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Introduction

The origin of zeta functions goes back to Leonhard Euler, who introduced what
we now call a zeta function as a function of a real variable

[e.e]
((s)=_n",
n=1
where the infinite sum converges when s > 1. Euler also proved that

¢s)= 11

_ p=s’
p prime b
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which is called the Euler decomposition of {(s). This decomposition gave
us what is known as the local zeta function

B 1
i

G(s)

at the prime p. Bernhard Riemann extended the definition of Euler’s zeta
function to a complex variable. This function converges when Re(s) > 1. It is
known as the Riemann zeta function, which led to the development of the
renowned Riemann hypothesis.

Later, Richard Dedekind generalized the Riemann zeta function to number
fields. Let K be a number field with ring of integers O. For a complex variable
s, the Dedekind zeta function

Cr(s)=> 10:a"

acO

converges when Re(s) > 1, where a ranges over the nonzero ideals of O. The
Dedekind zeta function admits the Euler decomposition

1
(r(s) = 1;[ Wy

where p ranges over the nonzero prime ideals of O. The Riemann zeta function
is recovered for K = Q.

Gustave Lejeune Dirichlet modified the Riemann zeta function by multiply-
ing each term of the sum by a term from a complex sequence (a,),. Such a

series
o0
>
n=1

1



Introduction 2

is known as a Dirichlet series. For more historical context, see |20, Section
1.1].

A Dirichlet series can be given by a sequence (a,), where each term of the
sequence enumerates a finite number of algebraic objects. For instance, let G
be a finitely generated, torsion-free, and nilpotent group. Let a,(G) be the
number of subgroups of G of finite index n. Then the Dirichlet series

o0

Ca(s) =D an(G)n~?
n=1
is known as the subgroup zeta function of G.

Grunewald, Segal, and Smith [26] were the first to study (normal) subgroup
zeta functions. They introduced zeta functions as a tool for invistegating
asymptotic and arithmetic aspects of subgroup growth. Later, du Sautoy and
Grunewald [19] studied analytic properties of (normal) subgroup zeta functions
of nilpotent groups. Various types of zeta functions later emerged and were
studied as zeta functions became important tools to study asymptotic group
and ring theory. See the book [20] as well as the surveys [33,46,/57,/58].

Let R be a ring. By a matrix of linear forms over R, we mean a matrix
of the form A(X) := A1 X, + ...+ A X, where Aq,..., Ay € Myx.(R) and
X = (Xy,...,Xy) consists of algebraically independent variables over R (i.e.
Xi,..., X5 do not satisfy a trivial polynomial over R). Such a matrix of linear
forms A(X) defines two types of modules. The first type is called the image
module of A(X), defined as M(A(X);R) := {A(z) : € R‘}. (This is a
submodule of Myx.(R).) Define [d] = {1,2,...,d} and write Ay = [ax;] for
1 < k < /. The second type is called the relation module of A(X), defined
as Rel(A(X), R) = {[l‘lj] S dee(R) :Vk € [é], Z(i,j)e[d}x[e] QAk;ijTij = 0}

We devote this thesis to the study of a particular type of zeta function: ask
zeta functions associated with modules of matrices and matrices of linear forms
(single matrices and matrix pencils, in particular). These zeta functions are
obtained by averaging over the sizes of the kernels of matrices obtained from
modules of matrices or module representations. Next, we go over some of these
ingredients in greater detail.

Matrix pencils

A matrix pencil is a matrix of linear forms of the form A; X;+ A5 X5 where the
matrices A; and A, are linearly independent. Matrix pencils can be partitioned
into classes through notions called equivalence and weak equivalence. These
relations arise from elementary row and column operations as well as (in the case
of weak equivalence) from a change of variables, see Definitions A
natural problem that arises over a given base field is selecting a representative
matrix pencil in a “normal form” from each class. (We only consider this
problem over infinite fields, not over general rings.)

This classification problem was introduced in the literature more than a
century ago. Weierstrass was the first to introduce irrational forms of non-
singular matrix pencils (see Section for a definition). He defined these
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forms in terms of the elementary divisors of the non-singular matrix pencil.
Weierstrass’s irrational normal form may contain entries in an extension of the
base field. Kronecker considered irrational normal forms of the singular case
of matrix pencils using Jordan normal forms. For Weierstrass and Kronecker
matrix pencil forms, see [31, Section 3]. Later, Frobenius introduced rational
forms for non-singular matrix pencils. Turnbull and Aitken [53, Chapter IX]
gave a full account of the theory of matrix pencils using rational forms of
singular and non-singular matrix pencils. See the historical notes [53, Section
IX.16] as well as the survey [31]. In this thesis, we use their rational forms of
matrix pencils since these forms can be obtained over any infinite field.

Ask zeta functions

Let X = (Xj,...,X,) be algebraically independent variables over Z. Let
A(X) € Myxe(Z[X]) be a matrix of linear forms. Let A,(X) be the image of
A(X) under the natural map Mgy, (Z[X]) = Max.((Z/nZ)[X]). Then the zeta
function

ﬁm@zi%M%www

is called the ask zeta function associated with A(X) where ask(A, (X)) is
the average size of the kernel of A, (z) for all z € (Z/nZ)*, defined by

ask(A, (X)) = 7; > | Ker(4,(x))|.
2€(Z,/nTZ)"

Rossmann [47,49] introduced ask zeta functions and studied the effects of so-
called Knuth duality on these zeta functions. Later, Carnevale and Rossmann
[11] studied the effect of passing to relation modules associated with “admissible
partial colourings”. Rossmann and Voll [50] studied and introduced ask zeta
functions associated with graphs and hypergraphs. They also gave an explicit

formula to compute ask zeta functions associated with hypergraphs.

Related types of zeta functions

Some other types of zeta functions, such as orbit-counting and conjugacy class
zeta functions, can be instances of ask zeta functions in some cases.

For a simple type of conjugacy class zeta functions, let G < GL4(Z). Define
G, to be the image of G under the natural map GL4(Z) — GL4(Z/nZ). Then
the conjugacy class zeta function of G is

a@=§MQMﬁ

where k(G),) denotes the number of conjugacy classes of G,.

Similar conjugacy class zeta functions were introduced by du Sautoy [18].
They were further studied by Berman et al. [§] for Chevalley groups and
Lins [14-16] for unipotent groups. For the correspondence between ask and
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conjugacy class zeta functions, see [11,47,49,50]. Conjugacy class zeta functions
have other names found in the literature such as “class number zeta functions’
and “class counting zeta functions”.

For G < GL4(Z), the orbit-counting zeta function of G is

)

o (s) = i (/2 /G

Avni et al. computed a certain type of orbit-counting zeta functions, see
[2, Theorem E]. Rossmann [47] investigated cases in which orbit-counting zeta
functions are instances of ask zeta functions.

Main results
Our main results in this thesis consist of Theorems [A] B} [C] D} [E] [E] and [G]

Conjugacy class zeta functions: Rossmann [47, Theorem 1.7] showed that
conjugacy class zeta functions of particular types of Lie groups can be converted
into ask zeta functions of Lie algebras. In Theorem [A] we prove a formula
for converting conjugacy class zeta functions of a particular type of saturable
Lie groups into ask zeta functions of Lie algebras. Theorem [A] shows that
the conjugacy class zeta functions of this type of saturable Lie groups are
instances of ask zeta functions of Lie algebras. The formulas in Theorem [A]
and [47, Theorem 1.7] allow us to study conjugacy class zeta functions of these
types of groups using methods developed for computing ask zeta functions.

Antisymmetric matrices and Pfaffians: Rossmann [47, Section 4] gave
explicit formulas for computing ask zeta functions of modules of matrices using
sets of minors. In Section [6.1) we write an explicit formula for computing
ask zeta functions of modules of antisymmetric matrices using Pfaffians. A
similar method was used by Avni et al. |1, Section 3] to compute another type
of zeta functions called representation zeta functions. Moreover, we use the
formula in Section to prove Theorem [B| which gives an explicit formula
for ask zeta functions of image modules of antisymmetric matrices of linear
forms with smooth Pfaffian hypersurfaces. The statement in Theorem [B] is
analogous to [47, Theorem 7.1] which deals with image modules of matrices
with smooth determinantal hypersurfaces. Moreover, a similar formula can
be found in |55, Theorem 3] for the normal zeta function of class 2-nilpotent
groups with smooth Pfaffian hypersurfaces. A type of group scheme can be
constructed by antisymmetric matrices, see [50, Section 1.2]. The conjugacy
class zeta functions of this group scheme are instance of ask zeta functions of the
modules of these antisymmetric matrices, see [50, Proposition 1.1]. Therefore,
the formula in Section and Theorem [B] can be also used for studying the
conjugacy class zeta functions of this group scheme.
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Image modules: Rossmann [45] studied zeta functions enumerating sub-
modules invariant given by a constant matrix. In Chapter [7] we give a generic
and explicit (Theorem |C|) formula for the local ask zeta function of a module
generated by a constant matrix. We call this type of modules the image modules
associated with single matrices (i.e. A(X) = A;X;). We also obtain an explicit
and generic formula for the local ask zeta functions of an image module of a
row or column of linear forms which arises from the so-called Knuth duals, see
[49] Section 4.2] and Section[I.4] Moreover, we write formulas for the global ask
zeta function of an image module associated with a single matrix and its Knuth
duals. In Theorem [D] we give a generic formula for ask zeta functions of image
modules associated with matrix pencils. A similar work has been done by Voll
for the normal zeta functions of class 2-nilpotent groups, see [56, Theorem 2].
The generic formula in [56, Theorem 2] has similar shape as the formula in
Theorem @ We note that the map ¢¢ in |56, Theorem 4] is represented by an
antisymmetric matrix pencil.

Relation modules: We define a type of modules, called Relation modules
associated with matrices of linear forms, motivated by the work of Carnevale
and Rossmann [11] on relation modules associated with partial colorings. In
Section [9.1], we replace partial colorings with a matrix of linear forms associated
to a sequence of pairwise disjoint sets. This allows us to use the results of the
so-called admissible partial colorings in [11, Corollary B] and our results on the
so-called weak equivalence of matrices of linear forms to study ask zeta functions
of relation modules associated to matrices of linear forms (single matrices and
matrix pencils, in particular). Theorem [E| gives generic formulas for ask zeta
functions of relation modules associated with single matrices. Furthermore, we
prove Theorem [F] which provides a formula for the effects of adding zero rows
and columns to a matrix pencil on the ask zeta function of the relation module
associated with that matrix pencil. The formula we obtained in Theorem [F]is
analogous to the formula for the effects of adding generic rows and columns
on ask zeta functions associated with hypergraphs, see [50, Proposition 5.24].
Moreover, we write generic formulas for ask zeta functions of relation modules
associated with arbitrary matrix pencils (Theorem .

Other results

Weak equivalence: We introduce a notion called weak equivalence between
matrices of linear forms. We also proved that weakly equivalent matrices of
linear forms give rise to the so-called isotopic module representations, see Section
. Rossmann [49, Section 3.1] noted that isotopic module representations
have the same ask zeta functions. In Section we show that image modules
and relation modules associated to weakly equivalent matrices of linear forms
have the same ask zeta functions. Therefore, we use weak equivalence as a tool
to study ask zeta functions of image modules and relation modules associated
to matrices of linear forms.
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Matrix pencils: The literature on rational forms of matrix pencils, found
in [52,53], is older than 80 years. We modernize their language that is used for
obtaining rational forms of singular and non-singular matrix pencils. We also
write algorithms to compute rational forms of both singular and non-singular
matrix pencils. Each weak equivalence class can be represented by a rational
form, and we prove that all modules within a weak equivalence class have the
same generic ask zeta functions. The rational forms of matrix pencils are used
in Chapter [§ and Chapter [L0] to compute ask zeta functions of image modules
and relation modules associated with matrix pencils, respectively.

Counting numbers of matrices: Bender [7| gave a formula for calculating
the number of traceless matrices by rank over a finite field. In Section we
developed a formula for calculating the number of matrices by rank of a vector
space after adding generic rows and columns. We use this formula to count
the number of matrices by rank of relation vector spaces associated with single
matrices which generalizes the formula for counting the number of traceless
matrices by rank over a finite field. We also use this formula to write equivalent
classes of relation modules associated to single matrices.

Strategy for computing ask zeta functions

Here, we sketch our strategy for computing ask zeta functions of modules
of matrices. We use a formula to compute ask zeta functions of modules
of matrices by integrating norms of set of minors of said modules over a
compact discrete valuation ring. Corollary shows that equivalent modules
of matrices have the same ask zeta functions. Hence, we choose a suitable
equivalence class with minors that can be computed using Proposition [£.5.1]
In some cases, computing ask zeta functions of modules which arise from one
of Knuth duals are less complicated than computing the original modules, e.g.
see Lemma Therefore, we obtain these modules and use Proposition
to obtain the ask zeta functions of the original modules. For computing
the integral in Proposition or Proposition [4.5.2] we use the strategy of
“divide and compute” by dividing the domain of the integral into sets comes
from rational cones. In each set, we break the polynomials of the minors into
monomials using some statements derived from Hensel’s lemma or using change
of variables. Then we compute the generating functions of each cone. Finally,
we use Corollary to compute the integral of each set.

Overview of the thesis

The first four chapters are background material. In Chapter [1, we introduce
weak equivalence of matrices of linear forms and recall some terminology
about module representations and Knuth duals. We also prove that module
representations which arise from weakly equivalent matrices of linear forms are
isotopic. In Chapter [2] we recall the notion of rational forms of matrix pencils
from [53]. We also give algorithms to obtain these rational forms. In Chapter
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we recall some background on non-Archimedean local fields and valuation
rings. We also write statements derived from Hensel’s lemma and give integral
computations using polyhedra which will be needed for our computations in the
later chapters. In Chapter [4] we recall from [47] and [49] the notion of local and
global ask zeta functions. Moreover, we prove that the modules associated with
weakly equivalent matrices of linear forms have the same ask zeta functions.
In Chapter 5, we recall from [18] and [47] the definition of the conjugacy class
and orbit-counting zeta functions of groups. We also prove Theorem [A] In
Chapter [0, we give a formula for computing ask zeta functions of modules of
antisymmetric matrices using the set of all nonzero principal Pfaffians. We
also prove Theorem [B] In Chapter [7 we give an explicit formula for the local
(Theorem |C)) and global ask zeta functions of an image module associated with
a single matrix and its Knuth duals. In Chapter |8 we prove a formula for the
ask zeta function of an image module associated with a matrix pencil (Theorem
@. In Chapter @ we give a formula for computing the number of matrices by
rank in a relation of vector spaces associated with a single matrix over a finite
field and prove Theorem [E] By studying ask zeta functions of relation modules
of rational forms of matrix pencils, we write all the possible zeta functions of
relation modules associated with matrix pencils in Chapter [10] We also prove
Theorem [[] and Theorem [Gl
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Chapter 1

Modules of matrices and
module representations

In this chapter, we define weak equivalence on matrices of linear forms and
equivalence of modules of matrices. We also recall terminology from [49] about
so-called module representations and Knuth duality. The former provide means
to write modules of matrices up to equivalence classes. The latter provide
techniques to study zeta functions, averaging over the sizes of the kernels known
as ask zeta functions, associated with modules of matrices as we shall recall
in Chapter . Throughout this chapter, we denote by R a ring (associative,
commutative, and unital). The unit group of R is denoted by R*. When we
speak of modules over R (denoted by R-module), we mean right modules.

1.1 Matrices of linear forms

For ¢ > 1, let Ay,...; Ay € Myxe(R). Let X = (Xy,...,X) consist of al-
gebraically independent variables over R. We say that A(X) = A1 X; +
o4 A Xy € Myse(R[X1,...,X(]) is a matrix of linear forms . If ¢/ = 1,
we call A(X;) = A;X; a single matrix. Moreover, if ¢/ = 2, we call
A(Xl,XQ) = A1X1 =+ A2X2 a matrix pencil when A17A2 € MdXe(R) is
linearly independent (i.e. A1\ + As\y = 0 if and only if Ay = Ay = 0 for
A, s € R). Let Bi,...,B; € Muxe(R). Let B(X) = BiX; + - + BeX, be
another matrix of linear forms. Then A(X) = B(X) if and only if A; = B; for
all 1 <7< /.

Let S be an R-algebra. For Z = (Z1,...,7;) € S*, we define A(Z) €
Mgxe(S) to be the matrix obtained from A(X) by replacing each X; by Z;
for all 1 < i < ¢. In the following, we always assume A(X) = ¥, 4;X; and
B(X)=Y¢_, B:X..

Lemma 1.1.1. Let A(X), B(X) € Max.(R[X]) be two matrices of linear forms.
Then A(X) = B(X) if and only if A(z) = B(z) for all x € R

Proof. It A(X) = B(X), then we have A; = B; for all 1 < i < /. Hence
Aywy+ -+ Apry = By + - -+ Bywy for all z € RY. Suppose now that A(z) =
B(z) for all z € R". Let (e,...,e,) C R’ be the standard basis (i.e. e, =

9
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(1,0,...,0),e2 = (0,1,0...,0),...,e, = (0,...,0,1)). Since A(e;) = B(e;) for
all 1 <i </, we see that A; = B; for all i. Therefore, A(X) = B(X). O

Definition 1.1.2. Let R be a subring of a ring S. Let A, B € Mgyx.(S) be two
matrices over S. We say that A and B are equivalent over R if there exist
g € GL4(R) and h € GL¢(R) such that gAh = B.

Let @ C Maxe(R[X]) be the set of all matrices of linear forms A(X) =
A1 Xy 4+ AgXy with Aq, ..., Ay € Mgxe(R). Define a map

Q x (GLy(R) x GL4(R) x GL.(R)) — (1.

—_
~—

via A(X)(f,g,h) = g tA(X f~1)h for A(X) € Q and (f,g,h) € GL/(R)
GL4(R) x GL.(R). Here, we regard X as a row in R[X]’. Since f
GLy(R), the product X f~!' € R[X] is defined such that [X,..., X,]f™!
[f1(X),..., fo(X)] where f;(X) is a polynomial in R[X] for 1 <i </,

I m X

Definition 1.1.3. Let A(X), B(X) € Mux.(R[X]) be two matrices of linear
forms. We say that A(X) is weakly equivalent to B(X) over R if there exist
g € GLg(R), h € GL¢(R), and f € GLy(R) such that gA(X f)h = B(X) where
Xf € RIX].

Definition [I.1.3] allows us to write matrices of linear forms up to weak
equivalence classes over a ring R.

Corollary 1.1.4. Let A(X), B(X) € Muxe(R[X]) be two matrices of linear
forms and f € GLy(R). If A(Xf) = B(X), then {A(x) : x € R} = {B(x) :
x € R'}.

Proof. Lemma [I.1.1] shows that A(X f) = B(X) if and only if A(zf) = B(z)
for each z € R’. Hence {A(z): 2 € R} = {B(z) : v € R'}. O

For two matrices A € Myx.(R) and B € M,,«xn(R), let A®B be the Kro-

necker product such that if A = [a;;]i<i<a then A®B = [a;; B]i<i<a Where
1<)<e 1<j<e

anB aleB
laijBlicica=| * . ' | € Manxen(R).

1<j<e
G,dlB CLdeB

Lemma 1.1.5. Let A(X), B(X) € Maxe(R[X]) be two matrices of linear forms
and f € GLy(R). If A(Xf) = B(X), then

(A, ..., A)(ff®I.) = [By,..., B,

where T is the transpose of f.

PT’OOf. Write f = [fij]lgi,jgﬁ- Then

Xf = [Xl,...,Xf]f = [lell + - +ngg1,...,X1f1[+ +nggg].



Chapter 1. Modules of matrices and module representations 11

Hence

AXf)=(Aifu+-+Afi)Xa+- -+ (Aifa+ -+ Aofu) Xe
=B X;+--+ B X, = B(X).

Thus [Al, c. ,Ag] [fji]e]lgi,jgf = [Bh ey Bg] ]
Corollary 1.1.6. Let A(X), B(X),C(X) € Maxe(R[X]) be matrices of linear
forms. For fi, fo € GLy(R), if A(Xf1) = B(X) and B(X f3) = C(X), then
A(X f2f1) = C(X).

Proof. By Lemma we have [Ay,..., A)(f{f®L) = [Bi,..., B¢ and
[Bh' : 7BZ](f2T®[e> = [Ch' . '705]' Thus

[Cry o G = [Ar AT RL)(f; ®Le) = [Av - Ad (] f2 ®I)
= [A1,..., A((ffr) ®L).

O

In the following proposition, we show that the action in ([1.1)) is a group
action.

Proposition 1.1.7. Let Q C Myy.(R[X]) be the set of all matrices of linear
forms. Then the map in is a group action.

Proof. For any A(X) € Q, since (I, I, 1.) € GLy(R) x GL4(R) x GL.(R), we
have A(X)(Iy, 14, I.) = 1;A(X 1)1, = A(X). By Corollary [L.1.6]

AX)(fry 91 00) (f2, 92, h2) = g3 g1 "AX f37 ) b
= (g192) AKX (fifa) " )haha
= A<X)(f1f279192:h1h2)

for any (fl,gl, hl), (f27gg, hg) < GL@(R) X GLd(R> X GLE(R) L]

Proposition [I.1.7]shows that weak equivalence defines an equivalence relation
on the set of all matrices of linear forms A; X + -+ + A, X, with A;,... Ay €
Mgxe(R).

A matrix of linear forms A(X) € Myy.(R[X]) defines two types of modules.
The first type is the image module of A(X) defined as

M(A(X); R) = {A(z) : € R} C Myxe(R),

of which we show examples in Chapter |7| (image modules of single matrices) and
Chapter [§| (image modules of matrix pencils). Let (-, ) : Maxe(R) X Maxe(R) —
R be the bilinear form defined by (A, B) = tr(AT B) for A, B € Myx.(R) where
tr(-) denotes the trace. We call (-,-) the standard inner product. The
other type of modules is called the relation module associated with A(X)
defined as

Rel(A(X); R) = {z € Myxe(R) : (A1, 2y = -+ = (Ap, ) = 0}.
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We think of Rel(A(X); R) as the module obtained by the orthogonal complement
of M(A(X); R) with respect to (-,-). We shall show examples of Rel(A(X); R)
in Chapter @] (relation modules associated with single matrices) and Chapter
(relation modules associated with matrix pencils). Relation modules associated
with matrices of linear forms can be thought of as a generalization of relation
modules associated with partial colorings [11].

Corollary 1.1.8. Let A(X),B(X) € Mux.(R[X]) be two matrices of lin-
ear forms and f € GL,(R). If A(Xf) = B(X), then Rel(A(X);R) =
Rel(B(X); R).

PT’OOf. Let f = [fij]lgi,jgé- By Lemma m, Bz = A1f1'1 + -+ Azfig. For
r € Maxe(R), if x € Rel(A(X); R), then (A;,x) = 0 for 1 < ¢ < ¢. Hence
<Bi7 I) = <A1f11+ . '—I—Agfig, I) = <A1, l’>f11+ : '+<AZ, x)fzﬁ = (0 for all <. Thus
x € Rel(B(X); R). Suppose now that « € Rel(B(X); R). Then (B;,z) = 0 for
all i. Put t; = tr(A7x) for all . Then we obtain the linear equations system:

(By,z) =t fu+---+tefie=0

(Bp,x) = tofn+--+tifu =0

Since f € GLy(R), the linear equations system has one solution (t1,...,t,) =
(0,...,0). Thus t; = (A;,z) = 0 for all i. Hence = € Rel(A(X); R). O

In the next section, we shall explain the relevance between weak equivalence
of matrices of linear forms and equivalence of modules associated with matrices
of linear forms.

1.2 Equivalence of modules of matrices

For two modules of matrices M7, M5 over a ring R, we say that M; and M, are
equivalent if there exist g € GL4(R) and h € GL.(R) such that gMh = M.
In the following definition, we generalize the notion of equivalence of modules
of matrices into equivalence over a ring extension R C S.

Definition 1.2.1. For a ring extension R C S. Let M, My C Myy.(R) be
submodules. We say that M; and M, are equivalent over S (S-equivalent)
if there exist g € GL4(S) and h € GL.(S) such that gM;h = Ms. If R is an
integral domain with field of fractions S, we say M; and M, are rationally
equivalent.

Since most of our main results are focused on modules defined by matrices
of linear forms, we shall next relate the equivalence between matrices of linear
forms and the modules they define.

Lemma 1.2.2. Let A(X) € Mux.(R[X]) be a matriz of linear forms. For any
g € GL4(R) and h € GL.(R),

gRel(A(X); R)h = Rel(g TA(X)h™T; R).
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Proof. Let © € Mgx.(R). Then z € Rel(A(X); R) if and only if (A;,z) =
tr(Afz) = 0 for 1 < i < (. For each invertible matrix h € GL.(R),
tr(h~zh) = tr(z). Therefore, tr(ATz) = tr(h 1 ATzh) = tr(h =t AT g 1gxh
tr((g7T A=) gzh) = (g1 A;h~T gxh). Hence (A;,x) = (g-T AR~ gxh
0 for all 4 if and only if gzh € Rel(g-TA(X)h~T; R). O

) =
) =

Next, we show that weak equivalence of matrices of linear forms gives us
equivalence between image modules and equivalence between relation modules
associated with these matrices of linear forms.

Corollary 1.2.3. Let A(X), B(X) € Mx.(R[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent, then:

(i) M(A(X); R) and M(B(X); R) are equivalent over R, and
(i) Rel(A(X); R) and Rel(B(X); R) are equivalent over R.

Proof. For (i), suppose that A(X) and B(X) are weakly equivalent. Hence there
exist g € GL4(R),h € GL.(R), and f € GLy(R) such that gA(X f)h = B(X)
where X f € R[X]*. By Lemma [1.1.4] we obtain {gA(z)h : z € R*} = {B(z) :
x € R‘}. Therefore, we have M(gA(X)h; R) = M(B(X); R) if and only if
gM(A(X); R)h = M(B(X); R). For (ii), let gA(X f)h = B(X). By Corollary
[1.1.6] we have Rel(gA(X)h; R) = Rel(B(X); R). By Lemma [1.2.2] we obtain
g TRel(A(X); R)h™T = Rel(B(X); R). O

1.3 Module representations

Here, we recall from [49, Section 2.1] the notion of module representations. For
two R-modules V and W, the set of all R-linear maps from V to W is denoted
by Hom(V, W). For example, when V = R? and W = R¢, then there exists a
nature isomorphism between Hom(R?, R¢) and Myx.(R), see [23, Section 1.11].

Definition 1.3.1 (|49, Section 2.2]). Let M,V and W be R-modules. A

module representation is a homomorphism M % Hom(V, W). We denote
by M@ the image of M under 6.

A matrix of linear forms A(X) € Mgy .(R[X]) gives rise to a module
representation

R A9, Hom(R% R), x+— A(x).
Other examples of module representations are the inclusion maps M (A(X); R)
Y Hom(R, R°) and Rel(A(X); R) L Hom(R?, R©).

Definition 1.3.2 ([49, Section 2.2]). For two module representations, M; LN
Hom(V;, W1) and M, LEN Hom(V,, Ws), an isotopy 6; — 0 is a triple of module
isomorphisms M; = M,, V4 LN Va, and Wy LN Wy such that (ab)y = ¢((av)bs)
for all @ € M;. We use the notation 6; ~ 05 to indicate the existence of an
isotopy between 6, and 6s.
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Next, we show that weak equivalence classes of matrices of linear forms
corresponds to isotopy classes of the module representations arise from those
matrices of linear forms.

Lemma 1.3.3. Let A(X) and B(X) be matrices of linear forms. Then A(X)
and B(X) are weakly equivalent if and only if A(-) and B(-) are isotopic.

Proof. Let A(-) and B(-) are isotopic if and only if there exists a triple of
isomorphisms B¢ % R’, R? % R? and B¢ % R® such that A(z)i = ¢B(av) for
all x € R*. By Lemma , the latter condition is equivalent to ¢t A(X ) =
B(Xv) where X = (Xj,---, X/) consists of independent variables over R. Now
we regard v, ¢, and ¢ as matrices over R[X]. Since v € GL/(R), ¢ € GL4(R)
and 1 € GL.(R), we have A(X) and B(X) are weakly equivalent over R. [

For two modules of matrices M; and M, over a non-trivial ring R, if
there exists an isotopy between the inclusion maps M; LR Hom(R¥, R*) and
M, 2 Hom(R®, R?), then d; = dy and e; = e;. The maps R% 2 R% and
R % Re2 can be isomorphisms if and only if rank(R%) = rank(R%) and
rank(R) = rank(R); see [43, Theorem 1 and Theorem 2].

In the following lemma, we show that equivalence classes of modules and
isotopic classes of their injective maps to Hom(R¢, R¢) are the same when
dealing with modules of matrices.

Lemma 1.3.4. For two modules of matrices My, My € Myx.(R), Let M, b,
Hom(R%, R¢) and M, LZN Hom(R%, R®) be two injective maps. Then the images
M0, and M6, are equivalent over R if and only if 61 and 0 are isotopic.

Proof. Let 6, and 6, are isotopic. Then there exists a triple of isomorphisms
My % My R % RY and R % Re such that ¢~'(ab))y = (av)fy for all
a € My. Thus ¢~ (M0,)Y = Myby. We regard v, ¢, and ¢ as matrices
over R[X]. Since v € GL,(R),¢ € GL4(R) and ¢ € GL.(R), we have M0,
and M0y are equivalent over R. Conversely, suppose that M6, and M50,
are equivalent. Then there exist ¢ € GL4(R) and ¢ € GL.(R) such that
¢~ (M16,)Y) = Myfy. Then ¢ and ¢ are isomorphic maps such that R? 2, Rl
and R¢ % Re. Since 01 and 6, are injective maps, we obtain two isomorphic
maps, say, 0; : M; — M0, and 05 : My — Ms0y. Let v be the composite
mapping from M, to My such that av = (¢~ (ad,))d; " € M, for all a € M;.
Then v is isomorphic since v is the composite of the isomorphic maps 1, ¢!, ),
and 65 '. Since (av)dy = ¢~ (aby) € My, then ¢~ (ab;)y = (av)f,. Thus
(ab1)y = ¢((av)Bs) for all a € M;. Therefore 0, and 6 are isotopic. O

1.4 Knuth duality

Knuth duals were first introduced for hypercubes in |35, Section 4.1]. Later the
operations o, e, and V, which generalize Knuth duals on module representations,
were introduced in [49, Section 4.2]. We recall from [49, Section 4.2] the
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definition of Knuth duals on module representations. Let (-)* = Hom(-, R)
denote the dual module. Let M % Hom(V, W) be a module representation

over R. Fora € M,z € V and w € W*, the module representations #°,0°* and
0V are Knuth duals of the module representation 6 defined as follows:
v Hom(M,W); x+— (a+ x(ab)),
w* L Hom(V, M™); w (z+— (a+— (z(ab))w)), and
M 25 Hom(W*, V) ams (wes (20 (2(ad))w)).

In the following definition, we will define operations o, e and V on a matrix
of linear forms A(X7,..., X).

Definition 1.4.1. For A;,..., A; € Muxe(R), let A(Xy,..., Xy) = A1 X, +
o AKX = [0, akij Xili<i<a € Maxe(R[X7, ..., X(]) be a matrix of linear
155<e

WA
forms where ay;; is the (i, j) entry of Ay for 1 < k < ¢. Then define A°, A* and
AY as follows:

(i) A°(Xy,...,Xq) = [ZL, i Xil1<k<e € Moxe(R[ X1, ..., X4]),

1<5<e
(i) A*(Xy, ..., Xe) = [X5o, akinj]Ez% € Maxe(R[X1, ..., X,]), and
(iii) AV(Xy,..., X)) = [0, a’”jX’“]EJES € Mexa(R[X1, ..., X4]).

Note that AY(X) is the transpose of A(X).

Example 1.4.2. Let A(Xl,XQ,Xg,X47X5,X6) =
a4X4 a5X5 a6X6

applying definition [1.4.1] we obtain the following matrices of linear forms:

(lle a2X2 a3X3] By

_CL1X1 0 0

0 a2X1 0

0 0 X
(i) A°(X1, Xe) = Rt
a4X2 0 0

0 CL5X2 0

0 0 a6X2

X X X 0 0 0
(11> A.(X17X27X3> == i1 etz Gads y and
0 0 0 asXi asXy agX3
m X1 ay Xy
(iif) AY(X1, X, X3, Xy, X5, Xg) = |ae Xy a5 X5| = A(X1, ..., Xg)".
CL3X3 CL6X6



Chapter 1. Modules of matrices and module representations 16

Let A(X) be a matrix of linear forms. Let A(-) be the module representation
arising from A(X) such that

R 20, Hom(R% R?), x+ A(x).

The following proposition shows the correspondence between Knuth duals on
a module representation arise from a matrix of linear forms A(X) and the
module representations arising from A°(X), A*(X), and AY(X).

Proposition 1.4.3 ([49, Proposition 4.12(i)]). Let R* A0, Hom (R4, R¢) be a
module representation given by a matriz of linear forms A(X). Then

(i) A()" = A°(),
(ii) A(-)* =~ A*(-), and
(iii) A(-)Y ~ AY(-).






Chapter 2

Rational forms of matrix pencils

In this chapter, we recall from [53, Chapter IX] and [52] the notions of singular
and non-singular matrix pencils and rational forms of matrix pencils. We
also describe algorithms to obtain rational forms of singular and non-singular
matrix pencils. We assume that K is an arbitrary infinite field throughout this
chapter. Other forms such as Weierstrass forms of non-singular matrix pencils
and Kronecker forms of singular matrix pencils can be used over algebraically
closed infinite fields, see [31}, Section 3].

2.1 Matrix pencils

For linearly independent A;, As € Myy.(K), Let A(Xq, Xo) = A1 X5 + A X5 €
Maxe (K[ X1, Xo]) where X; and X are algebraically independent variables over
K. Then we say that A(X;, X,) is a singular matrix pencil if d # e or
det(A(zy,x9)) = 0 for all z;, 29 € K. Otherwise, we say that A(X;, X») is a
non-singular matrix pencil when the determinant of A(X;, X5) does not
vanish as a polynomial (i.e. det(A(X7, X)) is not a zero polynomial). Moreover,
a matrix pencil A(X7, Xs) is called regular if one, or both, of its coefficients
Aj or A, is a non-singular matrix.

Recall from [42, Proposition 1.2.4] that a polynomial F(X) € K[Xy,..., X/]
is zero if and only if F(z¢) = 0 for all y € K*. Hence, the determinant of
A(Xy, X;) vanishes if and only if det(A(zq,z5)) = 0 for all 21,22 € K. In this
chapter, we exclude finite fields, since there are some cases when a matrix
pencil A(X7, X3) can be defined as both a singular and a non-singular matrix
pencil over finite fields. That is the case when det(A(X;, X3)) does not vanish
as a polynomial, and det(xy,z5) = 0 for all 21,25 € K.

Example 2.1.1. Consider the matrix pencil

X, 0 0
AX1, Xo) =0 X;+ Xy, 0] e Ms(Fo[Xy, Xa)).
0 0 X,

Then det(A(Xl,X2>> = X12X2 + X1X22, and det(A(xl, 1’2)) = (0 for all T1,T9 €
F,.

18
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A matrix pencil A(X7, X5) = A1 Xy + A2 Xy € My (K[X7, X3]) can be
converted to a polynomial matrix via X7 'A(X, Xy) = A(Y) = A} + AY €
Maxe(K[Y]) where Y = % Alternatively, Xy A(X1,Xs) = A(Z) = A\ Z +
Ay € My o(K[Z]) where Z = % If a matrix pencil A(X;, X) is non-singular,
we can write

det(A(Xl, Xg)) = aoX? + alenleQ + ...+ anXg, (21)

where ag,...,a, € K. In this case, we have n or less distinct roots of
det(A(X1, X3)). By converting a non-singular matrix pencil A(Xy, X5) to

a polynomial matrix A(Z) via Z = %, we obtain

det(A(Z)) = apZ" + 2" + -+ a,

Definition 2.1.2 (|29, Proposition VII.2.11]). Let R be a principal ideal
domain. For a matrix A € Mgy.(R), there exist g € GLy(R) and h € GL.(R)
such that

gAh = diag(ay, ..., ay,,0,...,0), (2.2)
where a;’s are nonzero elements in R satisfies a;|a;41 for 1 <i < n. We call
the canonical form in the Smith normal form of A and we call q;’s the
invariant factors of A.

For a matrix pencil A(Xy, X3), we can reduce A(X;, X5) into a diagonal
form, denoted by D 4(X7, X5), by using the Smith normal form of A(Y) (where
Y = %’) or A(Z) (where Z = %) Indeed, since K[Z] is a principal ideal
domain, there exist g(Z) € GL4(K[Z]) and h(Z) € GL.(K[Z]) such that

W Z2)VAZ2)(Z) = diag(ar(Z), ..., an(2),0,....,0), (2.3)

where a;(Z)’s are nonzero polynomial in K[Z] satisfies a;(Z)|a;11(Z) for 1 <
i < n. Then we can multiply the polynomial matrix in (2.3) by X", for a large
enough m, to obtain the diagonal form:

D4 (X1, Xo) = diag(ai (X1, Xa), ..., an(Xy, X2),0,...,0), (2.4)

where a(X7, X»)’s are nonzero homogeneous polynomials in K[X;, X5]. We
call a(Xy, Xs) the invariant factors of the matrix pencil A(X;, Xs), see
[52, Section 1].

Lemma 2.1.3. Let Al,AQ € MH(K) Let A(Xl,Xg) = Ale + A2X2 be a
non-singular matriz pencil. Then A(Xy, X2) is weakly equivalent to a regular
matriz pencil.

Proof. Let det(A(X1, X3)) = ao X + a1 X7 ' Xo + ... +a, X5 If A; or Ay is
a non-singular matrix, then A(X;, X5) is regular. Suppose that both A; and

Ay are singular matrices. Put f = L (1)] then [ X7, Xo]f = [X1 + 20X, X5]
20

where 20 € K*. Thus A((Xl,X2>f) = A(Xl + ZoXQ,XQ) = A X, + A/2X2

where A, = A1zp + Ay. Consider the polynomial matrix A(Z) = A1Z + A,

where Z = % Then A}, = A(z). Since A(Z) is a non-singular polynomial

matrix, then there exist zop € K such that A(zp) # 0. In this case, det(A)}) # 0.

Thus, A) is a non-singular matrix. Hence A(X; + 20X, X») is a regular matrix

pencil. O
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2.2 Rational forms of non-singular matrix pen-
cils

Here, we recall from [53], Section IX.2] the rational forms of non-singular matrix
pencils on arbitrary infinite fields.

Forn > 0, let F(X) = ap+a; X+ - -+a,_1 X" '+ X" be a monic polynomial
over K. The companion matrix of the polynomial F'(X), denoted by CM(F'),
is a matrix of the form

0 10 0 |
CM(F)=10 ... 0 1 0
0o -~ 0 0 1

|—@ —a1 —Gz - —Op—1]

Theorem 2.2.1 ([52, Section VI.4]). Let K be any field. For each matriz
A e M, (K), there exist u € GL,(K) such that

u "t Au = diag(Cy, ..., Cy), (2.5)

where each C; = CM(F;) for some monic polynomial F;(X) € K[X] for
1 < i < w. The polynomials F;(X)’s are uniquely determined and satisfy
R(X)|F(X)] - [Fu(X).

We call the canonical form in (2.5 the rational canonical form of the
matrix A.

Lemma 2.2.2 (|52, Section IX.2]). Let A(Xy, Xs) € M,,(K[X1, Xs]) be a non-
singular matriz pencil. Then A(X1, Xs) is weakly equivalent to a matriz pencil
of the form

RX; + I, X, (2.6)

where R is a matrix in a rational canonical form.

By swapping X; and X5, Lemma can also be written as
I, X1 + RX,,

where R is a matrix in a rational canonical form.

Definition 2.2.3. We call the form in a rational form of the non-
singular matrix pencil A(X, X5), denoted by R4(X;, X3). Moreover, let
R = diag(Cy,...,C,) where each C; = CM(F;) for some monic polynomial
F;(X) of degree n; for 1 < ¢ < w and Fy(X)|...|F,(X). Then we call
Fi(X1, Xy) = det(C; X1 + 1,,,X5), for all 4, the rational invariant factors of
the non-singular matrix pencil A(X;, Xs).
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The following algorithm can be used when the matrix pencil A(X7, X5) is
non-singular.

Algorithm 2.1 Rational form of non-singular matrix pencil
Input: a non-singular pencil A(X7, X3) = A1 X7 + A2 Xy € M, (K[ X7, X5))
Output: a rational form of R4 (X7, X5) = RXy + I, X»

1: loop

2 if A, is non-singular then

3 compute the rational canonical form R of Ay A,
4 Ra(Xy, X2) == RXy + [, X5

5: else if A; is non-singular then
6

7

8

9

swap Al < AQ
A(Xl, XQ) = A1X1 + AQXQ

else A; and A, are singular matrices
find zy such that det(A;zo + As) # 0

10: A(X7 = X1 + 20Xs, Xy = Xy) is regular
11: Al = A(Xl - ].,XQ = 0)

12: A2 = A(Xl == O,XQ == ].)

13: A(Xl, XQ) = A1X1 + AQXQ

14: return R(X;, X5)

Remark 2.2.4. Since det(A(Z)) = agZ™ + a1 Z" ' + ... + a,, # 0 has at most
n distinct roots and K is an infinite field, we can enumerate z; in line [9] over
K until the condition det(A;zo + Az) # 0 is true.

Example 2.2.5. Consider the matrix pencil

X4 0 0
AX, X)) =10 X;+Xy 0] €Ms(Q[Xy,Xs)).
0 0 Xs
1
Let f = [1 Then [Xl,XQ]f = [Xl + XQ,XQ]. Thus A((Xth)f) =
A(Xl + XQ, XQ) = Ale + A/2X2 where A,Q = Al + AQ. We have

X1+ Xo 0 0
A(Xy + X, Xo) = 0 X1 +2X, 0
0 0 X

is a regular matrix pencil since

Ay =

o O =
S N O
_ o O



Chapter 2. Rational forms of matrix pencils 22

is a non-singular matrix. Hence (A))'A(X; + X, Xp) = (AY) 1A X, + [, X,
Computing by Sage [51], we obtain R4(X7, X5) = RX; + I,, X, where

Nlw = O

2.3 Minimal row and column dependences

Let A(X7, X5) be a singular matrix pencil. The method, for writing a rational
form in Section [2.5] requires obtaining the so-called minimal row and column
dependences. In this section, we recall from [53|, Section XI.5] the definition of
minimal row and column dependences. We also write algorithms for obtaining
an explicit row or column dependence.

Theorem 2.3.1 ([52, Theorem 1]). Let A(X1, Xs) € Muxe(K[ X1, Xs]) be a
singular matrix pencil. Then:

(i) If d > e, then there exists a nonzero row u € K[Xy, X5]¢ such that
uA(X1, Xs) = 0 and the nonzero components of u are homogeneous of
the same degree.

(ii) If d < e, then there exists a nonzero column v € K[Xy, X5 such that
A(X1, Xo)v =0 and the nonzero components of v are homogeneous of the
same degree.

Let A(X7, X2) € Myx(K[X1, X5]) be a singular matrix pencil. we say that
u as in Theorem [2.3.1fi) is a row dependence of A(X, X5). Similarly, we
say that v as in Theorem [2.3.1fii) is a column dependence of A(X;, X>).
The order of a row (or a column) dependence is the degree of the nonzero
components in that row (or column) dependence. Moreover, we say that a row
(or a column) dependence is a minimum row dependence (or minimum
column dependence) if that row (or column) dependence has the smallest
order.

Proposition 2.3.2. Let A(Xy, Xs) be a singular matriz pencil. Let u be a
minimum row (or column) dependence of order m. Then one of the components
of u contains a term of the form aX{" where a € K*. Similarly, one of the
components of u contains a term of the form bX3" where b € K*.

Proof. Suppose that v is a minimum row (or column) dependence of order
m and does not contain a component with a term of the form aX{". Then
there exist a row (or a column) ug, say, such that u = Xoug. Then wug is also
a row dependence ugA(X7, X2) = 0 (or column dependence A(X7, Xs)ug = 0)
whose nonzero components are homogeneous polynomials of degree m — 1 which
contradicts that u is a minimum row (or column) dependence. O

Next, we recall from [52] a method to determine the minimal order m of
row and column dependences.



Chapter 2. Rational forms of matrix pencils 23

Definition 2.3.3 ([52, Section 3]). For Aj, Ay € Myx.(K), let A(Xy, X3) =
A1 X1 + Ay X5 be a singular matrix pencil. Define the block matrices D,,(A)
and E,,(A), for m =1,2,..., by the following:

a0 A, A, 00
Dl(A):[AhAZ}?DQ(A): ' ? 7D3(A): 0 Al A2 O PRI
0 A A,
0 0 A A,
A, 0 0
A A0 A, A, 0
Ei(A) = |1 Ea(A) = | Ay A Bs(A)=|"2 "1
1(A) 4, 2(A) 2 A, Es(A) 0 4 A
0 A
0 0 A,

such that D,,(A) is a matrix of dm rows and e(m + 1) columns; E,,(A) is a
matrix of d(m + 1) rows and em columns. Define §,,(A) = dm — rank(D,,,(A))
and 1, (A) = em — rank(E,,(A)).

For a matrix pencil A(X7, Xs) € Maxe(K), we always have 6;(A),n;(A) > 0
for all 7 > 1.

Lemma 2.3.4. Let u be a row dependence of order m for a singular matriz
pencil A(Xy, X2). Then dp41(A) > 0. Similarly, if v is a column dependence
of order m for a singular matriz pencil A(Xy, Xs), then nm1(A) > 0.

Proof. By Theorem , we can write u = [uy,...,uy| where wu; is either
0 or a homogeneous polynomial of order m for 1 < ¢ < d. Therefore, we
write u; = a;0X{" + aﬂle_lXQ + -+ ;X3 where q;; € K for 0 < j < m.
Define @ = [tg, .. ., Um] € K4 where each 4; = [ayj, ..., a4]. Since u =
TTLOX{n + ﬂlenjilXQ + -+ ﬂmXén and UA(Xl, Xg) = O, then

(W X"+ W X" ' Xo 4 -+ 4 wn X3") (A1 X7 + A2X5) = 0.
Thus we obtain the following chain of vector equations:
0 =upgAi,upAy = = Ay, ..., U1 Ay = —Up Ay, Uy Ag = 0.

Hence uD,,11(A) = 0. Therefore u is a row dependence of D,,;;(A). Thus
rank(D,,1+1(A4)) <m +1 and 6,,11(A) > 0. Similarly, we prove 7,,11(A4) > 0 if
we have a column dependence of order m. O

Lemma shows that the existence of 6;(A) > 0 or n;(A4) > 0 if A(X;, X3)
is a singular matrix pencil. Thus we can use the following theorem for obtaining
a minimum row or column dependence.

Theorem 2.3.5 (|52, Theorem 2]). Let A(Xy, X3) be a singular matriz pencil.
If 0,n11(A) is the first nonzero integer in the sequence 61, 0s, ..., then m is the
order of minimum row dependence. Similarly, the minimum order of column
dependence m is given by the first nonzero integer Ny1(A).



Chapter 2. Rational forms of matrix pencils 24

For Ay, Ay € Myx(K), let A(X;, X2) = A1 X7 + Ay X5 be a singular matrix
pencil with a minimal row dependence u of order m. By [52, Section 4], the
row dependence u can be written explicitly as

=g X]" + W X" Xy A+ Uy XSO, (2.7)

where each coefficient #;, for 0 < i < m, are row vectors in K. The row vectors
u;’s can be determined by a nonzero solution of the chain of vector equations:

O - 1_1,()141, ”(_L()AQ - —’l_LlAl, e ,’l_Lm_lAQ - —’l_LmAl, ’l_LmAg — 0 (28)
In particular, if m = 0, then we determined ©gA; = ugAs = 0. Thus u = g
since g A(X1, X») = 0. In general, let @ = [ug, Uy, . . . , U] € K™ be a nonzero
row vector, where iy, ..., i, € K% are row vectors, such that uD,,(A) = 0.

Since rank(D,,4+1(A)) < dm, a nonzero row vector u exists. Hence, we obtain
the chain of vector equations in (2.8). By writing u as in ([2.7]), we obtain
uA(X1, Xo) = 0. Similarly, let A(X;, X5) have a minimal column dependence
v of order m. Then v can be written as

v=0X"+ 0 X" Xy -+ 0, XS F0, (2.9)

where each coefficient v;, for 0 < i < m, is a column vector in K¢. Similarly,
the column vectors v;’s can be determined by a nonzero solution of the chain
of vector equations:

0 = Al’ljo, AQT_JO = —Al'l_}l, e ,AQZ_Jmfl = _Alﬁma Azﬁm = O (210)

Remark 2.3.6. We can also obtain the rows wy, ..., 4, € K% in once
we obtain a nonzero row vector 4 = [tq, . .., Uy,] € K9 from the left kernel
of Dyy11(A). Similarly, we can obtain the columns vy, ...,v,, € K¢ once we
obtain a nonzero column v = [7y, . . ., ¥,,]7 € K™ which lies in the right kernel

of Em+1 (A)

Example 2.3.7. Let A(X;, X3) € My(Q[X;.X5]) be a singular matrix pencil
such that
X, Xi+Xo 0 O

X X 0 0
A, Xe) = 02 01 X, X
1 2

X1+ X, 0 0 0

Computing by Sage [51], the ranks of D;(A), Dy(A), D3(A) are 4,8, 11, respec-
tively. Hence d5(A) = 1 > 0 is the first nonzero in the sequence of §;(A) for
1 <17 < d. By Theorem [2.3.5, we have m = 3 — 1 = 2 is the order of the
minimal row dependence. The following row vector is a nonzero row in the left

kernel of D3(A):
i = [t 1, 2] = [1,-1,0,—1,1,-2,0,1,0,—1,0, 1].

Hence, we write ug = [1,—1,0, —1],u; = [1,—2,0, 1], and uy = [-1,1,0,1]. By
Equation (2.7), we obtain u = [X? 4+ X1 Xo, —(X; + X2)%,0, = X7 + X; Xu + X3].
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Similarly, the ranks of E;(A), Es(A),E3(A) are 4,7, 10, respectively. Hence
n2(A) =1 > 0 is the first nonzero in the sequence of 7;(A) for 1 <i < e. By
Theorem we have m = 1 is the order of the minimal column dependence.
The following column is a nonzero column in the right kernel of Ey(A):
v = [vg, v1]" =[0,0,0,1,0,0,—1,0]".

Hence, we write 7 = [0,0,0,1]7 and v, = [0,0,—1,0]T. By Equation (2.9),
v=10,0,0,— X5, X;]7.

The following algorithms are used to obtain an explicit row and column
dependence for a singular matrix pencil A(X7, X5).

Algorithm 2.2 Minimum row dependence
Input: a singular matrix pencil A(X;, Xo) = A1 X7 + A2 X5
Output: a minimum row dependence of A(X7, X5)
1: find the least m > 0 such that d,,11(A4) >0
2: find a nonzero row u = [uy, .. ., Uy,| such that uD,,1(A) =0
3: return uo X" + ﬂlX{"_ng + o U XY

Algorithm 2.3 Minimum column dependence

Input: a singular matrix pencil A(X;, Xo) = A1 X7 + A2 X5

Output: a minimum column v dependence of A(X7, X5)
1: find the least m > 0 such that 7,,41(A) >0
2: find a nonzero column 97 = [y, ..., ?,,]" such that E,,,;(A)0 =0
3: return vo X" — 0 X7 X 4 - 4 0, XTI

2.4 Canonical minimal submatrices

In this section, we recall from [53, Section IX.6] terminology about the so-called
canonical minimal submatrices and how they occur in singular matrix pencils.

Definition 2.4.1 ([53, Section IX.6]). A row w(y,) over K[X, X,| is called a
row of apolarity if it is of the form

Wiy = [X3" =X X o (= X1)™,0,...,0],m > 0.
In particular, wy = [1,0,...,0]. Similarly, we call wg‘cn) a column of apolar-
ity.
Definition 2.4.2 (|53, Section IX.6]). Let A(Xi, X3) be a singular matrix
pencil over K[X7, X5]. A submatrix L,,(X;, X3) of the form

X: 0 ... 0
X X7 ... 0
Lm<X17X2) =0 . . e M(m+1)><m([X17X2])
X, Xi
i O ... 0 XQ_
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is called a canonical minimal submatrix .

Note that the canonical minimal submatrix Ly € Mjyo(K [ X1, Xs]) is a zero
row. Therefore, we write

diag(Lo, A(X17 XQ)) =

0
AXy, X))

Next, we show that for any change of variables occurs in L,,(X7, X5), we can
use non-singular transformations to regain the same canonical form.

Lemma 2.4.3. Let f € GLo(K). Then L, (X1, Xs) and L, (X1, Xo)f) are
equivalent over K.

Proof. From |13| Section 2], the group GLo(K) can be generated by

0

1
Suppose that f =
Yo

Let g;, € GL;;1(K) and h; € GL;(K) for 1 <4 < m such that

0
1] where Yo € K. Then [Xl,XQ]f = [X1+y0X2,X2].

1~y 0 - 0
1 —Yo 0 0
1 0 1 ; 82 Yol » ) Bm 0 ,
0 0 1 0 e
. O 1 -
ITT o
1 yo v 0
2 0 1 y 13 Yol » s Nm tO
00 1 0 "
- O 1 -

In particular, if i = 1, then hy = 1. Put g; = diag(l,,_;,g) and h; =
diag(l,,—s, h;) where 1 < i < m. Let g = g,...g1 and h = h;...h,. One

0
can check that gL,,((X1 + yo X2, Xo)h = L, (X1, Xo). If f = L 0 ], then



Chapter 2. Rational forms of matrix pencils 27

(X1, Xo|f = [Xs, —X;]. Let J; € GL;(K) for 1 < j <m+ 1 such that

0 0 -1
0 0 1 O
0 -1
j1:17j2: 7~--7«.7m+1:
1 0
0 (=)™ 0 0
()™t 0 0 - 0

Then one can check that Jp,11Lm (X2, —X1)Tm = L (X1, X2). Moreover, if

0

f= [gg where y1, 1y, € K*, then [ X3, Xo|f = [11 X1, y2X5]. Let Gp1 €
Y2

GLpt1(K) and Hy, € GLy, (K) such that

L0 0 ] ) ]
Y1 0
o X 0 0o .- 0
Y2 0 2 0 ... 0
gm+1: 0 ?y% 0 0 and Hm .
' s 0 - 0 0 %
o --- 0 0 0 ylym - ioo-
L 2 J

Then we can check that G,,11 Ly (y1 X1, Y2 Xo)Him = L (X1, X2). Now consider
the group action in (L.1). Since GLy(K) is generated by S, write f = fi--- fs €
GL2(K) where f;, € S for 1 < k < s. By induction on s, if s = 1, then
f = f1 € S. We proved that there exist g; € GL,,.1(K) and hy € GL,,(K)
such that L(Xl,XQ)(fl_l,gl_17h1) = glL((Xl,Xg)f)hl = L(Xl,XQ) for all
f €S. Fix s > 1. Suppose that there exist g; € GL,,11(K) and hs; € GL,,(K)
such that L(Xy, Xo)(f~1, 97t he) = L(X1,Xs). For s+ 1, let fy = f1-- fs
and f = fxfsy1. Then there exist g1, 95 € GL,+1(K) and hy, hy € GL,,(K)
such that

L(X1>X2)(f]§179;17 hs)(f;—i}lagfla hl)

L(X1>X2)<f]\7f1f;|-11>g;191717hshl)
L(X17 XQ)(f_la (glgé‘)_la hshl)
L(Xy, X5).

]

For simplicity, we shall use the notation L, instead of L,,(X;, Xs) for
canonical minimal submatrices. The following lemmas are essential to obtain a
rational form for a singular matrix, as we shall see in Section 2.5

Lemma 2.4.4 ([52, Lemma IX.6.1]). Let A(X1, X3) € Myxe(K[X1, X3]) be a
singular matrix pencil with row dependence u of order m. Then there exist
g € GLy4(K) and h € GL.(K) such that

g TA(X,, Xo)h = (2.11)

BX, A(Xi,Xs)

L, 0]
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where B € M(g—m—1)x(m)(K) and A(X1, X2) € Mg—m—1)x(c—m)(K[X1, X2]) is a

matriz pencil. In particular, if m = 0, then we can assume h = I, so that

g AKX, Xo) =

0
A(X1, Xo) |

We use the following algorithm from the proof of [52, Lemma IX.6.1]. For
a matrix pencil A(X;, Xy), we let A(X1, X)®) denote the submatrix pencil
obtained by removing the first ¢ rows and j columns. Similarly, for a row u, we
let ¥ denote the row derived from u by omitting the first /" components.

Algorithm 2.4 Singular matrix pencil form in (2.11))
Input: a singular matrix pencil A(X;, X3) € Mgy (K[X7, X3]) with d > e
Output: a singular matrix pencil as in , which is equivalent to A(X;, X»)
1: using Algorithm construct a minimum row dependence u
of A(Xl, Xg)
2: if m = 0 then

3: find g € GL4(K) such that ug = wq) and h := I,

4: elsem >0

5: A(X7, Xo) == A(X, Xo)

6: (:=0

7 repeat

8: find g, € GL4(K) such that the first component of (ug,)® is
(—X1)* X5 and casts out any term contains (—X;) X5 "
from the remaining components in ug,

9: find hy € GL.(K) such that (g, " A(X1, X2)he)“? has a first
row of the form [aX{,0,...,0]

10: find f, € GLq(K) such that (frg;  A(X1, Xo)he)“? has X in
the leading entry and casts out any term contains X; in the
first column except the leading entry

11: u = wugef, " and A(X1, Xo) = frg; "A(X 1, Xo)he

12: C:=0+1

13: until ¢ >m

14: g:=gofo - gmfrt and h = hg- - hy,
15: return g 'A(X1, X2)h and m

Remark 2.4.5. In line[§] if £ = 0, then Proposition shows that at least
one of the components of u contains a term of the form aXJ* where a € K*.
Then X, '(ugo) is a minimum row dependence of order m — 1 of the matrix
pencil (gotA(X1, X5))Y, see the proof of [53, Lemma IX.6.I]. In general, we
have X “(u)® is a minimum row dependence of order m — £ of (A(X1, X3))®¢9.
Therefore, Proposition shows that at least one of the components of u(®
contains a term of the form aX{ X5~ where a € K*.

Remark 2.4.6. In line 3| we have m = 0. Therefore u is a nonzero constant
row in K. We can write ¢ as a multiple of three matrices ¢ = §;,§2g3 where
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91,02, 93 € GLg(K). If the first component of u is zero, then g; swap the
first component of u with any nonzero component. Otherwise g, = ;. If
the first component of ug; is a nonzero constant a # 1, then g, multiply
the first component by a~!. Otherwise g, = I;. Finally, g3 casts out any
nonzero component except the first component in ug;gs. Consider the matrix
I; = [e1,...,eq] where ¢;’s are the ¢ column of I; for 1 < i < d. Those

operations are given by the followings:

(i) To swap the i component with the j component in u, we multiply u by
I, after swapping e; with e;.

(ii) To multiply the ¢ component in u by a constant a, we multiply u by I,
after multiplying e; by a.

(iii) To cast out all nonzero components in u except ¢ component, we multiply
uby [er,... -1, (—%)", €i11,...,eq]" where u; is the ¢ component of w.

Similarly, we can write the operations which gives us gy in line [§| where g, makes
the ¢ component in ug, contains a term (—X;)*X, and eliminates this term
from the other components. In line @, the first row in (g, *A(X1, Xo)he) ")
does not contain a term in X, but it does contain a term of the form a.Xy, see
the proof of [53, Lemma IX.6.I]. Therefore h, and f, in line [9] and [10] can be
obtained by operations similar to Gaussian elimination.

Lemma 2.4.7 ([52, Lemma IX.6.1T)). Let A(X1, X3) € Myxo(K[X1, X3]) be a
singular matrix pencil with column dependence v of order m. Then there exist

g € GL4(K) and h € GL.(K) such that

gA(Xy, Xo)h ™ = (2.12)

LT  BX
0 AXy,Xo)|

where B € My (e—m—1)(K) and A(X1, X,) € M (d—m)x (e—m—1) (K[ X1, X3]) is a
matrix pencil. In particular, if m = 0, then we can assume g = I; so that

A(X, Xo)h ™ = [0, A(X,, X5)] -

Remark 2.4.8. We can use Algorithm [2.4{ on the transpose of AT (X}, X5) to
obtain a singular matrix pencil form as in (2.12)).

2.5 Rational forms of singular matrix pencils

Here we recall from [53] Section IX.7] a method for writing rational forms for
singular matrix pencils over arbitrary infinite fields.

Let A(X1, X2) € Mgy (K[X1, X3]) be a singular matrix pencil. If A(X;, X5)
has a minimal row dependence of order m;, we can apply Lemma on
A(X1, X5) to obtain a submatrix pencil as in (2.11)), say A;(X;, Xp). If
A1(X7, X2) also have a minimal row dependence of order ms, we can keep
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applying Lemma [2.4.4] until we either exhaust the rows or arrive at some
Ar(X7, X3) which has independent rows (i.e. Ax(X7, X5) has no row depen-
dence)

L, 0 0
*
L Lo 0
* cee * Ak<X1,X2)

where * are submatrices in X,. Similarly, if Ax(X;, X5) has a column depen-
dence my,1, we can apply Lemma on Ag(X1, Xs). Moreover, we can keep
applying Lemma [2.4.7 until we either exhaust the columns or arrive at some
non-singular matrix A(Xy, X) such that

Ly, O 0
*
* * Ly, 0 0
* * * Lng * * * 7 (2.13)
* * * 0 * *
* * * LZH *
i * * * 0 0 A(Xl,XQ)_

where * are submatrices in Xs. If A(Xl, X3) exists, it can be either a non-
singular polynomial matrix of degree one or a non-singular matrix pencil
which can be replaced by its canonical form R ;(X7, X5) using Algorithm
and the redundant * can be cleared by row-column reductions, see proof
of [52, Theorem IX.7.1]. In the case of A(X1, X5) is not regular, we replace
A(Xy, Xo) with A((X1, X)f) where f is defined as in Lemma [2.1.3, This
step will replace Ly, (X1, X2)’s and Ly, (X1, X2)"’s with Ly, (X7, X3) f)’s and
Lmj((Xl,Xg)f)T’s, for 1 <i< k< j</{ By Lemma , we can retain
L, (X1, X3)’s and Lﬂj (X1, X5)’s from Ly, (X1, X2) f)’'s and Ly, (X1, X3) f)"7s

by non-singular transformations.

Theorem 2.5.1 (|53, Section IX.6 Theorem I]). Let A(Xy, Xs) be a singular
matriz pencil. then A(Xy, X3) is weakly equivalent to a matriz pencil of the
form

Ra(X1, Xo) = diag(Lyn,, - - Liny s Lo LY R4(X1, X)), (2.14)

ME41? mg?

where R 51(X1, X3) is either empty matriz or in a rational form of non-singular
matriz of linear forms A(Xy, Xs).

Note that R (X1, X») is an empty matrix if A(X, X5) is an empty matrix.

If A(Xy,X5) = A Xy + A Xy € M, (K[X,, X,]) is not a matrix pencil (i.e.



Chapter 2. Rational forms of matrix pencils 31

A; and A, are not linearly independent), then A; or 142 must be a non-
singular matrix. We still can apply Algorithm to A(Xy, X3) to obtain
R;(X:, X5) = RX; + [, X5 where R is a matrix in a rational canonical form.

Definition 2.5.2. Let A(X;, X3) be a singular matrix pencil over K[X7, Xs].
Then we call the form in (2.14]) a rational form of the singular matrix
pencil A(X7, X3), denoted by R4(X7, X3). We also call the non-singular matrix

of linear forms A(Xy, X5) the non-singular core of A(X;, X5).

Next, we use the following algorithm from the proof of [52, Section IX.7 The-
orem I]. For a matrix pencil A(X;, X5), let A(X1, X5)®7) denote the submatrix
of A(X1, X») after removing the first ¢ rows and j columns.

Algorithm 2.5 Rational form of singular matrix pencil

Input: a singular matrix pencil A(X;, X5)
Output: a rational form R4 (X7, X3) of A(X;, X3) as in (2.14))
1: k:=0

2: repeat

3 while A(X;, X5) is singular and d > e do

4 k=k+1

5: apply Algorithm 2.4 to A(X;, X5) to obtain B(X;, X5) and my,
6: A(X, Xo) i= B(X, Xp)mettme)

7 (:=0

8 while A(X7, X5) is singular and d < e do

9: C:=0+1
10: apply Algorithm [2.4]to A(X1, X3)” to obtain B(X;, X,) and my
11: A(X1, Xo) = (B(Xy, Xy)T)memet1)

12: until A(Xy, X3) is an empty matrix or a non-singular matrix pencil
13: if A(Xy, X») is an empty matrix then

, . T T
14: return diag(Lo,, - -, Lings Ly s+ -5 Ly )

15: else

16: use Algorithm to obtain R4 (X1, X5)

17: return diag(Ly,,, ..., Lm,, L;Z;Lk+l’ o ,L%He, Ra(X1, X2))

Example 2.5.3. Let A(X3, X2) € M7y5(Q[ X1, X3]) be a matrix pencil where

X, X, +X, 0 0 0 |
X, X 0 0 0
0 0 X Xo Xy
AX, Xo) = | X1+ X, 0 0 Xy Xy
X, 0 X, Xy X,
X1 X5 X, 0 O
X X Xy Xo Xy
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By using algorithm we obtain a minimum row dependence
wo = [1,1,0,—1,3, 1, —2].
Applying Algorithm [2.4] we obtain g such that uggo = w(o) where

1 -1 01 =3 1 2
0 1 00 0 00O
0 0 1.0 0 00
g=10 0 01 0 00
0 0 00O 1 00
0 0 00O 0 10
0o 0 00 0 0 1]
and )
0 0
X5 X1 0 0 0
0 0 X1 Xo X,

G AXL X)) = [ X1+ X, 0 0 Xo X
X4 0 Xo Xy Xo
X Xy Xo 0 0
X1 X1 Xo Xy Xo
Hence, we have Lo and A;(X1, X5) = (g5 - A(X1, X2))10. Similarly, we obtain
a minimum row dependence for A;(X;, X»)
w = [Xo, X5, X1 — X, X — X3,0, =X,
By Algorithm [2.4] we obtain u;g; = w(1) where

1 -1 0 -1 0 1
0O 0 0 1 00
0O 0 1 0 00
g1 = .
O 1 1 0 00
O 0 0 0 10
0O 0 0 0 01
Moreover
i ] 1000 0 0
-1 01 00
01 0000
0 1000 1 01000
hy=10 01 0 0| and f; =
000100
0O 0010
100 010
0O 0 0 0 1
- . 1 00 001
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Thus ) ;
X, 0 0 0 0
X 0 0 0
B - X 0 X;i+Xy Xy X
i AL(Xy, Xo)hy = ? ' 2o
0 0 X, Xo Xy

0 Xy Xi+Xo 0 0
0 X1 X1+X2 X2 X2

Then we obtain L; and As(X1, X3) = (figr "A1 (X1, X5)hy)?Y. By Algorithm
ﬂ, we obtain a minimum row dependence for As( X7, X5)

Uy = [~ X7 — X1 X0 + X3, X7 + X1 X0, X1 Xo, — X3].

By Algorithm [2.4] we have uy = w() where

1 0 0 1
1011
2700 -1 -1 o]
0 0 0 1
Moreover
-1 0 0 0 1000
hy — -1 0 0 andf2:0100.
0 10 0010
01 1101
Then

X; 0 0 0
Xo Xy 0 0
0 Xo 0 O
Xy —Xo Xy X

f2951A2(X1> Xo)hy =

Hence, we obtain Ly and A3(X1, Xo) = (fag5 ' A2(X1, Xo)ha)3?). By Algorithm
2.3, we obtain a minimum column dependence Az(X;, X3) uz = [1,—1]7. Since
ul is a minimum row dependence of A3(X;, X5)7, we use Algorithm to

1
T Then A3(X1, X3)g; 7 = [0, X;]. Then

obtain ul g3 = w(o) Where g3 = [0

we obtain LI and Ay (X1, Xy) = (A3(X1, X2)g3 7)Y is a non-singular matrix
pencil. By Algorithm [2.1] the rational form of A4(X1, X5) is Ra, (X1, X2) = [Xa].
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Therefore RA(Xl, XQ) = diag(LO, Ll, LQ, Lg, RA4 (Xl, XQ))

0 0 0 0 O

X: 0 0 0 0

Xo 0 0 0 O

=10 Xy 0 0 0

0 Xo X4y 0 0

0 0 Xy 0 0
100 0 0 X

2.6  Weak equivalence classes of matrix pencils

In this section, we recall some facts regarding rational forms of matrix pencils
which allow us to write matrix pencils up to weak equivalence.

Let A(X1, Xs) € Myxe(K[X1, X3]) be a matrix pencil with a rational form
as in ([2.14))

Ra(X1, Xo) = diag(Ly,, - - Liny, LYoo LY RA(X4, X5)),

Mg41? Mk’
where R 5(X1, X») is the non-singular core. We use (2.14)) as the general rational
form. If A(X;, X5) is a non-singular matrix pencil, we put k¥ = ¢ = 0. In this
case, the non-singular core is A(X7, X»).

Theorem 2.6.1 (|52, Sections XI1.3-X1.4]). For a matriz pencil A(X1, Xs), the
invariant factors of the non-singular core of A(Xy, Xs) are invariant under
equivalent transformations of A(Xy, Xs) in the field K and covariant (invariant
up to change of variables) under weak equivalence.

Theorem [2.6.1]shows that two non-singular matrix pencils are weakly equiva-

lent if they have the same invariant factors up to change of variables. Moreover,
Lemma shows that two weakly equivalent singular matrix pencils have the
same canonical minimal submatrices. Thus, if Ra(X1, X») and Ra(X1, X;) are
rational forms of a matrix pencil A(X;, X3) then Ra((X1, Xo)f) = P_{A(Xl, X5)
for some f € GLo(K).
Theorem 2.6.2 ([52, Theorem IX.8.1II]). Let A(X1, Xs), B(X1, Xs) be two
matriz pencils. Then A(X1, X3) and B(X1, Xs) are weakly equivalent if and
only if they have the same canonical minimal submatrices and same invariant
factors up to change of variables.

Let R be an integral domain with field of fractions K. Let A(X;, X3) €
Maxe(K[X1, X5]) be a matrix pencil. By Corollary

(i) M(A(X1,X2); R) and M(Ra(X1,X2); R) are rationally equivalent.

(ii) Rel(A(Xy, Xs); R) and Rel(Ra (X1, X3); R) are rationally equivalent.

Therefore, we can use the general rational forms, as in , as rational
equivalence classes of image and relation modules associated with matrix pencils
over the integral domain R. In the later chapters, we compute ask zeta functions
for these rational forms to obtain a generic formula.






Chapter 3

Compact discrete valuation
rings

In this chapter, we collect some terminology and some facts found in [40}41]
regarding the so-called non-Archimedean valuations and non-Archimedean local
fields. We also recall from [27] some facts about integration on non-Archimedean
local fields. As in the previous chapters, K is an arbitrary field unless otherwise
noted. We also denote by Z,Q, R, and C the ring of integers, rational field,
real numbers, and complex numbers, respectively.

3.1 Non-Archimedean valuations

Recall from [41], Section 1.11] that a local ring is precisely a ring that has one
maximal ideal. If a local ring is also a principal ideal domain, then we call it a
discrete valuation ring.

Definition 3.1.1 (][40, Section 7.1]). For a field K, a non-Archimedean
absolute value of K is a function

|-|: K - R,
with the following properties:
(i) |z| >0, and |z| = 0 if and only if z = 0,
(ii) |zy| = |z[ly], and
(iii) |z + y| < max{|z|, |y|} where z,y € K.

For example, consider the p-adic absolute value | - |, where p is a prime
number. For x € Q, we can write x = p™§ where m,a,b € Z and p does not
divide a or b. In this case, |z|, = p~™. For more about p-adic absolute value,
see [41}, Section I1.2].

Remark 3.1.2 (|41, Section I1.3]). If |z| # |y|, then |z + y| = max{|z|, |y|}.

36
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Define the distance between two points x,y € K by

d(z,y) = |z —yl.

This function d is a metric. In particular, K together with this metric
becomes a topological space. We say two absolute values are equivalent if
they define the same topology on K. Then the absolute value | - | together with
K admit a metric space, and hence in particular a topological space. The field
K, together with | - |, is called a valued field, denoted by (K| - |).

Recall from [41, Section IL.3] that let | - | be a non-Archimedean absolute
value of K. Define a function

v: K — RU{o0},

by v(x) = —log|z| for z # 0 and v(0) = oo. This function v has the following
properties for z,y € K:

(i) v(z) = oo if and only if x = 0,
(i) v(zy) = v(z) +v(y), and
(i) v(z + ) > minfu(z), v(y)}.

Then we call v a non-Archimedean valuation of K. A non-Archimedean
valuation on K is called discrete if v(K*) = sZ, for a real s > 0. Moreover, if
s = 1, we say the valuation is normalized. If K is a number field, we call the
valuation of an equivalence class of absolute value on K a place. We generally
use the notation v for a normalized place.

Proposition 3.1.3 ([41, Proposition I1.3.8]). Let K be a field. If v is a
non-Archimedean valuation then the subset

O={reK:|z|<1}={re K:v(x)>0}
is a ring with group of units

O*={reK:|z|=1}={r € K:v(x) =0},
and a unique mazximal ideal

P={reK:|z|<1l}={zeK:vx)>0}.

We call O a valuation ring. For example, the vaulation ring O could
be the so-called p-adic integers Z, with maximal ideal pZ,, see [41, Section
I1.1]. The field R := O/ is called the residue class field of K. An element
p € P\ PB? such that v(p) = 1 is called a uniformizer (or prime element)
and every element x € K* admits a unique representation x = p™u where
m € Z and u € O*. In this case v(z) = m. Moreover, || = ¢7*®) = ¢~™ for a
fixed real number ¢ > 1. In this thesis, we normalize the absolute value | - | so
that ¢ is the size of the residue field K.
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Proposition 3.1.4 (|41, Proposition 11.3.9]). If v is discrete valuation, then O
is a principal ideal domain with only one mazximal ideal. Hence O is a discrete
valuation ring.

Sometimes, we write | - |, instead of |- | to denote an absolute value which
represents the equivalence class v.

Definition 3.1.5 (|40, Section 7.6]). Let L/K be an extension of fields. For
every place w of L, an absolute value | - |,, that represents the equivalence class
w restricts to an absolute value on K that represents a place v of K. We write
wlv to indicate this relationship and say that w divides v (or w lies over v).

3.2 Non-Archimedean local fields

Let K be a field with an absolute value | - |. Recall from [41, Definition I1.4.1]
that a sequence {a, },en of elements in K is called a Cauchy sequence with
respect to the absolute value |- | if, for every € > 0, there exist N € N such that

|, — am| <€,

for all n,m > N. The field K is complete with respect to |- | if every Cauchy
sequence {a, }nen in K converges to an element of a € K.

lim |a, —a| = 0.
n—oo

Moreover, for any valued field (K, |-|), we obtain a complete valued field (IC, |-|)
by the process of completion. For more details, see [41, Section 11.4]. If K
is a number field, we call its completion field the v-adic completion of K,
denoted by K,. In this case, we use the notation O, for its valuation ring.

Definition 3.2.1 ([41, Section I1.5]). A non-Archimedean local field is a
field which is complete with respect to a discrete non-Archimedean valuation
and has a finite residue class field.

Recall from [34] Section 1.5.3] that a directed set is a partially ordered
set I = (I, >) such that for all i, j € I there exists k € I such that i > k and
j > k. An inverse system (A;, 0;;) of sets over I consists of a family of sets
A;, i € I and maps o;; : A; — A; whenever j <i. Satisfying the conditions

oy = ida,, and o405, = oy, for all 4,5,k € I with k < j <.

The inverse limit of the inverse system (A;, 0;;) is the set

anAl = {(ai)iel < HAl ’ ;05 = Qaj Wheneverj S j} .
i iel
Proposition 3.2.2 ([41, Proposition 11.4.5]). Let K be complete with respect
to a discrete valuation v. Let O be the valuation ring with the mazximal ideal
B. Forn > 1, we have the canonical homomorphisms O — O /P" which gives
us the isomorphism

O — lm O /"
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Recall from [34], Section 1.3] that a topological space S is compact if
every covering of S by open sets has a finite subcover. Moreover, S is locally
compact if every s € S has a compact neighbourhood.

Proposition 3.2.3 (|41, Proposition 11.5.1]). A non-Archimedean local field
IC is locally compact, and its valuation ring O is compact.

For example. let K = Q. Then we have a non-Archimedean local field
K, = Q, (p-adic number) in which case O, = Z, (p-adic integers). Moreover,
let K =F,(x) be the rational functions with coefficients in a finite field F,. In
this case, L =TF,((z)) (the field of formal Laurent series over F,) is the local
field and O = F,[[z]] (the ring of formal power series) its valuation ring.

Proposition 3.2.4 ([41], Proposition 11.5.2]). The non-Archimedean local fields
are precisely the finite extensions of the fields Q, and F,((z)).

A finite extension of the field Q or F,(z) is called global field, see [41}
Chapter VIJ.

3.3 Hensel’s Lemma

In this section, we recall Hensel’s Lemma and derive other related statements.
These statements will be used for later chapters. Let O be a compact discrete
valuation ring with a maximal ideal 3 and a residue field K.

Lemma 3.3.1 (Hensel’s Lemma [41, Proposition I11.6.7]). If a monic polynomial
f(X) € O[X] admits a factorization over the residue class field R = O /P as

F(X) = g(X)h(X) mod P

into relatively prime monic polynomials g,h € K[X], then f(X) admits a
factorization

f(X) = g(X)h(X)
into monic polynomials g,h € O[X] such that g(X) = g(X) mod B and
h(X) = h(X) mod P.

The following corollary is a special case of multivariable Hensel’s Lemma.

Lemma 3.3.2. Let f € O[X1,...,X(]. Let a = (aq,...,00) € O such that
f(a) =0 mod P and aaf—)(fl‘) % 0 mod B. Then there exists a unique x; € O
such that r1 = a; mod P and f(x1,as,...,ap) =0.

Proof. Define F' = (f, Xo—w, ..., Xy —ay). By |9, Chapter 111, §4.5, Corollary
9], there exists a unique = € O such that = = o mod B, F(z) = 0 and z;, = ay
for2 <k </ O

Let K be a number field with ring of integers O. Let Vg be the set of all
non-Archimedean places of K. For v € Vg, let K, be the v-adic completion of
K with its valuation ring O,. Let 3, be the maximal ideal of O, and K, be
the residue field.
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Lemma 3.3.3. Let f(X) be a monic irreducible polynomial in K[X]. For
almost all places v € Vi, if f(&) = 0 mod B, where a € R,, there exists
a € O, such that for all x € O, with x = & mod ‘B,

[f(2)] = |z —a.
Proof. Let n € K[X] be a nonzero polynomial which divides both f(X) and
f/(X). Note that f'(X) is a nonzero polynomial. Since deg(n) < deg(f’) <
deg(f) and f(X) is an irreducible polynomial in K[X], then n must be a
constant. By Bézout’s identity, there exist a,b € K[X] such that af(X) +
bf'(X) = 1. By multiplication of a suitable nonzero N € O, we obtain
Af(X)+ Bf'(X) = N for some A, B € O[X]. For any place v with B, 1 N,
we have Af(X)+ Bf'(X) = N # 0 mod B,. Therefore f(X) and f/(X) have
no non-unit common factor mod B,. It follows that f(X) has no repeated
roots mod PB,. Let a € K, such that f(a) =0 mod B,. Since f(X) is monic
and has no repeated roots mod By, then f(X) = (X — a)h(X) mod B, where
ﬁ(o?) % 0 mod B,. By Hensel’s Lemma , there exist monic polynomials
g,h € O,[X] such that f(X) = ¢g(X)h(X) where g(X) = X — a mod B,
and A(X) = h(X) mod B,. Since g(X) is a monic and linear polynomial,
there exists a € O, such that g(X) = X — a. Also, we have h(a) = h(a) #
0 mod B,. Thus for all x € O, with = @ mod B,,, we have |h(x)] = 1 and

[f(2)] = lg(x)h(z)] = |z — a. O
Lemma 3.3.4. Let fi(X) and fo(X) be irreducible polynomials over K[X].

For almost all places v € Vi, if a € R, is a common root for f1(X) and fo(X)
over R, then f1(X) = fo(X).

Proof. Since f1(X) and fo(X) are irreducible polynomials over K[X], then
either f1(X) = f2(X) or ged(f1(X), fo(X)) = 1. Therefore, there exist a and
b € K[X] such that af;(X) + bfe(X) = 1. For any place v € Vi such that
afi(X)+bfy(X) #Z 0 mod B, we have afi(X) + bfe(X) =1 mod PB,. Since
a is a common root in fi(X) and fo(X), we have (X — a)|(afi(X) + bf2(X))
But (X — ) { 1. Thus f1(X) = f2(X). O

3.4 Integration over compact discrete valua-
tion ring

In this section, we recall the notion of integration over compact discrete
valuation rings. These integrals will be used as a technique to compute the so-
called ask zeta functions, see Section[4.5] Let O be a compact discrete valuation
ring. For s € C, we denote the real part of s by Re(s). For a non-empty subset
U C O, we denote by ||U|| the norm of U where ||U|| = sup(|u| : v € U).

Topology

Recall from [17), Section 0.7] that a topological group G is a group which is
also a topological space such that group operations are continuous, i.e. the map

GxG—G, (g,h)—g'h
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is continuous. Moreover, recall from [22, Section 2.2] that a Borel measure p in

a locally compact topological group is called a Haar measure if the followings
hold:

(i) u(U) > 0 for every non-empty open set U C G, and

(ii) pu(gF) = p(E) for every g € G and every Borel set E C G.

Theorem 3.4.1 (|22, Theorem 2.10]). Every locally compact topological group
carries a Haar measure.

A Haar measure in Theorem is a unique measure up to multiplication
by a positive real number, see [22, Theorem 2.20].

Let O be a compact discrete valuation ring. Then O is a topological group
under addition. By Theorem [3.4.1] it admits a Haar measure u such that
p(E +a) = p(E) for every Borel set E C O and every a € ©. If we normalize
i, i.e. u(9O) =1, then the measure is unique.

Integration over O

For ¢ > 1, let X = (X3,...,X,) consist of algebraically independent variables
over the valuation ring O. Let f1(X),..., fin(X) € O[X] be polynomials. Here,
we consider the integral

e

DZ =1

o d (),

where s1,...,5s, € Cand p is the additive normalized Haar measure on O. For
f(X) € O[X], we obtain the special case

Zs(s) = [ 1f(@)]; d (o),
DZ

where s is a complex variable with Re(s) > 0. This function is called Igusa’s
local zeta function associated with f(z), see |30, Section 8.2]. If O = Z,,
then we have the so-called p-adic integration.

Example 3.4.2 (Cf. [54, Example 1.22]). Consider f(X) = X. Since Z, =
oLj P"Zy \ "'y, we have |z]5 = p~™* for x € p"Z, \ p"*'Z, and
n=0

/ 2|5 d p(r) = i p " u(p" LN\ P Ly).

Zp n=0

Since p(Z,) = 1, we have u(p"Z,) = p~" (see [54}, Definition 1.17]). Thus

Jlalydu@) = - pe(p - )
Zp n=0

— (=) 3oy
n=0

1—p!
1— pfsfl ’
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For more about p-adic integration, see [38] and [54, Section 1.4]. Also, we
show more applications on computing integrals over O in Section [3.6]

Change of variables

Let X = (X1, ..., Xy) be algebraically independent variables over 9. For a non-
empty open subset U C O a map fo: U — O is said to be an analytic map
on U if for every point a = (aq,...,as) € U, there exists a convergent power
series P,(x) € O[[x — a]] = O[[z1 —aq, - - ,x¢ — ag]] such that f(x) = P,(x) for
any point z in a neighbourhood of a € U. If f : U — O° where f = (f1,..., )
and f;’s are analytic, then f is called analytic. Moreover, if f is invertible and
both f and f~! are analytic, then f is said to be bi-analytic, see [30, Section
2.4].

Theorem 3.4.3 (|12, Theorem 1.4.2)). Let J = (Ji,...,Jo) : O° = OF be an
analytic map. Let Uy be an open subset of OF. Suppose that the determinant of
the Jacobian matrix

O(Ji(o), - .-, Je(x0))
0(X1, .. X0)

detl ‘|7é07

for all xy € Uy. The J defines a bi-analytic map from Uy to a set Uy. Let
f:Us — R be an integrable function. Then

Jrwstn = [ sl e e

3.5 Polyhedra and integrals

Here, we start with some terminology about polyhedra. Then, we recall a
technique to compute integrals of the norms of monomial ideals by computing
the generating functions associated with these monomial ideals. In this section,
we denote by (-, ) the scalar product.

A polyhedron P C R" is a set defined by finitely many linear inequalities

where [ is a finite set, a; € R", and ; are real numbers. If a; € Z" and [;
are integers, then we say that P is a rational polyhedron. A half-open
polyhedron is a polyhedron with some of its defining inequalities are strict.
A bounded polyhedron is called a polytope and a polyhedron is a cone if
0 € P and for every m € P and every A > 0 we have Am &€ P, for more details
see [D,(6].

Definition 3.5.1 (|5 Definition VIII.2.1]). Let o; € Z™. Then the set
C={zxeR":(a,z) <0,i€l}

is called a rational cone where [ is a finite set.
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Recall from [, Definition I1.4.1] that for a vector space V', apoint s € S C V
is called an extreme point in S if for every two points a,b € S such that
‘%Lb = s, then a = b = s. If S is a polyhedron, then the extreme points in S
are called vertices.

Definition 3.5.2 (|6, Definition 10.1]). A subset S C R™ is called a lattice if:
(i) S is an additive subgroup of R",

(i) S is discrete (i.e. for every bounded subset B of R", the intersection SN B
is finite), and

(iii) S spans R™.

Recall from [4, Section 7.2] that a lattice polytope is a polytope with
vertices in a given lattice.

Definition 3.5.3 ([5, Section VIIL.1]). Let C C R"™ be a rational polyhe-
dron and let X = (Xi,...,X,,) be independent variables over R. Then the
generating function for w = (wy,...,w,) € CNZ" is

>, XY

weCnzn
w w1 w:
where X = X7 ... X¥n,

Recall from [6, Definition 4.1] that for u,v € R", the set {v+ Tu : 7 € R}
is called a line in R™.

Theorem 3.5.4 ([6, Theorem 13.8a(1)]). Let C C R™ be a non-empty half-open
rational polyhedron which does not contain any line. Then [C](X) is a rational
function belonging to Q(X).

By the definition of a line, the assumption that C does not contain any line
is satisfied when P C R%,

The following proposition is used to compute integrals associated with
the norms of monomial ideals. Let K be a non-Archimedean local field with
valuation ring 9. Let K be the residue field with ¢ denoting the size of K.

Proposition 3.5.5. Let C C RY, be a non-empty half-open rational cone. Let
Pi,...,Pn C RY, be non-empty lattice polytopes. Define U(C) := {x € K" :
v(z) € C}, where v(z) = (v(z1),...,v(x,)). Then

/ HHP Hsjd,u< ) 1_q Z q (1,w)— s]min((a,w):aEPj)’

U(C) j: weCnzn

where 1 = (1,...,1) and sq,...,s, € C.
Proof. See the proof of [44, Proposition 3.9]. ]

From Proposition [3.5.5] we derive the following corollary.
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Corollary 3.5.6. Let C C R%, be a non-empty half-open rational cone and
ag, ... 0y € 25, Then:

[ Tl dute) = (1= g () e, gD ),

u(c) I=1

Proof. This follow directly from Proposition by setting P;(x) = z% for
1 <j <m. Then

ﬁ |.§L’aj |s] d,LL (1 . qfl)n Z q7<1,w)7(a1,w)slf---7<am,w)sm
u(c) 7=t wecnzn

= (L= g )[C)(g T L g R ),
[

In Section we show examples about computing integrals over O using

5.0.0l.

3.6 Integral computations

Here, some applications on using polyhedra to compute integrals. The following
lemmas are to help us compute ask zeta functions in later chapters. Let O be
a compact discrete valuation ring with maximal ideal 3. Let K be the residue
field with size q.

Lemma 3.6.1. Let Ay, ..., Ay € Myyue(D) and let X = (X, ..., X,) consist of
algebraically independent variables over O. Define A(X) = Ay X1+ -+ A4, X, €
Maxe(O[X]). Let x € O and y € O, define I(x) to be the ideal of O generated
by the nonzero k x k minors of A(z). Then

(i) (@) < [l]]*.

() |Hx(x) U Lo (2)yl| = [[Te-1(@)yl] if ly] = |||

Proof. For (i), let A(x) = [a;;(x)];;. Each a;;(x) can be written as the lin-
ear combination Zflzl apijTp where ap;; is the (7,7) entry in A,. By Defini-
tion (iii), we have |ai; ()] = || 24—y anijTsl| = ||ariz1, - - -, agze||. Then
la;j(x)| < ||z, ..., x| since |ap;;| < 1. Hence ||I1(2)|| = ||a11(z), ..., age(x)]]
< ||z||. Suppose that (i) is true for k = N—1 where N > 2 and let B(z) € In(x).
By Laplace expansion, we have B(z) = Y7, (—1)"7b;;(x) Bij(x) where b;j(x) €
Ii(z) and By(x) € Iy 1(x). Therefore [|B@)|| = ||, (~1)7b,(z) By (2)
<|[bir(x) B (), ..., bin(z)Bin(x)|| < ||z|| - ||Bir(2), ..., Bin(x)||. Therefore
[ In(2)|| < |l]| - [[In—1(2)]] < ||z]|V. For (ii) similar to (i), we have ||I;(z)]| <
][ - [Hk—a ()] < Tyl - [He—1(2)]]. Therefore [|I(z) U Ly (2)yl] = || Te—1(2)yl]

0

The following two lemmas will be used to compute the integrals in Lemma
[7.2.1] Theorem [D] and Lemma [10.5.2] In the followings, we define a matrix of
linear forms A(X) as in Lemma [3.6.1]
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Lemma 3.6.2. Let A(X) be a matriz of linear forms with rankyx)(A(X)) = r.
Let C, = {(v1,...,v,v,) € RS v, < v1,...,0} be a half-open rational
cone where v, = v(y) and v; = v(z;) for 1 < j < L. Define U(C,) :=
{(21,...,20,y) € O (v,...,0,v,) € C,}. Let I(X) be the ideal of O
generated by the nonzero k x k minors of A(X) then

s—d+r— . Iy (z q_é 1_(]—1
Ry ) g LG IR ()
it k() U Li—a (2)y | 1 —qi4

U(Cy)
Proof. By Definition [3.5.3] we have the following generating function for C,

[Cy](Xl,...7Xg,Y): Z Z Z Xleé)ZYUu
v1=vy+1 vp=vy+1 vy=0
=X X XS XE S (X XY )
v1=0 vp=0 vy =0
Xl .o XK

:(1_Xl)"'(l_X€>(1_X1"'X5Y)‘ (3.1)

Since |y| > ||x||, Lemma3.6.1{(ii) shows that ||Ix(2)Ulx_1(z)y|| = || Ix-1(2)y]| =
s ()] - ] Hence

1 T [T —1()]]
y[Fm ! dp(z,y)
uic,) Ee1 H[k(x) U [kfl(x)yH
g1 T I (x
= / y[s~ 4t wdu(%y)
vl izn Hk—1(2)]] - |y
= / ly|* Tt d p(z, y). (3.2)
u(c,)

By Corollary and (3.1, the integral in (3.2)) becomes

/ " dp(a,y) = A= ¢ ) FUCH g q™)
u(c,)
_fl-q¢)
1— g4
0

Lemma 3.6.3. Let A(X) be a matriz of linear forms with rankyx)(A(X)) = .
Let C; be a half-open rational cone defined as follows:

Ci={(v1,...,v5,vy) € Rg)l U < Uigt, .-, 0 and v; < vy, v, .., Vi
where v, = v(y) and v; = v(z;) for 1 < j < (. Also, define U(C;) =
{(1,.. s 20,y) € O 2 (vy,..,vp,0,) € C}. Let I(X) be the ideal of O

generated by the nonzero k x k minors of A(X). For x € OF, if ||I(z)|| = |z |*
forall 1 < k <r then

[ e el
3 TTela) U Loa ()l

¢ —q ")
= (1 — g 1t)

du(z,y) = (
U(C;)
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Proof. By Definition [3.5.3] we have the following generating function for C;

[Cl(X1,..., X, Y) = Z Z Z Z Z X XY
Vy="7; Vi—1=V; v;=0 vj41=v;+1 vp=v;+1
) o) I
=X X ) (Xp X Y)Y Y] D X
v;=0 vy =0 k=1 v =0
k#i
4
k*H—i—l Xk
- - = . (3.3)
(- X)(1-Y)(1—X; - XY)

k=1
ki

Since |z;| > ||z||, Lemma [3.6.1{i) shows that ||I(z)|| = |z;|¥. Hence

Cdrl T [ 11 ()]]
y[s d pu(x,y)
g 4 T Ge) U T (]
x; k—1

/||sd+r1H| | d,U,Iy)
U(Cy) Z

Y VE) (3.4)
U(C)

By corollary and (3.3)), the integral in (3.4)) becomes

q—£+i<1 _ q—1)2
(1 —q¥rt)(1—q?tt)

(L—g O g g g gt =

O






Chapter 4

Ask zeta functions

In this chapter, we recall from [47] the definition of ask zeta functions of
modules. We also recall some facts about ask zeta functions and their abscissae
of convergence. We consider a ring R to be associative, commutative, and
unital.

4.1 Ask zeta functions

Let R be a ring. Let V and M be R-modules with |V|,|M| < oco. Let
MY Hom(V, W) be a module representation. Then the average size of the
kernel of M is

ask(0) : | ker(ad)|
“pi %

Lemma 4.1.1 ([47, Lemma 2.1)). Let M 2 Hom(V, W) be a module represen-
tation. Let M6 be the image of M under 0 then ask(0) = > cv |z M6O| L.

Lemma shows that if we have two module representations M LN
Hom(V, W) and M_& Hom(V, W) where tM0 = xM0 for all z € V \ {0}.
Then ask(f) = ask(#). Next, we will be using the following notations to define
local ask zeta functions.

Notation 4.1.2. Let O be a compact discrete valuation ring with field of
fractions IC and mazimal ideal 3. Let R := O /B denote the residue field, and
let g and p denote the size and the characteristic of R, respectively. We write
P =P - P for the nth ideal power of P and O™ = O x --- x O for the nth
Cartesian power of O. For O-modules V' and W, we write V,, =V ® O /B"
and W, = W ® O /SB"™, respectively.

Definition 4.1.3 (Cf. [47, Definition 1.3]). Let V' and M be finitely generated

O-modules. Let M 2 Hom(V, W) be a module representation. Let 6,, denote
the map M ® © /P" — Hom(V,,, W,,). Then the ask zeta function of § is
defined by

ZaSk Z ask(0

48
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In this thesis, we focus on modules of matrices M C Myy.(9). Hence we
consider V = 9% and W = 9°. For a module of matrices M C Mgy.(9), let 0
be the inclusion map M — Hom (9% O°). Then we write Z3k(t) = Z3K(t).

Example 4.1.4 ([47, Section 1]). Let {0gxc} % Hom (D% 9°) be the inclusion
map. Then | ker(0yx.0,)| = ¢ and ask(,) = ¢*™. Hence

1
k dn =
E{]dee} Z q 1 _ th'

Corollary 4.1.5. Let M, M C Mg..(9) be two submodules. Let xM = xM
for every x € O\{0}. Then Z3K(t) = Z3(t).

Proof. Let M % Hom(Dd 0% and M LN Hom(Dd 9D°) be the inclusion maps.
Since M6 = M@, then xM8,, = xM6,, for all n. By Lemma . we have
ask(0,) = ask(0,,). Therefore Z33(t) = ZK(t). O

Theorem 4.1.6 (|47, Theorem 4.10]). Let M C Mgx.(O) be a submodule.
Then there exist f(t) € Z[t], nonzero (ay,b1),...,(am,bm) € Z x Ny, and
n € Ny such that

ask f(t)
A = = gt (1 )

c Q[]. (4.1)

4.2 Global and local ask zeta functions

Let R be a ring which contains only finitely many ideals a of given finite
norms |R/a|. Let M,V and W be finitely generated R-modules. Let 6 be a
module representation M — Hom(V,W). Given a< R, let V, =V ® R/a and
W, =W ® R/a. Let 6, denote the map M ® R/a — Hom(V,, W,). Define a
formal Dirichlet series

ask( Zask ) |R/al ™, (4.2)

where s € C. We also define the abscissa of convergence, denoted by «y, of
the Dirichlet series (3°(s) as follows:

= inf{a € R : (§%(s) converges for every s for which Re(s) > a}.

Next, we will be using the following notations to define the local and global
ask zeta functions, see [47, Definition 3.1].

Notation 4.2.1. Let K be a number field with ring of integers O. Let Vg
be the set of non-Archimedean places of K. For v € Vi, let K, be the v-adic
completion of K and O, be its valuation ring with a mazximal ideal °B,. Let R,
denote the residue field with size q,.
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For example, if K = Q, non-Archimedean places of QQ are the prime numbers
(see the proof of [41, Proposition I1.3.7]). For every p prime, we have K, = Q,
the p-adic numbers and O, = Z, the p-adic integers, see Section [3.2]

In Notation we consider K, and O, to be finite extensions of Q, and
7, respectively.

Given M C Mgyx.(R), if 0 is the inclusion map M — Hom(R?, R¢), we also
write (3 (s) = (35¢(s) and ay = ayy.

Global setting: Put R = O in (4.2)). Then (3(s) defines the global zeta
function for M C Myy.(O). In this case, the abscissa of convergence oy of
(3%(s) is called the global abscissa of convergence.

Local setting: For M, C Myy.(O,), the formal Dirichlet series Q‘(}f de-
fines the local zeta function where (35(s) = Z35(¢,®). Then the abscissa
of convergence of Cj}q‘j(s), denoted by ayy,, is called the local abscissa of

convergence.

Proposition 4.2.2 ([47, Proposition 3.4(ii)]). Let M C Mgx.(O) be sub-
module. For v € Vi, let M, be O,-submodule generated by M. Then

(s) = 11 Giasls).
vEVEK
Recal from [47, Section 3.2] that the local abscissa of convergence is the
largest real pole of Z3% (g, *).

Remark 4.2.3. It is well-known to experts in the area that removing finitely
many Euler factors from a global zeta function does not affect the global
abscissa of convergence. This analytic property was established by du Sautoy
and Grunewald [19] for Euler products of cone integrals. Dung and Voll
[21, Section 4.1] proved analogous results for representation zeta functions
of nilpotent groups. The type of integrals which expresses their local zeta
functions are essentially the same type of integrals that expresses local ask zeta
functions of modules of matrices as we shall recall in Section [4.5

The following proposition is analogous to Remark for ask zeta functions.

Proposition 4.2.4. Let M and M, be defined as in Proposition [{.2.9. Let
S C Vg be a finite set of places. Then the global abscissa of convergence is the
abscissa of convergence of T[ Z3 (¢, *).

veES

Proposition [4.2.4] allows us to obtain the global abscissa of convergence
from generic formulas of ask zeta functions.

Theorem 4.2.5 (|47, Theorem 4.18]). Let M, C Mux.(O,) be a submodule.
Let 735 (t) = W(qu,t). Then for almost all places v € Vi

Wi(g, ', t™")

W(Qva t) = _th
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4.3 Ask and module representations

In this section, we recall from [49] ask zeta functions of isotopic module
representations and Knuth duals. Here, we use Notation [4.1.2]

In the following Remark, the first part was noted in [49, Section 3.1] and
the second part is an immediate consequence of the first part.

Remark 4.3.1. Let M, o, Hom(V;, W1) and M, i Hom(V3, W) be isotopic
module representations where M;, V;, and W, be finitely generated O-modules.

Then ask(6,) = ask(f,,), and Z3%(t) = Z;;Sk(t)-

In the following theorem, for a ring R, let V and M be R-modules with
V|, |IM| < co. Let M LN Hom(V, W) be a module representation.

Theorem 4.3.2 ([49, Theorem 5.2]). Let 6°,60° and 6" be Knuth duals of the
module representation 0. Then:
(1) ask(0°) = %ask(@), (ii) ask(0®) = ask(0), and (i) ask(0") = %ask(@).

In the following corollary, let X = (X3,..., X,) consist of algebraically
independent variables over 9. Let A(X) € Mgy (O[X]) be a matrix of linear
forms.

Proposition 4.3.3 (Cf. [49, Corollary 5.6]). Let A°(X), A*(X) and AY(X) be
Knuth duals of A(X). Then:

Z37 a0y (1) = Z37ae (x0i0) (@01 = Z3{ e (x0i0) (1) = Z37av (00 (00 1)

4.4 Weak equivalence and ask zeta functions

Here, we show that modules of weakly equivalent matrices of linear forms have
the same ask zeta functions.
In the following corollary, we use Notation [1.1.2]

Corollary 4.4.1. Let A(X), B(X) € Myx.(O[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent over O, then:

(1) Z3F acx).0)(t) = 23 (x).0) (), and () Zi8 4 ix0.0) (1) = Zis((x).0)(0)-
Proof. By Corollary we have M(A(X); ) is equivalent to M (B(X);O)
and Rel(A(X);90) is equivalent to Rel(B(X);9). For (i), define #; and
6> to be the inclusion maps such that M(A(X);9) UR Hom (9% 9°) and
M(B(X); 9) £ Hom(9? O°). By Lemma 1.3.4) we have 6, and 0, are iso-
topic. By Remark , we have Z3*(t) = Z3*(¢). Similarly, we define 6,
and 6, to be the inclusion maps such that Rel(A(X);O) LN Hom (9%, O°)
and Rel(B(X);9) LN Hom (9, 9°). Then #; and 6, are isotopic. Thus
ZEK(t) = Z24(1). O

Next, we use Notation [4.2.1, We will show that if A(X) and B(X) are
equivalent matrices over a number field K, then the modules associated with
A(X) and B(X) are equivalent over O, for almost all places v € V.
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Lemma 4.4.2. If g € GL4(K), then g € GL4(O,) for almost all places v € V.

Proof. First, we want to show that if x € K*, then x € O, for almost
all places v € Vg. If K = Q, we can write x = § where a,0 € Z* and
ged(a,b) = 1. Then z € Z, if and only if 0 < |z, < 1. If b = 1 then
clearly z € Z,. For b # 1, we can write b = %xp7' ---pi» where s; > 0 and
pi # p; for i # j. Define S[z] := {p1,...,p,}. For any prime p ¢ S[z],
then b is a unit in Z,. Hence z € Z,. In general, let x € K* and let
f=a+auX+...+a, 1 X"+ X" € QX) be a minimal polynomial of z
over Q where X € O. Then a; € Z, for almost all primes p where 0 <i <n—1.
Hence |z|, < 1 for v|p and = € O,. For g;; € K be an entry in g, we have
gi; € O, for almost all places v € Vi and g € My(0O,). Since g € GL4(K),
we have det(g) € K*. Then det(g) and det(g)™' € O,. Thus det(g) € OJ.
Therefore g € GL4(O,). O

In the following, we will show that the modules associated with these
matrices of linear forms have the same ask zeta function for almost all places
v E VK.

Corollary 4.4.3. Let A(X), B(X) € Maxe(K[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent over K, then for almost all
places v € Vi

(1) Z35 ax):00 (1) = L300 (1), and (i) Zgh a0 () = Zhaseoo.) (-

Proof. Since A(X) and B(X) are equivalent over K, there exist g € GLy(K)
and h € GL.(K) such that gA(X)h = B(X). By Lemma [£.4.2] we have
g € GL(O,) and h € GL.(O,) for almost all places v € V. Hence, the proof
follows directly from Corollary [4.4.1] O

Note that the argument in the proof of Lemma [4.4.2] can be also used to
show that if A(X) and B(X) are equivalent over K, then they are equivalent
over O, for almost all places v € V. Hence the proof of the following remark
is the same in Corollary [4.4.3]

Remark 4.4.4. Let A(X), B(X) € Maxe(O,[X]) be two matrices of linear
forms. If A(X) and B(X) are weakly equivalent over K, then for almost all
places v € Vk:

(1) 3% axr:00 (1) = Z3i3(x)0.) (), and (i) ZE8 ax).0.) (1) = Zhssox0-0.) (0)-

4.5 Computing ask zeta functions

Here, we recall from [47] methods to compute the ask zeta function of an image
module of a matrix of linear forms over a compact discrete valuation ring .
In this section, we use Notation [4.1.2]

In the followings, let A(X) = %, A;X; € Mgy (9[X]) be a matrix of
linear forms.
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Proposition 4.5.1 (Cf. [47, Corollary 4.9]). Let rankyx)(A(X)) =r. Then

— ask —s\ __ s+r—d—1 - Hflfl(x)H
(1—q ") 3 acm (@) = / [ T @) U fa @] du(z,y),

DZ+1 =1

where f;(X) is the set of nonzero i x i minors of A(X).

In some cases, computing the image modules of Knuth duals of A(X) can
be less complicated than computing the image module of A(X). The following
corollary is used to compute the image module of A(X) by integrating the set
of minors of the image module of A°(X).

Proposition 4.5.2 (Cf. [47, Corollary 4.13]). Let ranky(x)(A°(X)) = 7. Then

7

as S+r— ||gl )||
(1_(] ) yA kAO( / ’ |+ i IHHg dlu’(xvy)u

e

where g;(X) is the set of nonzero i X i minors of A°(X).

Proposition 4.5.3 (|47, Proposition 1.5]). Zij';xe(ov)(t) %






Chapter 5

Orbit and conjugacy class zeta
functions

In this chapter, we recall other related zeta functions, conjugacy class and orbit
zeta functions. We also prove Theorem |[A| which is analogue to |47, Proposition
8.13] for conjugacy class zeta functions. Theorem |A] allows us to convert
conjugacy class zeta functions of saturable Lie groups into ask zeta functions of
Lie algebras. Here, we use Notation [4.1.2] Let gl;(©) denote the set of d x d
Lie algebra matrices over a ring . Let 9 be the valuation ring of a local field

K 2 Q,, and let ¢(/Q,) denote the ramification index of K/Q,.

Theorem A. Let g C gl,(9) be a Lie subalgebra, where g is an isolated
submodule of gl; (O). Let G™ = exp (*BP™g) where m > % and r = rank g.
Then:

(i) Z2%,. (8) = Spgt + o L g gzt (¢).

(i) ZEn(t) = Z335,, (1)-

5.1 Lie correspondence

In this section, we recall the correspondence between nilpotent Lie algebras
and nilpotent finite p-groups. We also recall the notion of saturability (or
p-saturable). The structure of saturability on Lie algebras allows us to use
the correspondence between saturable p-groups and Lie algebras. Moreover,
saturability allows us to use the ingredients in Section for proving Theorem
[Al

Let R be a ring. Recall from |34, Section 1.2.3] that a Lie algebra g is an
R-module equipped with a bilinear skew-symmetric map [-,-] : g X g — g and
satisfies the Jacobi identity:

[, 2] = 0 and [[z, y], 2] + [[y, 2], ] + [[2, 2], y] = 0,

for all x,y,z € g. Moreover, if R is a principal ideal domain and g is a free
R-module of finite rank, then we say g is a Lie lattice.

35
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For an indeterminate X, define

n=0 : n=1

Then the two formal series in (5.1)) can translate between a nilpotent finite
p-group G of nilpotency less than p and a nilpotent Lie ring g of nilpotency
class less than p whose additive group is a finite p-group via

exp:g— Gand log:G — g.

This correspondence is called Lazard’s correspondence. We call GG the Lie
group associated with g and we write G = exp(g), see [34, Section 1.2.4].

Definition 5.1.1 (34 Section 1.5.6]). A pro-p group is a topological group
which is isomorphic to the inverse limit of finite groups of p-power order.

Let G be a group and X,Y < G. For x € X and y € Y, define [z,y] =
r~ly~try. We call [z,y] the commutator of x with y. In the following
definition, we write [X, Y] to denote the subgroup of G which is generated by
[z,y] forallz € X and y € Y.

Definition 5.1.2 (34, Section 1.8.3]). Let G be a pro-p group and let N
be a closed normal subgroup of G. A potent filtration of N in G is a

descending series N;,i € N of closed normal subgroups of G such that (i)
Nl = N, (ll) n{NAZGN} = 1, (lll) [NZ,G] g Ni+1 and [Ni,(pfl) G] =

[---[[N:,G],G]--- ,G] C N}, for all i € N.
1
o

In [37], Lazard developed the theory of saturable (p-saturable) groups.
However, we will be using the description of Gonzédlez-Sénchez [24] of saturable
pro-p groups in terms of potent filtrations.

Definition 5.1.3 ([24, Theorem A]). A torsion-free finitely generated pro-p
group is called saturable if it admits a potent filtration.

For example, Lazard [37] proved that the pro-p Sylows of GL4(Z,) and
SL4(Z,) with n < p — 2 are saturable.

Let £/KC/Q, be finite field extensions. Let Oy and O, denote the valuation
rings of I and £ with maximal ideals B and B., respectively. Let px be
the uniformizer of K. Then px O, = P for some positive integer e. The
integer ¢ is called the ramification index for £ over K, denoted by ¢(L/ K).
If e(£L/K) = 1, we say that £/ K is unramified, see [41, Sections 1.8 & I1.6].
In the following, recall Notation and let Q, C K.

Proposition 5.1.4 ([1, Proposition 2.3]). Let g be a Lie O-algebra whose

underlying D-module is free of finite rank. Then P™g is saturable when m >
¢(K/Qp)

p—1
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For example, consider gl;(Z,) with p > 2. Then Proposition [5.1.4] shows
that p"gl,(Z,) is saturable for all m > 1.

Write gl'(9) := {z € gly(O) : = 0 mod P} and GL}'(O) = {x €
GL4(9O) : 2 =1 mod B™}. When m > (’C / Q” , then the two formal series in
induce the bijection maps:

exp : gl (O) — GLJ' (D) and log : GL}'(O) — ¢l (D)

between a saturable Lie lattice g C gl'(9) and a saturable pro-p group
G C GLJ' (D), see |32, Lemma B.1]. We write G := exp(g).

5.2 Orbit-counting and conjugacy class zeta
functions

In this section, we recall other types of zeta functions, orbit-counting zeta
functions and conjugacy class zeta functions. We also recall some cases where
we can convert those zeta functions into ask zeta functions. In this section, we

use Notation [L.1.2]
Definition 5.2.1. Let G < GL4(9) be a subgroup.
(i) (|47, Definition 1.2]) The orbit-counting zeta function of G is

Ze5(t Z\ (O /") /"

(ii) ([18, Definition 1.1]) The conjugacy class zeta function of G is

Zs(t Zk:

where G,, is the image of G’ under the map GL4(O) — GL4(9D,,) and
k(G,) denotes the number of the conjugacy classes of G,.

Note that if g C gl;(9) is an isolated submodule (i.e. gl;(O)/g is torsion-
free), then we may naturally identify g ® O,, with the image of g under the
map gly(9) — gl ;(O,), see [47, Section 4.1]. In the following Theorem, let
ad, denote the adjoint representation where ad, : g — gl(g) is given by
adg(a) : x +— [z,a] for a € g. Also, let ng(O) C gly(O) denote the Lie algebra
of strictly upper triangular d x d matrices.

Theorem 5.2.2 ([47, Theorem 1.7]). Let g C ny(O) be a Lie subalgebra and
G := exp(g). Suppose that p > d and g is an isolated submodule of ny(O).
Then 2% (t) = Z3(t), and Z&(t) = Z;f‘il; (t).

Theorem relies on Lazard’s correspondence to convert orbit-counting
and conjugacy class zeta functions of nilpotent groups associated with nilpotent
Lie algebra to ask zeta functions of these nilpotent Lie algebra when they have
nilpotency d < p.

Proposition 5.2.3 (|47, Proposition 8.13]). Let O be the valuation ring of
a local field K O Q,. Let g C gly(O) be a saturable subalgebra and define
G™ :=exp (P"g). If m > max(e(KL/Q,)—1,° K/Q” ), then 2%,.(T) = Z3h.,(T).
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5.3 Preliminaries

This section contains the ingredients for proving Theorem [A] For a group
G, we denote by Cs(a) the centralizer of a € G. We also use the notation
(X, Y]cronp = X 'Y 7IXY for X, Y € G. For a Lie algebra g , we use [z, y|pie =
xy —yx for z,y € g.

Lemma 5.3.1. For finite group G, the number of the conjugacy classes of G is

- & ot

acG

Proof. Consider the conjugacy action f : G x G — G defined as a — z taz,
for all z,a € G. The orbits of this action are the conjugacy classes (i.e.
k(G) = |04(G)|, where Of(G) is the set of orbits in G under the group action
f). Let stabs(a) denotes the stabilizer of a € G under the group action f.
Then staby(a) = Cg(a). By the orbit-counting theorem

( ) |Of |G| Z |Stabf |G| Z |CG

aeG aeG

]

Lemma 5.3.2. Let 0 : A — B be a module epimorphism and let |Al,|B| < co.
If B < B, then |a| = |ker 0| - | 3] where o := 3071,

Proof. Since 0 € (3, we have ker(f) < a. By the 1st isomorphism theorem, we
have o/ ker(6) = . Hence |a|/| ker(9)| = |B]. O

Recall from [34, Section 1.7.8] that the Hausdorff formula gives an expression
for

(X, V) := log(exp(X) exp(Y)) € Q[[X, Y]],

where X, Y are non-commuting indeterminates. A computation of the first
three terms shows that

[X7 Y] Group + [X7 [Xa Y] Group]Group + Ya [Y7 X] Group +

OX,Y)=X+Y + T

Corollary 5.3.3. For some m > 0, let B"g be a saturable Lie algebra and
let G™ = exp (P™g) be the Lie group associated with P"g. Then x,y € P™g
commute if and only if X,Y € G™ commute where X = exp(z) and Y =

exp (y)-

Proof. Consider the mapping exp : PB"g — G™ and let adpmy : P"g —
gl(*P™g) denote the adjoint representation given by adygmy(y) : z — [z, ypie for
y € P"g. If © € Cymy(y), then [z, y|rie = 0. By Hausdorff formula

1
exp (x)exp (y) =exp(x +y + =[x, y|pie + - ).

5



Chapter 5. Orbit and conjugacy class zeta functions 59

Thus
XY =exp (z)exp (y) = exp (z +y) = exp (y) exp (z) = Y X.

Now consider the mapping log : G™ — P™g. By [24, Theorem 4.2]

[, y]nie = log (lim [XP", VP[50 ).

n—o0

If X € Cq(Y), then [X, Y]grouwp = 1. By [24] Proposition 2.2]

lim [X7", Y72,

=00 Group

1.

Hence [z, y|pie = 0. O

Lemma 5.3.4 ([47, Lemma 8.2]). Let g be a p-saturable Lie Z,-algebra and
let b be a p-saturable subalgebra of finite additive index. Let G and H be
the saturable pro-p groups associated with g and b via the Hausdorff series,
respectively. Then |G : H| = |g : b|.

5.4 Proof of Theorem A

Proof of Theorem[A](i). Let g,, denote the image of g under the natural map
gly(D) = gly(O,). Let adpmg, : P"g, — gl(P™9g,) denote the adjoint rep-
resentation given by adgpmg, (B™a) : Pz — [Pz, P"a|Le for a € g,. By
Definition E.1.3]

Z3m, (1) = > ask(adgmg, )"
n=0
e 1
=2 > Iker(adymg, (B a))lt".

=0 B 00 gy ggimg,

Note that if m > n, then PB™g, = 04 mod PB". Therefore |P"g,| = 1 and
| ker(adgmg, (P™a))| = 1 for every P"a € P"g,. Hence

ask(adgpmg) = 1. (5.2)
If m <n <2m, then

Ker(adyng, (F70)) = (1" € F"g, : [B"2, Pal1se = 0 mod 3}
=[Pz € P"g, : B[z, a]rie = 0 mod P"}
={B"g.}.

Therefore | ker(adgmg, (P™a))| = [B"g,| = ¢ "™ Hence

1 —m

B ‘mmgn| f‘pmaemmgn
(5.3)
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If 2m < n, then

Ker(alyng, (F7a)) = (B2 € B0, (B0, Faluse = 0 mod P}
= {P"z € P"g, . B[z, alue = 0 mod P"}
= {2 € gn_om : [2,a]Lie = 0 mod P">"}.

Consider the module epimorphism 6 : B™g,, = g—2m- Then ker(adgmg, (F™a))
is the preimage of ker(ad,, ,, (a)) under 6 and by Lemma

| ker(adsymg, (P™a))| = [ker 6] - | ker(ady,_,,,(a))]

= |gm| - [ker(ady, ,, (a))|
=q"™ - |ker(adg, ,, (a))]

Therefore
ask(adygmg,) = ¢ - ask(adg, ,,.)- (5.4)

Since g is an isolated submodule of gl;(9), we obtain the following by combining

B-2). B3, and

z5%, (1) = Y ask(adgng)t"

n=0
2m—1 00
_ Ztn + Z q'rn m)tn +qrmt2m Z ask(adgnfzm)t”#m
n=0 n=m-+1 n=2m
2m—1
_ Z tn 4 Z qr n—m tn 4 qrthmZEaLzl; (t)
n=m-+1

[]

Proof of Theorem[A|(ii). Let G denote the image of G™ in GLJ'(9,,). Let
kE(G™) be the number of conjugacy classes of G. By Lemma m

k(G™) —|Gm 3 |Cap(A

AeGm

where Cam(A) is the centralizer of A in G]'. Let A = exp (a) for some a €
PB"g,. Now consider the mapping log : GI' — B™g,. By Lemma [5.3.3] we
have correspondence between Cem(A) and Cymg, (a). Consider the adjoint
representation adgmg, : PB"g, — gl(P"g,) given by adypmg, (a) : z — [z, a] for
a € P"g,. Note that ker(admmgn(a)) = Cypmg, (a). By Lemma

KET) = 1 X [Cop Y (G (a)

AcGm mmgn’ a€Pmgy,

1
= |§Bmg | Z | ker(admmgn (a))| = ask(admmgn)_
nlaePmgn
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Since g is an isolated submodule of gl;(O), we have

Zgn (1) Z E(GM)t" Z ask(adgmg, )t"

n=0

= Zzzl;mg <t> °

]

Remark 5.4.1. (i) If g is an abelian Lie algebra, then we have [B™g,| =
ask(adygmg, ). Hence Z3%, (1) = 55 t" + t"Z3 (1)
(ii) If G is an abelian group, then the Lie algebra g which is associated with
the Lie group G is also an abelian Lie algebra. Therefore, |B™g,| =
ask(adgmg, ) and we obtain Z&,, (t) = XM ¢ + th;ff; ().

(iii) Theorem [A|does not generally hold if g is not an isolated submodule of
gl (D) (Cf. [47, Remark 8.18]).

Example 5.4.2. Let g = gl,(Z,) with p > 2, and define G := exp(p™g)
where m € Z>(. Then

aEGm

Since G} is an abelian group, we have |Cgm(a)| = |G| for every a € G7.
Note that G is trivial for m > n. Thus |G}'| = 1. However, if m < n, then
|G| = p"~™. Therefore, we have

25,00 = S RGN = 3 o 3 (Cap(a)e

acGM

:1+t—|—t2++tm_l+tm an—mtn—m
tm

=14t4++ - +t" "+ :
1—pt

By comparing our answer with L;; in [47, Section 9 Table 1], we obtain

ZEn(t) = 14+t + 24 " 423 ().






Chapter 6

Pfaffians and ask zeta functions
for antisymmetric matrices

In this section, we write an explicit formula to compute ask zeta functions
of modules of antisymmetric matrices using the sets of all nonzero principal
Pfaffians. Moreover, we prove Theorem B which is analogue to [47, Theorem 7.1]
for the image modules of antisymmetric matrices of linear forms with smooth
Pfaffian hypersurfaces. Also, a similar formula was given in [55, Theorem 3]
for the so-called normal zeta function of class 2-nilpotent groups with smooth
Pfaffian hypersurfaces. Using Notation , let p € P\ B? be the uniformizer.
For an antisymmetric matrix A, let Pf(A) denote the Pfaffian of A where
(Pf(A))? = det(A). Moreover, let P‘(&) denote the rational points of the
projective ¢-space over K. For a background on rational points, see |25, Chapter
5].

Theorem B. Let Ay, ..., Ay € Myy(9O) be antisymmetric matrices where £ > 1.
Let X = (Xy,...,X¢) consist of algebraically independent variables over ©.
Write A(X) = A1 Xy + -+ + A Xy € Mog(9O[X]) and let F(X) := Pf(A(X)).
Suppose that the following smoothness condition is satisfied:

F(x F(x
For all Ty € R, if F(Zo) = 8@)(?10) — = 58%0) — 0, then iy = 0.
Let H :={[xy:- 2 € P"YR) : F(zy,...,20) =0}. If q is odd, then

ask _ 1 - q_zt (q _ 1)2(61 + 1)q_ét
B e I s s e

6.1 Formula for computing ask zeta functions
of antisymmetric matrices

In [1, Section 3], Avni et al. introduced a new method to compute the so-called
representation zeta functions associated with groups over £ in the form of

antisymmetric matrices. Here, we use a similar approach to give a new method
to compute ask zeta functions associated with antisymmetric matrices over ©.

63
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Since the valuation ring £ is a principal ideal domain, we can obtain
the Smith normal form for any antisymmetric matrix A € May(9) with r =
1 ranky(A) such that

2

gAh =

diag(p?, ..., p*) O]

where A} < -+ < Ay and g, h € GLyg(9).

Theorem 6.1.1 (Cf. [39, Theorem 4.2]). Let A € May(D) be an antisymmetric
matrixz with r = %mnk,g(A). Let D = diag(p™,...,p*,0,...,0) be the Smith
normal form of A. Then Ao;_1 = Xo; foralli=1,...,r

For an antisymmetric matrix A € Myy(9), the smith normal form in Theo-
rem gives rise to “smith-like” form called the antisymmetric canonical
form. We define this canonical form in the following corollary.

Proposition 6.1.2 (Cf. [39, Corollary 4.3]). Let A € Myy(D) be an antisym-
metric matriz with smith normal form D = diag(p™, p*,...,p*,p*,0,...,0).
Then there exist g, h € GLog(9O) such that

A1 Ar

p

Ah =
g o0

S---D @ Og(d_T). (6.1)

_p)\'r

Corollary 6.1.3. Let A(X) € Moy (O[X]) be an antisymmetric matriz of linear
forms with r = § ranke x)(A(X)). For z € O, define fi(z) to be the set of all
the nonzero i x i minors of A(x). Then

(o) C @)
Ve Ty =150 0 fa @2

Proof. Let g, h € GLyy(9) be defined as in (6.1)). Define f;(z) to be the set of
nonzero ¢ X ¢ minors of gA(z)h. Recall from [10, Section 1.B] that the ideals
generated by the nonzero minors are invariant under linear transformations.
Therefore, we can replace |£fi(2)]| by |[fi(z)||. Since A; < --+ < A,, we have

| foi (@)]| = || fai1 (2)P|| = || faio) () p*||. Hence
ﬁ _ ||fi—1_($)|| T _ \|Jf2(z‘—1)($)H : Hfzfl(l")H _
S @)U @yl S (o) U Loy @)yl - [ fos(w) U foia ()
17— [ fa-ny ()]
i1 1 f2ic1(2) U foa—ny (2)yl| - |[p* Uy
- [ f2-1 (@)l

- i1 | fai(z) U ]?2(171)(53)PM?J U fZ(ifl)(m)yzH
T [1f26- @)l
Z:H1 || f2i(2) U faiiony ()92
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For a commutative ring R whose additive group is torsion-free, let A €
My4(R) be an antisymmetric matrix (i.e. AT = —A). Recall from [3} Section
3.2] that the Pfaffian of A, denoted by Pf(A), is defined by (Pf(A))? = det(A).
A principal minor is the determinant of a square submatrix obtained by
removing the same number of rows and columns with the same indices. In an
antisymmetric matrix, the square root of a principal minor of even order is
called a principal Pfaffian.

In the following corollary, we write an explicit formula to compute ask zeta
functions of modules associated with antisymmetric matrices of linear forms.

Corollary 6.1.4. Let A(X) € My (O[X]) be an antisymmetric matriz of linear
forms with 1 := § rankx(x)(A(X)). Write M := M(A(X);O). Then

_ r Fyi1y(x)]]?
1 o 1 'Zask / s+2r—2d—1 H 2(1 1) d x, ,
A=a) -z = | Wl i iE) 0 By (gl )

O+l

where Fy(X) is the set of nonzero 2i X 2i principal Pfaffians of A(X).
Proof. By Proposition and Corollary

g . 73K (g~ s+2r—2d—1 ||f2(l—1)(x)|| d
(1 q ) M (q ) Dz[l |y‘ H Hsz )Uf2(1—1)<37)y2|’ ,u(a:,y),

where f5;(X) is the set of all nonzero 2i x 2i minors of A(X). Let fo;(X) be
the set of all nonzero 2i x 2¢ principal minors of A(X). By [I, Remark 3.6, we
replace the set of minors fy;(X) by the set of principal minors fo;(X). Since

1 Eai (X)* = || f2:(X)]], we have

_ _ C2de1 T | fai—1)(@)]]
(=) 23k = [ et ] dju(z,y)
M i i1 [ fai(@) U fainy (2)?]
Ced1 T || Fogi—) ()]
[y 221 (. ).
1 70 0 B @
O
0 X 0 O
-X 0 X 0
Example 6.1.5. Let A(X) = . For i = 1,2, we have
0 —-X 0 X
0 0 —-X 0
Fy(X) = {£X"}. Using Corollary
(1= 2o = [ ey (62)
||z, ylI? - |22, zy]|

Define U() = {(v,y) € O*: (v, 7,) € -}. Then we divide the domain of the
integral in (6.2) into U(C,) and U(C,) where

Co ={(vs,vy) € R;O tvy <yt and Cy = {(vg,vy) € R;O Uy > Uyt
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where v, and v, denote the valuation of 2 and y, respectively. By Lemma [3.6.2]
and Lemma [3.6.3) (put ¢ = 1), we have

! (1-¢7Y
Zask . — q
A = g T (- (- )
1—q 't

Q-1 —g¢%)

Let M C M4(Z) be a submodule consisting of antisymmetric matrices.
A unipotent group scheme, denoted by G,;, can be constructed from M,
see [50, Section 1.2]. This group scheme is called the Baer group scheme
associated with M.

Proposition 6.1.6 (Cf. |50, Proposition 1.1}). Let M C My(Z) be a submodule
of antisymmetric matrices of Z-rank €. Let Gy be the Baer group scheme
associated with M. Then (&, (s) = (3(s — 0).

Note that (& (s) in Proposition is defined in [50, Section 1.3]. Propo-
sition [6.1.6] shows that conjugacy classes zeta functions of Baer group scheme
associated with modules of antisymmetric matrices are instances of ask zeta
functions of those modules of antisymmetric matrices. Hence, the method in
Corollary can also be used to obtain the conjugacy classes zeta functions
of the Bear group scheme associated with modules of antisymmetric matrices.

6.2 Preliminaries

This section contains the ingredients for proving Theorem [B] Let R be a
commutative ring whose additive group is torsion-free.

Recall from [3, §3.2 Definition 1] that for an antisymmetric matrix A €
Msq(R), we call the matrix Padj(A) = [a;;] the Pfaffian-adjugate matrix of
A where
0, if 1 =7,

(—1)"IPf(AW), iti <y,
(=) HHIPE(AS), if i > 5.

Note that A% denotes the (2d — 2) x (2d — 2) submatrix of A obtained by
removing the ¢ and 7 rows and columns.
Next, we recall some facts about Padj(A).

CLZ‘j =

Proposition 6.2.1 (3, §3.2 Corollary 1]). Let A € Myy(R) be an antisymmet-
ric matriz. Then

In particular, if A is invertible, then A~! = Pf%A) Padj(A).

In the following, we assume 2 is a unit in R.
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Lemma 6.2.2 ([3, §3.2 Lemma 1]). Let A(t) € Mog(R[t]) be an antisymmetric
matriz. Then

SPHA() = Str(A(1) - Padi(A(1)),

where A'(t) = L A(t).

Recall Notation [£.1.2] In the following lemma, let ¢ be an odd number. Let
I;(X) be the ideal of D[X] generated by the set of all nonzero 2i x 2i Pfaffians
of a(X).

Lemma 6.2.3. Let F(X) be defined as in Theorem [B. Assume the smoothness
condition in Theorem B is satisfied. Then:

(i
(ii) Let z € &°\ {0}. Then rankg(A(Z)) € {2d — 2,2d}.

o(X), forallk=1,...,¢.

Proof. For (i), Lemma [6.2.2) gives us the Pfaffian version of the Jacobi’s formula

a 1 2d 2d aa
—Pf(A U -Pf(A™(X
X, 522 an (X)),

i=175=1
where Pf(A% (X)) € I4-2(X) and a;;(X) is the (4,7) entry in A(X). Hence
85)(();) — 8P€§;4(1X)) € Iy 2(X). For (ii), suppose that rankg(A(z)) < 2d — 2 for
some Z € K%, Then F(z) = 0 and Iy o(7) = 0. However, part (i) and the

smoothness condition in Theorem [B] imply that z = 0. O

6.3 Proof of Theorem Bl

In this section, we will prove Theorem |B| by using a similar approach to the
proof of [47, Theorem 7.1]. We also give an example that can be solved by
using Theorem |B] instead of [47, Theorem 7.1].

Proof of Theorem[B. By Lemma [6.2.3)(ii), we have rankg(A(Z)) > 2d — 2 for
all T € &2\ {0}. Hence ||I5;(z)|| =1 for 0 <i < d— 1. Thus

: || Loi—a(2)|]? R

Write t = ¢~° and M := M(A(X);O). By |47, Proposition 4.17(ii)], we obtain
1

1—q!
(ON\POH) <P

Q- @5 =1+ " IF (2), yll 2 d u(z, y). (6.3)

We decompose the domain of the integral in (6.3 into sets of the form (a +
PO x P where a € O\ POL. If F(a) # 0 mod B, then ||F(z)|| = 1. Put
pr’ =z — o and py = y then we map O — (o + P OY) x P via Jy(2/,7) =
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(px’ + «, py) where the determinant of the Jacobian matrix |8;E£fclg’?)7)\ = |p|“L.
By Theorem [3.4.3] the integral in (6.3)) becomes
[ e E@ il dney = [ bl daey)
(a+POE)x P (a+PO)xP
= [ 1gF el d e, )
DZ+1
_ (1 —g7)
1-t

Write A(q,t) = 1%[; Suppose now that F'(a) =0 mod . By the smoothness
condition and Lemma [3.3.2 we can transform the map induced by F(a) on
o+ PO’ into the map induced by X; on PO’ via Jo(zy,...,20) = (F(x), 15 —
Qa, ..., x4 — ag). By [30, Corollary 2.1.1], the map J, : a +PO" — PO- is
a bi-analytic map. Put pz = z. Then we also map O — PO x P via
J3(Z1,7) = (pT1, py) where the determinant of the Jacobian matrix \ag?gl@m =
Ip|“t. By the special case of [47, Lemma 5.8] (put r = 1,a90 = s — 1 and
a; = —2), we obtain

[ IE@ P ey = [l eyl d e, )

(zo+ PO xP POLXP
= [ Ipal*lpa1.pal | Zlpl H d (. )
DZ+1
= ¢t [ 13 13312 dp(E 9)
92
- (A —q ')
—00-q)

Write B(q,t) = %. From the proof of [47, Theorem 7.1], the condition

F(a) = 0 mod ‘B is equivalent to the image of « in P*"!(&) being contained in
H. Thus (6.3]) becomes

(1= @ Z5 () = 1+ (g — 1) (#PH(R) — #H) A(g, 1)
+#H(q—1)B(q,t)

) “t(g? -1
=1+(d" - 1) 1q_tt +#Hl =) (f—tt()q(l - q)t)
_l-q" (

+#H(q—1)(¢" — 1)

1—t (I—t)(1—qt)

]

Note that any polynomial F'(X) that satisfies the smoothness condition in
Theorem [Band has determinantal representation (i.e. there exists a matrix of lin-
ear forms A(X) such that det(A(X)) = F(X)) also has Pfaffian representation



Chapter 6. Pfaffians and ask zeta functions for antisymmetric matrices 69

(i.e. there exists a matrix of linear forms B(X) such that Pf(B(X)) = F(X)).
We can simply show that by writing

0 A(X)

BX) = _AX)T 0

(6.4)

However, the opposite is not always true as we shall show in the next example.

Example 6.3.1. Let F(X,Y,W,Z) = X?+ Y%+ WZ where X,Y,W,Z are
algebraically independent variables over 9. Then F(X,Y, W, Z) satisfies the
smoothness condition in Theorem [Bl Suppose for the sake of contradiction
that A(X,Y, W, Z) is a matrix of linear forms such that det(A(X,Y, W, Z)) =
F(X,Y,W,Z). Then A(X,Y,W,Z) € My(O[X,Y, W, Z]). Write

alX + CLQY + CL3W + CL4Z le + b2Y + bgW + b4Z
ClX + CQY + C3W + C4Z le + dgy + d3W + d4Z

Since det(A(X,Y, W, Z) = F(X,Y,W, Z), we obtain the linear equations sys-
tem:

AX, Y, W, Z) =

agds = bzcs, asby = bycy, bico + bocy = ayds + aody,

bicz + bscy = aids + azdy, bicy + bycy = ardy + aydy,

bacs + bsco = aods + asds, bacy + byco = asdy + ayds,

ardy — bicy = 1, a9dy — boco = 1, b3cy + bycs — azdy — agds = 1.

Computing by Sage [51], the linear equations system has no solution. Therefore,

the polynomial F/(X,Y, W, Z) has no determinantal representation. However,
let B(X,Y,W,Z) € My(O[X,Y, W, Z]) be an antisymmetric matrix of linear
forms defined as follows:

0o X Y Z
X 0 W Y

B(X,Y,W,Z) = .
Y -W 0 X

-7 =Y =X 0

Then Pf(B(X,Y, W, Z)) = F(X,Y,W, Z). Computing by Zeta [4§], we obtain
#H:={[z:y:w:z] €P*R): 2 +y* +wz =0} = ¢*+ N(q)g+ 1 for almost
all p where
1, if 2] q,
N(q) =10, if g = 3 mod 4,
2, if ¢ =1 mod 4.
By Theorem [B]

Zask (A= g")A—qt)+ (@ + N(@)g+1)(g—1)*(g+ 1)g "t
M(B(x)0) (1) = (1= 121 — q) .

Remark 6.3.2. When an antisymmetric matrix of linear forms B(X) defined
as in ([6.4]), the ask zeta function of the image module associated with B(X)
can be obtained by using [49, Theorem 7.9 & Remark 7.10].






Chapter 7

Ask zeta functions of image
modules of single matrices

In this chapter, we give a generic and explicit formula for local ask zeta functions
of image modules associated with single matrices (modules generated by a
constant matrix). A related work by Rossmann [45] studies a type of zeta
functions enumerating submodules invariant under a constant matrix. We also
give a formula for global ask zeta functions of image modules of single matrices.
Moreover, we study the analytic properties of these zeta functions and their
Knuth duals. Theorem [C] gives an explicit computation for the local ask zeta
function of the image module associated with a given matrix. We use Notation
for Theorem [C| For a variable X over O, we use the notation M(AX;©O)
for the image module of a matrix A over a compact discrete valuation ring .

Theorem C. Let A € Myy.(9) with r = rank(A). There exist g € GL4(9O)
diag(p™,...,p*)

and h € GL.(D) such that gAh = 0

0
0] where 0 < A\ <

o< N\ Defineo; .= N +---+N;.. Then
Z?V?]EAX;D) (t) = Z QZ<Q7 t):
i=0

(g1 YL, (gt g™

where Qo(q,t) = ey ,
i (d—i)Nj 4N (1 _g—1 Aik1= A=l g ian .
Qi(g,t) =1 e (‘i_q)d,lf)zo @) for1 <i<r—1, and

(1fq_1)q"r+(d_r)>‘7"t)‘T

QT(Q7t) = (1_qd7'rt)(1_qd71t) .

7.1 Proof of Theorem

Here, we use Notation 4.1.2, In the following lemma, we compute generating
functions which we will use later to compute (7.2)) in the proof of Theorem [C|

71
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Lemma 7.1.1. Let C,, C, and Cy, C Rio be rational polyhedra such that

Co = {(vavy) €Ry:a+ v, <yl
Cp = {(va,vy) ERZy 10y < b+0,}, and
Cap = {(vs,vy) € R;O ra+v, <vy <b+ugt,

where a,b € R5y. Then the generating functions of C,, C, and Cyp, in X and
Y are the followings:

Ya

1 y?
CIEY = oy T aona—xny ™
[Cab] (Xv Y) = Ui Yb

1-Y)1-XY)

Proof. By Definition [3.5.3 we have

[Ca] (X, Y) = Z Z X”zY'Uy — Y(l Z XUIYUI Z Yvy
V=0 vy=vz+a 02 =0 vy=0

= <1 —1XY) <1—1Y> e —Y)}(/la—XY)'

Similarly
0o vr+b—1 sz—i-b
S M M o
V=0 vy=0 v, =0
1 00 Yb o0
- XV — XY)v
1—YUI:0 1—Y%Z:0< )
B 1 y?
T 1-X)1-Y) (1-Y)(1-XY)
Also
o0 vp+b—1 ye _y?
Cal(XY)= 3 Y Xty =y ey [
Ve =0 vy=vz+a v,=0 1-— Y
B 1 ye —y? B ye —Yy?
S 1-XY | 1-Y | (1-Y)(1-XY)

]

Let A € Mgy (D) with r = rankyx(A). Since O is a principal ideal domain,
we can obtain the Smith normal form for A such that

diag(p™,...,p) 0
lag(p ) 7p ) ] , (7‘1)

Ah =
g 0 0
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where A\ < -+ < A, for some g € GLy(9) and h € GL.(D). Let X be
algebraically independent variable over . Our goal is to compute M (gAh;O)
instead of M (A;9) since the local ask zeta function of the former can be
computed using Proposition [.5.1. Moreover, Corollary shows that
Z?\}k(AX;D)(t) = Z?\Zk(gAhX;o) (t).

Proof of Theorem[(}. Consider gAh as in (7.1)). The norm of the set of all
nonzero ¢ X i minors of gAhx is

1fi(@)|| = |sup{|gAha|ix; : © € D} = [p7a'].

where o; = A\ + -+ + \; for i < r since [pM| > ... > |p*|. Define M :=
M(gAhX;9O). By Proposition m

1 r—1 |p0ixi|
Zi (™) = / y[m : — dp(z,y).
" L= qilgﬁ g i—o |[p7irattt prizty| )

We construct the polyhedra C,, Cy, ..., C, such that

Cy = {(vmvy) € RQ}O tuy < ALt 'Ux},
Cl = {(Uxavy) S RQ;() : )\1 + Vg S Uy < )\2 —f—Um},

C = {(Ux,vy) € Rio Pt v Svy < A+ Uz }s

CT’ = {<UI7Uy> € RQ)O : )‘r + Vg S Uy}y

where v, and v, denote the valuation of = and y, respectively. Define U(+) :=
{(z,y) € O : (vs,v,) € -}. Then

as -5 1 s—d— s— —
Z3 ) = o | W e [ e )
(G

u(C,) U(Cy)

ot [l | d (e, )
U(Cr)

Now put ¢ = ¢~*. By Corollary

Z3() = (=g H[[Cla " ") + M [, ¢ )
+o g7 (Gl g )] (7.2)
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By Lemma [7.1.]
-1 d 1 q
a0 = T~ T - )
(1— qdflt) . (qd)\lt/\l - qd)qflt/\l)
(1 =g 1)1 —¢T)(1 - g% 1)
(1 . qd)‘lt)‘l) . qd—lt(l . qd()q—l)t/\l—1>>
- (1=g¢ (1= q%)(1—q" )
(=) @)+ g™ Qolg,t)

dA1 t/\l

= . 7.3
(- — 1) g Y
For 1 < i < r, we have
(d=D)Xighi (A=) Xis1 fAis1
i —i q t q t
[Cil(g " ¢" ") = i -
(1 —qt)(1 — ¢ 1)
q(dfi))\it/\i(l _ q(d*i)()\i+1*/\i)t)\i+1*/\i)
a (1—q?=)(1 — ¢4-11)
_ q(d—i)AitAi Z;\L:Olfkﬁl(qd—it)n
1—qi1t ’
Then
r—1 r—1 o+ (d—i) XA N Ai+1— A1 d—in\n
. SRR Ot i D Sty S (Ve
e} Cz i 1’ d i) — 7 n
;q [Cil(¢ ") =y
r—1
iz Qi(q, 1)
=== 7 7.4
1 _ q_l ( )
Moreover
0'r+(d*7”)>\rt)\r Q <q t)
o 1C (g ) = — 2 — xndb 7.5
q [ ](q »q ) (1 _ qd_rt)(l . qd_lt) 1— q_1 ( )
By inserting (7.3), (7.4]), and (7.5 in (7.2)), we obtain
Z3E(t) = > Qilg. b).
i=0
O
p?
Example 7.1.2. Let A = NE By Theorem |C
p
1 — qt + q2t q4t2 _ (]3t2 q5t3 _ q4t3
t) = t) = ——— t) = .
Hence

(> =20+ D@+ (¢* — > —q+ Dgt* + (* —g - 1)t + 1

=0 —q |
Corollary 7.1.3. Let A € Max.(O) withr = ranky(A). Then the local abscissa
of convergence of Z?\jk(AX;D)(q_s) is pp(ax;o) = max(d — 1,d —r).

Z?\ZI((AX;D) (t) =

Proof. The proof follows directly from the largest real pole of the local ask zeta
function of M(AX;9O) in Theorem [C] O
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7.2 Global ask zeta functions

In this section, we give a generic computation for local ask zeta functions of
image modules associated with single matrices. We also compute global ask
zeta functions of image modules of single matrices. Here, we use Notation [£.2.1]
For a matrix A € Myx.(K) with r = rankg(A), there exist g € GL4(K)

and h € GL.(K) such that
& 0] (7.6)

Ah =
I 0 0

By Corollary 4.4.3, we have Z35 4 x.0,)(t) = Z37{,anx.0,)(t) for almost all places
v € V. In the following lemma, we replace M (AX; (’)@) with M (gAXh;O,)
since the latter is easier to compute using Proposition [4.5.1]

Lemma 7.2.1. Let A € Myy.(K) with r = rankg(A). Then for almost all
places v € Vi

drlt

(7.7)

1 —q;
Zask . t
M(AX,OU)( ) (1 . qd lt)(]_ _ qd T‘t)

Proof. Consider gAh in (7.6)). Since all nonzero i x ¢ minors are 1 or 0 for i < r,
the norm of the set of all nonzero ¢ x ¢« minors of gARX is

1fi(@)]] = [sup{lgAhalix; : # € Ou}| = |,
for i <r. Define M, := M(gAhX;0,). By Proposition [4.5.1]

sd+r1 |ZE|

ask fs _
ZMv (q ritl mzy”

dp(z,y).

20“

Then we construct two cones C, and C, such that
Co ={(vs,vy) € R;O tvy <yt and Cy = {(vg,vy) € R;O Uy > Uy k,
where v, and v, denote the valuation of z and y, respectively. Define U(-) =

{(z,y) € O : (vy, 7,) € -}. Then

1 —d+r— -r s—d—
| e e+ [ e datey)

Y \U(C) U(Cy)

75 (q,°) =

Put t = ¢,°. By Lemma 3.6.2| and [3.6.3| (put £ =i = 1)

ask o -1 1 q;1
250 = 0= (g )

1—gi 't
T (- g (1 gty
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Note that the formula in Lemma can be also derived from [47, Propo-
sition 6.4] when ¢ = dimg (M, ® K) = 1. In the following, recall Notation

Remark 7.2.2. Let A € Myy.(9) with r = rankyc(A). Define Ay,..., A, to be
as in Theorem . If Ay ==X =m >0, then o, = im and W;(q,t) = 0 for
1 <¢<r. Then

. m—1 p J 1 — qdfrflt
73s (1) = " mym .
Max;0) (1) ;(q )" +4q (1 — ¢ rt)(1 — ¢i- 1)

Define A = diag(1,,0) € Myy.(9). From the proof of Lemma

m—1
Z3Tiaxso) () = D2 (@)™ + ¢ " Ly i) (1),
n=0

Let Q(qu,q;®) be the rational function in (7.7). For each place v € Vg,
we regard Q,(qv, ;) to be the sum of rational functions in Theorem |C] for
Ay € Myxe(O,). Next, we give a formula for global ask zeta functions of image
modules associated with single matrices.

Corollary 7.2.3. Let A € Myyx.(O). Then

Soaxo ()= 11 Qe ] Qulan a).

vEVK\S vES
where S C Vi is a finite set of places.

Proof. By Proposition 4.2.2] the global ask zeta function

ask ask
M(AX; (9 H CM AX; (971
vEVK

By Lemma [7.2.]]
R/s[lZAX 0,)(8) = Z?\S;(AX;OU)((JU_S) = Q(¢v,q,”)

for almost all places v € V. Let S be the excluded finite set of places. By
Theorem

Soaxoy(s) = T Qaw.a,®) - TI Qulaw, 0.

vEVK\S veS
O

Corollary 7.2.4. Let A € Myx.(O) with r = rankg(A). Then the global
abscissa of convergence of CX/S'[LEAX;O)<S) is a(ax;o) = max(d,d+1—r).

Proof. Let S be the excluded places from the generic formula in Lemma
By Proposition and Lemma [7.2.1], the global abscissa of convergence is

the abscissa of convergence of ]  Q(qv,q,°). ]
UEVK S
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7.3 Ask zeta functions of Knuth duals

Here, we also give formulas for local and global ask zeta functions of image
modules associated with Knuth duals of a single matrix.

In the following two corollaries, we use Notation . Let A € Mgy (D)
with 7 = rankg(A). Write A(X;) = AX;. Recall the notations in Section [I.4]

Corollary 7.3.1. Let A°(Xy,...,Xy), A*(Xq,..., X.), and AY(X;) be Knuth
duals of A(X1). Then:

(i) A°(Xy,..., Xq) ~ [pM Xy, ..., pMX,,0,...,0] € My (O[X1, ..., X4]).
(i) A*(X1,..., X.) ~ [pMX1,...,pMX,,0,...,0/T € Mg1 (D[ Xy,..., X.]).
(iii) AY(X,) = ATX,.
Proof. This follows directly by applying Deﬁnitionon gAhX, in (7.1). O

In the following corollary, we give explicit formulas for the local ask zeta
functions of the image modules associated with Knuth duals of A(X}).

Corollary 7.3.2. Let A°(Xy,...,Xy), A*(Xq, ..., X,), and AY(X;) be Knuth
duals of A(X1). Then the local ask zeta functions of the duals are:

77777

-----

(i) Z§5 av(xy,0) () = 2 Qilg, ¢°~),
=0
where Q; defined as in Theorem[Q,

Proof. This follows directly from Proposition O

_ Recall Notation [4.2.1] Let A € Myx.(O) with 7 = rankg (A). Let Q, and
() be defined as in Section . In the following corollaries, let A(X;) = AX;.

Corollary 7.3.3. Let A°(Xy,...,Xy), A*(Xq,..., X,), and AY(X;) be Knuth
duals of A(Xy). For a finite set of places S, the global ask zeta functions of the
duals are:

(i) G cnxaion () = IT Qan, ") - 11 Qulgu ™),

.....

vEVEK\S veES
(it) C?JLEA-(Xl ..... xo0(8) = 11 Q(qv, 4,°) - T1 Qulaw, ¢,%), and
vEVK\S veES

(iii) (v pon(®) = T Qg a5 ) - T Qulgo ")
vEVK\S vES

Proof. This follows directly by applying Proposition[4.3.3|to Corollary[7.2.3] [
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Corollary 7.3.4. Let apacx,).0) and anacx,)0,) be the global and local
abscissa of the image module of A(X1). Then the global and the local abscissa
of Knuth duals are:

(Z) aM(AO(Xl ..... X4);0) = maX(Q -, 1) cmd aM(AO(Xl X4);00) = max(l -, 0)

-----

(i) apreas(x,,...x.0) = max(d,d —r + 1) and aras(x,,.. x.)0,) = max(d —
1,d—r).

(iii) aprcav(x,)y0) = max(e,e —r+ 1) and aravix,)0,) = max(e —1,e —r).

Proof. Similar to the proof of Corollary Corollary and Proposition
4.2.4 show that the global abscissae of convergence in (i), (ii), and (iii) are
the abscissae of convergence of [I Q(qy,q¢i7 %), II Qg q,°), and

v
vEVK\S vEVE\S

[T Qqu,q¢¢ %), respectively. Moreover, the local abscissae of (i), (ii),
vEVE\S

and (iii) are the largest real poles of (i), (ii), and (iii) in Corollary
respectively. O






Chapter 8

Ask zeta functions of image
modules of matrices pencil

In this chapter, we write a generic formula for ask zeta functions of image
modules associated with matrix pencils, see Theorem [D] A similar work can be
found for normal zeta functions of class 2-nilpotent groups, see [56, Theorem
2. Here, we use Notation [4.2.1]

Theorem D. For Aj, As € Myxo(K), let A(Xy,X2) = A1 X7 + A X be a
matriz pencil with a rational form

Ra (X1, Xz) = diag(Lun,, - - -, Ling, Ly, s> L, Ra(X1, X3)),

ME41?

where R z(X1, X2) is a rational form of the non-singular core of A(Xy, Xs) (If
A(X1, Xs) is a non-singular matriz pencil, we put k = € =0 and Ra(X1, X3) =
RA_(le XQ)) Then

1 — qk—2t h
ask _ v
ZM(A(Xl,Xg);Ov)(t) - (1 _ q’%)(l — qd_Qt) + Z N’L(ﬁv)wz(qva t)7

i=1

where N;(R,) = #{a € R, : gi(a) = 0}, ¢; is a univariate polynomial, and
Wi(qu, t) is a rational function. The univariate polynomials g;’s and the rational
functions W;(qy,t)’s can both be read off from the matriz core Rz(X1, X2) (see

Definition .

8.1 Preliminaries

In this section, we provide some computations on the non-singular core which
we will use to prove Theorem [D] Recall that A is called a diagonal block
matrix if A = diag(4,,...,A,) where each A; is a matrix for 1 < j <w. We
also call each A; a diagonal block of A.

Lemma 8.1.1. Define [n| = {1,...,n}. Let Jy,...,J, be disjoint subsets of
[n] such that JyU---UJ, = [n]. Let A = diag(Ay,...,Ay) be a square diagonal
block matrixz of size n over an arbitrary ring R where each A, is a diagonal

80
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block of A with nonzero determinant and formed by J, rows and columns for
1<t <w. ForJg,Jo C [n| with |Jr| = |Jc|, define B to be a square submatriz
of A formed by Jr rows and Jo columns. Define B, to be a submatriz of B
formed by Jr N Jy rows and Jo N Jy columns. Then

(1) If |Jr N Jo| # |Je N Jy| for some €, then det(B) = 0.

(ii) if B is a nonzero determinant submatriz with size n — w + r where
1 <r <w, then it contains at least r diagonal blocks of A.

Proof. For (i), if B is contained in one of the diagonal blocks of A, say Aj,
then B = B, where By is an empty matrix for each ¢ # s. Since B is a square
submatrix, then By is also a square submatrix. Hence |Jg N Jo| = [Jo N Jy| for
all £. If B # By for any . Write B= B; & ---® B,,. Let By be a submatrix
such that |Jg N Jg| > |Jo N Jg| for some 1 < s < w. Let B, be a square
submatrix of B with size |Jg N J,| which contains the submatrix B,. Then B
has | JrNJs| — | Jc N Js| columns of zeros. Hence det(B;) = 0. By induction on k,
suppose that any square submatrix of B which contains B, with size |JgNJ,|+k
is zero determinant. Let B be a square submatrix of B which contains B, with
size |Jr N Js| + k + 1. By Laplace expansion, det(B) = ZL‘EIOJSHHI b;; det(B;;)
where b;;’s are entries in B and B;;’s are submatrices of B obtained by removing
™ row and j"™ column. Fix i € Jg N Js, then b;; = 0 for all j € Jo N J since
By are diagonal block for all £. Hence det(B) = 3,40, bij det(B;;). However
B,;’s are square submatrices of B with size |Jg N Js| + k and contains By for
all j & Jo N Js. Therefore det(B) = 0 since det(B;;) = 0 for all j & Jo N Js.
Thus, all square submatrices of B which contain B, has a zero determinant.
Similarly, if By is a square submatrix of A with |Jg N Js| < |Jo N Js| for some
s, then all square submatrices of B which contain B, has a zero determinant.
Thus det(B) = 0 if |[Jg N Jy| # |Jo N Jp| for some £. For (ii), if det(B) # 0. By
(i), each By is either an empty or square submatrix of B for all /. Let B be size
n —w +r. Let S be another submatrix of A obtained by removing a column
and a row from w — r diagonal blocks of A. Then S is submatrix with size
n — w + r and contains the least possible diagonal blocks of A. However, since
S contains r diagonal blocks of A, then B must contain at least r blocks. [

Notation 8.1.2. For an infinite field K, let R € M, (K) be a matriz in a
rational canonical form with the companion matrices C1, ..., Cy, the diagonal
blocks of R. Let ny,...,n, be the sizes of the companion matrices, respectively.
For 1 < j < w, suppose that each C; is a companion matriz for a monic
polynomial which can be written as F;(X) = cjo+cpX + -+ 4 ¢jp, 1 X7 +
X" =TI, g77(X) where g;(X)’s are different monic irreducible polynomials

over K and e;; > 0. Since Fi(x) | Fy(x) | -+ | Fu(x), then e < e <--- < ey
and we write e;; = 0 for all g;(z) t Fj(z). Write 0 < djy < --- < d;y, where
dy = min{eij D€y > O},diz = min{eij D6y > dﬂ}, .. -;d’iri = min{eij Dey >

dip,—1}. For 1 < j <y, let a;j be the number of g;(x)’s with the exponent d;;

In the followings, we use Notation [8.1.2] Also, define Rz(X;, Xy) :=
—RX, + 1, X.
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Lemma 8.1.3. Let A;(X,, Xs) be a diagonal block of R3(X1, Xy) such that
Aj(Xl,Xg) = _CjXQ + Ianl fO’]” 1 S j S w. Then det(Aj(Xl,Xg)) =
X7 Fi(X1 Xy ") = X" F (X, ' Xo) where F} is the reciprocal polynomial of F;.
PT’OOf. By " we have det(Aj<X17X2>) = det(—C'ng + Ianl) = CjoX;j +
cle;jlel +ooe Cjnj_lXQXILjil + X17 where ¢jy, . . . ,Cjn;—1 € K. Hence

n Xl Xl n;—1 Xl n;
det(Aj(Xla XZ)) = X2 |ﬁj0 + ¢t <)(2> + -+ Cinj—1 ()Q) + <)(2>
= X3 Fj(X1X5Y).
Similarly

N X vy X n;—1 X
det(A;(X1, X3)) = X3 [Cjo (X?) + ¢ (Xj) + -+ Cnyj—1 (Xj) + 1]

= X?jF“Xlez)-

J

]

Let O be a compact discrete valuation ring.

Corollary 8.1.4. Let A;j(Xy, Xo) = —C; Xy + I, X1 be a diagonal block of
R (X1, X5). Define M = {diag(A;(z1,22), ..., Aw(T1,22)) : x1,29 € O)}. Let
fr(x1, ) be the set of all nonzero k x k minors of M. Then:

(i) If |w1| < |xo|, then ||fe(xy, 22)|| = |z2|® for 1 < k < n —w and
| fwtwo (21, 22)[| = ||~ TI72y | Fj (123 )| where 1 < wo < w.

(ii) If |x1| > |za|, then || fr(z1, 22)|| = |21|F for 1 < k < n.

Proof. For (i), we have |z1] < |z5|. By Lemma [3.6.1{i), we have || fi(z1, 22)|| <
|z2|®. For 1 < k < n; — 1, there exists a minor equals to X} in the set of all
nonzero k x k minors of A;(Xy, Xy). Thus there exists a minor equals to z% in
the set of k x k minors of M for 1 < k < n —w. Hence ||fi(z1,22)|| = |22|* for
0 <k <n—w. By Lemma m(ii)7 a nonzero determinant submatrix of the size
n—w-+wp must include at least wq blocks of M for 1 < wy < w. By Lemmal[8.1.3]
we have det(4;(X1, Xz)) = X37 F;(X1X5') and Fy (X X5 M)+ [ Fu (X1 X5 ).
Therefore, we have || f—w-wo (%1, T2)|| = @270 [T} |Fj(z125")|. Similarly
for (ii), we have ||fi(z1,72)|| = |z1]F for 0 < k < n — w. Moreover, we
have || fu—wwo (21, T2)|| = @170 [0, |F} (a7 'a2)| for 1 < wp < w. Since
|z1| > |22, we have

_ To\ " To
Ft 1 = |c; () + -+ cCin— ()—i—l =1.
| j (z1 22)| = Iejo o Cin;—1 o |

Thus || fi(z1, 22)|| = |z1|* for 1 < k < n. O

Corollary 8.1.5. Let a € R, such that Fj(a) = 0 where F;(X) defined as in
Notation [8.1.9 Then for almost all places v € Vi, there exists o € O, such
that for all x € O, with x = & mod B,

|Fj(@)] = |2 — af,

where 1 <4 < h.
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Proof. By Notation we have g;(x)’s are different monic irreducible poly-
nomials. By Lemma [3.3.4] each g;(x) has a different root over &, for almost
all places v € Vg. Since Fj(z) = [, g;” (z), there exist g,,(z) such that
gm(@) = 0 and g;(a@) # 0 for all i # m. Write F(z) = gn" (v)Fj(z) then

Fj(a) # 0. For all x € O, with = a@ mod B, we have |Fj(z)| = 1 and

|F;(z)| = |gm(x)|*. By Lemma we have |g,,(z)] = |r — a|. Thus
|Fj(2)] = |z — afm. O

8.2 Technical lemmas

In this section, we compute the integral in to prove Theorem [D] We will
use Notation 4.1.2l

Lemma 8.2.1. Let dy,dy € Z with dy < dy . Define the half-open polyhedra
Cy, Ci and Cy as follows:

Cy = {(Uﬂﬁvvy) € R220 : Uy < dl : (Ux + 1)},
Ci = {(vg,vy) €REy 1 dy - (v, +1) < v, < dy- (v, + 1)}, and
Co = {(vs,vy) € RQZO tdy - (v + 1) <y}

Then the generating functions for Cy, Cy and Cy in X and Y are

I
CIXY) = 1-X)1-Y)(1— XYh)’

yd — xd
GIXY) = Gy —xvaya = xvay A4
(10 SO P—

(1-Y)(1—-XYd)
Proof. By Definition [3.5.3]

oo di-(ve+1)— 00 1— Ydl-(vz—&-l)
CIX,Y) = Z Z X”“EY“y = Z Xl —
V=0 vy =0 V=0 1-Y
= Z X —yh Y (Xyhy
v,=0 v,=0
1 1 yaoo\ 1-Yh
S 1-Y\1-X 1-XY%h) (1-Y)(1-X)1-XYd)
Similarly,
oo do-(vz+1)—1 Ydl'(vz+1) . ng-(vz—l-l)
XY= X WW—ZW% Y )
ve=0vy=d;-(vy+1) v, =0 -
1 oo [o.¢]
- = Yd1 Z (XYdl)Uz _ de Z (XYd2)'UI
1-Y v, =0 v, =0

1 yd Y
1Y (1—XYd1 B 1—XYd2>
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Ydl _ ng
T -1 — XYA) (1 - XYE)
Also,
[CQ] (X7 Y) = Z Z X”””Y”y = Yd2 Z (XYd2>Uz Z Yvy
ve=0vy=da-(vyp+1) =0 vy=0

yd
1-Y)(1- XY%)

]

Lemma 8.2.2. Let x and y € O. let k,a;,d; € Z where 1 < j < r and
0<dy <...<d,. Definen(j)=ard;+---+a;d; and 7(0) = 0. Also, define
vj)=k+a;+---+a.. Then

r

B, +(1 _‘fl)ZBj

J=1

Y

[l L), il dpte,y) = (1= a7
DQ .7:1

where
1— q’Y(l)dltdl
(1= W1 - Mh )’
B "D digd; _ @)+ Ddiragdit
7 (1 — @GtDE)(1 — qmU-D 0 —13ds ) (1 — ¢ +rG+HDds 1= T¢dja )

B

for 1 <3<, and
qﬂ'(T)-i-kdrtdr

B, = .
(1= gkt)(1 — gr(r)+hdr—1ydr)

Proof. Consider the half-open polyhedra C,, Cy,...,C, where

Cy = {(vz,vy) € R2>o v, < dgp - (v + 1)}

Cr={(vsyvy) €RLg 1y~ (0, + 1) vy < da- (v, + 1)},

G = {(Um?}y) S Rzzo cdy_q - (Ur + 1) < vy < d, - (Uz + 1)}7
Cr = {(vs,vy) ER%y 1 dy - (0 + 1) < vy},

where v, = v(y) and v, = v(x). Define U(:) = {(z,y) € O : (v, v,) € -}. Then
divide the domain of the integral into U(C,),U(Cy),...,U(C,). We obtain the
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following

[l LGSyl dpte,g) = [ g0 dpte, )
DQ ]:1 (Cy

U(Cy)

[y el W d (e, y)
U(C)

[y e d ().

U(G)
(8.1)
Put t = ¢~°. By Corollary |3.5.6| the integral in (8.1]) becomes
(1—g M |[Cl(g ", Wt +Zq e 1,q7(j“)t)] . (8.2)

By Lemma [8.2.1] the generating functions for these polyhedra are:

1—ya
CIEY) =0 - va —xvay
e .
[Cl(X,Y) = 1—V)(l - XV0) (1 - Xvan)’ for 1 <j<r, and
CIX,Y) = "

1-Y)1—XYd)

Define B, = (1 — ¢ 1)[C,](¢7, ¢"Wt), B; = ¢"WD[C,] ("W, q?UFDt) for 1 <
J <r. Then

1— qv(l)dltdl

By - (1 _ qv(l)t)(l _ qv(l)dl—ltdl)’
g =D Ddjgd; _ om(@D+HYGHD s pdsi
B; = (1-— QU+t )1 —q~ m(j—1)+v(5)d;—14d; i) (1 — qﬂ(j)+v(j+1)dj+1—1tdj+1)’

for 1 <j<r, and
q7r(7‘)—|—k:d7»—1tdr

(1= gkt)(1 — gr()thdr—1gdry

B, =

Note that 7(j) +v(j + 1)d; = 7(j — 1) + v(j)d;. Then (8.2) becomes
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8.3 Proof of Theorem

In this section, we prove Theorem [D] We will use Notation and Notation
BI12

Let A(X1, Xs) € Myyx.(O,) be a matrix pencil with a rational form

Ra(X1, Xo) = diag(Lum,, - - Ly, L s -5 Ly Ri(X1, X)),

By Corollary , we have Zj‘\jk(A(XhXQ);O (t) = Z73% (X1 Xa)i0n () for almost
all places v € V. Define Ry(X1, X3) = Ra(—X,, X;). By Corollary 1.1.4]
we have M(R4(X1, X5); O0,) = M(Ra(X1, X3); O,). In proof of Theorem [D}
we write a formula for ask zeta function of M(R4(X1,X5);O,) instead of
M(A(X1, X5); O,) since both have the same ask zeta function for almost all
places v € V.

Proof of Theorem[D, Let r = mq+---+mg+myi1+---+myye and let n be the
size of the non-singular core. Since Ly,, € M, 11)m, (K[X1, Xo]) for 1 <i < k+
¢, we have d = n+r+k and e = n+r+/{ where rankK(Xl,XQ)(f{A(Xl, X)) = n+r.
If A(Xy, X3) is a non-singular matrix pencil, then { =k =r =0and d = e = n.
Define M, = M(RA(Xl, X3); O,). By Proposition

oy |[fj-1(z1, 22)||
Zask ; 1 , / s—k—1 J ’ dulx , To,
Mu(q ) q |y| o ||fj($1,$2) Ufj_1($1,$2)y|| N( 1 2 y)

(8.3)
where f;(z1,22) is the set of all nonzero j x j minors of M,. Consider the
following half-open cones

Cy = {(1)171}272)7;) S Réo L Uy < U1 and Vy < 1)2}’
Ci = {(v1,v2,vy) € R?éo tv1 < v and v < vy},
Co = {(v1,v2,vy) € R;O 109 < wy and vy < vy},

where v1 = v(x1), v2 = v(x2) and v, = v(y). Define U(- ) = {(21,72,y) € O3 :

(v1,v9,vy) € -}. Divide the domain of the integral in into U(C,), U(C )
and U(Cy). In U(C,), we have |y| > ||x1, z2]|. By Lemma 2| (put £ = 2)

¢, 2(1—qh)

8.4
1—qd2t (84)

ob 17 fima(wn, 2]

/ ’y| o Hf j(x $)H’ ‘d#(l'l,fﬁg,y):
u(c,) j=1 J—1\41, L2 Yy

where t = ¢~*. In U(C}), we have |z1| > ||z2,y|| and |x1| > |xg|. Definition
shows that each L,,, contains a minor equal to X{" for 1 < ¢ < k + (.
Hence, we have diag(Lyn,, - - -, Limys Ly 15+ 5 Liy,. ) contains a minor X7. By

Corollary [8.1.4((ii), we have ||fj (x1,22)|| = |x1|3 for 1 <j <n+r. By Lemma
3.6.3| (put { =2 and i = 1)

n+r

||sk1H

U(Cy)

g (1 —q,t)?
1—ght)(1—qd2t)

T

d p(zy, x0,y) = ( (8.5)

|21 ]9
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In U(Cy), we have |za| > ||z1,y||. Put 21 = zjzy and y = z9y’. Then we

map J : O3 — U(Cy) via J(2, 22,y") = (229, T2, 79y’) where the deter-

%] = 3. Similarly, Definition [2.4.2
19425

shows that each L,, contains a minor equal to Xy for 1 < i < k + (.

minant of Jacobian matrix det [

Hence diag(Ly,, - - -5 Lim,, L%Hl, . Lng) contains a minor Xj. By Corol-
lary [8.1.4(i), we have ||f;(z)@e, x2)|| = |#3| for 1 < j < n +7 —w and
| frtr—wtwo (T1 72, B2) || = [wo| P Fw0 H}Uil |FJ(II1)’ for 1 <wp < w. By Theo-
rem [.4.0)

ko1 T || fi—1(w1, 22)]|
/ !y| ko . dﬂ(l’l,ﬂ?m!/)

ot (@, 22) U fi(za, 22)yl|

n+r

:/|x2y/|sfk71|x2’2H ||fj_1(x/1x27x2)||
(/)3

o L (@hae, 22) U fi—a (@i @a, xa) 2oy ||

U(Cy)

du(xlla T2, yl)

o . [T, ( 1)
_/’y’ . 1’$| o | " 1 | IAYY du(:ni,xz,y’)
j= 1”1_[]0 1 30(331) H]o 1 F ( DYl

- 2t/|y|s . 1H||F D1 dpadat, ). (8.6)

We can decompose the domain of 2/ in the integral into sets of the form
a+ P, where a € O,,. If Fj(oz) # 0 mod ‘B, for all j, then |F;(z})| =1 for all
Ty € oz+q3v Put p,z = 2, —a then we map O, — a+*, via Jy(z) — p,x+a

where |d‘]0 | = |py|- Therefore, the integral in becomes
! H 1F3 ),y ll dpuat ) = [ 11 ool d (e, )
a+PyxOy (93
- (1—dkt) ’

Let @ € &, such that F;(a) = 0. Then there exists g; such that g;(&) = 0 for
1 < i < h. By Corollary [8.1.5] there exist a € O, such that for all 2} € O,
with 2} = @ mod B,

[Fj(2h)] = |2} — o

Hence, if Fj(a) = 0 mod B, for any j, then the integral in becomes

6”
Y

/[ 1HH L — )yl d (e, y). (8.8)
CY“Fm'UXOv

Put p,x = 2} — a and consider 0 < dj; < --- < d;;, and a;1,. .., G, as in

Notation [8.1.2] Then (8.8) becomes

" / W T o), o/ )% d (e, o). (8.9)
02 i=1



Chapter 8. Ask zeta functions of image modules of matrices pencil 88

Define v;(j) = k + aij + aij+1 + - + @i, and w(j) = azdy + -+ + a;d;. By

Lemmam then ( . becomes

T

(1—¢,") |By(i) + (1—q;") > B;(i)], (8.10)
j=1
where
—1(1 _ g7i(Ddi1pdin
. q (1 — gyt )
By(i) = 7i(1) i(Ddii—1,4..\’
(1 —qv' t)(l — g )
mi (G +vi(5)dij—1 4, ; mi(3)+vi(G+Ddij+1—1 44,
v t i — t ij+1
B;(i) = g a

(1- qﬂi(jﬂ)t)(l _ qgi(j—1)+w(j)dij—1tdij)(1 _ qgi(j)+vz-(j+1)dij+1—1tdi]~+1)’

for 1 <j<r;, and

T (Tz)“l‘kdzrl —1
v

(1= ght)(1 — gu Tt iy

tdir.

B, (i) =

Now define N;(R,) = #{a € R, : gi(a) = 0}. For 1 <i < h, define L(gy,,1)
and H;(gy,t) to be the rational functions in (8.7) and (8.10)), respectively. Then
becomes

h

(o= M) L) + SN )] (510

1—q§ i=1

Define the rational function W;(q,,t) as follows

(1— )1 = gkt) [B,() + (1 — ;) Shey Bi(1)] — ¢ (1 — ¢;)

4 ’U?t -
Wil =0 -0
Then (8.11)) becomes
Ua) - )N Wilant).  (312)

(1 —ght)(1 —qf2t) t O 7

By . and , we obtain
} 1 — qk Qt h
Z57,(t) = + > Ni(R)Wilgu, ).

(1 - qkt)(l qg_Qt) i=1
]
Remark 8.3.1. Define m;(j) = andis + - - - + a;5d;; and 7;(0) = 0. Also, define

%i(j) = k + aij + - - - + a;r,. The rational function W;(g,,t) in Theorem D] is
defined by:

(1= (1= gkt) [B,() + (1 — ;) S5y Bi(1)] — ¢, (1 — ¢;)
e 1= (1= g1~ a0 ’
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where

lz i1 1((]3Z )t)m

By(i) = (1 _ qzz(l)dll 1td11) 5

mi(F—1)+vi(§)dij— dij dijr1—dij— i(J+1) £\ym
) Qv t > meo (qz t)
B;(i) =

(1 - qﬂz(] D+ (4 )dij_ltdij)(l _ q”u mi(J )+'Yz(]+1)dij+1_1tdij+1)’
for 1 <j<r;, and
q;ri(n)-i-kdiri—ltd. ,

(1 — ght)(1 — g Hhn i)

B,,(i) =

Example 8.3.2. Let A(X7, X5) be a non-singular matrix pencil with a rational
form R(X1, X2) = RX; + [5X5, where

(001 0 0 0 0
10 0 0 0 0
00 0 1 0 0
R = .
00 0 0 1 0
00 0 0 0 1
0 0 -1 0 —2 0

Using Notation we have F1(X) = X2+ 1 and F,5(X) = (X? + 1)%. Hence
h =1 where g;(X) = X? 4+ 1. By Remark

-1

q Gut q,t’
y( ) 1_qvt7 1( ) (1_qvt)(1_qgt2)’ an 2( ) 1—q2t2

From Remark [8.3.1, we can obtain the rational function Wi(q,,t). If ¢, = 3
mod 4, then g;(X) = X? + 1 has no solutions over &, and N;(£,) = 0. Thus

1—q,%t
K _ v
Z?\Z(A(Xl,xﬂ;ov)(t) B (1—1)(1—q*t)

If ¢, = 1 mod 4, then ¢g;(X) = X% + 1 has two solutions and N;(&,) = 2.
Hence

1—q,%t
ask _ v
ZM(A(X17X2);Ov)(t) - (1 _ t)(l _ q4t) +2- Wl(qv7t)'







Chapter 9

Ask zeta functions of relation
modules of single matrices

In this chapter, we introduce the notion of admissible matrices of linear forms
which is analogue to admissible partial colorings |11, Definition 1.4]. Over a
finite field, we compute the number of matrices by rank in relation vector spaces
associated with single matrices which allows us to write weakly equivalence
classes of these modules for almost all places. Moreover, we give formulas

for ask zeta functions of relation modules associated with single matrices, see
Theorem [E] In Theorem [E] we use Notation [4.2.1]

Theorem E. Let A € Myx.(K) with r = rankg(A). Then for almost all places

NS Vk
(1—gq, “t't)? —
ZEh  axion(t) = (1-t)(1—qy “0)(1—q, “"%t)’ ifr=1,
e (AXOn) 1—q, °t otherwise.

(1-t)(1-gy— 1)’

9.1 Admissible matrices of linear forms

Here, we introduce admissible matrices of linear forms which are analogous to
admissible partial colorings mentioned in [11, Section 1.3].

Recall that [d] = {1,...,d}. Let d,e > 1. Let A;,..., A, be pairwise
disjoint subsets of [d] x [e]. For a ring R, let Ay, ..., Ay € Myx.(R) where
Ay, = [ag;j] such that ay;; € R* if and only if (i,7) € A; and zero otherwise
for 1 <k < /¢ Let A(X) = A1 Xy + -+ A X,. Then we say that A(X)
is a matrix of linear forms associated with the pairwise disjoint sets
A, ..., Ay Let Jp C [d] and Jo C [6] such that if A, N (JR X Jc) 7é @, then
Ay C Jg x Jeo for all k. Define B(X) to be the submatrix of A(X) obtained by
selecting rows from Ji and columns from Jo. Then we say B(X) is a closed
submatrix of A(X).

Definition 9.1.1. A matrix of linear forms A(X) is admissible if:

(i) A(X) is associated with a sequence of pairwise disjoint sets, and

(ii) every non-empty closed submatrix of A(X) contains at least one zero
entry.

91
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Example 9.1.2. Consider the matrix pencil A(X) = A; X1+ 42X, € M3(Q[X])
where A; and A, are given by one of the following pairs of matrices.

1 2 0] |0 01 1 20 |0 0O 12 0] |0 01
1 0 0[,]0 10 1 0 0{,]0 1 O 10 0[,]0 1 2
00 1] (03 0 00 1| [0 3 0 00 0f (00O

(a) (b) (c)

Then A(X) is admissible in (a). However, we have the closed submatrices

[XQ] [Xl 2X;1  X»
and

3X2 X1 X2 2X2

least a zero. Hence A(X) is not admissible.

1 in (b) and (c), respectively, which do not contain at

Let A(X) € Max.(R) be a matrix of linear forms associated with disjoint
pairwise subsets Ay, ..., A, C [d] x [e]. We can interpret these sets as sets of
partial colorings. Thus, a relation module of a matrix of linear forms associated
with these sets is also a relation module of partial colorings mentioned in
[11, Section 1.3]. Moreover, relation modules of admissible matrices of linear
forms are relation modules associated with admissible partial colorings, see
[11], Definition 1.4]. In the following theorem, we use Notation [4.1.2]

Theorem 9.1.3 (Cf. [11, Corollary B]). Let A(X) € Myx.(O[X]) be an ad-
missible matriz of linear forms. Then ZES a(x).0)(t) = (1_151)(’1‘17__;5,6”.

Next, we use Notation [4.2.1]

Corollary 9.1.4. Let A(X) € Mux.(K[X]) be an admissible matriz of linear
forms. Then for almost all places v € Vi

1—qg
k o v
Z?{sel(A(X);Ov)<t) - (1 _ f;)(l _ qd_et)'

Proof. Let A(X) = A1 Xy + -+ + Ay X, where Ay = [ay;;] for 1 < k < (. Let
S = {v € Vi : v(akij) # 0 for any ax;; € Ap,1 < k < (}. Since S is a finite
set, choose any v € Vi \ S. Then A(X) € Myy.(O,[X]) is an admissible matrix
of linear forms. By Proposition we have

1—gq °t
k _ v
Zle-{sel(A(X);Ou)(t) — (1 _ t)(l _ qd—et)

for almost all places v € V. n

We use Corollary and Corollary to obtain the same formula for
relation modules associated with matrices of linear forms which are weakly
equivalent to relation modules associated with admissible matrices of linear
forms for almost all place v € V.
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9.2 Counting the number of matrices in rela-
tion vector spaces of single matrices over

finite fields

In this section, we compute the number of matrices with rank » in a relation
vector space associated with a single matrix over finite fields.

For an arbitrary field K, let A € Myx.(K) be a matrix with rankg(A) = n.
Then there exist g € GL4(K) and h € GL.(K) such that gAh = U,, 4. where
Up.ge := diag(ln, 0(g—n)x(e—n)). Therefore, we have Rel(AX; K) is equivalent to
Rel(U, X; K).

Let F, denote a finite field with size ¢. For a subspace M C My« (F,), we
denote by N,.(M) the number of matrices in M with rank r. Landsberg [30]
proved that

N (Mo (B) = T[ LX), 0.1)
k=0 ¢ —4q

Moreover, Bender [7] stated that
) g*)? e
N, (sh,( N 1—q = 9.2
( kl_](:) q _q ( )k:qu+1_1 ( )
where sl (F,) denotes the traceless n x n matrices over F,. Note that
Rel(1,X;F,) = {x € M,,(F,) : <In,x) =0}
= {[zi5] € Ma( qu = 0} = sl,(IFy).
Thus
s, (F,) | My (e—ny (Fy)
M(d—n)xe<Fq>

In the following, we shall use the formulas in (9.1) and (9.2) to obtain a
formula for the number of matrices in (9.3). For a matrix A, we denote by
rowr, (A) the dimension of the row space of A over F,. Moreover, define

Mj (7‘, d, 6) = q(T_j)e/\/’j (M(d—T+j)><6(Fq))'
Lemma 9.2.1. Let M C Minsn(Fy) be subspace. Define

Rel(Uy, 4. X F,) = (9.3)

M = {[a.b] € My (Fy) @ € M. b € Mypsemy (Fy)

Then No.(M) = 35_o Mj(r,m,e —n)N,_;(M).

Proof. For r > 0, fix a € MWithrank’r—jWhereo <jg<r. Letbe
M (e—n)(Fg) such that rankg, [a,b] = 7. Then b induces a linear map Fg ™" —
Fy* via z = br. Let ¢ : Fg™" — F* /rowr, (a) be the linear map induced via
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z + br + rowy,(a) = bz where b is a submatrix of b obtained by removing
r — j rows from b with the same indices of r — 7 independent rows in a. Note
that if rankg, ([a,b]) = 7, then rankg, (b) = j. Moreover, if rankg,(b) = j,
then rank, ([a,b]) = r. Hence ranky, (b) = j if and only if rankg, ([a,b]) = r
First, we count all the possible ways to write b with rankp, (b) = j. Since
F7" frowg, (a) ~ F'~"*7, we count all matrices in Mgn—rtj)x(e—n) (Fy) with rank
7 which is given by Nj(Mm—r4j)x(e— n)( ) in . Now we count the number
of ways to write b such that rankp, (b) = j. Define ¢ : F* — F*/rowy, (a)

H m(F™"™,
via y > y + rowg,(a). Consider the epimorphism Hom(F;™", F") ona 79)

Hom(F¢~—", Fy* /rowr, (a)) where (Fg™" LN Fr) — (Fg" LA e LN Fy /rowr, (a))
as in the following diagram:

e—n b m
_—
e g

T e
F /rowr, (a).
Then

N ([a; My (e—n) (Fg)]) = | ker(Hom(Fg™", )] - Nj(Mm—r+5)x (e-n) (Fg))
= | Hom(FF; ™", ker(#))| - Nj(Mm—rt5)x(e-n) (Fq))
= | Hom(F; ™", rowg, (a))| - Nj(Mn—r1j)x(e—n) (Fy))
= ¢ EING(Mpn— i jyx(e—ny (Fy))-

Therefore, the number of matrices in M is the sum

N([M me (e— n) qu 9)e=n) (M(mfrJrj)X(efn)(Fq))M“—j(M)

= Z./\/lj(r,m, e —n)N,_;(M).
=0
Remark 9.2.2. Let M C Minxn(Fy). Define
M = {[a,b]" € Man(Fy) : @ € M, b € M(a_myn(Fy) } -

By using the transpose of M7 and Lemma [9.2.1] we obtain the following:

N(MT) =" M;(r,n, d —m)N,_;(M) = No.(M),
=0
Corollary 9.2.3. Let M C Minsn(Fy). Define

alb _
M = { |:J;] S de6<Fq) ca € M,be me(e,n)(Fq),C S M(dm)xean)} .

C
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Then

<.

N (M) = XT:Mj(r,e,d —m) ) Mi(r = jym,e = n)No—i_j(M).

Jj=0

-
I
o

Proof. Define M := {[a,b] € Myxc(F,) : @ € M,b € Mpx(en)(Fy)}. By
Lemma [9.2.1, we have

N (M) = 3 My (r, e,d — mN;_; (1) (9.4)
7=0
By Remark[0.2.9 and (0.4), we obtain
No(M) = 3 My(rye0d = m) S My — G, — m)Nsiy (1),
=0 i=0
O

In the following, we use (9.3 to give a formula for counting the number of
matrices in Rel(AX;F,) where A.

Remark 9.2.4. Let A € Myy.(K) be a matrix with rankg(A) = n. To
compute N, (Rel(AX;F,)), we compute Rel(U,X;F,) by using Corollary

and (9.2). Thus

N, (Rel(AX;F,)) = i/\/l (rye,d— ZM —gyn,e —n)N_i—i (s, (F,)).

§=0

Computing by Sage [51], we obtain a formula for the number of matrices with

rank 1 in Rel(AX;F,):

qd+e—1 + qd+e—n—1(q _ 1) _ qd _ qe +1
q—1 '

The formula in (9.5 shows that for any two matrices A, B € Myy.(F,) with
rankg, (A) # rankg,(B), we have

Ni(Rel(AX;F,)) =

(9.5)

Nl (Rel(AX, Fq)) 7é Nl (Rel(BX, ]Fq))

9.3 Equivalence classes and Proof of Theorem

El

In this section, we recall the notion of staircase modules of matrices. For a
number field K, we write the number of equivalence classes of relation modules
associated with single matrices in Myy.(K) for almost all places. We also prove
Theorem [E] Here, we use Notation [4.2.1]

In Remark , we showed that for any two matrices A, B € Myy.(8,)
with rankg, (A) # rankg, (B), we have N;(Rel(AX; R,)) # Ni(Rel(BX; R,)).
Hence Rel(AX; R,) is not equivalent to Rel(BX; &,).
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Lemma 9.3.1. Let A, B € Myy.(K) withranky(A) = ny and rankg(B) = ng.
Then Rel(AX; K) is equivalent to Rel(BX; K) if and only if ny = ng.

Proof. If ny = np, then A is equivalent to B over K. Corollary (ii)
shows that Rel(AX; K) is equivalent to Rel(BX;K). Now suppose that
Rel(AX; K) is equivalent to Rel(BX;K). Then there exist ¢ € GL4(K)
and h € GL.(K) such that Rel(AX;K) = gRel(BX;K)h. By Corollary
{.4.1] we have g € GL4(O,) and h € GL.(O,) for almost all places v € V.
Thus Rel(AX; O,) is equivalent to Rel(BX; O,) for almost all places v € V.
Let Rel(AX;0,) & Hom(0O% 0°%) and Rel(BX;0,) & Hom(O%, O°) be the
inclusion maps. By Lemma , we have 0 and 0 are isotopic for almost
all places v € V. Let Rel(AX; 0, /B") 2% Hom((0,/B™)%, (O,/B)°) and
Rel(BX; 0O, /B7) On, Hom((O, /%B™)4, (O,/B)¢) be also the inclusion maps.
Then 6,, and 6,, are isotopic for almost all places v € V. Thus Rel(AX; R,) is
equivalent to Rel(BX;8,) for almost all places v € V. By Remark[9.2.4] we
have rankg, (A) = rankg, (B) for almost all places v € V. Thus ny =ng. O

Let m = (mq, ..., mq) € NO™'and let e = mg + - - - + my. Define a matrix
S, = [Sij]lgigd < dee(Z) such that
1<5<e

1 lfj > > my,
= k<t

Sij = i
0 otherwise.

Then we call S,, the staircase matrix associated with m, see [50, Section
5.1.1].

Proposition 9.3.2 ([50, Proposition 5.10]). Let M := {[s;;xi;] € Maxe(D) :
Tij € 9,585 € Sp}. Then
—14+d—j— Z my
ask (1) — 1 dfll_q k>j
M()_l—tl:lo d_j_zmk .
= l—q it
A module M, defined as in Proposition [9.3.2] is called a staircase module
associated with m € NZ™!.

Proof of Theorem[E] We have A is equivalent to U, 4. since rankg(A) = r.
By Corollary [1.2.3[ii) and Lemma [£.4.2] we have Rel(AX;0,) is equivalent
to Rel(U,X; O,) for almost all places v € Vi. If r = 1, then Rel(t, X;O,)
is equivalent to a staircase module associated with (0,...,0,1,e — 1). By
Proposition [9.3.2
as 1— qv_e-Ht 2
o0 = (550 = et ey

For r > 1, we have U, X is an admissible matrix of linear forms. By Proposition
9. 1.0 )
— gt
23K xo0 (1) = v :
Rel(Z/{TX,OU)( ) (1 _ t)(l N qg_et)
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For n = min{d, e}, Lemma shows that there are (n + 1) equivalence
classes of relation modules associated with single matrices in Myy.(K). By
Corollary [£.4.3] relation modules of each equivalence class of single matrices
have the same ask zeta functions for almost all places v € Vg. However,
Theorem [B] gives us only two formulas for ask zeta functions of these modules.
Thus, relation modules of single matrices, that are not equivalent, may have
the same ask zeta functions.






Chapter 10

Ask zeta functions of relation
modules of matrix pencils

In this chapter, we write all the possible formulas for ask zeta function of
relation modules associated with matrix pencils for almost all places. We also
prove Theorem [F]which is analogous to [50, Eq 5.26 & 5.28] for relation modules
associated with matrix pencils. Here, we use Notation [.2.1]

Theorem F. Let A(Xy, X2) € Myxe(K[ X1, Xs]) be a matriz pencil such that
A(Xh X2) = diag(o(d—m)x(e—n)a B(Xb X2>>7

where B(X1, X2) € Myxn (K[ X1, Xs]) is also a matriz pencil. Then for almost
all places v € Vi

k (1 B qz?_et)(l _ q;n—et) k n—e
Zi’fel(A(Xl,Xg);Ov)(t) = (1 — t)(l — qdfet) ?{sel(B(Xl,Xg);Ov)(QU t)-

Theorem [F|allows us to reduce a matrix pencil A(X7, X3) to a matrix pencil
B(X1, X2) which does not contain zero rows or columns. Then we use Theorem
to obtain the ask zeta function of the relation module associated with
A(X1, Xs) from the ask zeta of the relation module associated with B(X7, X3).

Theorem G. Let A(X1,X3) € Muxe(K[X1, X3]) be a matriz pencil. Let
B(X1, X3) be the largest submatriz pencil of A(Xy, X3) which does not contain
zero rows or columns.

(i) If B(X1, X2) is weakly equivalent to an admissible matriz pencil, then for
almost all places v € Vi

1—gq ¢t
k o v
Z?{Sel(A(XLXg);Ov)(t) - (1 _ t)(l _ qd_et)'

(ii) Suppose that B(Xy, X2) is not weakly equivalent to an admissible matric
pencil. Further suppose that B(Xy, Xs) has one of the following rational
forms:

— Rp(X1, Xo) = diag(Ly, 10Xy + I, 1X5),

99
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- RB(Xl,XQ) = dlag(L{, In_l(le + In_lXQ), or
- RB(Xl,XQ) = diag([n,ga, C)Xl + InXQ

where C' is a companion matrix of size 2, n < d,e, and a € K. Then for
almost all places v € Vi

Zask (If) _ (1 B qil;_et)Q
Rel(A(X1,X2);0y) (1 _ t)(l _ qdfet)(l _ qziet) .

(iii) If B(Xy, Xs) has a rational form Rp(X1, Xy) = Ly or Rp(X;, Xo) = LT,
then for almost all places v € Vi :

Zask (lf) — (1 - qil;_et)(l - qg_et)
N ey

(iv) If B(X1, X5) has a rational form Rp(Xy, Xs) = CX; + I, X5 where C' is
a companion matrixz of size 2, then for almost all places v € Vi :

ask (1 _ qv_et> L 2—e
ZRel(A(Xl,Xg);OU)(t) = (1 _ t)(l _ qd,et) + ;Nz(ﬁv)w/;(qva 4y t)7

where N;(R,)’s and W;(q,,t)’s are defined as in Theorem [D}

In the first two sections, we discuss all the cases of relation modules of
non-singular matrix pencils. We start with two cases, in the first section, which
are not (always) weakly equivalent to admissible matrix pencils. Then we
write the cases which are always weakly equivalent to admissible matrix pencils
in Section [I0.2] In Section and Section [10.4] we discuss all the cases of
relation modules of singular matrix pencils that do not contain zero rows or
columns. Similarly, we start with four cases, in Section [10.3], which are not
(always) weakly equivalent to admissible matrix pencils. In Section , we
write the cases which are always weakly equivalent to admissible matrix pencils.
Finally, we prove Theorem [F] and Theorem [G] in Section [10.5]

10.1 Relation modules of non-admissible non-
singular matrix pencils

In this section, we will show two cases where non-singular matrix pencils are
not (always) weakly equivalent to admissible matrix pencils. We will also write
formulas for the zeta functions of these two cases.

Recall from Definition that a non-singular matrix pencil A(X;, X3) €
M,,(K[X1, X3]) has a rational form R4(X;, Xy) = RX; + [, X5 where R is a
matrix in a rational canonical form. We write R = diag(C1, ..., C,) where C;
is a companion matrix of a monic polynomial F;(X) for 1 < i < w.
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Lemma 10.1.1. Let C' € My(K) be a companion matriz of a monic polynomial
f(X) of degree 2. Let A(X1, X3) be a non-singular matriz pencil with a rational
form RA(Xl, X2> = CXl + IQXQ. Then

ZRdacaxaron(®) = Zittax xao00 ()
for almost all places v € V.

Proof. Let f(X) = ag + a1 X + X? where ag,a; € K. We have

Xy X3
Ra(X1, Xo) = .
—CloXl X2 —ale

0
. Then
a1 1

Letg:[

—X1 apXe+ a1 Xy
RI(—X,, X)) = .
g A( 2 1) [X2 X, ]

where T is the transpose. By Corollary [1.2.3(ii) and Corollary

—I1 QT2 + a1x
gM(RL (X1, Xo); K) = {[ e O K}.
o) T
We also have
—~ +
Rel(R4 (X1, X5);0,) = { [ w1 dotz i DT, To € (’)U} ,
T2 I

By Corollary and Proposition [£.3.3], we obtain

2R Ra(x1,x2:00) () = L3R (x1 x20:00) (1) = L3R (X1, X20500) ()
for almost all place v € V. O
Lemma [10.1.1] gives us a case that can be computed using Theorem D]

Corollary 10.1.2. Let C € My(K) be a companion matriz of a monic polyno-
mial F(X) of degree 2. Write F(X) =TI, g where g;’s are different monic
irreducible polynomials. Let A(X1, Xs) be a non-singular matriz pencil with a
rational form Ra(X1, Xo) = CX; + [, X5. Then for almost all places v € Vi

1— qv
Zi}k(A(XLXﬂ;Ou)(t) (1 _ t Z N an )7

—1/_ -1 Cite; e;—1 m
where m(qz}’t) — qy (1 4y )Eqv t) (11'2(]; tiyiz)mzo(qvt) ]
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Proof. By Lemma L we have ZEF5 4 x, x)00) (1) = 2374 x0)00) (1) for
almost all places v € VK. Usmg Notation [8. 1 2 we have w =1 and k = ¢ = 0.
Since F(X) = [I, g5 where g; is an irreducible polynomial and h,e; < 2, we
have v; = 1 and m; = ¢;. Define N(R,) = # {a € R, : gi(a) = 0}. By Remark
3.3.1, we have

—1 ei—1 e;—1pe;

NG Y o(get)™ gyt
B, (i) = d B .
P T AT g

Thus Wi(g,, t) = 201 )E? Zgl(lltz(l tiez):m Sl - By Theorem@

1-— qv
237 a(x1 xay:00) (1) = (=1 ZN Wi(qo, 1)

]

Proposition 10.1.3. Letd,e,n € N where3 <n < d,e and let c € O,. Define
M = {['rzy] S dee(ov) T(n—1)n = 0}7 Ml - {[xw] € dee<0v) : Z?:l Lig =
0,Z(n-1)n = 0}, and My := {[z;;] € Maxe(Oy) 1 X0y Tis = CTn(n-1), T(n-1)n =
0}. Then uM = uM, = uMy for all u € O%\{0}.

Proof. Let e;; be the elementary matrix with 1 in position (¢,j) and zeros

elsewhere. Let X = [X};]i<i<qa. If X € M, then X can be written in terms of
1<j<e
the linear combination

X = Z Xij€ij,
J

where J = {(i,7) € [d] x [e] : (1,)) # (n —1,n)}. Thus M is generated by all

e;; where 1 <i < dand 1< j <ewith (4,j) # (n—1,n). For a fix s < n,

write My = {[xi;] € Maxe(Oy) @ Xhot Thk = —Tss, T(n—1)n = 0}. If X € M,
ks

then X, = —> 11 Xix and X can be expressed as
k#s

X =% Xyey+ > Xpwern — Y Xiness = Y Xygeiy + Y Xil(ern — €as),
1 k=1 k=1 71 k=1
k#s k#s kts
where J; = {(i,j) € [d] x [e] : i # j whenever i,j < n,(i,7) # (n—1,n)}.
Hence M, is generated by e;; and ey —ess (With k& < n,i # j Whenever 1,7 <n,
and (i,7) # (n —1,n)). Moreover, if X € M, then X,,—1) = £ >} Xp and
X can be written as

1
X = ZXijezj Zka exk + en(n 1))

Jo k=1

where Jy = {(i,j) € [d] x [e] : ¢ # j whenever i,5 < n,(i,j) # (n —
1,n) or (n,n —1)}. Therefore M, is generated by e;; and Le,(,—1) + egr, (With
i # j whenever i,j <n, k <n,and (i,j) # (n — 1,n) or (n,n —1)). We want
to show that uM = uM; = uM, for all u € Ojf \{0}. Since My, My C M, it
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suffices to show uMy, uMy D ubMl. Let (eq,...,eq4) C (’);f be the standard basis.
Since ue;; = w;ej, we have uM spanned by all w;e; with (4,j) # (n — 1,n).
Similarly, we have ulM; spanned by all we; and uger — use, (with i # j
whenever i,j < n, k < n, and (i,j) # (n — 1,n)). Moreover, we have ulMy
generated by all w;e; and %unen,l + ugey, (with ¢ # j whenever i,j < n,
k <mn,and (i,j) # (n — 1,n) or (n,n —1)). Let uy = ged(uy,...,u,). Since
n > 3, we may choose s # ¢ or n. To show that uM C uM;,uMs, we
need to show wuger € uMy N ubMy for any 1 < k < n and uye,_1 € uMs.

Since |us| < |ug|, we have ue, = (uge; — uges) + Z—Zuzes € uM;. Hence
urer = (urer — weey) + ugep € ubly. Therefore, we have uM C ulM;. More-
over, we have u,e, 1 = (upe,_1 + cuges) — cﬁ—;uges € uMy. Thus ure, =
1 1

(cun€n_1 + uper) — ZUnep_1 € uMy. O

We will use Proposition to prove a formula in the following lemma.

Lemma 10.1.4. Forn > 3, let R € M,,(K) be a rational canonical form such
that R = diag(Ch,...,C1,Cy) where Cy is a companion matriz of a monic
polynomial f1(X) of degree 1, and Cy is a companion matriz for a monic
polynomial fo(X) of degree 2. Let A(Xy, X2) be a non-singular matriz pencil
with a rational form Ra(X1, Xo) = RXy + [, Xs. Then for almost all places
v E Vi

_(A-aT")?
as _1\2(1_,2—"7
ZRekl(A(leX2)§Ov)(t) = {glqi—)n(tl & t)

-7

if ag = —a?,

otherwise.

Proof. Let fi(X)=a+X and fo(X) = ag+a; X + X? where a, ag,a; € K and
[1(X)]f2(X). If ag # —a?, then the constant a # 0 in f;(X) since f1(X)]f2(X).
Hence

[ X, +aX,

R(Xy, Xp) = X5+ aX;
X5 X4
—CL[)Xl X2 — ale_

Put X}, = X5 + aX;. Then we map RX; + I, X, — R'X; + I, X} where
R' =R — I,a. Then

X5
Ra(Xy, X5) = X} , where a] = a; + a.

Xé - aX1 Xl
—CLQXl Xé — a’le_
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1 1 10
Let gy =diag | I,,_3, |—1 1 0| | and hy =diag | I,_3,|0 1 0| |. Then
0 01 0 01
_Xé -
g1Ra(X1, Xg)hy = Xy X}
—Xé —aX1 Xl
L —CL()Xl Xé — a’le_

If ) =0, then ¢g1RA(X1, X})h; is an admissible matrix pencil. However, if

1 0
ay # 0, let g = diag | I,,—o, . Then
ay 1
-Xé -
ggglRA <X17X5> ]’Ll = Xé Xé . (101)
—Xé —aX1 X1
I —ay Xy —(ap+aa)) Xy X

Suppose that ay = —aa) = —(a*+aa;) and write fo(X) = (X +a)(X +b) where
b€ K. Since ap = ab and a; = a+b, then ab = —(a*+a(a+b)) = —(2a* + ab).
Thus ag = —a®. However, we have ag # —a?® and ag # —(a* + aa;) = —aa.
Then go (g1R 4 (X1, X%) hy) is an admissible matrix pencil. By Corollary
and Corollary

1—q,"
k v
Zf{sel(A(Xl,Xz);Ov)(t) = (1 _ t)2 )
for almost all places v € Vg. For the second part, suppose that ag = —a?.
Then ayp = —aa) and (10.1)) becomes
_Xé -
9291R A (w1, %) hy = X} X}

—Xé —aXl Xl
—d X, 0 X}
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1 00
Let g3 =diag | I,—3, |0 1 0| | and hy = diag (In_2, th [1)] . Then
ay 0 1
—Xé -
9397 G291 R A (X1, X5)hihythy = X} , (10.2)
X, Xy
_ Xy Xy

where ¢ = a} +a. Put g = g3g; 'g2g1 and h = hy. If ¢ = 0, define M, :=
Rel(gRA(Xl,Xé)h, Ov> = {[ZEU] € Mn((’)v) : Z?:l Tiis = Oax(n—l)n = 0} If
¢ # 0, define My := Rel(gRa(X1, X5)h; O,) = {[zi5] € M, (O,) : X1z =
CTp(n-1)s T(n—1)n = 0}. Moreover, define M := {[z;;] € M,(O,) : (n—1)n = 0}.
By Proposition [10.1.3| (put d = e = n), we have uM = uM; = ubM; for all u €
02\ {0}. Using Corollary 4.1.5 we have Z37(t) = Z5% (t) = Z3%(t). Moreover,

we have M is equivalent to a staircase module of m = (0,...,0,1,n —1). By
Proposition [9.3.2]
ask (1 B qiint)2
25 (1) =

(=11 =g )
By Corollary

ask _ (1 - (L%int)z
ZRGI(A(Xl,XQ);Ov)(t) — (1 _ t)2(1 _ q2—nt)

for almost all places v € V. O

10.2 Relation modules associated with admis-
sible non-singular matrix pencils

In this section, we write all cases of non-singular matrix pencils which are
always weakly equivalent to admissible matrix pencils. This allows us to use
Proposition to obtain ask zeta functions of modules associated with these
matrix pencils for almost all places v € V.

Lemma 10.2.1. For { > 2, let Ryy = diag(C,...,C) € My(K) where C' is a
companion matriz of a monic polynomial f(X) of degree 2. Let A(X;, X3) be a
non-singular matriz pencil with a rational form Ra(X1, Xa) = Roe X1 + I, X5.
Then A(X1, X2) is weakly equivalent to an admissible matriz pencil.

Proof. Let f(X) = ap+ a1 X + X? where ag,a; € K. If { = 2, then

Xo X1 0 0
—ap X7 Xo— a1 X 0 0

RA(Xl,Xg) _ oA 2 — Q1A
0 0 Xy Xy

0 0 —a0X1 XQ — a1X1
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1 0 00 1 0 0 -1
01 10 0 0
Let g1 = and h; = . Then

0010 0 -1 1

1 001 0O 0 0 1
X X 0 — X5

—apX —a1 X X +1)X
GRA(Xy, Xo)hy = | 00 T 2 (@t DX (10.3)

0 ~-X, Xo X,

XQ (ao + 1)X1 —a0X1 —CL1X1

Then ¢1RA (X1, X2)hy = g1(R4 X, + 14 X5)hy is an admissible matrix pencil. If
¢ =3, then Ra(X7, X5) is of form:

X, X, 0 0o |
X, Xo—a1X; 0 0 0 0

0 0 X, X, 0 0

0 0 —ap X1 Xo—a1 Xy 0 0

0 0 0 0 X, X,

0 0 0 0 —a0X) Xy — a1 X,
1000 0 0 1 0 0 -1 0 0]
011000 0 0 0 0

Lt g |00 1O OO Jo-110 0 -
100100 0 0 1 0
000010 0 0 0 1
001001 0 0 0 0

Then goR A (X7, X2)hs is of the form:
[ X, X, 0 —X, 0 0 |
—ap X1 —a Xy Xy (a4 1)Xy 0 .C
0 —X, X, X, 0 —X,
X5 (ap+ 1) Xy —apXy —a1 X, 0 ao X1
0 0 0 0 X, X
— X9 Xy X4 —ap X1 —a1 X3

Then goRA (X7, X2)ho = Re X7 + [5X3 is an admissible matrix pencil. For £ > 3,
we have R4 (X1, X2) = Roe Xy + I Xo. If 2|0, write g = diag(g1,...,91) and
h = diag(hy, ..., hy) such that

gRA(Xq, Xo)h = diag(g1 (Ra Xy + LiXo)ha, ..., g1(RaXy + LX) hy).
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If 24 ¢, let g = diag(g1,...,91,92) and h = diag(hy, ..., hs, hy) such that
gRA(X1, X5)h is of the form

diag(g1(RaX1 + LX2)hy, ..., g1 (RaXy + 11 X5)h1, go(Re X1 + I6X2)hs).
In both cases, we have gR4(X7, X5)h is an admissible matrix pencil. m

Lemma 10.2.2. Let C' € M, (K) be a companion matriz of a monic polynomial
F(X) of degree n > 3. Let A(Xy, X2) be a non-singular matriz pencil with a
rational form Ra(X1, Xo) = C Xy + 1, Xs. Then A(Xy, Xs) is weakly equivalent
to an admissible matrix pencil.

Proof. Let F(X) =ao+ a1 X + -+ + a, 1 X" ' + X" where ag,...,a,_1 € K.
If a,_1 = 0, then

Xo X1
Ra(X1, X3) =

Xy Xy
_—CloXl —a Xy o Xy

Then R(X7, X3) is an admissible matrix pencil. If a,_1 # 0 and a,,_3 = 0,

1 00
let ¢ = diag(l,,—3,¢91) and h = diag(l,,_3,h;) where gy = | 0 1 0| and
-1 0 1
1 01
hi= 10 1 0. Then
0 01
X, X -
GRA(X1, Xo)h = X5 X 0 X4
Xo X, X,
Xo X1
—ao Xy ... —ana Xy =Xy —(ap—2+ )21 —Gp_171

Then gR4 (X4, X2)h is an admissible matrix pencil. However, if a,,_1 # 0 and
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1 0 —o=t
an—3
an_3 # 0, let h = diag([,,_3, he) where hy = [0 1 0 . Then
00 1
X, X, ]
Ra(X, Xz)}_l = X X 0 a1
X, X, -o=lX,
Xo X1
_—aoXl —a1 Xy o —ap_3X1 —a,—2X) Xo ]
Then R4 (X, X5)h is an admissible matrix pencil. O

Corollary 10.2.3. Let R € M,,(K) be a matriz in a rational canonical form
such that R = diag(CY, ..., Cy) where C; is a companion matriz of a monic
polynomial f;(X) for 1 < i < w. Let A(X1,X3) be a non-singular matriz
pencil with a rational form Ra(X1, Xo) = RX, + I, Xs. If there exist at least
two companion matrices of polynomials of degree 2 among C4,...,Cy, then
A(X71, Xs) is weakly equivalent to an admissible matrixz pencil.

Proof. Let s <n and S € Mys(K) be the square submatrix of R which only
contains the companion matrices of degree 2. We have S is not an empty
matrix since R contains at least two companion matrices of degree 2. Write
S = diag(Cy,...,C,) where C;’s are the companion matrices of degree 2
for 1 <17 < s. By Lemma , there exist gs, hs € GLgs(K) such that
9s(SX1 + I5sXs)hs is an admissible matrix pencil. Let d < n and D € My(K)
be the square submatrix of R which only contains the companion matrices of
degree > 3. If D is not an empty matrix, write D = (C_'S+1, ce ég) where C_'j
is a companion matrix of degree d; > 3 for s +1 < j < /. By Lemma
there exist g;, h; € GLy,(K) such that g;(C;X; + I5,X2)h; is an admissible
matrix pencil. Let g4, hy € GLg(K) such that g; = diag(ges1,...,g¢) and
hg = diag(hey1, ..., he). Then

Ga(DX1+1;X5)hg = diag(gs1 (Csr1 X1+ 1o, Xo)hsyts -+ 9e(CoXi+ 14, Xo)hy)

is an admissible matrix pencil. Let R = diag(S, D) and let g, h € GLa a(K)
such that g = diag(gs, gs+1, - - -, g¢) and h = diag(hs, hsi1,...,he). Then

GRX| + Iys1aXo)h = diag(gs(SX1 + Tos X2)hs, a(D X1 + I3 X2)ha)

is an admissible matrix pencil. For e < n, let e be the size of the squire
submatrix of R which only contains the companion matrices of degree 1. If
e > 0, write £ = diag(l.a, Cs, Cs) where a € K*. By Lemma , there exist
g1, h1 € GL4(K) such that ¢; diag(Cs, C2)hy as in . Let g, € GLo14(K)
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100 0]
such that g, = L. ~ © | Then geg1(EX1 + Iy 4Xo)hig T is of
1 0 00
0 1y |
the form:
[ CLX1 _X2 e —XQ X2 X1 0 _X2 |
_X2
aXl —X2
—X2 tee —X2 CLXl X2 X1 0 —X2
_X2 R e _X2 X2 Xl 0 _X2
CL0X1 cee L CLX1 —CLOX1 —a1X1 X1 (CL() + ].)X1
0 - 0 0 ~X, X, X
L —XQ s s —X2 X2 (CL() + 1)X1 —aoXl —a1X1

Thus gegi(EX; + I.44X5)hig, T is an admissible matrix pencil. Let g,h €
GL.(K) such that g = diag(geg1, [n—(e+4)) and h = diag(g. " b1, L—(e14)). Let
g,h € GL,(K) such that g = diag(I., g) and h = (I, h). Then

g(g(RX1 + L, Xp)h)h = gdiag(leaXy + [X2, GRX1 + LrsraXa)h)h
is an admissible matrix pencil. O

Corollary 10.2.4. Let R € M,,(K) be a matriz in a rational canonical form
such that R = diag(CY,...,Cy) where C; is a companion matriz of a monic
polynomial fi(X) for 1 < i < w. Let A(Xy,X3) be a matriz pencil with a
rational form Ra(X1, Xo) = RX, + 1, Xs. If there exists a companion matriz C;
of a monic polynomial f;(X) of degree > 3, then A(Xy, X3) is weakly equivalent
to an admissible matrixz pencil.

Proof. Let d < n and D € My(K) be the square submatrix of R which only
contains the companion matrices of degree > 3. Then D is not an empty matrix
since R contains at least one companion matrix of degree > 3. Write D =
diag(Cy, ..., C) where éj is a companion matrix of degree d; > 3 for 1 < j < /.
By Lemma , there exist g;, h; € GLg;(K) such that 9;(C; X1 + T4, X5)h;
is an admissible matrix pencil. Write D;(X1, Xa) = ¢;(Cj X1 + L4, X2)h; and
let gq, ha € GL4(K) such that g4 = diag(g1, ..., g¢) and hg = diag(hy, ..., hy).
Then
9a(DXy + I, Xo)hg = diag(D1 (X1, Xa), ..., De(X1, X2))

is an admissible matrix pencil. If R contains more than one companion matrix
of degree 2, then Corollary shows that A(Xy, X3) is weakly equivalent
to an admissible matrix pencil. Hence, suppose that R contains only one
companion matrix of degree 2, say C. Let S = diag(C,C}) where C is a
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companion matrix of a monic polynomial of the form f(X) = ap+ a; X + X?.
Let

1 00 1 0 0
gir=diag| |0 1 1|,l4-1]| and h, = diag | [0 1 0f,14-1
001 0 -1 1

Let (X1, X3) and ¢;(X7, X3) be the first row and column of D;(X;, Xs),
respectively. Then

Xo Xy 0
g1(SX1 + 14, 2 Xo)hy = | —apX; —a1 X4 (X1, Xo) |
0 —c1 (X1, X2)  Di(X1, Xo)

where g, = g diag(lz, g1) and h; = diag(15, hi)hi. Then g;(SX; + Ig12X2)hy
is an admissible matrix pencil. Let R = diag(Cs, D) and let

1 00 1 0 0
g=diag| |0 1 1|,Is1| andh=diag| |0 1 0],
001 0 —1 1

Write g = g diag(Iy, g¢) and h = diag(ls, hg)h. Then
g(RX1 + 10 Xo)h = diag(gi (S X1 + Ig,42X2)h1, Do(X1, X3), ..., De(X1, X3))

is an admissible matrix pencil. Let e be the size of the squire submatrix of
R which only contains the companion matrices of degree 1. If e > 0, then
R = diag(l.a,R) where a € K*. Let gy € GL,(K) where

1 0 ...0
I
go =
1 0 0
- O In_e -
Then §(RX, + I,,X,)h is of the form:
L aXT —Xo .. =Xy | X, X, 0 --- 0]
- X,
. aX1 —XQ . . . .
—XQ —XQ aX1 X2 X1 0 O
_X2 e R _X2 3
apX; - e apXy
0 PPN oo 0 g(RXl +Id+2X2)h
. 0 ’ ' 0 -
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where g = gy diag(l,,g) and h = diag(l,,h)g; . Hence g(RX; + I, X5)h is an
admissible matrix pencil. If R doesn’t contain a companion matrix of order 2,
then R = diag(I.a, D). Let g = go diag(I,, g4) and h = diag(I,, hs)gy *. Then
g(RX; + I, X5)h is of the form:

e X ... ~X, r(X1,Xs) 0 ]
X
aXo - X : :
-X; e =X aXy (X, X2) 0
— (X1, Xo) - s —a(Xy, Xy) Dy (X1, Xo)
0 - 0
_ Dy(X1, Xs) |
Therefore, we have g(RX; + [,,X3)h is an admissible matrix pencil. O

In this section, we covered all cases of non-singular matrix pencils A(X;, X»)
with a rational form RX; + I,X5 except the two cases where R = C or
diag(I,_sa,C') where C'is a companion matrix of a monic polynomial of degree
2 and a € K. Those two cases were dealt with in Section [10.1l Note that
the case where R = [,,a is not a matrix pencil since we can use a change of
variables (X} = aX; + X5) to map the matrix of linear form A(X;, X») into
A(X)) via InaXy, + 1, X — 1, X).

10.3 Relation modules of non-admissible sin-
gular matrix pencils

In this section, we show four cases where singular matrix pencils, which do not
contain zero rows or columns, are not (always) weakly equivalent to admissible
matrix pencils. We also write ask zeta functions of relation modules associated
with these cases for almost all places v € V.

Lemma 10.3.1. Let A(X1, Xs) € Moy (K[X1, X3]) be a matriz pencil with

a rational form Ra(Xy,Xs) = Li. Then for almost all places v € Vi,
28 A xay:00 (1) = 71,qut~

X4

Proof. By Definition [2.4.2, we have L; = . Thus Rel(Ra(X1, X2); O,) =

2
{[zij] € Max1(K) : @11 = 0,91 = 0} = 025;. Then Example completes
the proof. n

The following corollary is obtained by the transpose of Lemma [10.3.1

Corollary 10.3.2. Let A(X1, X3) € Myxo(K[X1, X3]) be a matriz pencil with

a rational form Ra(Xi,X2) = LT. Then for almost all places v € Vi,
ask _ 1
ZRa(AX1, X200 (D) = T2
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Proof. This follows immediately from Lemma [I0.3.1 and Proposition [£.3.3] [

Proposition 10.3.3. Let 2 < n < d,e. Define M = {[z;;] € Max.(O,) :
Tty = 0} and My = {[x;;] € Maxe(Oy) : 0 s = 0, Z(ni1yn = 0}. Then
uM = ubly for allu € O\ {0}.

Proof. Let e;; be the elementary matrix with 1 in position (¢,7) and zeros

elsewhere. Let X = [Xjj|i<i<a. If X € M, then X can be written in terms of
1<5<e
the linear combination

X =) Xjjey,
7

where J = {(i,7) € [d] x [e] : (1,7) # (n+ 1,n)}. Thus M is generated by all
e;j where 1 <i < dand 1< j <ewith (7,j) # (n+ 1,n). For a fix s < mn,
write My = {[zi;] € Maxe(Oy) 1 3421 s Thke = —Tsss T(ni1yn=o}- 1f X € M,
then X, = —> 71 Xgr and X can be expressed as

k#s
n n
X = ZXijeij + Z XikCrr — Z KXkkCss
J1 k=1 k=1
k#s k#s
n
=Y Xijei + > Xiwlerr — ess),
J1 k=1
k#s

where J; = {(4,j) € [d] x [e] : i # j whenever i,j < n,(i,7) # (n+ 1,n)}.
Hence M, is generated by e;; and ey, — €55 (With ¢ # j whenever 4,5 < n, k < n,
and (i,7) # (n+1,n)). We want to show that uM = uM; for all u € O\ {0}.
Since M; C M, it suffices to show uM; D uM. Let (ey,...,eq) C O be
the standard basis. Since ue;; = w;e;, we have ulM is spanned by all w;e;
with (4,7) # (n + 1,n). Similarly, we have ulM; is spanned by all ue; and
urer — uses (with ¢ # j whenever i,j7 < n, k < n, and (i,j) # (n + 1,n)).
Let u, = ged(ug, ..., u,). Since n > 2, we may choose s # £. To show that
uM C uMy, we need to show ugey, € ubMy for any 1 < k < n. Since |ug| < |ugl,
Up€p = (UJZGZ — uses) + %ZU@GS € uMy. Also upe, = (ukek — U[G[) + upey € uMy.
Therefore uM C uM;. O

The following Proposition is obtained by a similar argument as in the proof

of Proposition
Corollary 10.3.4. Let 2 < n < d,e. Define M := {[z;;] € Maxe(O,) :

Tpnt1) = 0} and My = {[x;;] € Maxe(Oy) : 0 i = 0, Zp(ny1) = 0}. Then
uM = ubMly for allu € O\ {0}.

Recall from [28| Section 0.9.5] that a reversal matrix is a permutation
matrix of the form

0 --- 0 1
1 0

. .

10 0
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In the following lemma, we denote by J,, the reversal matrix in GL,,(K).

Lemma 10.3.5. Forn > 2, let A(Xy, X2) € M(p41)n (K[ X1, X3]) be a singular
matriz pencil with a rational form Ra(Xy, Xo) = diag(L1, R;(X1, X2)) where
the non-singular core has a rational form R ;(X1, Xs) = RXy + I,,_1Xs. Then
for almost all places v € Vi

(1—gqy "t)? o
Z3y (t) = (1-0)(1-g "t)(1—gqut) if R=1I,_1a for a € K,
Rel(A(X1,X2),0y) ey " .
T=t)(1—qut) otherwise.

Proof. If R = I,,_ya, put X) = aX;+ X5. Then we map [,,_1aX; + 1,1 Xy —
I,_1X}. Then

Xi
Ra(X1,X3) = X5
i X
. _ 10
Let g, = diag(g1, [,,—1) where g; = [ i Then
a
v, -
X
g RA(X1, X5) = X
X5

Let 3,11 € GL,11(K) and J,, € GL,,(K) be the reversal matrices. Then

Jpi1giRa (X1, X))T, = - . (10.4)

Let g = J,4101 and h = J,,. Define M; = Rel(gRa(X1, X})h; O,) = {[zi;] €
Mus1)n(Oy) + X7 i = 0, 2341y, = 0} and define M = {[z;5] € M41)n(Oy) :
T(nt1)n = 0}. By Proposition (put d = n+1,e =n), we have uM = ul;.
By Corollary we have Z35(t) = Z35(t). We have M is equivalent to a
staircase module associated with m = (0,...,0,1,n — 1). Using Proposition
9.3.2] we obtain

(1—gq"t)°

B = A= =gl
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Suppose now that R # I,_ja. If R5(X7, X5) is weakly equivalent to an admissi-
ble matrix pencil, then there exist g1, hy € GL,,_1(K) such that ¢;R ;1(X1, X2)hy
is an admissible matrix pencil. Let g = diag(/ls, g1) and h = diag(1, h1). Then

X1 0
gRA(X1, Xo)h = | X, 0
0 giRA(X1, Xo)l
is also an admissible matrix pencil. If R z(X7, X3) is not weakly equivalent to
an admissible matrix pencil, then Section shows that either R = C' or

R = diag([,_3a,C) where C' is a companion matrix of a monic polynomial of
the form f(z) = ag + a1 X + X2 If R = C, then

X 0 0
X 0 0
Ra(X1, X,) = 2 ¥ ¥
2 1
0 —apX; Xo—a1X;
1 0 00 L o1
0 00
Let g = and h= [0 1 0|. Then
0O 0 10 00 1
0 -1 0 1
X 0 X
X 0 X

RA(X,, Xo)h =
gRA(X1, Xo) 0 X, X,

—Xo —apX; —a1 Xy

By Definition [9.1.1} we have gRA (X1, X2)h is an admissible matrix pencil. If
R = diag(1,,_3a,C), put X}, = aX; + Xs5. Then we map I,,_3aX; + I,,_3 Xy —
I, 3X!). Hence

RA<X17X£) = s

Xé - aXl Xl
L —a0X1 Xé — CLlle_
where a} = a; + a. Let g1,9, and h; be as in proof of Lemma [10.1.4] Let

_ 1
gzdl&g([
a

0
,glgz) and h = diag(1, hy). Then
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gRA(X1, Xp)h =
X5 X5
—Xé —CLX1 X1
—at Xy —(ag+aa) Xy X

Thus, we have gR 4 (X3, X5)h is an admissible matrix pencil. By Proposition
9. 1.0l

ask (t) _ 1— qv_nt
Rel(gRA(Xl,Xé)h;Ov) (1 _ t)(l — qvt) .

]

The following lemma is obtained by a similar argument as in Lemma [10.3.5
Lemma 10.3.6. Forn > 2, let A(Xy, X2) € Myni1) (K[ X1, X3]) be a singular
matriz pencil with a rational form Ra(Xy, Xy) = diag(LT R 1(X1, Xs)) where
Ra(X1, Xo) = RXy + 1,1 X5 is a rational form of the non-singular core. Then
for almost all places v € Vy,

(t) { e if R=1, 1a for a €K,

(1-t)(1—qy, "T1)(1—q, 't)
1—q, " 1t

(1—t)(1—gy 't)
Proof. For the first part, let ¢ and h be as in the same case in proof of

Lemma [10.3.5] Therefore, Corollary [10.3.4] and Corollary [.1.5] show that
Zlg-{s:l(hTRA(Xl,Xz)gT,Ov)(t) = Z?\Zk(t) where M := {[z;;] € Max.(O,) : Tn(n+1) = 0}.
Since M is equivalent to a staircase module associated with m = (0,...,0,1,n),
Proposition [9.3.2] proves the first formula. For the second part, we also use
the same arguments in the second parts of proof of Lemma [10.3.5 However,
if R = C where C' is a companion matrix of degree 2, let g and h be as
in the same case in proof of Lemma . Then ATRA(X1, X3)gT is an
admissible matrix pencil. If R = diag(1,,_3, C'), we follow the same steps in the
same case in proof of Lemma However, we put g = diag(1, g1, ¢2) and

Zask
Rel(R4(X1,X2),00 :
(Ra(X1,X2),00) otherwise.

1 a
h = diag ([0 1] ,h1> where g1, g2, h1 are the same as in proof Lemma [10.1.4

Then gRA(X1, X))h is an admissible matrix pencil where X} = aX; + X,.
Hence, Proposition proves the second formula. O

10.4 Relation modules of admissible singular
matrix pencils

In this section, we write all the cases where singular matrix pencils are always
weakly equivalent to admissible matrix pencils except the case when their



Chapter 10. Ask zeta functions of relation modules of matrix pencils 116

rational forms contain Lo or L{. The latter case will be dealt with in Section
I0.5

Recall from ([2.14)) that a singular matrix pencil A(X;, X5) has a rational
form

Ra(X1, Xo) = diag(Lyny, - - Ling, LYoo LE  Ri(X0, Xy)).

mME41’ M40’

where R (X7, X5) is a rational form of the non-singular core. In this section,
we always assume that m, > 0 for 1 < s < k + £. For a minimal canonical
submatrix pencil L,,, Definition shows that L; and LT are not admissible

submatrix pencil. However, a matrix pencil of the form

X, 0
. X, 0 0
diag(Ly, Ly) = 02 MK diag(L1, LTy = |X, 0 0
. Xl 0 X1 Xo

2

is an admissible matrix pencil. Moreover, if m > 2, then Definition also
shows that

X1
Xo Xy

Xo Xu
Xo

is admissible matrix pencil. Similarly, the transpose of an admissible matrix
pencil is also an admissible matrix pencil. Hence, we obtain the following
remark.

Remark 10.4.1. Let A(X;, X5) be a singular matrix pencil with a rational
form
diag(Luys - -y Ly, LY oo LD ).

ME41? M4

If K+ ¢ or m; > 2 where 1 < i < k—+/, then A(X;, X5) is weakly equivalent to
an admissible matrix pencil.

The following two lemmas will generalize Remark [10.4.1]

Lemma 10.4.2. Let A(X1, Xs) € Myxo(K[X1, X3]) be a singular matriz pencil
with a rational form

Ra(X1, Xo) = diag(Lyy, - - Liny, LYoo LY Ri(X0, Xy)),

ME41? Mgy’

where R 5(X71, Xs) is the non-singular core. If there exists m; > 2 for 1 <i <
k+ 2, then A(Xy, X3) is weakly equivalent to an admissible matrixz pencil.
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Proof. If there exists m; > 2 where 1 <1 < k + ¢, then Remark [10.4.1] shows

diag(Ly,s - - - Loy, LY L LT

Mey1? " " m£+k)

is an admissible matrix pencil. If Rz(X;, X3) is an empty matrix, then
Ra(X1, X3) is an admissible matrix pencil. Hence, suppose that R ;( X7, X3) is
not an empty matrix. Let n = rankg(x, x,)(Rz(X1, X2)). If the non-singular
core R ;(X1, X5) is weakly equivalent to an admissible matrix of linear forms,
there exist g, h € GL,(K) such that gR ;(X;, X5)h is an admissible matrix of

linear forms. Let g = diag(ly_,,g) and h = diag(l._,,h). Then

gR (X, Xo)h = diag(Lyn,, - - -, Lim,, L, L LT

mMe41? " " m

porr IRA(X, X5)h)

is an admissible matrix pencil. Suppose that R ;(X7, X5) is not weakly equiv-
alent to an admissible matrix of linear forms. Since m; < --- < my; and
Mir1 < -+ < Mgy, then either my or myyy > 2. If my > 2, we multiply
Ra(X1, X3) by permutation matrices P, € GLg(K) and P, € GL.(K) such
that

PiRA(Xy, Xo)Py = diag(LL ..., LY Loy Ly, S(X1, X3)),

ME41? Mt

where S(X1, Xo) = diag(Ly,, , R3(X1, X2)). Wehave R 5(X1, Xo) = RX1+1,X5.
If R = I,a, let

r - . |
]mk 0O --- 0
]mk—f—l 0
9= dh=
g a 0 0 an 0 0
I,
o | I,
L a 0 0 |
Then
_ x, X )
—X, ~X,
L, 0 0
QS(XIJXQ)B: O . .. .. 0
aXl 0 0 X2 _aXl —Cle
—Cle
. X2 _aXl
_CLX1 o --- 0 —aX; —aX; X, |
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is an admissible matrix pencil. Let g € GLq(K) and h € GL.(K) such that
g = diag(lg—m;—n-1,9) and h = diag(le—pm, —n, h). Then

gPIRA(X1, Xo)Poh = diag(LE ... LY Ly y... Loy, 3S(X1, X2)h)

ME41? Mk

is an admissible matrix pencil. If R (X7, X5) is a non-singular matrix pencil,
then Section [10.1] shows that either R = C or diag(l,,—2,C) where C is a
companion matrix of a monic polynomial of the form f(X) = ag + a; X + X2
IfR=0C, let

k

Ikarl 0 . :
and h = 0 0

Q]
I

a 0 .- 0 0 IZ

Then

gS(Xl, XQ)}_?, -

0 0O -0 Xo Xy
_CL1X1 0 -+ 0 —CL0X1 XQ

is an admissible matrix pencil. Let g € GLy(K) and h € GL.(K) such that

g = diag(lg—m,—3,9) and h = diag(le—m, -2, h). Then

gPIRA(X1, Xo)Poh = diag(LE ... LY Lo.,... Ly, 3S(X1, X2)h)

MEy1? Miye?

is an admissible matrix pencil. Similarly, if R = diag([,_2a, Cs), let

I, 0 i i
bt 1 . —1 0 1
a 0 - 0
I | 0 <=+ 0 00
qg= and h =
a 1,
0 0 00
0 I,
| 0 e 0 | L .
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Then gS(X,, X,)h is of the form:

[ _Xl _Xl 0 Xl |
_X2 _X2 0 X2
aX1 0 .- 0 X2 —CZXl —aX1 0 CZXl
—aX1
X2 —G,Xl
CLXl 0 -+ 0 —CLXl —CLXl X2 0 (le
CL1X1 0 -+ 0 —a1X1 tee tee —a1X1 —a0X1 X2

By Definition 9.1.1 we have gS(Xi, X»)g is an admissible matrix pencil. Let

g = diag(ly—m,—n—1,9) and h = diag(le_m,—n, h). Then

gPIRA(Xy, Xo) Poh = diag(Ly,, . o+ L s Ly -+ 5 Liny_,, §S (X1, Xo)h)
is an admissible matrix pencil. If my < 2, then my,, > 2. Let S(X1, Xy) =
diag([ﬁk%, R;(X1,X5)). Following the same argument in the previous cases
but with transpose fashion, we have hTS(X;, X»)g” is an admissible matrix
pencil. By writing g = diag(ly—m, ,,—n—-1,9") and h = diag(Ie_m,,,—n, h"), we
have

hRA(X1, Xo)g = diag(Ly,, -+, Ln,, LY ... LY hTS(X1, X2)g")

Mg41”? P Mg -1

is an admissible matrix pencil.

[]

Lemma 10.4.3. Let A(X1, X2) € Maxo(K[X1, X2]) be a singular matriz pencil
with rational form

Ra(X1, Xo) = diag(Lyny, - - Linys LYoo P Ri(X0, Xy)),

Mp417 Mpye?

where R ;(X1, X3) is the non-singular core. If k+ ¢ > 2, then A(Xy, Xs) is
weakly equivalent to an admissible matrix pencil.

Proof. 1f there exist m; such that m; > 2 where 1 < i < k + ¢, then Lemma
10.4.2|shows that A(X, X5) is weakly equivalent to an admissible matrix pencil.
Hence, we assume m; = 1 for all 1 <i < k+ (. If R;5(X;, X») is an empty
matrix, then Remark [I0.4.1] shows that

Ra(X1, Xo) = diag(L,, - - - Liny s L oo LD )

ME41? Mg4e
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is an admissible matrix pencil. Hence, suppose that R ;1(X1, X3) = RX; + [, X5
is not an empty matrix. If R ;(X;, X3) is weakly equivalent to an admissible
matrix of linear forms, there exist g, h € GL,(K) such that gR5(X1, X5)h is an
admissible matrix of linear forms. Let g = diag(Iy_,,§) and h = diag(I._,, h)
then

gRA(X1, Xo)h = diag(Lny, -, Lings Ly o+ L, gRA(X7, X2)h)

ME41? P Mgy

is an admissible matrix pencil. Suppose that R ;(X7, X5) is not weakly equiv-
alent to an admissible matrix of linear forms. If £ > 2, we have L
L = L;. Write

Ra(X1, Xo) = diag(Luy,s - - Ly, LY oo LY S(X1, X)),

ME41? )T Mg p—27

where S(X1, X5) = diag(LT, LT R 1(X1, X5)). In the proof of Lemma [10.3.6
we have diag(Li, R;(X;, X32)) is weakly equivalent to an admissible matrix
pencil if R # [,a where a € K. Hence, suppose that R = I,a. Let

Mpgpo—1

ME+e

- - -1 - =1
I O25r, , 0
a 0 _ 4
g = and h =
I
- @V - L 0'rL><4 -[n
Then
(X, X, 0 0 X, ~X, |
_ (le CLXQ 0 0 X2 —(le tee —aX1
GS(X,1, Xo)h =
( ' 2) —aX1
X2 —aXl
_aX1 G/XQ 0 0 —aX1 tee —Cle Xz

is an admissible matrix pencil. Let g € GLq(K) and h € GL.(K) such that
g = diag(ly_2_n,g) and h = diag(l._4_p,h). Then

gRA(X1, Xo)h = diag(Luny s - -, Longs L s+ Ly yy» 35 (X1, X2) )

ME41? m
is an admissible matrix pencil. If ¢ = 1, we have L,,, = L = L;. Write

ME4+1
RA(Xl, XQ) = diag(Lml, ey Lmk717 S(Xl, XQ)),

where S(X1, X5) = diag(Ly, LT, R 4(X1, X5)). Similarly, suppose that R = I,,a.
Let

[ O3cn | 1o -1
- a 0 0 _ 3 0 0
9= . and h =
S I,
i a 0 0 i 0n><3 In
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Then
(X, 0 0 | —-X, —X; |
X2 0 0 _XQ —X2
O Xl X2 0 0
9S(X1, Xo)h = |aX1 00 Xy —aXy —aX;
—(J/Xl
: X2 _aXl
_aXl 0 0 _a'Xl —CLXl X2

is an admissible matrix pencil. Let g = diag(ly_3_n, §) and h = diag(Il._s_p, h).
Then

7Lmk_17§S(X17X2)h)
= L, = L. Write

gRA(X17 X?)h = diag(Lmu ce

is an admissible matrix pencil. If £ = 0, we have L,,, ,

RA(Xl, XQ) = diag(Lml, ey Lmk_Q, S(Xl, XQ)),

where S(X1, Xy) = diag(Ly, L1, R5(X1, X2)). From the proof of Lemma [10.3.5]
we have diag(Li, R;(X;, X2)) is weakly equivalent to an admissible matrix
pencil if R # [,a where a € K. Hence, suppose that R = I,a. Let

[ 1, O | Lo . .
a 00 0 ) B B
g= and h= |0 1 0 0
I,
On><2 ‘ ]n
la 0 0 0 |
Then
(X, 0 - X, —X; ]
Xs O - X5 - X5
0 X3 0 0
~ 0 X5 0 0
98X, X )h =T v "¢ X, —aX, —aX,
—CLXl
X2 —CLXl
_(IXl 0 —Cle —(IXl X2 ]

is an admissible matrix pencil. Let g € GLq(K) and h € GL.(K) such that
g = diag(ly_4_n,g) and h = diag(l._o_,,h). Then

) Lmk,mgS(Xlu XQ)h)
O

LT

Mk

gPiRA(X1, X) P2h = diag(L,

MEg417°

Lon,s. ..

is an admissible matrix pencil.
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Here, we covered all cases of relation modules of singular matrix pencils,
with rational forms that do not contain any Ly or LY, except the four cases
which mentioned in Section [10.3] In the proof of Theorem [F] we will cover
relation modules of singular matrix pencils which contain Ly’s and L{’s.

10.5 Effects of generic rows and columns and
proof of Theorem [F] and Theorem |G|

Let A(X7, X5) and B(X1, X5) be defined as in Theorem [F] In this section, we
start by proving the formula in Theorem [F| for the cases where B(X7, X5) does
not contain zero rows or columns. Those are the same cases mentioned in the
previous sections. Then we prove Theorem [F] and Theorem [G]

By Definition , the zero matrix diag(Ly, ..., Lo, LY, ..., L{) is an ad-
missible matrix. Let A(X7, Xs) € Maxe(K[X7, X3]) be a matrix pencil with
a rational form R4 (X7, X3) which contains Ly’s and Lg’s. When multiplying
R (X1, X3) by some permutation matrices, we can rearrange the canonical min-
imal submatrices Ly’s and Lg’s to be in first rows and columns of R4 (X7, X5),
respectively. We denote such a form by R (X1, X2). Hence

Ra(X1, X2) = diag(0g—m)x(e—n)s Lims - - > Lings L oo LE R (X1, X)),

Mmg41) ME4p?

where m; > 0 for 1 <i < k+ (. Define B(Xy, X2) € Myn(K[X7, X3]) to be a
matrix pencil with a rational form

Rp(X1, Xy) = diag(Lu,, - - -, Lim,,, LE, ... LE

Mg41” Mg4e?

R (X1, X2)).

Note that the non-singular core of A(X7, X5) is also the non-singular core of
B(Xl,XQ) (1e R,A(Xl, Xz) = RB(Xl, X2)> Thus

Ra(X1, X) = Oumyrten | Oacmpen |
7 Omx(e—n) ‘ RB<X17X2)

(10.5)

Since Rp(X;,X5) does not contains Ly’s and LI’s, we discussed ask zeta
functions of relation modules of all cases of B(X, Xs) through Sections
[10.4] In this section, we will go through them once again to compute the ask
zeta function of A(Xy, X»).

In the followings, we always assume that R4(X;, X3) and Rg(X1, X5) as in
(10.5).

Lemma 10.5.1. Let Rp(X1, Xs) be equivalent to an admissible matriz pencil.
Then for almost all places v € Vi

k (1 — qg_et)(l — q;n—et) k n—e
Z;{sel(RA(Xl,Xg);OU)( ) = (1 _ t)(l _ qd76t> ?{SGI(RB(Xl,Xz);OU)(qU t)
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Proof. Since Rp(X1, X5) is an admissible matrix pencil, then R (X1, X5) is
also admissible matrix pencil. By Proposition [9.1.3]

ask _ (1 B Qv_ew
ZRQI(RA(XLXZ)%(OU)(t) - (1 _ t)(l _ qff_et)
(I-—g )1 -—q9") 1—q,°t
(1= —qglet) (1—qpet)(1—qgr—et)

_ (1 — qg_et>(1 — qgl_e) ask ( nfet)
= (1 — t)(l — qd_et) Rel(RB(Xl,XQ);OU) qU

for almost all places v € Vi . n

Next, we prove the formula for all cases of matrix pencils with rational
forms equivalent to non-admissible matrix pencils.

When B(X;, X,) is a non-singular matrix pencil:
Here, we will go through all cases of B(X;, Xs) mentioned in Section [10.1]

Lemma 10.5.2. Let Rp(X1, X3) = CX; 4+ I, X5 be a non-singular rational
form where C' is a companion matriz of a monic polynomial F(X) of degree 2.
Then for almost all places v € Vi

2—eq\2
ask o (1 Yy t) ask 2—e
ZRel(RA(Xl,XQ);OU)(t) - (1 _ t)(]_ _ qg_et) Rel(RB(Xl,Xg);OU)(qU t)

Proof. Let F(X) = ag+ a1 X + X? where ag,a; € K. Then

O(d—2)x(e—2) ‘ O(a—2)x2
Ra(X1, X)) = X, X,
O2x (e—2) —apX; Xp —a1 Xy

Define M := Rel(Ra(X1, X5); 0,) = {[zi;] € MdXe(OU_) D B(d—1)(e—1) T Tde =
T(d—1)e — GTd(e—1) — 01 Z4e = 0}. Also, define M*° := Rel(RZ(Xl, X3); O,) where
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R, (X1, X,) is the o Knuth dual of R (X1, X5). Then
2 0 0
0
0
0 0 I
Td—2 0 0
0
M° = 0 1 X1, ., 2q € Oy . (10.6)
0 0 Td—2
Td—1 0 0
0
Td—1 0 0
0 —x41 aTg1+24g
0 0 Ty AgTg—1
Tq 0 0
0
L Tq 0 0 ]
By Proposition [4.5.2]
Zask q;s — / y S+€fd71 . Hfl—l(x>|| dlU/ m’ y , 107
e =g LW ey G @ ey 007

where z = (x, ..

) =

4) € 0% and f;(x) is the set of all nonzero i x i minors

of M°. Define U( = {(y,21,...,74) € O+ (vy,v1,...,04) € -} where
vy = v(y) and "U] = v(x;) for 1 < j < d. Then we divide the domain of the
integral in into U(C,), U(Cy),...,U(C,) where

Cy = {(vy,v1,...,vq) € chgl DUy < V1,...,0Uq),

Ci ={(vy,v1,...,0q) € chgl tv1 < vy, U1 < Vg .., Ug),

Ca={(vy,v1,...,0q) € chgl 20 < Uy, U1, .., Vg )
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In U(C,), we obtain from Lemma (put £ = d)

-1

ey @)l - g
U([ b T 5 g 00 = ST 09

where ¢ = ¢, °. In U(C;), we have |z;| > ||z1,...,zq,y|| for 1 < j < d. By
Lemma [3.6.1} we have ||fi(z1,...,24)|| < |z;]" for 1 <i < e. In (10.6), we have

xh € fi(wy, ..., xq) for 1 <i<eandj <d—2. Hence |fi(zy,...,24)| = |z;]* for
1 <1< eandj < d—2. Moreover, we have x; € filxy,...,xq)for 1 <i<e—1
and j =d —1,d. Thus ||fi(x1,...,2q4)|| = |2;]" for 1 <i <e—1. From (10.6)
[ fe(z1, ..y za)|| = || 2|2z, - o 2ja o, —aoT5_ | — 124 1Tg — 75|
< lal°

for j=d—1,d. In U(C4_;), we have |x4_1| > |z4|. Hence

| fe@r, . xa)l| = [2a|*7?| — aozi_y — arwg-1zq — 2|
T T
= |20 || = ap — a1 —= — (—)°| = |waa |
d—1 Ld—1
for almost all places v € Vi since | — ag — a1;24 — (ﬁ)ﬂ = 1. Thus

|| fe(xa—1)|| = |£4-1]°. By Lemma[3.6.3(put £ = d)
e i—1 —d+j 1— —1\2
/ ’y‘s-l-e—d—l X H ‘T:JJ’Z du(l’,y) _ d, ( d, )
i=1 1Tj

1—t)(1—qd—et
ol 000 a0
for j <d-—1.
By computing the integral in (10.8)) over U(Cy),...,U(Cy_1), we obtain
¢+ e (1-6)? (a1 —q)
(1 =1)(1 —qf=t) (1 =1)(1 —gy—t)
n U(Cy), we have |zq| > ||z1,...,74-1,¥|. Put y = y'z4 and x; = 224 for

j < d—1. Then we map J : O — U(Cy) via J(z},..., 24 1, 24,Y)
(2)xg, ..., x5 124, g, 2qy’). Then

(10.9)

er(‘r/h s 7‘7'{1717 xd)“ - |J}d|eHI/1, s 7x2l727 _a()(xéFl)2 - CL1I&,1 - 1||
= |xd‘e|‘x/1? S >x;l—27 F*(‘T;l—l)Hu
where F™* is the reciprocal polynomial of F. Moreover, the determinant of

AJ (sl may’)

Jacobian matrix det FTCA ;
($17"'7xd,17xd7y )

= 2. Hence

|y|$+€—d—1||fe(l.1’ ce 7$d)’ y$2_1||_1 dﬂ(l‘l, e Ly y)

U(Cq)

= [ W el @ P @) T A @, 2, y)
od+t
1_qv_1 /1s+e—d—1 ! / *( 1 11—1 ! ! !

= 1 — /|y| ||x17”-amd—27F(Id—l)vyH dM(x17'~~7xd—1ay>'

t
Od
(10.10)
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Let @ € R, such that F*(a) = 0. By Corollary there exists o € O, such
that for all 2/, ;| = & mod ‘B,

€4
)

’F*(mfi—l)’ = ‘5321—1 -«

where e;,7 < 2. We can decompose the domain of z/,_; in (10.10)) into sets of
the form o + B, where a € O,,. If F*(a) # 0 mod B,, then |F*(z)_,)| =1 for
all /,_, € a+*B,. Hence ||2),..., 2} |, F* (), ¥|| =1 Put p,z =2, —«
then we map Jy : O, = a+ B, via Jo(Z) = p,T + o where ‘8{3@) = ¢, !. Then

m ) becomes

g, (1 / she—d-1 N e S 0 &
—_— d = .
1 — ’y ’ M(i’fp 7$d727x7y) (1 - t)(l . qg_et)
(10.11)
However, if F*(«) = 0 mod B, we write |F*(z},_,)| = |z),_;, — a|%. Then

(10.10) becomes

-1 -1

q (]' _q ) St+e—a— —\e; - —

s 1_tv /|y/| erd 1H$/1,-~-,$21,27(pv1’) lhy/H ld:u(xllw"ﬂriifwxayl)‘
of

(10.12)

Divide the domain of the integral in (10.12)) into U(C}), U(C}), ..., U(C}_,),
and U(C), where

C={(v] ..., vy 50,0)) €RL vl <o, 0y, e(0+ 1)},
CL={(), ... vy, 0,0)) € RS 0] <0 0] <0, .. 0o, 6(0+ 1)},
ho ={(V], .. Uy, 0,0y) € Réo LUl < v;,vi, eVl s < ei(0+ 1)}

C={(v],...,v,, v,v,) € Réo cei(V+1) S, vh, ., U o),

where v, = v(y'), v = v(¥) and v; = v(x;) for 1 <7 < d — 2. The generating

functions of C},C}, ..., C;_,, C are
0o e(it1)— o0 :

[Cl(X1, .. Xa,Y) =) Z Z Y X XX Y
7=0 =0 vj=vj+1 v, ,=v,+1

127 X5 2 (X - Xgay)™
— 10.13
9’*1(1—X-)(1—Xd 1(X e Xy oY )E)’ ( )

oo e(+1)—1r—1 oo

Gl Xaa ) =2, 2 L 2 M S X xipxg v

vl=0 j= 1v.—'v j= 7‘+1U-—U +1
_ X eI (X XY )
(1=Y)TIZH (1 — X5)(1 = Xgoa(Xy -+ Xgooy)®)

7j=1
J#T

(10.14)
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for 1 <r<d-—2, and

B [e'¢) [e%¢) d—2 o0 , o B ,
Cl(X1,.... X, Y) =Y > ]I X XX Y

5=0 v} =e; (0+1) j=1 v/, =e; (0+1)
(Xp- - Xy oY)

(1= = Xp) (1 — g1 (X - XgY))
(10.15)

Then ((10.12)) becomes
-1 -1
4, (1_(]1)) st+e—d— ste—d— _
bl [yt du + [y el du(w)

1—t
U(cy) U(C)

4ot / |y/|s+e—d—1|x/d_2|—1 d,u(u) + qgi / |y/|s+e—d—1|f|—ei dﬂ(u) ,
u(c, ,) U(©)

where u = (z),...,2}_5,7z,y). By Corollary

-1 —1\d+1
% (1—4q _ e B o
( 1—1 ) [[C;](QUI""7qvlaqg +1t)+[C/l](lqulv'-w%)laqz t)

+ooe 4+ [Cii72]<q1;_17 R 7qv 717qu lqu et> + qu[C](qv—17 v qu_lqui_l?qz_et7 )‘|

From (|10.13]), (10.14)), and (({10.15]), we obtain

g, (1—q, ')
(1—)(1 — gd=et)(1 — g~

(1—qgl“t)g2?

(3—e)e; pe;
3)3i_1tei) ((1 q )Q'u =+

e;—1
+(1—-¢q" Zq > ( 361?)”)
m=0

g (=) (L g e 4 (1 g et) Srizo(git)"] (10.16)
(1= 00— 01 — g7 ) -

Define Hy(q,,t) and Hy(q,,t) as in the equations ((10.11)) and ((10.16)), re-
spectively. Since the roots of F*(X) are the same roots of F(X) over &,

let g;’s to be irreducible polynomials such that F(X) = [I", ¢f". Define
N(R,)) = #{a € R, : gi(@) = 0}. Then the integral in (10.10) becomes

(%} - N(ﬁw»Hl(qyat) =+ N(&)Hﬂ(ﬁut)
= ¢, H1(qv, 1) + N(R,)(Hz2(qv, t) — Hl(Qva t))

e —“nﬁqi_ 3d—e 0 @' ZN Wilqu, t), (10.17)

where

¢, (1= g ")[aP ™t — 1+ (1 — g7 t) Xrzo(ayt)"]

Wilan ) = (1= 6)(1 = qie)(1 — gt~ )
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By (10.8), (10.9)), and ((10.17)), we obtain

1—gq °t
ZaSkt — v
T = T — g
By Corollary we obtain

ask o (1 - qgiet)Z ask 2—e
257 (1) = 1-0)(1— qu_et) Rel(RB(Xl,Xg);(’)v)(QU t)

) + Z;] N;(R)Wi(gy, t).

for almost all place v € V. O
Lemma 10.5.3. Let Rp(Xy, X3) = RX 1+1, X5 € M,,(K[X7, X5]) be a rational
form of non-singular matrixz pencil where R = diag(l,_2a,C) and C is a

companion matriz of a monic polynomial F(X) = ag + a1 X + X?. Then for
almost all places v € Vi

Zask o (1 — g, _et)2 ask n—ey
ReI(RA(Xl,Xg);Ov)( ) - (1 o t)(l _ qd_et> RBI(RB(X1,X2);OU)(qU )

Proof. From the proof of Lemma [10.1.4, we have Rp(X;, X3) is an non-
admissible matrix pencil when ag = —a® In this case, let P, € GLy(K)

and P; € GL.(K) be permutation matrices such that

Plz Onx(d—n) In and PQZ O(e—n)xn Iefn ‘
I O(dfn)xn_ n Onx(efn)

Then
PIRA(X,, X5) P =

-RB(Xl, XQ) Onx(efn)

| O@—nyxn O@—n)x(e—n)

Put X, = aX; + X3. Then we map RX; + [, X, — R'X| + I, X, where
R = R — I,a. By (10.2) in Lemma [10.1.4] there exist g € GL,(K) and
h € GL,,(K) such that

X

gRp(X1, X3)

>
Il
s

X, X,
cX; X

where ¢ = a; + 2a. Let g = diag(g, I;_,,) and h = diag(h, I._,). Then
Be

Xé OnX(efn)
X, Xy
Xy X}

gPiRA(X1, X3) Pyh =

O(d—n)xn O(d—n)x(e—n) i
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Define M := {[z;;] € Mgxe(Oy) : T@—1)n = 0}. If ¢ = 0, then define M; =
Rel(gleA(Xl,Xz)PQh; Ov) = {[Qf”] € dee(0v> . Z?:l Ty = O,fE(n,l)n = 0}
If ¢ # 0, then define My = Rel(gPiRa(X1, Xo) Poh; O,) = {[745] € Maxc(O,)
Y Tii = CTp(n-1), T(n—1)n = 0}. By Proposition , we have uM = uM; =
ubMy for all uw € O¢\ {0}. Using Corollary

Z3y(t) = Zigs(t) = Zi (1),

Moreover, We have M is equivalent to a staircase module associated with

m = (0,...,0,1,e — 1). By Proposition and Lemma [10.1.4

ask _ <1 _ qll}iet)2
4 = A9a — g1 = 1)
(1 - git)’ (g 1)

(1 =) (1 —gi<t) (1 = q3~2t)*(1 — g3~°1)

(]‘ — qg—et)Q ask l1—e
- (1 _ t)(l _ qg—et) Rsel(RB(XLXQ);Ov)(qU t)

If a # —a?, the proof of Lemma |10.1.4] shows that Rp(X1, X5) is an admissible
matrix pencil. Therefore, we have R (X, X3) is also an admissible matrix
pencil. Hence, Lemma [10.5.1| completes the proof. m

When B(X;, X,) is a singular matrix pencil:
Here, we will go through all cases of B(X7, X) mentioned in Section [10.3]

Lemma 10.5.4. Let B(Xy, X3) be a singular matriz pencil with rational form
R,B(Xl,Xg) = L1~ Then

1 — l1—e 1 — 2—e
Zask _ ( ) — ( Qv t)( 4y t) ask

1—6t
Rel(Ra(X1,X2);0y)

(1 — t)(l — qﬁ*et) Rel(RB(XhXZ);Ov)(qU )

Proof. We have Rel(f{A(Xl,Xz); O,) = {[7ij] € Maxe(Oy) & T(a-1)e = Tae = 0}
which is equivalent to a staircase module associated with m = (0,...,0,1,0,e—
1). By Proposition [0.3.2]

Zask B (t) . (1 - qil)iet)(l - qgiet>
RAMACLXSOITE T (1 — 1) (1 — gd<t) (1 — g2=ct)”

By Lemma [10.3.1

1—e 2—e
k (1 — 4, t)<1 — 4y t) k 1—e
Zifel(RA(X1,X2);Ov)< ) - (1 . t)(l _ qd_et) T:{sel(RB(Xth);OU)(QU t)

]

Lemma 10.5.5. Let B(Xy, Xs) be a singular matriz pencil with rational form
RB(Xl,XQ> = L,{ Then

1—e 2—e
k _ (1 — 4, t)<1 — 4y t) k 2—e
Z;{Sel(RA(Xl,XZ);OU)<t> - (1 — t)(l — qff—‘ft) ;:el(RB(Xl,Xg);Ov)(qv t)-
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Proof. We have Rel(Ra(X1, X5); 0,) = {[#ij] € Maxe(Oy) @ zg(e—1) = Tae = 0}

which is equivalent to a staircase module associated with m = (0,...,0,2,e—2).
By Proposition [9.3.2
Zask ( ) _ (1 — qi_et)(l qg_et)
Rel(R4 (X1,X2);00) (1—1)(1 - qd t)(1— qu*et)'
By Corollary [10.3.2
1—e 2—e
k (1 — 4y t)(l 4y t) k 2—e
Zlazasela (Xl,x2);ov)( )= (1—6)(1 — got) ?{sel(RB(Xl,Ag) )(q t).

]

For 2 < n < d,e, note that if Rp(X;, Xs) = diag(Li, Rz(X1, X3)) or
diag(LT, Rp(X1, X5)) where Rg(X1, X») = RX| + I,_1 X5 is the non-singular
core, proof of Lemma and Lemma show that Rp(Xi, Xs) is
equivalent to an admissible matrix pencil if R # I,,_ja for a € K. The following
two lemmas will deal with the case of R = I,,_;a.

Lemma 10.5.6. For 2 <n <d,e, let B(X1, X5) be a singular matrix pencil
with a rational form Rp(Xy, Xs) = diag(Ly, R5(X1, X2)) where Rg(X1, X3) =
I, 1aXy + I, 1 X5 is the non-singular core where a € K. Then for almost all
places v € Vi

ask (1 B qgie )(1 q wr et) ask n—e
ZRel RA(Xl X2) O )(t) (1 _ t)(]_ _ qu et) Rel(RB(Xl,Xz);Ov)(q t)

Proof. Let

0 n n— In 0 e—n n Ie*n
P _ (n+1)x(d—n—1) +1 and ‘P2 _ ( )X )
Ig—n-1 O(d—n—1)x(n+1) I O x (e—n)

Then
PIRA(Xy, X5) P =

Rp(X1,X2)  Omti)x(e—n)
Od=—n-1xn  O@@=n—1)x(e—n)

Put X; = aX; + X,. Then we map I,_1aX; + I, 1 Xy — I,_1X;. By (10.4) in
Lemma [10.3.5], there exist g € GL,,+1(K) and h € GL,,(K) such that

X} ]

gRE(X1, X5)h =
X5
X1

Let g = diag(g, I;_n—1) and h = diag(h, I._,). Then

) : O(nt1)x (e—n)
gPlRA(XhXé)PQh: Xé

X4

O(d—n—l)xn O(d—n—l)x(e—n)_
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Define M; = Rel(gPlf{A(Xl,X’)PQh 0,) = {[zi;] € Maue(O,) : zl | Ty =
0,Z(nt1)n = 0} and define M = {[z;] € Mgxe(Oy) : Ty = 0}. By
Proposition [10.3.3] we have uM = uM; for all u € O\ {0}. Using Corollary

Z3(t) = Z37,(1).
Then M is equivalent to a staircase module associated with m = (0,...,0,1,e—
1). Proposition [0.3.2] shows that

Zask ( ) (1 - %%7625)2
Rel( RA(Xl X2);0y) (1 _ t)(l _ qg—et)(l q2 Et)

for almost all places v € V. By Lemma

ask o (1 - qniet)(]' q ol et) ask n—e
ZRel(RA(Xl XQ) O )(t) - (1 U_ t)(]_ _ qgv et) RGI(RB(Xl,XQ);Ov)(q’U t)

for almost all places v € V. n

Lemma 10.5.7. For2 <n <d,e, let B(Xy,X3) be a singular matriz pencil
with a rational form Rp(Xy, Xo) = diag(LT, R5(X1, X)) where Rp(X;, Xs) =
RX, + I,_1 X5 is the non-singular core. Then for almost all places v € Vg

L—gt'=et)(1 — qp=°t)
Zask t) = ( v v ask
(t) (1—0)(1— gt Rel(RA(Xth);OU)(q

Proof. Let Py and P, be defined as in the proof of Lemma Then
RB(X17X2) Onx(efnfl)

O(d—n)x(n+1)  O(d—n)x(e=n—1)
Let g and h be as in Lemma [10.5.6, Then

X3

n+lfet).

PRA(Xy, Xo) P =

hTPQRA(Xl, Xé)PlgT = - 07L><(6—1’L—1) 7
Xy Xi

O(d—n)x(n+1) O(d—n)X(e—n—l)_

where X} = aX; + X,. Therefore, we have Rel(hT P,Ra(X1, X})PigT; O,) =
{lzij] € Maxe(Oy) :+ Y2 = 0,2p441) = 0}. By Corollary |10.3.4f and
Corollary [4.1.5]

Z;{sekl(RA(Xl,Xg);(’)v)(t) = Zj‘\jk(t),

where M = {[z;] € Maxe(Oy) : Tpme1y = 0} for almost all places v € V.

Since M is equivalent to a staircase module associated with m = (0,...,0,1,e—
1), Proposition shows that
1—ep)\2
ask (1 4, t)
ZRel(RA(X1 X2);0, )<t> =

(=1 =gt (1 - g2t
for almost all places v € V. By Lemma ((10.3.6])

1 — q n+1— et)<1 _ qn—et)
Zask — ( v v ask
( ) (1 _ t)(l _ qla)lfet) RGI(RA(Xl,XQ);Ov)(q

n+1—et)

for almost all places v € V. O
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Proof of Theorem [Fl

Let A(X1, X5) and B(X, X3) be defined as in Theorem . Let R4(X1, X3) and
Rp (X1, Xs) be rational forms of the matrix pencils A(X;, X3) and B(X;, Xs),
respectively. Then

5 0 —m)X(e—n 0 —m)Xn
RA(X17X2): i ) ‘ o :

Omx(e—n) ‘ RB<X17X2)

Let C(X1,X2) € Mygxn,(K) be a matrix pencil such that Rp(X;, Xs) =
diag(0(m—mo)x (n—no )> Rc (X1, X2)), where

Re (X1, Xo) = diag(Lu,, - -+, Lony, LE o0 LY Re(Xy, X5))

ME41? Miye?

and m; > 0 for 1 <i < k+ {¢. Since R¢ (X1, X») is a matrix pencil that does
not contain zero rows or zero columns, Lemmas [10.5.1 show that

(1 B qgo_nt>(1 — q;n()—nt) no—n
28 (B X200 () = -0 —q1) (O X200 (@)

(10.18)

for almost all places v € V. By substituting ¢ for ¢;~“¢ in ((10.18]), We have

ask no—e (1 — qz}()iet)(]' B anOiet) ask no—e
ZRel(B(Xl,X2);Ov)(q”O t) = (1 —qpt)(1 —qp<t) Rel(c(Xl,XQ);Ov)(qvo 2

(10.19)

for almost all places v € V. Moreover, Lemmas [10.5.1H10.5.7| and (10.19))
show that

(1 =g t)(1 — gt no—c
Z?{S;(A(Xl,Xﬂ;(’)v)(t) - (1—1t)(1 — qi—<t) %S(I;l(C(leXﬂ;Ov)(qvo t)

_ (1 - q;@—et)<1 B qzn_et) ask n—ey
- (1 IR t)(l _ qd_et) Rel(B(Xl,Xg);OU)(Q’U )

for almost all places v € V.

Proof of Theorem

Theorem [G] summarizes all formulas for ask zeta functions of relation modules
of matrix pencils in Chapter [10] The formula in Theorem [Gi) is the formula
of ask zeta functions of relation modules of matrix pencils which are weakly
equivalent to admissible matrix pencils, see Corollary [0.1.4] The formula in

Theorem [G(ii) covers the non-admissible part in Lemma [10.1.4] Lemma [10.3.5]
Lemma [10.3.6] Lemma [10.5.3] Lemma [10.5.6] and Lemma [10.5.7] The formula
in Theorem [G[(iii) is the formula for Lemma [10.3.1] Corollary [10.3.2] Lemma

10.5.4] and Lemma [10.5.5. All that remain are the cases in Corollary [10.1.2
and Lemma [10.5.2] which are given by the formula in Theorem [G(iv).
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