1 −an−2X1 X2


.

Then RA(X1, X2)h̄ is an admissible matrix pencil.

Corollary 10.2.3. Let R ∈ Mn(K) be a matrix in a rational canonical form
such that R = diag(C1, . . . , Cw) where Ci is a companion matrix of a monic
polynomial fi(X) for 1 ≤ i ≤ w. Let A(X1, X2) be a non-singular matrix
pencil with a rational form RA(X1, X2) = RX1 + InX2. If there exist at least
two companion matrices of polynomials of degree 2 among C1, . . . , Cw, then
A(X1, X2) is weakly equivalent to an admissible matrix pencil.

Proof. Let s ≤ n and S ∈ M2s(K) be the square submatrix of R which only
contains the companion matrices of degree 2. We have S is not an empty
matrix since R contains at least two companion matrices of degree 2. Write
S = diag(C̄1, . . . , C̄s) where C̄i’s are the companion matrices of degree 2
for 1 ≤ i ≤ s. By Lemma 10.2.1, there exist gs, hs ∈ GL2s(K) such that
gs(SX1 + I2sX2)hs is an admissible matrix pencil. Let d < n and D ∈ Md(K)
be the square submatrix of R which only contains the companion matrices of
degree ≥ 3. If D is not an empty matrix, write D = (C̄s+1, . . . , C̄`) where C̄j
is a companion matrix of degree dj ≥ 3 for s+ 1 ≤ j ≤ `. By Lemma 10.2.2,
there exist gj, hj ∈ GLdj(K) such that gj(C̄jX1 + IdjX2)hj is an admissible
matrix pencil. Let ḡd, h̄d ∈ GLd(K) such that ḡd = diag(gs+1, . . . , g`) and
h̄d = diag(hs+1, . . . , h`). Then

ḡd(DX1+IdX2)h̄d = diag(gs+1(C̄s+1X1+Ids+1X2)hs+1, . . . , g`(C̄`X1+Id`X2)h`)

is an admissible matrix pencil. Let R̄ = diag(S,D) and let ḡ, h̄ ∈ GL2s+d(K)
such that ḡ = diag(gs, gs+1, . . . , g`) and h̄ = diag(hs, hs+1, . . . , h`). Then

ḡ(R̄X1 + I2s+dX2)h̄ = diag(gs(SX1 + I2sX2)hs, ḡd(DX1 + IdX2)h̄d)

is an admissible matrix pencil. For e < n, let e be the size of the squire
submatrix of R which only contains the companion matrices of degree 1. If
e > 0, write E = diag(Iea, C2, C2) where a ∈ K×. By Lemma 10.2.1, there exist
g1, h1 ∈ GL4(K) such that g1 diag(C2, C2)h1 as in (10.3). Let ge ∈ GLe+4(K)
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such that ge =



1 0 0 0

Ie
...

...
...

...

1 0 0 0
0 I4

. Then geg1(EX1 + Ie+4X2)h1g−Te is of

the form:

aX1 −X2 . . . −X2 X2 X1 0 −X2

−X2
. . .

. . .
...

...
...

...
...

...
. . . aX1 −X2

...
...

...
...

−X2 · · · −X2 aX1 X2 X1 0 −X2

−X2 · · · · · · −X2 X2 X1 0 −X2

a0X1 · · · · · · aX1 −a0X1 −a1X1 X1 (a0 + 1)X1

0 · · · · · · 0 0 −X2 X2 X1

−X2 · · · · · · −X2 X2 (a0 + 1)X1 −a0X1 −a1X1



.

Thus geg1(EX1 + Ie+4X2)h1g−Te is an admissible matrix pencil. Let g, h ∈
GLe(K) such that g = diag(geg1, In−(e+4)) and h = diag(g−Te h1, In−(e+4)). Let
g, h ∈ GLn(K) such that g = diag(Ie, ḡ) and h = (Ie, h̄). Then

g(g(RX1 + InX2)h)h = g diag(IeaX1 + IeX2, ḡ(R̄X1 + I2s+dX2)h̄)h

is an admissible matrix pencil.

Corollary 10.2.4. Let R ∈ Mn(K) be a matrix in a rational canonical form
such that R = diag(C1, . . . , Cw) where Ci is a companion matrix of a monic
polynomial fi(X) for 1 ≤ i ≤ w. Let A(X1, X2) be a matrix pencil with a
rational form RA(X1, X2) = RX1 +InX2. If there exists a companion matrix Ci
of a monic polynomial fi(X) of degree ≥ 3, then A(X1, X2) is weakly equivalent
to an admissible matrix pencil.

Proof. Let d ≤ n and D ∈ Md(K) be the square submatrix of R which only
contains the companion matrices of degree ≥ 3. Then D is not an empty matrix
since R contains at least one companion matrix of degree ≥ 3. Write D =
diag(C̄1, . . . , C̄`) where C̄j is a companion matrix of degree dj ≥ 3 for 1 ≤ j ≤ `.
By Lemma 10.2.2, there exist gj, hj ∈ GLdj(K) such that gj(C̄jX1 + IdjX2)hj
is an admissible matrix pencil. Write Dj(X1, X2) = gj(C̄jX1 + IdjX2)hj and
let gd, hd ∈ GLd(K) such that gd = diag(g1, . . . , g`) and hd = diag(h1, . . . , h`).
Then

gd(DX1 + IdX2)hd = diag(D1(X1, X2), . . . , D`(X1, X2))

is an admissible matrix pencil. If R contains more than one companion matrix
of degree 2, then Corollary 10.2.3 shows that A(X1, X2) is weakly equivalent
to an admissible matrix pencil. Hence, suppose that R contains only one
companion matrix of degree 2, say C̄. Let S = diag(C̄, C̄1) where C̄ is a
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companion matrix of a monic polynomial of the form f(X) = a0 + a1X +X2.
Let

ḡ1 = diag




1 0 0
0 1 1
0 0 1

 , Id1−1

 and h̄1 = diag




1 0 0
0 1 0
0 −1 1

 , Id1−1

 .
Let r1(X1, X2) and c1(X1, X2) be the first row and column of D1(X1, X2),
respectively. Then

g1(SX1 + Id1+2X2)h1 =


X2 X1 0
−a0X1 −a1X1 r1(X1, X2)

0 −c1(X1, X2) D1(X1, X2)

 ,
where g1 = ḡ1 diag(I2, g1) and h1 = diag(I2, h1)h̄1. Then g1(SX1 + Id1+2X2)h1
is an admissible matrix pencil. Let R̄ = diag(C2, D) and let

ḡ = diag




1 0 0
0 1 1
0 0 1

 , Id−1

 and h̄ = diag




1 0 0
0 1 0
0 −1 1

 , Id−1

 .
Write g = ḡ diag(I2, gd) and h = diag(I2, hd)h̄. Then

g(R̄X1 + Id+2X2)h = diag(g1(SX1 + Id1+2X2)h1, D2(X1, X2), . . . , D`(X1, X2))

is an admissible matrix pencil. Let e be the size of the squire submatrix of
R which only contains the companion matrices of degree 1. If e > 0, then
R = diag(Iea, R̄) where a ∈ K×. Let g0 ∈ GLn(K) where

g0 =



1 0 . . . 0

Ie
...

...
...

1 0 . . . 0
0 In−e

.

Then ḡ(RX1 + InX2)h̄ is of the form:

aX1 −X2 . . . −X2 X2 X1 0 · · · 0

−X2
. . .

. . .
...

...
...

...
...

...
. . . aX1 −X2

...
...

...
...

−X2 · · · −X2 aX1 X2 X1 0 · · · 0
−X2 · · · · · · −X2

a0X1 · · · · · · a0X1

0 · · · · · · 0 g(R̄X1 + Id+2X2)h
...

...

0 · · · · · · 0



,
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where ḡ = g0 diag(Ie, g) and h̄ = diag(Ie, h)g−T0 . Hence ḡ(RX1 + InX2)h̄ is an
admissible matrix pencil. If R doesn’t contain a companion matrix of order 2,
then R = diag(Iea,D). Let g = g0 diag(Ie, gd) and h = diag(Ie, hd)g−T0 . Then
g(RX1 + InX2)h is of the form:

aX2 −X1 . . . −X1 r1(X1, X2) 0 · · ·

−X1
. . .

. . .
...

...
...

...
. . . aX2 −X1

...
...

−X1 · · · −X1 aX2 r1(X1, X2) 0 · · ·
−c1(X1, X2) · · · · · · −c1(X1, X2) D1(X1, X2)

0 · · · · · · 0 . . .

...
... D`(X1, X2)


Therefore, we have g(RX1 + InX2)h is an admissible matrix pencil.

In this section, we covered all cases of non-singular matrix pencils A(X1, X2)
with a rational form RX1 + InX2 except the two cases where R = C or
diag(In−2a, C) where C is a companion matrix of a monic polynomial of degree
2 and a ∈ K. Those two cases were dealt with in Section 10.1. Note that
the case where R = Ina is not a matrix pencil since we can use a change of
variables (X ′2 = aX1 + X2) to map the matrix of linear form A(X1, X2) into
A(X ′2) via InaX1 + InX2 −→ InX

′
2.

10.3 Relation modules of non-admissible sin-
gular matrix pencils

In this section, we show four cases where singular matrix pencils, which do not
contain zero rows or columns, are not (always) weakly equivalent to admissible
matrix pencils. We also write ask zeta functions of relation modules associated
with these cases for almost all places v ∈ VK .

Lemma 10.3.1. Let A(X1, X2) ∈ M2×1(K[X1, X2]) be a matrix pencil with
a rational form RA(X1, X2) = L1. Then for almost all places v ∈ VK,
Zask

Rel(A(X1,X2);Ov)(t) = 1
1−q2

vt
.

Proof. By Definition 2.4.2, we have L1 =
X1

X2

 . Thus Rel(RA(X1, X2);Ov) =

{[xij] ∈ M2×1(K) : x11 = 0, x21 = 0} = 02×1. Then Example 4.1.4 completes
the proof.

The following corollary is obtained by the transpose of Lemma 10.3.1.

Corollary 10.3.2. Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a matrix pencil with
a rational form RA(X1, X2) = LT1 . Then for almost all places v ∈ VK,
Zask

Rel(A(X1,X2);Ov)(t) = 1
1−qvt .
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Proof. This follows immediately from Lemma 10.3.1 and Proposition 4.3.3.

Proposition 10.3.3. Let 2 ≤ n ≤ d, e. Define M := {[xij] ∈ Md×e(Ov) :
x(n+1)n = 0} and M1 = {[xij] ∈ Md×e(Ov) : ∑n

i=1 xii = 0, x(n+1)n = 0}. Then
uM = uM1 for all u ∈ Odv \ {0}.

Proof. Let eij be the elementary matrix with 1 in position (i, j) and zeros
elsewhere. Let X = [Xij]1≤i≤d

1≤j≤e
. If X ∈M , then X can be written in terms of

the linear combination
X =

∑
J

Xijeij,

where J = {(i, j) ∈ [d]× [e] : (i, j) 6= (n+ 1, n)}. Thus M is generated by all
eij where 1 ≤ i ≤ d and 1 ≤ j ≤ e with (i, j) 6= (n + 1, n). For a fix s ≤ n,
write M1 = {[xij] ∈ Md×e(Ov) : ∑n

k=1,k 6=s xkk = −xss, x(n+1)n=0}. If X ∈ M1,
then Xss = −∑n

k=1
k 6=s

Xkk and X can be expressed as

X =
∑
J1

Xijeij +
n∑
k=1
k 6=s

Xkkekk −
n∑
k=1
k 6=s

Xkkess

=
∑
J1

Xijeij +
n∑
k=1
k 6=s

Xkk(ekk − ess),

where J1 = {(i, j) ∈ [d] × [e] : i 6= j whenever i, j ≤ n, (i, j) 6= (n + 1, n)}.
Hence M1 is generated by eij and ekk−ess (with i 6= j whenever i, j ≤ n, k ≤ n,
and (i, j) 6= (n+ 1, n)). We want to show that uM = uM1 for all u ∈ Odv \ {0}.
Since M1 ⊂ M , it suffices to show uM1 ⊃ uM . Let (e1, . . . , ed) ⊂ Odv be
the standard basis. Since ueij = uiej, we have uM is spanned by all uiej
with (i, j) 6= (n + 1, n). Similarly, we have uM1 is spanned by all uiej and
ukek − uses (with i 6= j whenever i, j ≤ n, k ≤ n, and (i, j) 6= (n + 1, n)).
Let u` = gcd(u1, . . . , un). Since n ≥ 2, we may choose s 6= `. To show that
uM ⊂ uM1, we need to show ukek ∈ uM1 for any 1 ≤ k ≤ n. Since |us| ≤ |u`|,
u`e` = (u`e` − uses) + us

u`
u`es ∈ uM1. Also ukek = (ukek − u`e`) + u`e` ∈ uM1.

Therefore uM ⊂ uM1.

The following Proposition is obtained by a similar argument as in the proof
of Proposition 10.3.3.

Corollary 10.3.4. Let 2 ≤ n ≤ d, e. Define M := {[xij] ∈ Md×e(Ov) :
xn(n+1) = 0} and M1 = {[xij] ∈ Md×e(Ov) : ∑n

i=1 xii = 0, xn(n+1) = 0}. Then
uM = uM1 for all u ∈ Odv \ {0}.

Recall from [28, Section 0.9.5] that a reversal matrix is a permutation
matrix of the form 

0 · · · 0 1
... 1 0

0 . .
. ...

1 0 · · · 0


.
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In the following lemma, we denote by In the reversal matrix in GLn(K).

Lemma 10.3.5. For n ≥ 2, let A(X1, X2) ∈ M(n+1)n(K[X1, X2]) be a singular
matrix pencil with a rational form RA(X1, X2) = diag(L1,RĀ(X1, X2)) where
the non-singular core has a rational form RĀ(X1, X2) = RX1 + In−1X2. Then
for almost all places v ∈ VK

Zask
Rel(A(X1,X2),Ov)(t) =


(1−q1−n

v t)2

(1−t)(1−q2−n
v t)(1−qvt)

if R = In−1a for a ∈ K,
1−q−nv t

(1−t)(1−qvt) otherwise.

Proof. If R = In−1a, put X ′2 = aX1 +X2. Then we map In−1aX1 + In−1X2 −→
In−1X

′
2. Then

RA(X1, X
′
2) =



X1

X ′2 − aX1

X ′2
. . .

X ′2


.

Let g1 = diag(ḡ1, In−1) where ḡ1 =
1 0
a 1

. Then

g1RA(X1, X
′
2) =



X1

X ′2

X ′2
. . .

X ′2


.

Let In+1 ∈ GLn+1(K) and In ∈ GLn(K) be the reversal matrices. Then

In+1g1RA(X1, X
′
2)In =



X ′2
. . .

X ′2

X1

 . (10.4)

Let g = In+1g1 and h = In. Define M1 = Rel(gRA(X1, X
′
2)h;Ov) = {[xij] ∈

M(n+1)n(Ov) : ∑n
i xii = 0, x(n+1)n = 0} and define M = {[xij] ∈ M(n+1)n(Ov) :

x(n+1)n = 0}. By Proposition 10.3.3 (put d = n+1, e = n), we have uM = uM1.
By Corollary 4.1.5, we have Zask

M (t) = Zask
M1(t). We have M is equivalent to a

staircase module associated with m = (0, . . . , 0, 1, n− 1). Using Proposition
9.3.2, we obtain

Zask
M (t) = (1− q1−n

v t)2

(1− t)(1− q2−n
v t)(1− qvt)

.
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Suppose now that R 6= In−1a. If RĀ(X1, X2) is weakly equivalent to an admissi-
ble matrix pencil, then there exist g1, h1 ∈ GLn−1(K) such that g1RĀ(X1, X2)h1
is an admissible matrix pencil. Let g = diag(I2, g1) and h = diag(1, h1). Then

gRA(X1, X2)h =


X1 0
X2 0
0 g1RĀ(X1, X2)h1


is also an admissible matrix pencil. If RĀ(X1, X2) is not weakly equivalent to
an admissible matrix pencil, then Section 10.1 shows that either R = C or
R = diag(In−3a, C) where C is a companion matrix of a monic polynomial of
the form f(x) = a0 + a1X +X2. If R = C, then

RA(X1, X2) =


X1 0 0
X2 0 0
0 X2 X1

0 −a0X1 X2 − a1X1

 .

Let g =


1 0 0 0
0 1 0 0
0 0 1 0
0 −1 0 1

 and h =


1 0 1
0 1 0
0 0 1

. Then

gRA(X1, X2)h =


X1 0 X1

X2 0 X2

0 X2 X1

−X2 −a0X1 −a1X1

 .

By Definition 9.1.1, we have gRA(X1, X2)h is an admissible matrix pencil. If
R = diag(In−3a, C), put X ′2 = aX1 +X2. Then we map In−3aX1 + In−3X2 −→
In−3X

′
2. Hence

RA(X1, X
′
2) =



X1

X ′2 − aX1

X ′2
. . .

X ′2

X ′2 − aX1 X1

−a0X1 X ′2 − a′1X1


,

where a′1 = a1 + a. Let g1, g2 and h1 be as in proof of Lemma 10.1.4. Let

g = diag
1 0

a 1

 , g1g2

 and h = diag(1, h1). Then
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gRA(X1, X
′
2)h =



X1

X ′2

X ′2
. . .

X ′2 X ′2

−X ′2 −aX1 X1

−a′1X ′2 −(a0 + aa′1)X1 X ′2


.

Thus, we have gRA(X1, X
′
2)h is an admissible matrix pencil. By Proposition

9.1.3
Zask

Rel(gRA(X1,X′2)h;Ov)(t) = 1− q−nv t

(1− t)(1− qvt)
.

The following lemma is obtained by a similar argument as in Lemma 10.3.5.
Lemma 10.3.6. For n ≥ 2, let A(X1, X2) ∈ Mn(n+1)(K[X1, X2]) be a singular
matrix pencil with a rational form RA(X1, X2) = diag(LT1 ,RĀ(X1, X2)) where
RA(X1, X2) = RX1 + In−1X2 is a rational form of the non-singular core. Then
for almost all places v ∈ Vk

Zask
Rel(RA(X1,X2),Ov)(t) =


(1−q−nv t)2

(1−t)(1−q−n+1
v t)(1−q−1

v t) if R = In−1a for a ∈ K,
1−q−n−1

v t

(1−t)(1−q−1
v t) otherwise.

Proof. For the first part, let g and h be as in the same case in proof of
Lemma 10.3.5. Therefore, Corollary 10.3.4 and Corollary 4.1.5 show that
Zask

Rel(hTRA(X1,X2)gT ,Ov)(t) = Zask
M (t) where M := {[xij ] ∈ Md×e(Ov) : xn(n+1) = 0}.

Since M is equivalent to a staircase module associated with m = (0, . . . , 0, 1, n),
Proposition 9.3.2 proves the first formula. For the second part, we also use
the same arguments in the second parts of proof of Lemma 10.3.5. However,
if R = C where C is a companion matrix of degree 2, let g and h be as
in the same case in proof of Lemma 10.3.5. Then hTRA(X1, X2)gT is an
admissible matrix pencil. If R = diag(In−3, C), we follow the same steps in the
same case in proof of Lemma 10.3.5. However, we put g = diag(1, g1, g2) and

h = diag
1 a

0 1

 , h1

 where g1, g2, h1 are the same as in proof Lemma 10.1.4.

Then gRA(X1, X
′
2)h is an admissible matrix pencil where X ′2 = aX1 + X2.

Hence, Proposition 9.1.3 proves the second formula.

10.4 Relation modules of admissible singular
matrix pencils

In this section, we write all the cases where singular matrix pencils are always
weakly equivalent to admissible matrix pencils except the case when their
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rational forms contain L0 or LT0 . The latter case will be dealt with in Section
10.5.

Recall from (2.14) that a singular matrix pencil A(X1, X2) has a rational
form

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
,RĀ(X1, X2)).

where RĀ(X1, X2) is a rational form of the non-singular core. In this section,
we always assume that ms > 0 for 1 ≤ s ≤ k + `. For a minimal canonical
submatrix pencil Lm, Definition 9.1.1 shows that L1 and LT1 are not admissible
submatrix pencil. However, a matrix pencil of the form

diag(L1, L1) =


X1 0
X2 0
0 X1

0 X2

 or diag(L1, L
T
1 ) =


X1 0 0
X2 0 0
0 X1 X2



is an admissible matrix pencil. Moreover, if m ≥ 2, then Definition 9.1.1 also
shows that

Lm =



X1

X2 X1
. . .

. . .

X2 X1

X2


is admissible matrix pencil. Similarly, the transpose of an admissible matrix
pencil is also an admissible matrix pencil. Hence, we obtain the following
remark.

Remark 10.4.1. Let A(X1, X2) be a singular matrix pencil with a rational
form

diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
).

If k + ` or mi ≥ 2 where 1 ≤ i ≤ k + `, then A(X1, X2) is weakly equivalent to
an admissible matrix pencil.

The following two lemmas will generalize Remark 10.4.1.

Lemma 10.4.2. Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a singular matrix pencil
with a rational form

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
,RĀ(X1, X2)),

where RĀ(X1, X2) is the non-singular core. If there exists mi ≥ 2 for 1 ≤ i ≤
k + `, then A(X1, X2) is weakly equivalent to an admissible matrix pencil.
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Proof. If there exists mi ≥ 2 where 1 ≤ i ≤ k + `, then Remark 10.4.1 shows

diag(Lm1 , . . . , Lm` , L
T
m`+1

, . . . , LTm`+k)

is an admissible matrix pencil. If RĀ(X1, X2) is an empty matrix, then
RA(X1, X2) is an admissible matrix pencil. Hence, suppose that RĀ(X1, X2) is
not an empty matrix. Let n = rankK(X1,X2)(RĀ(X1, X2)). If the non-singular
core RĀ(X1, X2) is weakly equivalent to an admissible matrix of linear forms,
there exist ḡ, h̄ ∈ GLn(K) such that ḡRĀ(X1, X2)h̄ is an admissible matrix of
linear forms. Let g = diag(Id−n, ḡ) and h = diag(Ie−n, h̄). Then

gRA(X1, X2)h = diag(Lm1 , . . . , Lm` , L
T
m`+1

, . . . , LTm`+k , ḡRĀ(X1, X2)h̄)

is an admissible matrix pencil. Suppose that RĀ(X1, X2) is not weakly equiv-
alent to an admissible matrix of linear forms. Since m1 ≤ · · · ≤ mk and
mk+1 ≤ · · · ≤ mk+`, then either mk or mk+` ≥ 2. If mk ≥ 2, we multiply
RA(X1, X2) by permutation matrices P1 ∈ GLd(K) and P2 ∈ GLe(K) such
that

P1RA(X1, X2)P2 = diag(LTmk+1
, . . . , LTmk+`

, Lm1 , . . . , Lmk−1 , S(X1, X2)),

where S(X1, X2) = diag(Lmk ,RĀ(X1, X2)). We have RĀ(X1, X2) = RX1+InX2.
If R = Ina, let

ḡ =



Imk+1 0

a 0 · · · 0
...

...
... In

a 0 · · · 0


and h̄ =



−1 · · · −1
Imk 0 · · · 0

...
...

0 · · · 0

0 In


.

Then

ḡS(X1, X2)h̄ =



−X1 · · · · · · −X1

−X2 · · · · · · −X2

Lmk 0 · · · · · · 0
...

...

0 · · · · · · 0
aX1 0 · · · 0 X2 −aX1 · · · −aX1
...

...
... −aX1

. . .
. . .

...
...

...
...

...
. . . X2 −aX1

aX1 0 · · · 0 −aX1 · · · −aX1 X2


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is an admissible matrix pencil. Let g ∈ GLd(K) and h ∈ GLe(K) such that
g = diag(Id−mk−n−1, ḡ) and h = diag(Ie−mk−n, h̄). Then

gP1RA(X1, X2)P2h = diag(LTmk+1
, . . . , LTmk+`

, Lm1 , . . . , Lmk−1 , ḡS(X1, X2)h̄)

is an admissible matrix pencil. If RĀ(X1, X2) is a non-singular matrix pencil,
then Section 10.1 shows that either R = C or diag(In−2, C) where C is a
companion matrix of a monic polynomial of the form f(X) = a0 + a1X +X2.
If R = C, let

ḡ =


Imk+1 0

0 0 · · · 0 I2

a1 0 · · · 0


and h̄ =



0 1
Imk 0 0

...
...

0 0

0 I2


.

Then

ḡS(X1, X2)h̄ =



0 X1

0 X2

Lmk 0 0
...

...

0 0
0 0 · · · 0 X2 X1

a1X1 0 · · · 0 −a0X1 X2


is an admissible matrix pencil. Let g ∈ GLd(K) and h ∈ GLe(K) such that
g = diag(Id−mk−3, ḡ) and h = diag(Ie−mk−2, h̄). Then

gP1RA(X1, X2)P2h = diag(LTmk+1
, . . . , LTmk+`

, Lm1 , . . . , Lmk−1 , ḡS(X1, X2)h̄)

is an admissible matrix pencil. Similarly, if R = diag(In−2a, C2), let

ḡ =



Imk+1 0
a 0 · · · 0
...

...
...

a 0 · · · 0 In

0 0 · · · 0
a1 0 · · · 0


and h̄ =



−1 · · · −1 0 1
Imk 0 · · · 0 0 0

...
...

...
...

0 · · · 0 0 0
0 In


.
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Then ḡS(X1, X2)h̄ is of the form:

−X1 · · · · · · −X1 0 X1

−X2 · · · · · · −X2 0 X2

Lmk 0 · · · · · · 0 0 0
...

...
...

...

0 · · · · · · 0 0 0
aX1 0 · · · 0 X2 −aX1 · · · −aX1 0 aX1
...

...
... −aX1

. . .
. . .

...
...

...
...

...
...

...
. . . X2 −aX1

...
...

aX1 0 · · · 0 −aX1 · · · −aX1 X2 0 aX1

0 0 · · · 0 0 · · · · · · 0 X2 X1

a1X1 0 · · · 0 −a1X1 · · · · · · −a1X1 −a0X1 X2



.

By Definition 9.1.1, we have ḡS(X1, X2)ḡ is an admissible matrix pencil. Let
g = diag(Id−mk−n−1, ḡ) and h = diag(Ie−mk−n, h̄). Then

gP1RA(X1, X2)P2h = diag(LTmk+1
, . . . , LTmk+`

, Lm1 , . . . , Lmk−1 , ḡS(X1, X2)h̄)

is an admissible matrix pencil. If mk < 2, then mk+` ≥ 2. Let S(X1, X2) =
diag(LTmk+`

, RĀ(X1, X2)). Following the same argument in the previous cases
but with transpose fashion, we have h̄TS(X1, X2)ḡT is an admissible matrix
pencil. By writing g = diag(Id−mk+`−n−1, ḡ

T ) and h = diag(Ie−mk+`−n, h̄
T ), we

have

hRA(X1, X2)g = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`−1
, h̄TS(X1, X2)ḡT )

is an admissible matrix pencil.

Lemma 10.4.3. Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a singular matrix pencil
with rational form

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
,RĀ(X1, X2)),

where RĀ(X1, X2) is the non-singular core. If k + ` ≥ 2, then A(X1, X2) is
weakly equivalent to an admissible matrix pencil.

Proof. If there exist mi such that mi ≥ 2 where 1 ≤ i ≤ k + `, then Lemma
10.4.2 shows that A(X1, X2) is weakly equivalent to an admissible matrix pencil.
Hence, we assume mi = 1 for all 1 ≤ i ≤ k + `. If RĀ(X1, X2) is an empty
matrix, then Remark 10.4.1 shows that

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
)
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is an admissible matrix pencil. Hence, suppose that RĀ(X1, X2) = RX1 + InX2
is not an empty matrix. If RĀ(X1, X2) is weakly equivalent to an admissible
matrix of linear forms, there exist ḡ, h̄ ∈ GLn(K) such that ḡRĀ(X1, X2)h̄ is an
admissible matrix of linear forms. Let g = diag(Id−n, ḡ) and h = diag(Ie−n, h̄)
then

gRA(X1, X2)h = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
, ḡRĀ(X1, X2)h̄)

is an admissible matrix pencil. Suppose that RĀ(X1, X2) is not weakly equiv-
alent to an admissible matrix of linear forms. If ` ≥ 2, we have Lmk+`−1 =
Lmk+` = L1. Write

RA(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`−2
, S(X1, X2)),

where S(X1, X2) = diag(LT1 , LT1 ,RĀ(X1, X2)). In the proof of Lemma 10.3.6,
we have diag(L1,RĀ(X1, X2)) is weakly equivalent to an admissible matrix
pencil if R 6= Ina where a ∈ K. Hence, suppose that R = Ina. Let

ḡ =



I2 02×n

a 0
...

... In

a 0

 and h̄ =



−1 · · · −1
I4 0 · · · 0

0 · · · 0
0 · · · 0

0n×4 In


.

Then

ḡS(X1, X2)h̄ =



X1 X2 0 0 −X1 · · · · · · −X1

0 0 X1 X2 0 · · · · · · 0
aX1 aX2 0 0 X2 −aX1 · · · −aX1
...

...
...

... −aX1
. . .

. . .
...

...
...

...
...

...
. . . X2 −aX1

aX1 aX2 0 0 −aX1 · · · −aX1 X2


is an admissible matrix pencil. Let g ∈ GLd(K) and h ∈ GLe(K) such that
g = diag(Id−2−n, ḡ) and h = diag(Ie−4−n, h̄). Then

gRA(X1, X2)h = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`−2
, ḡS(X1, X2)h̄)

is an admissible matrix pencil. If ` = 1, we have Lmk = Lmk+1 = L1. Write

RA(X1, X2) = diag(Lm1 , . . . , Lmk−1 , S(X1, X2)),

where S(X1, X2) = diag(L1, L
T
1 ,RĀ(X1, X2)). Similarly, suppose that R = Ina.

Let

ḡ =



I3 03×n

a 0 0
...

...
... In

a 0 0

 and h̄ =


−1 · · · −1

I3 0 · · · 0
0 · · · 0

0n×3 In

.



Chapter 10. Ask zeta functions of relation modules of matrix pencils 121

Then

ḡS(X1, X2)h̄ =



X1 0 0 −X1 · · · · · · −X1

X2 0 0 −X2 · · · · · · −X2

0 X1 X2 0 · · · · · · 0
aX1 0 0 X2 −aX1 · · · −aX1
...

...
... −aX1

. . .
. . .

...
...

...
...

...
. . . X2 −aX1

aX1 0 0 −aX1 · · · −aX1 X2


is an admissible matrix pencil. Let g = diag(Id−3−n, ḡ) and h = diag(Ie−3−n, h̄).
Then

gRA(X1, X2)h = diag(Lm1 , . . . , Lmk−1 , ḡS(X1, X2)h̄)
is an admissible matrix pencil. If ` = 0, we have Lmk−1 = Lmk = L1. Write

RA(X1, X2) = diag(Lm1 , . . . , Lmk−2 , S(X1, X2)),

where S(X1, X2) = diag(L1, L1,RĀ(X1, X2)). From the proof of Lemma 10.3.5,
we have diag(L1,RĀ(X1, X2)) is weakly equivalent to an admissible matrix
pencil if R 6= Ina where a ∈ K. Hence, suppose that R = Ina. Let

ḡ =



I4 04×n

a 0 0 0
...

...
...

... In

a 0 0 0

 and h̄ =


1 0 −1 · · · −1
0 1 0 · · · 0

0n×2 In

.

Then

ḡS(X1, X2)h̄ =



X1 0 −X1 · · · · · · −X1

X2 0 −X2 · · · · · · −X2

0 X1 0 · · · · · · 0
0 X2 0 · · · · · · 0
aX1 0 X2 −aX1 · · · −aX1
...

... −aX1
. . .

. . .
...

...
...

...
. . . X2 −aX1

aX1 0 −aX1 · · · −aX1 X2



.

is an admissible matrix pencil. Let g ∈ GLd(K) and h ∈ GLe(K) such that
g = diag(Id−4−n, ḡ) and h = diag(Ie−2−n, h̄). Then

gP1RA(X1, X2)P2h = diag(LTmk+1
, . . . , LTmk+`

, Lm1 , . . . , Lmk−2 , ḡS(X1, X2)h̄)

is an admissible matrix pencil.
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Here, we covered all cases of relation modules of singular matrix pencils,
with rational forms that do not contain any L0 or LT0 , except the four cases
which mentioned in Section 10.3. In the proof of Theorem F, we will cover
relation modules of singular matrix pencils which contain L0’s and LT0 ’s.

10.5 Effects of generic rows and columns and
proof of Theorem F and Theorem G

Let A(X1, X2) and B(X1, X2) be defined as in Theorem F. In this section, we
start by proving the formula in Theorem F for the cases where B(X1, X2) does
not contain zero rows or columns. Those are the same cases mentioned in the
previous sections. Then we prove Theorem F and Theorem G.

By Definition 9.1.1, the zero matrix diag(L0, . . . , L0, L
T
0 , . . . , L

T
0 ) is an ad-

missible matrix. Let A(X1, X2) ∈ Md×e(K[X1, X2]) be a matrix pencil with
a rational form RA(X1, X2) which contains L0’s and LT0 ’s. When multiplying
RA(X1, X2) by some permutation matrices, we can rearrange the canonical min-
imal submatrices L0’s and LT0 ’s to be in first rows and columns of RA(X1, X2),
respectively. We denote such a form by R̄A(X1, X2). Hence

R̄A(X1, X2) = diag(0(d−m)×(e−n), Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
,RĀ(X1, X2)),

where mi > 0 for 1 ≤ i ≤ k + `. Define B(X1, X2) ∈ Mm×n(K[X1, X2]) to be a
matrix pencil with a rational form

RB(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
,RĀ(X1, X2)).

Note that the non-singular core of A(X1, X2) is also the non-singular core of
B(X1, X2) (i.e. RĀ(X1, X2) = RB̄(X1, X2)). Thus

R̄A(X1, X2) =
 0(d−m)×(e−n) 0(d−m)×n

0m×(e−n) RB(X1, X2)

 . (10.5)

Since RB(X1, X2) does not contains L0’s and LT0 ’s, we discussed ask zeta
functions of relation modules of all cases of B(X1, X2) through Sections 10.1–
10.4. In this section, we will go through them once again to compute the ask
zeta function of A(X1, X2).

In the followings, we always assume that R̄A(X1, X2) and RB(X1, X2) as in
(10.5).

Lemma 10.5.1. Let RB(X1, X2) be equivalent to an admissible matrix pencil.
Then for almost all places v ∈ VK

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− qn−ev t)(1− qm−ev t)

(1− t)(1− qd−ev t) Zask
Rel(RB(X1,X2);Ov)(qn−ev t).
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Proof. Since RB(X1, X2) is an admissible matrix pencil, then R̄A(X1, X2) is
also admissible matrix pencil. By Proposition 9.1.3

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q−ev t)

(1− t)(1− qd−ev t)

= (1− qn−ev t)(1− qm−ev )
(1− t)(1− qd−ev t)

1− q−ev t

(1− qn−ev t)(1− qm−ev t)

= (1− qn−ev t)(1− qm−ev )
(1− t)(1− qd−ev t) Zask

Rel(RB(X1,X2);Ov)(qn−ev t)

for almost all places v ∈ VK .

Next, we prove the formula for all cases of matrix pencils with rational
forms equivalent to non-admissible matrix pencils.

When B(X1, X2) is a non-singular matrix pencil:
Here, we will go through all cases of B(X1, X2) mentioned in Section 10.1.

Lemma 10.5.2. Let RB(X1, X2) = CX1 + I2X2 be a non-singular rational
form where C is a companion matrix of a monic polynomial F (X) of degree 2.
Then for almost all places v ∈ VK

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q2−e

v t)2

(1− t)(1− qd−ev t)Zask
Rel(RB(X1,X2);Ov)(q2−e

v t).

Proof. Let F (X) = a0 + a1X +X2 where a0, a1 ∈ K. Then

R̄A(X1, X2) =


0(d−2)×(e−2) 0(d−2)×2

X2 X1

02×(e−2) −a0X1 X2 − a1X1

 .

Define M := Rel(R̄A(X1, X2);Ov) = {[xij] ∈ Md×e(Ov) : x(d−1)(e−1) + xde =
x(d−1)e−a0xd(e−1)−a1xde = 0}. Also, defineM◦ := Rel(R̄◦A(X1, X2);Ov) where
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R̄◦A(X1, X2) is the ◦ Knuth dual of R̄A(X1, X2). Then

M◦ =





x1 0 · · · · · · 0

0 . . .
. . .

...
...

. . .
. . .

. . .
...

...
. . .

. . . 0
0 · · · · · · 0 x1
...

...
...

...
...

xd−2 0 · · · · · · 0

0 . . .
. . .

...
...

. . .
. . .

. . .
...

...
. . .

. . . 0
0 · · · · · · 0 xd−2

xd−1 0 · · · · · · 0

0 . . .
. . .

...
...

. . . xd−1 0 0
... · · · 0 −xd−1 a1xd−1 + xd

0 · · · 0 xd a0xd−1

xd 0 · · · · · · 0

0 . . .
. . .

...
...

. . . xd 0 0



: x1, . . . , xd ∈ Ov



. (10.6)

By Proposition 4.5.2

Zask
M (q−sv ) = 1

1− q−1
v

∫
Od+1

|y|s+e−d−1 ·
e∏
i=1

||fi−1(x)||
||fi(x) ∪ fi−1(x)y|| dµ(x, y), (10.7)

where x = (x1, . . . , xd) ∈ Odv and fi(x) is the set of all nonzero i × i minors
of M◦. Define U(·) = {(y, x1, . . . , xd) ∈ Od+1

v : (vy, v1, . . . , vd) ∈ ·} where
vy = v(y) and vj = v(xj) for 1 ≤ j ≤ d. Then we divide the domain of the
integral in (10.7) into U(Cy),U(C1), . . . ,U(Cd) where

Cy = {(vy, v1, . . . , vd) ∈ Rd+1
≥0 : vy < v1, . . . , vd},

C1 = {(vy, v1, . . . , vd) ∈ Rd+1
≥0 : v1 ≤ vy, v1 < v2, . . . , vd},

...

Cd = {(vy, v1, . . . , vd) ∈ Rd+1
≥0 : vd ≤ vy, v1, . . . , vd−1}.
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In U(Cy), we obtain from Lemma 3.6.2 (put ` = d)∫
U(Cy)

|y|s+e−d−1 ·
e∏
i=1

||fi−1(x)||
||fi(x) ∪ fi−1(x)y|| dµ(x, y) = q−dv (1− q−1

v )
1− t , (10.8)

where t = q−sv . In U(Cj), we have |xj| ≥ ||x1, . . . , xd, y|| for 1 ≤ j ≤ d. By
Lemma 3.6.1, we have ||fi(x1, . . . , xd)|| ≤ |xj|i for 1 ≤ i ≤ e. In (10.6), we have
xij ∈ fi(x1, . . . , xd) for 1 ≤ i ≤ e and j < d−2. Hence |fi(x1, . . . , xd)| = |xj|i for
1 ≤ i ≤ e and j < d−2. Moreover, we have xij ∈ fi(x1, . . . , xd) for 1 ≤ i ≤ e−1
and j = d− 1, d. Thus ||fi(x1, . . . , xd)|| = |xj|i for 1 ≤ i ≤ e− 1. From (10.6)

||fe(x1, . . . , xd)|| = |xj|e−2||xjx1, . . . , xjxd−2,−a0x
2
d−1 − a1xd−1xd − x2

d||
≤ |xj|e

for j = d− 1, d. In U(Cd−1), we have |xd−1| > |xd|. Hence

||fe(x1, . . . , xd)|| = |xd−1|e−2| − a0x
2
d−1 − a1xd−1xd − x2

d|

= |xd−1|e| − a0 − a1
xd
xd−1

− ( xd
xd−1

)2| = |xd−1|e

for almost all places v ∈ VK since | − a0 − a1
xd
xd−1
− ( xd

xd−1
)2| = 1. Thus

||fe(xd−1)|| = |xd−1|e. By Lemma 3.6.3(put ` = d)∫
U(Cj)

|y|s+e−d−1 ·
e∏
i=1

|xj|i−1

|xj|i
dµ(x, y) = q−d+j

v (1− q−1
v )2

(1− t)(1− qd−ev t) ,

for j ≤ d− 1.
By computing the integral in (10.8) over U(C1), . . . ,U(Cd−1), we obtain

q−d+1
v (1− q−1

v )2 + . . .+ q−1
v (1− q−1

v )2

(1− t)(1− qd−ev t) = (q−1
v − q−dv )(1− q−1

v )
(1− t)(1− qd−ev t) . (10.9)

In U(Cd), we have |xd| ≥ ||x1, . . . , xd−1, y||. Put y = y′xd and xj = x′jxd for
j ≤ d − 1. Then we map J : Od+1

v −→ U(Cd) via J(x′1, . . . , x′d−1, xd, y
′) 7→

(x′1xd, . . . , x′d−1xd, xd, xdy
′). Then

||fe(x′1, . . . , x′d−1, xd)|| = |xd|e||x′1, . . . , x′d−2,−a0(x′d−1)2 − a1x
′
d−1 − 1||

= |xd|e||x′1, . . . , x′d−2, F
∗(x′d−1)||,

where F ∗ is the reciprocal polynomial of F . Moreover, the determinant of
Jacobian matrix det

[
∂J(x′1,...,x′d−1,xd,y

′)
∂(x′1,...,x′d−1,xd,y

′)

]
= xdd. Hence∫

U(Cd)

|y|s+e−d−1||fe(x1, . . . , xd), yxe−1
d ||−1 dµ(x1, . . . , xd, y)

=
∫
Od+1
v

|y′|s+e−d−1|xd|s−1||x′1, . . . , x′d−2, F
∗(x′d−1), y′||−1 dµ(x′1, . . . , x′d−1, xd, y

′)

= 1− q−1
v

1− t

∫
Odv

|y′|s+e−d−1||x′1, . . . , x′d−2, F
∗(x′d−1), y′||−1 dµ(x′1, . . . , x′d−1, y

′).

(10.10)
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Let ᾱ ∈ Kv such that F ∗(ᾱ) = 0. By Corollary 8.1.5, there exists α ∈ Ov such
that for all x′d−1 ≡ ᾱ mod Pv

|F ∗(x′d−1)| = |x′d−1 − α|ei ,

where ei, i ≤ 2. We can decompose the domain of x′d−1 in (10.10) into sets of
the form α+ Pv where α ∈ Ov. If F ∗(α) 6≡ 0 mod Pv, then |F ∗(x′d−1)| = 1 for
all x′d−1 ∈ α+Pv. Hence ||x′1, . . . , x′d−1, F

∗(x′d−1), y′|| = 1. Put pvx̄ = x′d−1−α
then we map J0 : Ov −→ α+Pv via J0(x̄) = pvx̄+α where

∣∣∣∂J0(x̄)
∂x̄

∣∣∣ = q−1
v . Then

(10.10) becomes

q−1
v (1− q−1

v )
1− t

∫
Odv

|y′|s+e−d−1 dµ(x′1, . . . , x′d−2, x̄, y
′) = q−1

v (1− q−1
v )2

(1− t)(1− qd−ev t) .

(10.11)

However, if F ∗(α) ≡ 0 mod Pv, we write |F ∗(x′d−1)| = |x′d−1 − α|ei . Then
(10.10) becomes

q−1
v (1− q−1

v )
1− t

∫
Odv

|y′|s+e−d−1||x′1, . . . , x′d−2, (pvx̄)ei , y′||−1 dµ(x′1, . . . , x′d−2, x̄, y
′).

(10.12)

Divide the domain of the integral in (10.12) into U(C′y),U(C′1), . . . ,U(C′d−2),
and U(C̄), where

C′y = {(v′1 . . . , v′d−2, v̄, v
′
y) ∈ Rd

≥0 : v′y < v′1, . . . , v
′
d−2, ei(v̄ + 1)},

C′1 = {(v′1, . . . , v′d−2, v̄, v
′
y) ∈ Rd

≥0 : v′1 ≤ v′y, v
′
1 < v′2, . . . , v

′
d−2, ei(v̄ + 1)},

...

C′d−2 = {(v′1, . . . , v′d−2, v̄, vy) ∈ Rd
≥0 : v′d−2 ≤ v′y, v

′
1, . . . , v

′
d−3, v

′
d−2 < ei(v̄ + 1)},

C̄ = {(v′1, . . . , v′d−2, v̄, v
′
y) ∈ Rd

≥0 : ei(v̄ + 1) ≤ v′y, v
′
1, . . . , v

′
d−2},

where v′y = v(y′), v̄ = v(x̄) and v′i = v(x′i) for 1 ≤ i ≤ d − 2. The generating
functions of C′y,C′1, . . . ,C′d−2, C̄ are

[C′y](X1, . . . , Xd−1, Y ) =
∞∑
v̄=0

e(v̄+1)−1∑
v′y=0

∞∑
v′1=v′y+1

· · ·
∞∑

v′
d−2=v′y+1

X
v′1
1 · · ·X

v′d−2
d−2 X

v̄
d−1Y

v′y

=
∏d−2
j=1 Xj

∑ei−1
m=1(X1 · · ·Xd−2y)m∏d−1

j=1(1−Xj)(1−Xd−1(X1 · · ·Xd−2Y )ei)
, (10.13)

[C′r](X1, . . . , Xd−1, Y ) =
∞∑
v̄=0

e(v̄+1)−1∑
v′r=0

r−1∏
j=1

∞∑
v′j=v′r

d−2∏
j=r+1

∞∑
v′j=v′r+1

X
v′1
1 · · ·X

v′d−2
d−2 X

v̄
d−1Y

v′y

=
∏d−2
j=r+1Xj

∑er−1
m=0(X1 · · ·Xd−2Y )m

(1− Y )∏d−1
j=1
j 6=r

(1−Xj)(1−Xd−1(X1 · · ·Xd−2y)ei)
,

(10.14)
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for 1 ≤ r ≤ d− 2, and

[C̄](X1, . . . , Xd−1, Y ) =
∞∑
v̄=0

∞∑
v′y=ei(v̄+1)

d−2∏
j=1

∞∑
v′j=ei(v̄+1)

X
v′1
1 · · ·X

v′d−2
d−2 X

v̄
d−1Y

v′y

= (X1 · · ·Xd−2Y )ei
(1− Y )∏d−2

j=1(1−Xk)(1− xd−1(X1 · · ·Xd−2Y )ei)
.

(10.15)

Then (10.12) becomes

q−1
v (1− q−1

v )
1− t

 ∫
U(C′y)

|y′|s+e−d−2 dµ(u) +
∫

U(C′1)

|y′|s+e−d−1|x′1|−1 dµ(u)

+ · · ·+
∫

U(C′
d−2)

|y′|s+e−d−1|x′d−2|−1 dµ(u) + qeiv

∫
U(C̄)

|y′|s+e−d−1|x̄|−ei dµ(u)

 ,
where u = (x′1, . . . , x′d−2, x̄, y

′). By Corollary 3.5.6

q−1
v (1− q−1

v )d+1

1− t

[
[C′y](q−1

v , . . . , q−1
v , qd−e+1

v t) + [C′1](1, q−1
v , . . . , q−1

v , qd−ev t)

+ · · ·+ [C′d−2](q−1
v , . . . , q−1

v , 1, q−1
v , qd−ev t) + qeiv [C̄](q−1

v , . . . , q−1
v , qei−1

v , qd−ev t, )
]
.

From (10.13), (10.14), and (10.15), we obtain

q−1
v (1− q−1

v )2

(1− t)(1− qd−ev t)(1− q(3−e)ei−1
v tei)

(1− q−1
v )q(3−e)ei

v tei +
(1− qd−ev t)q2−d

v

+(1− q−1
v )

d∑
j=3

qj−dv

 ei−1∑
m=0

(q3−e
v t)n


=
q−1
v (1− q−1

v )2
[
(1− q−1

v )q(3−e)ei
v tei + (1− q2−e

v t)∑ei−1
m=0(q3−e

v t)n
]

(1− t)(1− qd−ev t)(1− q(3−e)ei−1
v tei)

. (10.16)

Define H1(qv, t) and H2(qv, t) as in the equations (10.11) and (10.16), re-
spectively. Since the roots of F ∗(X) are the same roots of F (X) over Kv,
let gi’s to be irreducible polynomials such that F (X) = ∏h

i=1 g
ei
i . Define

N(Kv) = #{ᾱ ∈ Kv : gi(ᾱ) = 0}. Then the integral in (10.10) becomes

(qv −N(Kv))H1(qv, t) +N(Kv)H2(qv, t)
= qvH1(qv, t) +N(Kv)(H2(qv, t)−H1(qv, t))

= (1− q−1
v )2

(1− t)(1− qd−ev t) + (1− q−1
v )

h∑
i=0

Ni(Kv)Wi(qv, t), (10.17)

where

Wi(qv, t) = q−1
v (1− q−1

v )[q(3−e)ei
v tei − 1 + (1− q2−e

v t)∑ei−1
m=0(q3−e

v t)n]
(1− t)(1− qd−ev )(1− q(3−e)ei−1

v tei)
.
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By (10.8), (10.9), and (10.17), we obtain

Zask
M (t) = 1− q−ev t

(1− t)(1− qd−ev t) +
h∑
i=0

Ni(Kv)Wi(qv, t).

By Corollary 10.1.2, we obtain

Zask
M (t) = (1− q2−e

v t)2

(1− t)(1− qd−ev t)Zask
Rel(RB(X1,X2);Ov)(q2−e

v t)

for almost all place v ∈ VK .
Lemma 10.5.3. Let RB(X1, X2) = RX1+InX2 ∈ Mn(K[X1, X2]) be a rational
form of non-singular matrix pencil where R = diag(In−2a, C) and C is a
companion matrix of a monic polynomial F (X) = a0 + a1X + X2. Then for
almost all places v ∈ VK

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− qn−ev t)2

(1− t)(1− qd−ev t)Zask
Rel(RB(X1,X2);Ov)(qn−ev t).

Proof. From the proof of Lemma 10.1.4, we have RB(X1, X2) is an non-
admissible matrix pencil when a0 = −a2. In this case, let P1 ∈ GLd(K)
and P1 ∈ GLe(K) be permutation matrices such that

P1 =
[

0n×(d−n) In

Id−n 0(d−n)×n

]
and P2 =

[
0(e−n)×n Ie−n

In 0n×(e−n)

]
.

Then

P1R̄A(X1, X2)P2 =
RB(X1, X2) 0n×(e−n)

0(d−n)×n 0(d−n)×(e−n)

 .
Put X ′2 = aX1 + X2. Then we map RX1 + InX2 −→ R′X ′1 + InX2 where
R′ = R − Ina. By (10.2) in Lemma 10.1.4, there exist ḡ ∈ GLn(K) and
h̄ ∈ GLn(K) such that

ḡRB(X1, X
′
2)h̄ =



X ′2
. . .

X ′2

X ′2 X1

cX ′2 X ′2


,

where c = a1 + 2a. Let g = diag(ḡ, Id−n) and h = diag(h̄, Ie−n). Then

gP1R̄A(X1, X
′
2)P2h =



X ′2
. . .

X ′2 0n×(e−n)

X ′2 X1

cX ′2 X ′2

0(d−n)×n 0(d−n)×(e−n)


.
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Define M := {[xij] ∈ Md×e(Ov) : x(n−1)n = 0}. If c = 0, then define M1 =
Rel(gP1R̄A(X1, X2)P2h;Ov) = {[xij] ∈ Md×e(Ov) : ∑n

i=1 xii = 0, x(n−1)n = 0}.
If c 6= 0, then define M2 = Rel(gP1R̄A(X1, X2)P2h;Ov) = {[xij] ∈ Md×e(Ov) :∑n
i=1 xii = cxn(n−1), x(n−1)n = 0}. By Proposition 10.1.3, we have uM = uM1 =

uM2 for all u ∈ Odv \ {0}. Using Corollary 4.1.5

Zask
M (t) = Zask

M1(t) = Zask
M2(t).

Moreover, We have M is equivalent to a staircase module associated with
m = (0, . . . , 0, 1, e− 1). By Proposition 9.3.2 and Lemma 10.1.4

Zask
M (t) = (1− q1−e

v t)2

(1− t)(1− qd−ev t)(1− q2−e
v t)

= (1− qn−ev t)2

(1− t)(1− qd−ev t)
(1− q1−e

v t)2

(1− qn−2
v t)2(1− q2−e

v t)

= (1− qn−ev t)2

(1− t)(1− qd−ev t)Zask
Rel(RB(X1,X2);Ov)(q1−e

v t).

If a 6= −a2, the proof of Lemma 10.1.4 shows that RB(X1, X2) is an admissible
matrix pencil. Therefore, we have R̄A(X1, X2) is also an admissible matrix
pencil. Hence, Lemma 10.5.1 completes the proof.

When B(X1, X2) is a singular matrix pencil:
Here, we will go through all cases of B(X1, X2) mentioned in Section 10.3.

Lemma 10.5.4. Let B(X1, X2) be a singular matrix pencil with rational form
RB(X1, X2) = L1. Then

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)(1− q2−e
v t)

(1− t)(1− qd−ev t) Zask
Rel(RB(X1,X2);Ov)(q1−e

v t).

Proof. We have Rel(R̄A(X1, X2);Ov) = {[xij] ∈ Md×e(Ov) : x(d−1)e = xde = 0}
which is equivalent to a staircase module associated with m = (0, . . . , 0, 1, 0, e−
1). By Proposition 9.3.2

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)(1− q2−e
v t)

(1− t)(1− qd−ev t)(1− q3−e
v t) .

By Lemma 10.3.1

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)(1− q2−e
v t)

(1− t)(1− qd−ev t) Zask
Rel(RB(X1,X2);Ov)(q1−e

v t).

Lemma 10.5.5. Let B(X1, X2) be a singular matrix pencil with rational form
RB(X1, X2) = LT1 . Then

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)(1− q2−e
v t)

(1− t)(1− qd−ev t) Zask
Rel(RB(X1,X2);Ov)(q2−e

v t).
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Proof. We have Rel(R̄A(X1, X2);Ov) = {[xij] ∈ Md×e(Ov) : xd(e−1) = xde = 0}
which is equivalent to a staircase module associated with m = (0, . . . , 0, 2, e−2).
By Proposition 9.3.2

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)(1− q2−e
v t)

(1− t)(1− qd−ev t)(1− q3−e
v t) .

By Corollary 10.3.2

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)(1− q2−e
v t)

(1− t)(1− qd−ev t) Zask
Rel(RB(X1,A2);Ov)(q2−e

v t).

For 2 ≤ n ≤ d, e, note that if RB(X1, X2) = diag(L1,RB̄(X1, X2)) or
diag(LT1 ,RB̄(X1, X2)) where RB̄(X1, X2) = RX1 + In−1X2 is the non-singular
core, proof of Lemma 10.3.5 and Lemma 10.3.6 show that RB(X1, X2) is
equivalent to an admissible matrix pencil if R 6= In−1a for a ∈ K. The following
two lemmas will deal with the case of R = In−1a.
Lemma 10.5.6. For 2 ≤ n ≤ d, e, let B(X1, X2) be a singular matrix pencil
with a rational form RB(X1, X2) = diag(L1,RB̄(X1, X2)) where RB̄(X1, X2) =
In−1aX1 + In−1X2 is the non-singular core where a ∈ K. Then for almost all
places v ∈ VK

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− qn−ev t)(1− qn+1−e

v t)
(1− t)(1− qd−ev t) Zask

Rel(RB(X1,X2);Ov)(qn−et).

Proof. Let

P1 =
[

0(n+1)×(d−n−1) In+1

Id−n−1 0(d−n−1)×(n+1)

]
and P2 =

[
0(e−n)×n Ie−n

In 0n×(e−n)

]
.

Then

P1R̄A(X1, X2)P2 =
RB(X1, X2) 0(n+1)×(e−n)

0(d−n−1)×n 0(d−n−1)×(e−n)

 .
Put X ′2 = aX1 +X2. Then we map In−1aX1 + In−1X2 −→ In−1X

′
2. By (10.4) in

Lemma 10.3.5, there exist ḡ ∈ GLn+1(K) and h̄ ∈ GLn(K) such that

ḡRB(X1, X
′
2)h̄ =



X ′2
. . .

X ′2

X1

 .

Let g = diag(ḡ, Id−n−1) and h = diag(h̄, Ie−n). Then

gP1R̄A(X1, X
′
2)P2h =



X ′2
. . . 0(n+1)×(e−n)

X ′2

X1

0(d−n−1)×n 0(d−n−1)×(e−n)


.
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Define M1 = Rel(gP1R̄A(X1, X
′
2)P2h;Ov) = {[xij] ∈ Md×e(Ov) : ∑n

i=1 xii =
0, x(n+1)n = 0} and define M := {[xij] ∈ Md×e(Ov) : x(n+1)n = 0}. By
Proposition 10.3.3, we have uM = uM1 for all u ∈ Odv \ {0}. Using Corollary
4.1.5

Zask
M (t) = Zask

M1(t).
ThenM is equivalent to a staircase module associated with m = (0, . . . , 0, 1, e−
1). Proposition 9.3.2 shows that

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)2

(1− t)(1− qd−ev t)(1− q2−e
v t)

for almost all places v ∈ VK . By Lemma 10.3.5

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− qn−ev t)(1− qn+1−e

v t)
(1− t)(1− qd−ev t) Zask

Rel(RB(X1,X2);Ov)(qn−ev t)

for almost all places v ∈ VK .
Lemma 10.5.7. For 2 ≤ n ≤ d, e, let B(X1, X2) be a singular matrix pencil
with a rational form RB(X1, X2) = diag(LT1 ,RB̄(X1, X2)) where RB̄(X1, X2) =
RX1 + In−1X2 is the non-singular core. Then for almost all places v ∈ VK

Zask
M (t) = (1− qn+1−e

v t)(1− qn−ev t)
(1− t)(1− qd−ev t) Zask

Rel(R̄A(X1,X2);Ov)(q
n+1−et).

Proof. Let P1 and P2 be defined as in the proof of Lemma 10.5.6. Then

P2R̄A(X1, X2)P1 =
RB(X1, X2) 0n×(e−n−1)

0(d−n)×(n+1) 0(d−n)×(e−n−1)

 .
Let g and h be as in Lemma 10.5.6. Then

hTP2R̄A(X1, X
′
2)P1g

T =



X ′2
. . . 0n×(e−n−1)

X ′2 X1

0(d−n)×(n+1) 0(d−n)×(e−n−1)

 ,

where X ′2 = aX1 + X2. Therefore, we have Rel(hTP2R̄A(X1, X
′
2)P1g

T ;Ov) =
{[xij] ∈ Md×e(Ov) : ∑n

i=1 xii = 0, xn(n+1) = 0}. By Corollary 10.3.4 and
Corollary 4.1.5

Zask
Rel(RA(X1,X2);Ov)(t) = Zask

M (t),
where M := {[xij] ∈ Md×e(Ov) : xn(n+1) = 0} for almost all places v ∈ VK .
SinceM is equivalent to a staircase module associated with m = (0, . . . , 0, 1, e−
1), Proposition 9.3.2 shows that

Zask
Rel(R̄A(X1,X2);Ov)(t) = (1− q1−e

v t)2

(1− t)(1− qd−ev t)(1− q2−e
v t)

for almost all places v ∈ VK . By Lemma (10.3.6)

Zask
M (t) = (1− qn+1−e

v t)(1− qn−ev t)
(1− t)(1− qd−ev t) Zask

Rel(R̄A(X1,X2);Ov)(q
n+1−et)

for almost all places v ∈ VK .
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Proof of Theorem F
Let A(X1, X2) and B(X1, X2) be defined as in Theorem F. Let RA(X1, X2) and
RB(X1, X2) be rational forms of the matrix pencils A(X1, X2) and B(X1, X2),
respectively. Then

R̄A(X1, X2) =
 0(d−m)×(e−n) 0(d−m)×n

0m×(e−n) RB(X1, X2)

 .
Let C(X1, X2) ∈ Mm0×n0(K) be a matrix pencil such that R̄B(X1, X2) =
diag(0(m−m0)×(n−n0),RC(X1, X2)), where

RC(X1, X2) = diag(Lm1 , . . . , Lmk , L
T
mk+1

, . . . , LTmk+`
,RC(X1, X2))

and mi > 0 for 1 ≤ i ≤ k + `. Since RC(X1, X2) is a matrix pencil that does
not contain zero rows or zero columns, Lemmas 10.5.1–10.5.7 show that

Zask
Rel(B(X1,X2);Ov)(t) = (1− qn0−n

v t)(1− qm0−n
v t)

(1− t)(1− qm−nv t) Zask
Rel(C(X1,X2);Ov)(qn0−n

v t)

(10.18)

for almost all places v ∈ VK . By substituting t for qn−ev t in (10.18), We have

Zask
Rel(B(X1,X2);Ov)(qn0−e

v t) = (1− qn0−e
v t)(1− qm0−e

v t)
(1− qn−ev t)(1− qm−ev t) Zask

Rel(C(X1,X2);Ov)(qn0−e
v t)

(10.19)

for almost all places v ∈ VK . Moreover, Lemmas 10.5.1–10.5.7 and (10.19)
show that

Zask
Rel(A(X1,X2);Ov)(t) = (1− qn0−e

v t)(1− qm0−e
v t)

(1− t)(1− qd−ev t) Zask
Rel(C(X1,X2);Ov)(qn0−e

v t)

= (1− qn−ev t)(1− qm−ev t)
(1− t)(1− qd−ev t) Zask

Rel(B(X1,X2);Ov)(qn−ev t)

for almost all places v ∈ VK .

Proof of Theorem G
Theorem G summarizes all formulas for ask zeta functions of relation modules
of matrix pencils in Chapter 10. The formula in Theorem G(i) is the formula
of ask zeta functions of relation modules of matrix pencils which are weakly
equivalent to admissible matrix pencils, see Corollary 9.1.4. The formula in
Theorem G(ii) covers the non-admissible part in Lemma 10.1.4, Lemma 10.3.5,
Lemma 10.3.6, Lemma 10.5.3, Lemma 10.5.6, and Lemma 10.5.7. The formula
in Theorem G(iii) is the formula for Lemma 10.3.1, Corollary 10.3.2, Lemma
10.5.4, and Lemma 10.5.5. All that remain are the cases in Corollary 10.1.2
and Lemma 10.5.2 which are given by the formula in Theorem G(iv).
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averge size of kernel, 48

Baer group scheme, 66
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canonical minimal submatrix, 26
Cauchy sequence, 38
closed matrix, 91
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companion matrix, 20
complete, 38
cone, 42
conjugacy class zeta function, 57

Dedekind zeta function, 1
diagonal block, 80
diagonal matrix, 80
directed set, 38
Dirichlet series, 2
discrete valuation, 37
discrete valuation ring, 36
distance, 37

equivalence, 10
equivalence over ring extension, 12
equivalent absolute values, 37
Euler decomposition, 1
extreme point, 43

generating function, 43
global abscissa of convergence, 50
global field, 39
global zeta function, 50

Haar measure, 41

half-open polyhedron, 42

Igusa’s local zeta functions, 41
image module, 11
invariant factors of a matrix, 19
invariant factors of a matrix pencil, 19
inverse, 38
inverse system, 38
isotopy, 13

Knuth duals, 15

lattice, 43
lattice polytope, 43
Lie algebra, 55
Lie group associated with a Lie algebra,

56
Lie lattice, 55
local abscissa of convergence, 50
local ring, 36
local zeta function, 1, 50
locally compact, 39

matrix of linear forms, 9
matrix of linear forms associated with

a pairwise disjoint sets, 91
matrix pencils, 9
minimum row and column dependence,

22
module representation, 13

non-Archimedean absolute value, 36
non-Archimedean local field, 38
non-Archimedean valuation, 37
non-singular core of a singular matrix

pencil, 31
non-singular matrix pencil, 18
normalized discrete valuation, 37
normalized measure, 41

orbit-counting zeta function, 57
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order of row and column dependence,
22

Pfaffian, 65
Pfaffian-adjugate matrix, 66
place, 37
polyhedron, 42
polytope, 42
potent filtration, 56
pro-P group, 56

ramification index, 56
rational canonical form, 20
rational cone, 42
rational equivalence, 12
rational form of a matrix pencil, 20
rational form of a singular matrix pen-

cil, 31
rational invariant factors of a matrix

pencil, 20
rational polyhedron, 42
regular matrix pencil, 18
relation module, 11
residue class field, 37
reversal matrix, 112
Riemann zeta function, 1
row dependence, 22
rows and columns of apolarity, 25

saturable, 56
single matrices, 9
singular matrix pencil, 18
Smith normal form, 19
staircase matrix, 96
staircase module associated with m ∈

Nd+1
0 , 96

standard inner product, 11
subgroup zeta function, 2

topological group, 40

uniformizer or prime element, 37
unramified, 56

valuation ring, 37
valued field, 37
vertix, 43

weak equivalence, 10
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